MATH 308, SPRING 2021 MIDTERM 1 SOLUTIONS

MARCH 3

Each problem is worth 10 points.
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Problem 1. Solve the following differential equations.

a ylzlf—/ﬂ
b.y +xy==x

Solution.
a. The equation is separable,

/_dy_/Hx?

arctan l’

or In|y| = arctanz + C or y = Ae
b. The integration factor is M (x) = e7. Le
2

Z2 X
ezxsov(r)=ez +cory(x)=1+ce”
c. The equation is separable,

/
/gdy:/a:da:

thus In |y| = % + cory= Ae . The initial condition implies A = 1.

v(x) = M(z)y(z) so v'(z) =

o T

|
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Problem 2. Let A = 9 4 92 8
11 0 3

a. Find the dimension of the image and kernel of A.
b. Give a basis for the image and kernel of A and for R*/ ker(A).

Solution.

—1
a. The first two columns are linearly independent. The vectors _11 :

0 —1
are in the null space. By the rank-nullity theorem, the sums of the di-
mensions are 4, hence both are 2.

b. The image is spanned by the first two columns, which are a basis. The
null space is spanned by the two vectors above, which are a basis. A
basis for the quotient by the kernel is found by extending these to a
basis for R*. The first two standard basis vectors suffice.
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Problem 3. Let V denote the vector space of binary cubic forms in two
variables x, vy,

V ={f(z,y) = az® + ba’y + cxy® + dy’ : a,b,c,d € R}.
For a matrix M = (3 ?), and f(z,y) = az® + bx’y + cxy® + dy® let

Tf(z,y) = f((z,y)M).
Calculate the 4 x 4 matrix of T in the basis {x°, 2%y, zy?, 1°}.

Solution. We have
Tf(z,y) = flax + vy, Bz + dy)

= a(az +7y)° + blax + vy)* (B + dy)
+ c(az +yy)(Bx + 6y)* + d(Bx + 6y)*
= (ac® + ba’B + caf® + df?)x?
+ (a(3a*y) + b(a?6 + 2a87) + c(2a88 + B*y) + d(38%8))x*y
+ (a(3ay?) + b(2av6 + B7%) + c(ad® + 2870) + d(336°))xy?
+ (a7 + by*6 + cy6% + d6*)y?.

Thus the matrix is given by

o o?f af? 33
3%y o?d +2aBy 2aB6 + By 3B%)

3a9? 2ay0 + B2 b+ 2By 3B5°
73 725 752 53
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Problem 4. Given the matrix A= [0 3 1
310

a. Calculate the eigenvectors and eigenvalues of A.
b. Find a matrix C such that A = CDC~! where D is diagonal.

c. Calculate A000,
Solution.
a. We have
1—X 0 3
P(\) = det 0 3—-X 1
3 1 -\

= N3+ 4N+ 77X — 28
= — A=)\ = VTN + V7).

Thus the eigenvalues are 4, £1/7. The eigenvector with eigenvalue 4

1
is | 1]. The eigenvector with eigenvalue V/7 is in the null space of
1
1-V7 0 3 L7

2
0 3—V7 1 , and hence is _3+T\ﬁ . The eigenvector
3 1 =7 1

17
with eigenvalue —/7 is _32—T\ﬁ
1
1 VT LA 40 0
b.Let C'= |1 —3¥1 _347|. Then C7'AC = |0 V7 0
11 1 0 0 —V7
41000 0 0

c. We have A0 — (¢ 0 700 0 | COt="70] 4 (41000 0P,
0 0 7500



6 MARCH 3

where P, = %

—_ =

1
1| is orthogonal projection onto the eigenspace of the
1

first eigenvector.
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Problem 5.
01 0\"
a. Find a general formula for | 0 0 1
000
b. Using the binomial formula (a +0)" =Y _,_, (Z) a*b" %, find a general
A 10\
formula for [ 0 A 1
00 A
010
Solution. Let M = [0 0 1
000
010 001
a. Wehave MY =1 M'=10 0 1|,M?>?=10 0 0|, M®=0. Thus
000 000

M"™ =0 for n > 3.
b. Since M and Al commute, (Al + M)" = >"p_ () MF(AI)"*. Only
the £ =0, 1,2 terms survive, giving

n

A1 0 A\ n)\n—l ”(”2*1) )\n—2
OxX1] =10 M\ nA" !
0 0 A 0 0 A"
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Problem 6. Let P; be the vector space of polynomials in x of degree less
than 3. Give P3 the inner product

<f,9>:/ f(z)g(x)dx.

Calculate an orthonormal basis for Ps.

N|—=

N|—=

Solution. By symmetry the even and odd polynomials are already orthogo-
nal, so we’ll find an orthonormal basis for the span of 1, z? and the span of z.

1
The vector v; = 1 is already a unit vector. We have (1,2%) = [?, 2dz = .
2

Thus 2 — L is orthogonal to 1. Its norm is

12
1 2
2 1
/ ot — — | dx = L
1 12 180

Thus v = 65 (x2 — 1—12) The norm of z is %, and hence vy = zv/12.
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