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Each problem is worth 10 points.
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Problem 1. Let the power set of a set S be P(S) ={A: A C S}, the set of
all subsets of S. Prove by induction that if S has n > 1 elements, then P(.S)
has 2" elements.

Solution. Base case (n = 1): If |S| = 1 the power set is {(), S}.

Inductive step: Let n > 1 and assume the claim holds for all sets of size
n. Let S be a set of size n + 1 and let € S. Split the power set of S into
subsets that contain x and subsets that do not. Those that do not form the
power set of S\ {x}, and hence there are 2" of these. Those that contain x
can be found by appending z to each subset in the power set of S\ {z}, for
another 2" subsets. Thus there are 2"*! elements in the power set of S.
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Problem 2. Let K := {s+ty/2 : 5,t € Q). Show that K satisfies the
following

a. If v1,29 € K, then 21 + 29 € K and z129 € K.
b.Ifx#0and z € K, then%EK.

Solution. a. Let 1 = (51 +t1v/2) and zy = (53 4+ t2v/2), 51, 52, 11,12 € Q.
Then x, + 25 = (51 + 89) + (t1 + £2)v/2 shows z; + 25 € K. Also
T179 = (51 +11V/2)(52 + taVv/2) = (5189 + 2t1t9) + (s1t2 + S9t1)v/2 shows

r1T9 € K.
b. Let = s + tv/2 with not both s,¢ = 0. Then % = ;‘;_tgg Notice the
denominator does not vanish since 2 is not a square. Since 755 and

—32—t2t2 are both rational, this completes the proof.
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Problem 3. Calculate the following limits.

4n243
2n?+1"

a. Using only the definition of limits, calculate the limit lim
b.1f 0 < a < b, determine lim (<24

definition and you may rely on properties of the limit.)

. (You do not have to use the

We show the limit is 2. We need

1
g2l < €

. s 4An?43 1
Solution. a. Write 55 = 2+ 557

to show that for e > 0 we can find N so that n > N implies
It suffices to choose N = \/Lg, which implies

4n* 43 _ 1 _ 1 e
2n? + 1 S22+l 241 2
+1 pn+l 1+(“)n+1
. a T Hb" _ b
b. Write o = b H(%)n . Thus

gt 4t 1+ lim (4
lim =
@0 1 lim(
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Problem 4. Establish the convergence or divergence of the sequence (y,)
where

1 1 1
= cee 4 —, n € N.
Yn n+1 * n+ 2 L 2n
Solution. We have y,11 — y, = 2n1+1 + 2n1+2 — nil = 2n1+1 — 2n1+2 > (0. Thus

the sequence vy, is increasing. It is also bounded above by 1 since each of the
n terms in the sum defining y,, has size at most #1 Thus it converges.
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Problem 5. Show that if x, > 0 for all n € N, then lim x,, = 0 if and only

if limxL = 0.

n

Solution Suppose limzx, = 0. Given M > 0 choose N so that n > N implies
Tp < 5 SO x— > M and this proves hm— = 00. Conversely if hm— = 00,

’I’L

given € > 0 choose N so that n > N 1mp11es — > =. Then 0 < x,, < € and so
limz, = 0.
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