
ON A CONJECTURE OF VOISIN ON THE GONALITY OF VERY

GENERAL ABELIAN VARIETIES

OLIVIER MARTIN

Abstract. We adapt a method of Voisin to powers of abelian varieties in order to

study orbits for rational equivalence of zero-cycles on very general abelian varieties. We

deduce that a very general abelian variety of dimension at least 2k − 2 has gonality at
least k+1. This settles a conjecture of Voisin. We also discuss how upper bounds for the

dimension of orbits for rational equivalence can be used to provide new lower bounds on
other measures of irrationality. In particular, we obtain a strengthening of the Sommese

bound on the degree of irrationality of abelian varieties. In the appendix we present

some new identities in the Chow group of zero-cycles of abelian varieties.

1. Introduction

In his seminal 1969 paper [8] Mumford shows that the Chow group of zero-cycles of
a smooth projective surface over C with pg > 0 is very large. Building on the work of
Mumford, in [10] and [11] Rŏıtman studies the map

Symk(X)→ CH0(X)

for X a smooth complex projective variety. He shows that fibers of this map, which we call
orbits of degree k for rational equivalence1, are countable unions of Zariski closed subsets.
Moreover, he defines birational invariants d(X) and j(X) ∈ Z≥0 such that for k � 0 the
minimal dimension of orbits of degree k for rational equivalence is k(dimX−d(X))− j(X).
Rŏıtman’s generalization of Mumford’s theorem is the following statement:

If H0(X,Ωq) 6= 0 then d(X) ≥ q.

In particular, if X has a global holomorphic top form then a very general x1 + . . . + xk ∈
SymkX is contained in a zero-dimensional orbit.

Abelian varieties are among the simplest examples of varieties admitting a global holo-
morphic top form. In this article we will focus our attention on this example and take a
point of view different from the one mentioned above. Instead of fixing an abelian variety
A and considering the minimal dimension of orbits of degree k for rational equivalence, we
will be interested in the maximal dimension of such orbits for a very general abelian variety
A of dimension g with a given polarization θ.

This perspective has already been studied by Pirola, Alzati-Pirola, and Voisin (see re-
spectively [9],[1],[14]) with a view towards the gonality of very general abelian varieties.

1For simplicity we will call both fibers of Xk → CH0(X) and SymkX → CH0(X) orbits of degree k for

rational equivalence.
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The story begins with [9] in which Pirola shows that, given a very general abelian va-
riety A, curves of geometric genus less than dimA − 1 are rigid in the Kummer variety
K(A) = A/{±1}. This allows him to show:

Theorem 1.1 (Pirola). A very general abelian variety of dimension ≥ 3 does not have
positive dimensional orbits of degree 2. In particular it does not admit a non-constant
morphism from a hyperelliptic curve.

There are several ways in which one might hope to generalize this result. For instance,
one can ask for the gonality of a very general abelian variety of dimension g. We define the
gonality of a smooth projective variety X as the minimal gonality of the normalization of
an irreducible curve C ⊂ X. Note that an irreducible curve C ⊂ X whose normalization
C̃ has gonality k provides us with a positive dimensional orbit in SymkC̃, and thus with a
positive dimensional orbit in SymkX. Hence, one can give a lower bound on the gonality
of X by giving a lower bound on the degree of positive dimensional orbits. This suggest to
consider the function

G (k) := min

{
g ∈ Z>0 : a very general abelian variety of dimension g

does not have a positive dimensional orbit of degree k

}
,

and attempt to find an upper bound2 on G (k). Indeed, a very general abelian variety of
dimension at least G (k) must have gonality at least k + 1.

In this direction, a few years after the publication of [9], Alzati and Pirola improved on
Pirola’s results in [1], showing that a very general abelian variety A of dimension ≥ 4 does
not have positive dimensional orbits of degree 3, i.e. that G (3) ≤ 4. This suggest that for
any k ∈ N a very general abelian variety of sufficiently large dimension should not admit a
positive dimensional orbit of degree k, i.e. that G (k) is finite for any k ∈ Z>0. This problem
was posed in [2] and answered positively by Voisin in [14].

Theorem 1.2 (Voisin, Thm. 0.4 (ii) in [14]). A very general abelian variety of dimension
at least 2k(2k − 1) + (2k − 1)(k − 2) does not have a positive dimensional orbit of degree k,
i.e. G (k) ≤ 2k(2k − 1) + (2k − 1)(k − 2).

