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Each problem is worth 10 points.
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MARCH 14

Problem 1.

a.
b.

C.

Find the general solution of 3" — 3y” + 3y’ —y = 0.

Find the general solution of v — 3y” + 3y’ — y = €.

Suppose mx” + kx’ + hx describes the motion of a particle with mass m,
force h and friction coefficient k all positive. Find the general solution
of motion and explain the concept of critical damping k.

Solution.

a.

b.

Since (D — 1)3y = 0 the general solution is ¢;t2e! + cote! + czel.
Guess the particular solution Ae?’. It follows 84 — 124 +64 — A =1
so A = 1. Thus the general solution is

cthet + CQtet + c;;et + e,

The characteristic equation is mr? + kr + h = 0, which has roots
—ktvki—dmh W. When k? — 4mh # 0 the general solution is

7k+\/k274mht fkf\/k274mht
ci1e 2m + e 2m .

Critical damping occurs when k% = 4mh, which has solution

_ k¢ _ k4
C]_te 2m —|—626 2m ",

The other parameters held constant, this gives the most rapid conver-
gence to equilibrium, which explains the term critical damping.
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Problem 2. Solve the following ODE by Laplace transform.
y" + 2y’ + 2y = cost, y(0) =1,4/(0) = 1.

Solution. Take Laplace transforms

2 . S
2 2 — 3) = ——
(5% + 25+ 2)3(5) — (54 3) = 5.
or
S s+ 3

ils) = (s2+1)(s*+25s+2) T +2s+2
This can be expanded in partial fractions
s*+3s% + 25+ 3
(s—i)(s+i)(s+1+i)(s+1—1)
A B C D

= -+ -+ -+ -,
s—1 Ss+1 s+1—1 s+1+1

or
s +3s* + 25+ 3
= A(s+14)(s* + 25 +2) + B(s — 1) (s* + 25 + 2)
+ O+ 1)(s+1+i)+ D(s*+ 1) (s +1—1).

Thus A =12 B="12 C =10 D=0 [t follows that

() ! t—|—2't+4_t t—|—7_t't
— — COS — S11 —€ COS —€ Sinvt.
=5 5 5 5
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Problem 3. Show that if the entries in an n x n matrix A(t) = (a;;(t)) are
differentiable functions of a real variable ¢, then the derivative of det(A(t))
is computed by differentiating the entries of one row of A(t) at a time and
adding the resulting n determinants.

Solution. We have

det A= sgn(0) A1o(1)(t)..- Augin) (t).

oES,
Using the product rule,
d n o dAje)(t)
—det A(t) = > sgn(0) Y - A1o0) (1) Aug(n) (t)
dt ogsj ; Ajo(j) (1)
(03] (t)
= Z det | o’(?)
j=1 :
ay,(t)

where oy, ..., o, are the rows of A. This proves the claim.
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Problem 4. Solve the following systems of ODEs.

a.
2" —3x—2y" =0,
2" —y" + 22 =0.
b.
" —x+y +y=0,
—x+y" +y=0.
Solution.

a. The equation in z solves " + 7z = 0, or 2 = ¢ cos(\/Tt) + cz sin(y/Tt).
Now 3 = 22 — 2" = —5¢; cos(\/Tt) — 5eg sin(+v/7t) or

D 5!
y==a cos(V/Tt) + —C2 sin(V7t) + est + 4.

b. Let u =2 + 1y, v =x —y. Then v satisfies v — v’ = 0 or v = cie’ + cs.
We now have
u” +u' =20 =2(cie’ + )
or u = cre’ + 2cot + czet + ¢y.
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Problem 5. Write the van der Pol equation 2” + a(2? — 1)z’ + 2 = 0 as

Find the linearization near (0,0) and discuss the behavior there.

/
Solution. Write (* ) = F (). Then F' = y % . To
Y Y —1 —2axy —az®+ «

be at equilibrium, = y = 0. Here F'(0,0) = _01 Olé

O“—LTM. If a > 0 then the real part of at least one eigenvalue is positive so
the equilibrium is unstable. If —2 < o < 0 then the real part is negative. If
a < —2 then |a| > va? — 4 so the real part of both eigenvalues is negative.
In either case the equilibrium is asymptotically stable. When o = 0 the
eigenvalues have 0 real part, so the stability is not determined by the theorem
from lecture.

. The eigenvalues are
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Problem 6. Solve the initial value problem

2\ (2 -1\ ([« n e z(0)\ (-1

v \1 2 ) \y 2e* ) y(0)) —\-2)"

Solution. The homogeneous equation has eigenvalues 2 + ¢ so set x;, =

cie? cost+coe? sint, y;, = cze? cost+cue? sint. The matrix equation implies

c1 = ¢4, co = —cg3. This gives the homogeneous equation
zp\ [ ce*cost + cpe? sint
Yn —c9e?t cost + c1e®tsint )

: : Ae?! :
We can guess a particular solution (;jp ) = ( BZ”)' Then the matrix equa-
p

24\  [(2A-B+1
2B) ~ \A+2B+2

or A= -2, B=1. Thus
) [ ce*cost + cpe sint — 2e*
y) — \ —cae* cost + cie? sint + €% ) -

Plugging in the initial condition ¢; = 1, ¢y = 3.

tion becomes



