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DECEMBER 15

Each problem is worth 10 points.
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Problem 1. Let qe(n) and qo(n) be the number of partitions of n into an
even or odd number of distict parts. Give a proof of Euler’s identity

qe(n)− qo(n) =

{
(−1)j n = 3j2±j

2
0 otherwise

.

Hence or otherwise, conclude the formal product identity

φ(x) =
∞∏
n=1

(1− xn) = 1 +
∞∑
j=1

(−1)j
(
x

3j2+j
2 + x

3j2−j
2

)
.
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Problem 2.

a. Define the abscissa of convergence of a Dirichlet series F (s) =
∑∞

n=1
an
ns .

b. Let µ(n) be the Möbius function of n, d(n) the number of divisors of

n, and σ(n) the sum of the divisors of n. Express
∑∞

n=1
µ(n)
ns ,

∑∞
n=1

d(n)
ns ,∑∞

n=1
σ(n)
ns as Euler products, and in terms of ζ(s) =

∑∞
n=1

1
ns , and

determine the abscissa of convergence of each series.
c. (Extra credit) Recall that a finite abelian group is isomorphic to a group

of form
⊕

p Z/pa1Z⊕Z/pa2Z⊕· · ·⊕Z/pakZ where a1 ≥ a2 · · · ≥ ak > 0.

How many isomorphism classes of abelian groups of order pk exist for
p prime? Let q(n) be the number of isomorphism classes of abelian

groups of order n. Express
∑∞

n=1
q(n)
ns as an Euler product and in terms

of the Riemann zeta function.
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Problem 3. The Bernoulli numbers (Bk) are defined by

x

ex − 1
= 1− x

2
+
∞∑
k=1

(−1)k+1Bk
x2k

(2k)!
.

a. Calculate B1, B2, B3.

b. Take logarithmic derivatives in the product sin z = z
∏∞

n=1

(
1− z2

n2π2

)
to conclude

z cot z = 1 + 2
∞∑
n=1

z2

z2 − n2π2
= 1− 2

∞∑
n=1

∞∑
k=1

z2k

n2kπ2k
.

c. Prove ζ(2k) = 22k−1π2k

(2k)! Bk.
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Problem 4. Prove a number n is coprime to q if
∑

d|GCD(n,q) µ(d) = 1, and
that the sum is zero otherwise. Using this, prove

#{M ≤ n < M +N,GCD(n, q) = 1} =
φ(q)

q
N +O(2ω(q))

where φ is Euler’s φ function and ω(q) is the number of distinct primes that
divide q.
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Problem 5. Let

χ4(n) =

 1 n ≡ 1 mod 4
−1 n ≡ 3 mod 4
0 otherwise

,

ζ(s) =
∑∞

n=1
1
ns , L(s, χ4) =

∑∞
n=1

χ4(n)
ns . The Dedekind zeta function for Q(i)

is

ζQ(i)(s) = ζ(s)L(s, χ4) =
∞∑
m=1

r(m)

ms
.

Prove r(m) = #{x, y ∈ Z, x ≥ 0, y > 0, x2 + y2 = m}.
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Problem 6. Let q = pr be a power of a prime and let Fq be a finite field
having q elements.

a. Prove Fq has characteristic p, that is, if x ∈ Fq then p · x = 0 for all x,
and hence conclude Fq has Fp as a subfield.

b. Conclude F×q = {a ∈ Fq, a 6= 0} is a multiplicative group, and hence

conclude that for all a 6= 0, aq−1 = 1 in Fq. Conclude xq − x =∏
a∈Fq

(x− a) and that all fields of order q are isomorphic.

c. (Extra credit) For a ∈ F×q , let ORD(a) be the least positive n so that
an = 1. For d|q−1 let f(d) = #{a ∈ F×q : ORD(a) = d}, g(d) = #{a ∈
F×q : ad = 1}. Prove g(d) =

∑
k|d f(k) and thus f(d) =

∑
k|d µ(k)dk .

Conclude F×q has elements of order q − 1, and hence is a cycle group.
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