Voisin provides some evidence suggesting that this bound can be improved significantly.
Her main conjecture from [14] is the following linear bound on the gonality of very general
abelian varieties:

Conjecture 1.3 (Voisin, Conj. 0.2 in [14]). A very general abelian variety of dimension at
least 2k − 1 has gonality at least k + 1.

The central result of this paper is the proof of this conjecture. It is obtained by general-
izing Voisin’s method to powers of abelian varieties. This allows us to rule out the existence
of positive dimensional CCSk in very general abelian varieties of dimension g for g large
compared to k.

Theorem 4.4. For k ≥ 3, a very general abelian variety of dimension at least 2k − 2 has
no positive dimensional orbits of degree k, i.e. G (k) ≤ 2k − 2.

2Note that

Z≥G (k) =

{
g ∈ Z>0 : a very general abelian variety of dimension g

does not have a positive dimensional orbit of degree k

}
.

To see this, observe that if a very general abelian variety A of dimension g has a positive dimensional orbit
Z ⊂ Ak of degree k, we can degenerate A to an abelian variety isogenous to a product B×E in such a way

that the restriction of the projection p : (B × E)k → Bk to Z has a positive dimensional image.
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This gives the following lower bound on the gonality of very general abelian varieties:

Corollary 4.5. For k ≥ 3, a very general abelian variety of dimension ≥ 2k−2 has gonality
at least k + 1. In particular Conjecture 1.3 holds.

Another approach to generalizing Theorem 1.1 is the following: Observe that a noncon-
stant morphism from a hyperelliptic curve C to an abelian surface A gives rise to a positive
dimensional orbit of the form 2{0A}. Indeed, translating C if needed, we can assume that
a Weierstrass point of C maps to 0A. This suggests to consider the maximal g for which a
very general abelian variety A of dimension g contains an irreducible curve C ⊂ A whose

normalization π : C̃ → C admits a degree k morphism to P1 with a point of ramification

index at least l. Here we say that p ∈ C̃ has ramification index at least l if the sum of the

ramification indices of C̃ → P1 at all points in π−1(π(p)) is at least l. This maximal g is
less than

Gl(k) := min

{
g ∈ Z>0 : a very general abelian variety of dimension g does not

admit a positive dimensional orbit of the form |
∑k−l
i=1{ai}+ l{a0}|

}
,

where, given a smooth projective variety X and {x1}+ . . .+ {xk} ∈ SymkX, we denote by
|{x1} + . . . + {xk}| the orbit of {x1} + . . . + {xk}, namely the orbit containing this point.
Clearly, we have

G1(k) = G0(k) = G (k),

and
Gl(k) ≤ G (k).

In [14] the author shows the following:

Theorem 1.4 (Voisin Thm. 0.4 (iii) & (iv)). The following inequality holds:

Gl(k) ≤ 2k−l(2k − 1) + (2k−l − 1)(k − 2).

In particular
Gk(k) ≤ 2k − 1.

We can improve on Voisin’s result to show the following:

Theorem 4.7. A very general abelian variety A of dimension at least 2k + 2 − l does not

have a positive dimensional orbit of the form |
∑k−l
i=1{ai}+ l{0A}|, i.e. Gl(k) ≤ 2k + 2− l.

Moreover, if A is a very general abelian variety of dimension at least k+ 1 the orbit |k{0A}|
is countable, i.e. Gk(k) ≤ k + 1.

Taking a slightly different perpective, one can consider the maximal dimension of orbits of
degree k of abelian varieties. One of the main contributions of [14] is the following extension
of results of Alzati-Pirola (the cases k = 2, 3):

Theorem 1.5. Orbits of degree k on an abelian variety have dimension at most k − 1.

As observed by Voisin, one sees easily3 that this bound cannot be improved if one considers
all abelian varieties. Moreover, it cannot be improved for very general abelian surfaces as
shown in Example 2.13. Nevertheless Theorem 1.2 shows that it can be improved for very
general abelian varieties of large dimension. In this direction we have:

3Consider abelian varieties of dimension g isogenous to B × E, where B is a (g − 1)-dimensional abelian

variety and E is an elliptic curve.
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Theorem 5.2. Orbits of degree k on a very general abelian variety of dimension ≥ k − 1
have dimension at most k − 2.

