MATH 307, FALL 2020 PRACTICE FINAL SOLUTION

DECEMBER 9

Each problem is worth 10 points.



2 DECEMBER 9

1 2 0
Problem 1. Determine the eigenvalues and eigenvectors of |2 3 —1
0 —1 1
Solution. Let A’ 4+ 1 = \. The characteristic polynomial is
-\ 2 0
PX)y=det| 2 2—=X —1]=-XO\* =2\ -5).
0 -1 =X
Thus the eigenvalues are X' =0 and N =14+ +v6 or A =1 and A\ = 2 + /6.
0 2 0
The eigenvalue corresponding to A = 1 is in the null spaceof [ 2 2 -1
0 -1 0
1
and hence is a multiple of | 0 |. The eigenvector of A = 24 1/6 is in the null
2
SEN TR =
space of 2 1FV6 —1 . Thus v is a multiple of 1

0 ~1 —-1F¥6 =7
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Problem 2.
a. Calculate a potential function for F = ﬁyz + xze™?
xye'v* 4 2z
b. Calculate div {7 :
c. Let v(t) = t120 for 0 <t < 1. Calculate [ F-dx.
t

Solution.
a. f(z,y, z) = arctan (£) + e™¥* + 22,
b. divF = (a%y® + 2°2° + y*2%)e"™* + 2.
c. Since the field is conservative this is f(1,1,1)— f(1,0,0) = arctan(1) +
e+1—arctan(0) —1 =75 +e.
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Problem 3.
23
a. Let F(z,y,2) = | v* | Calculate divF and curl F.
3
z

b. Determine an outward pointing normal vector N to the surface S =
{2? + y*> + 2* = 1} and calculate

/F-Nda.
S

Solution.
0
a. divlF = 322 4+ 3y? + 322, curlF = [ 0
0
x
b. The gradient of 22 + y* 4 22 is in the direction | y |, which is a unit
z

vector.
c. Let B be the unit ball. By the divergence theorem

/F-Ndaz/diV]FdV
S B

= / 3(2* +y° + 2°)dV
22+y?+22<1

1 T 2w
=3 / pldp / sin ¢da / df
0 0 0

_127T
==



MATH 307, FALL 2020 PRACTICE FINAL SOLUTION 5

Problem 4. Calculate the outward flux through the surface of the cylinder
x
C={(x,y,2) : 2> +9y*<1,—1< 2 <1} of the field F(z,y,2) = | v
e’V

Solution. The unit normals of the top and bottom of the cylinder point
in the opposite z direction, so these integrals cancel. This leaves the flux
through the curved part of the cylinder. Here the unit normal points radially
in the xy plane, and F'- N = 1. Thus the total flux is 4.
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Problem 5.
t
a. Given the curve y(t) = [ ¢* |. Calculate the unit tangent vector T(t),
2,3
2t
3

the principal normal vector N(¢) and the binormal B(t).
b. Find the length of the curve between 0 <t < 1.

Solution.
1
a. We have 7/(t) = [ 2t |, so ||7/|| = V1 + 42 + 4t* = (2> + 1). Thus
22
1 1
T(t) = SYER 2t
t + 2t2
Differentiating,
1 —4t
T'(t) = —4t% + 2
2 2
(2t2+1) A
and hence
1 —2t
N(t) = — —2t% + 1
2t + 1 ot
We have
B(t) =T(t) x N(t)
1 7 Jj k
(262 +1) —op 2241
2
1 2t
=— | =2t
212 + 1
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b. The arc length is

1 1 5
/ Hy’(t)”dtz/ 2 4 1dt — 2.
0 0 3
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Problem 6. The distance y(t) covered by a falling body of mass m in time
t subject to atmospheric resistance satisfies

d? k d

dy  kdy _

dt>  mdt
where g is the gravitational constant and k is a friction coefficient.

a. Show that the law of motion satisfies
_x Mg
y(t) =c1 + e m + Tt'

b. Determine ¢; and ¢y such that y(0) = yo, ¥'(0) = vo.

Solution.
a. The system has particular solution y, = %?t. The homogeneousk system
is (D + £)Dy = 0, which has homogeneous solution c¢; + cye~m’. This
obtains the solution.

b. We have y(0) = ¢1 + ¢ = yo, y¥'(0) = 22 — £y = vy, s0
m /mg
02:?(7—%); €1 = Yo — C2.



MATH 307, FALL 2020 PRACTICE FINAL SOLUTION 9
Problem 7. Find the closest point to (1,2) of the ellipse
a4y = 1.

Solution. The distance function squared is (z — 1)*+ (y — 2)%. By Lagrange
multipliers, the optimal point satisfies

(72) =2 ()

ordy(x — 1) =x(y—2) or ey +2x —4y =0. Let u =2+ 2y, v = x — 2.
We have

8 8
(x2—|—43:y+4y2)—|—§(33—2y):u2—|——vzl

3
8 8
(2° — 4wy + dy*) — g(:c —2y) =v? — 3V = 1.
The latter equation has solutions v = —% and v = 3. Since u? + v* = 2
on the ellipse, we conclude v = —%. Thus u = :I:\/Tﬁ. We have x = “T“’ =
%, y =43¢ = i*/gﬂ. The minimum occurs at the positive solution,
(x/ﬁ—l \/ﬁ+1>
6 0 12 )
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Problem 8. Find the tangent plane and a normal vector to the surface
2+ 2y* — 22 =2at (1,1,1).

2x 2
Solution. The gradient of the level curveis | 4y | = | 4 |. The equation
—2z —2

of the tangent planeis 2(z — 1) +4(y—1) —2(2—1) =0 or 2x +4y — 2z = 4.
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Problem 9. Let F : R? — R* and G : R* — R? be given by

Yy
Yz s + 2
F(x,y,z) = o : G(s,t,u,v) = W22 ]
2 +y? + 2

Calculate F', G' and (G o F')".

Solution. We have

F' =

N O
8w o

x
z
0
2¢ 2y
y (25 2t 0 O
G_(O 0 2u —2@)'
We have, by the chain rule,
(Go F)(x,y,2) =G (F(x,y,2))F'(z,y, 2)

\}

z
We have

8 < O

(Y
_ <2xy 2z 0 0 ) 0
z

i
Z
0 0 2z —2(2®+1°+ 2% 0

2x 2y
_ ( 211 202y + 2y2° 2%

DO

z

2220 —dx(x? + % + 22) —dy(a® + v+ 2?) 2z2? — 4z(2® + 2 + 22

11

)
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