MATH 533, SPRING 2020, HW12

DUE MAY 11

Problem 1. Prove the following.
(1) If f =377 ¢jX[a,5,) 15 & step function, define

Iy(w) = / " FWde(t) = Y ¢ [w(by) — wlag)].
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Then Iy is an L? random variable on (). with mean 0 and variance
I£13 = J | Pde.

(2) The map f — I extends to an isometry from L?([0,00)) to L*(€.).

(3) If f € BV(]0,00)) is right continuous and supp(f) is compact, there is
a sequence { f,} of step functions such that f,, — f in L? and df,, — df
vaguely.

(4) If f € BV(]0,00)) is right continuous and supp(f) is compact, then
I1(w) = — [,  w(t)df (t) almost surely.

Problem 2. Let R, and L, denote right and left translation by x in a locally
compact group G. Let p be a Radon measure on G, and f € C.(G). Show
that the functions @ — [ L, fdp and © — [ R, fdp are continuous.

Problem 3. Let G be a locally compact group which is homeomorphic to
an open subset U of R"” in such a way that, if we identify G with U, left
translation is an affine map — that is, zy = A,(y) + b, where A, is a linear
transformation of R" and b, € R™. Show that |det A,| ldx is a left Haar
measure on (G, where dr denotes Lebesgue measure on R".
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set in G with finite left Haar measure but infinite right Haar measure. Con-
struct a left uniformly continuous function on G that is not right uniformly
continuous.

Problem 4. Let G = with z > 0 and y € R. Construct a Borel
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Problem 5. Let {G}nca be a family of topological groups and G' = [, 4 Ga-
Prove that with product topology and coordinatewise multiplication, G is a
topological group. If each G, is compact and p,, is the Haar measure on G,
such that 1,(G,) = 1, then the Radon product of the pu! s is a Haar measure

on G.



