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NOVEMBER 7

Each problem is worth 10 points.
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Problem 1.
a. (3 points) Let {a,},en be a sequence of real numbers. Define

lim sup a,,.
n—00

b. (7 points) Let {a,}nen and {b, }rnen be sequences of real numbers. As-
sume that lim sup a,, and lim sup b,, are finite. Prove that
lim sup(a,, + b,) < limsup a,, + lim sup b,,.
n—r00 n—r00 n—0o0

Give an example where equality does not hold.
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Problem 2.
a. (4 points) State the definition of a metric d on a set S.

b. (6 points) Given two points z = (z1,...,7,) and y = (y1, ..., yn) in R",
the ¢! and ¢ distances between z and y are

n
di(z,y) = Z |z — il doo(z,y) = max{|z; —yil,1 = 1,...,n}.
i=1

Check that the ¢! and ¢ distances are metrics on R”, then check that
a sequence {z, hreny of elements of R converges in the ¢! metric if and
only if it converges in the /> metric.
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Problem 3. The binomial coefficients are defined for integers 0 < & < n by
n n!
(k) — Kl(n—k)!"

a. (5 points) Decide, with proof, whether the series >~ ﬁ converges.

n

b. (5 points) Prove that (22—7? — 0.

2n
[Hint: first check that (2;”) = 272‘;1 . %Z:g ..... %]
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Problem 4. (10 points) Prove that a continuous function on a closed bounded
interval [a, b] is uniformly continuous.
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