
PROBABILITY I, SPRING 2017, HW3

BOB HOUGH

Problem 1. Find independent random variables X, Y, Z so that Y and Z
do not have the same distribution, but X ` Y and X ` Z have the same
distribution.

Problem 2. Show that if Xn “ pX
1
n, ..., X

n
nq is uniformly distributed over the

surface of the sphere of radius
?
n in Rn, then X1

n converges in distribution to
a standard normal as nÑ 8. Hint: let Y1, Y2, ... be i.i.d. standard normals,

and let X i
n “ Yi

´

n
řn

m“1 Y
2
m

¯
1
2

.

Problem 3. Show that }µ ´ ν}TV ď 2δ if and only if there are random
variables X and Y with distributions µ and ν so that ProbpX ‰ Y q ď δ.

Problem 4. Let X1, X2, ... be independent and set Sn “ X1 ` ¨ ¨ ¨ ` Xn.
Show that if |Xi| ď M and

ř

nVarpXnq “ 8 then pSn ´ ErSnsq{
a

VarpSnq
converges in distribution to standard normal.

Problem 5. Let X1, X2, ... be independent and set Sn “ X1 ` ¨ ¨ ¨ ` Xn.
Suppose ErXis “ 0, ErX2

i s “ 1, and E
“

|Xi|
2`δ

‰

ď C for some 0 ă δ, C ă 8.
Then Sn{

?
n converges in distribution to standard normal.
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