MATH 314, SPRING 2026 FINAL EXAM

Each problem is worth 10 points.

Problem 1. The group algebra C(S,,) of the symmetric group on n letters

consists of sum Y ¢ ¢,0, where ¢, is in C. Prove that -~ D i<icjen(is J) 18
z <i<j<

central in the group algebra. Using this and Schur’s lemma, conclude that
if R is an irreducible matrix representation of S,, then (Tll) D i<icion R, 5))
is a constant multiple of the identity and determine the constant in terms of
the character.

Problem 2. Consider a matrix with columns indexed by tuples 1 < 71, ..., 7 <
n distinct. Given a permutation o of S,, an entry 1 appears at row o (1), ..., o (ix)
and all other entries 0. Prove that this defines a representation of the sym-
metric group, and determine the multiplicity with which the trivial represen-
tation of the symmetric group appears in this representation. Using this or
otherwise, find a formula for the moments
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where Fix(o) is the number of fixed points of o.

Problem 3. Determine the dimensions and Lie algebras of the matrix groups

Up, SUp, O31,50,(C).

Problem 4. Determine if the primes 2, 3, 11, 17 ramify, split or remain inert

in the fields Q(v/—13), Q(v/101).

Problem 5. Show that for any integer matrix A there is an invertible matrix
P such that AP has Hermitian normal form

d 0 -

a9 dg 0

as b3 dg 0
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with non-negative entries and dy > 0, as < ds, a3, b3 < ds,.... Using this
describe the orbits when 2 x 2 integer matrices of determinant p, p prime are
acted on by right multiplication by GLy(Z).

Problem 6. How many elements of the fields F» have order n over F},? How
many degree n polynomials are irreducible over F},?

Problem 7. Determine the degrees of the splitting fields over Q of 3 — 2,
* — 1 and 2* + 1.

Problem 8. Let sq, ..., s, be the elementary symmetric functions in variables
Uy, ..., u, and let F' be a field. Prove that the field F'(uq,...,u,) of rational
functions in uq, ..., u, is a Galois extension of F(sq, ..., s,) with Galois group

Sh.