Recall that the degree of irrationality Irr(X) of a variety X is the minimal degree of a
dominant morphismX → PdimX . The previous theorem provides the following improvement
of the Sommese bound Irr(A) ≥ dimA + 1 (see the appendix to [3]) on the degree of
irrationality of abelian varieties.

Corollary 5.3. If A is a very general abelian variety of dimension g ≥ 3, then

Irr(A) ≥ g + 2.

It is very likely that one can do better by studying the Gauss map of CCSk
4 of very

general abelian varieties.

Finally, in the appendix we present the following generalization of Proposition 0.9 of [14]
along with similar results:

Proposition A.2. Consider an abelian variety A and effective zero-cycles
∑k
i=1{xi},

∑k
i=1{yi}

on A such that
k∑
i=1

{xi} =

k∑
i=1

{yi} ∈ CH0(A).

Then for i = 1, . . . , k

k∏
j=1

({xi} − {yj}) = 0 ∈ CH0(A),

where the product is the Pontryagin product.

In the last part of this introduction we will sketch Voisin’s proof of Theorem 1.2 and give
an idea of the methods we will use to show Theorem 4.4. Voisin considers what she calls natu-
rally defined subsets of abelian varieties. Given a universal abelian variety A/S of dimension
g with a fixed polarization θ there are subvarieties Sλ ⊂ S along which As ∼ Bλs ×Eλs , where
Bλ/Sλ is a family of abelian varieties of dimension (g − 1) and Eλ/Sλ is a family of elliptic
curves. Let Sλ(B) = {s ∈ Sλ : Bλs = B}.

Voisin shows that, given a naturally defined subset ΣA ( A, there is an Sλ such that the
image of the restriction of pλ : (Bλs × Eλs )k → (Bλs )k = Bk to ΣAs varies with s ∈ Sλ(B),
for a generic B in the family Bλ. This shows that if ΣB is d-dimensional for a very-general
(g − 1)-dimensional abelian variety B with 0 < d < g − 1, then ΣA is at most (d − 1)-
dimensional for a very general abelian variety A of dimension g.

She proceeds to show that the set

k⋃
i=1

pri(|k{0A}|) =

{
a1 ∈ A : ∃a2, . . . , ak ∈ A such that

k∑
i=1

{ai} = k{0A} ∈ CH0(A)

}

4See Definition 2.2.
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is contained in a naturally defined subset Ak ⊂ A and that dimAk ≤ k − 1. In particular,
Ak 6= A if dimA ≥ k. It follows from the discussion above that

dim

k⋃
i=1

pri(|k{0A}|) = 0

if dimA ≥ 2k− 1 and A is very general. An induction argument finishes the proof. Voisin’s
results are very similar in spirit to those of [1] but a key difference is that the latter is
concerned with subvarieties of Ak and not of A. We will see that this has important
technical consequences. While Lemma 1.5 in [14] shows that the restriction of the projection
B×E → B to ΣB×E is generically finite on its image, this becomes a serious sticking point
in [1] (see lemmas 6.8 to 6.10 of [1]). One of the innovations of this article is a way to bypass
this generic finiteness assumptions by using the inductive nature of the argument.

Aknowledgements. This paper owes a lot to the work of Alzati, Pirola, and Voisin. I
thank Madhav Nori and Alexander Beilinson for countless useful and insightful conversations
as well as for their support. I would also like to extend my gratitude to Claire Voisin for
bringing my attention to this circle of ideas by writing [14], and for kindly answering some
questions about the proof of Theorem 0.1 from that article.

2. Preliminaries

In this section we fix some notation and establish some facts about positive dimensional
orbits for rational equivalence on abelian varieties.

A variety will mean a quasi-projective reduced scheme of finite type over C. In what
follows, X is a smooth projective variety, X/S is a family of such varieties, A is an abelian
variety of dimension g with polarization type θ, and A/S is a family of such abelian varieties.
Mostly we will be concerned with locally complete families of abelian varieties, namely
families A/S such that the corresponding morphism from S to the moduli stack of g-
dimensional abelian varieties with polarization type θ is dominant. In an effort to simplify
notation, we will often write X k instead of X kS to denote the k-fold fiber product of X with
itself over S. Z ⊂ Ak will be a subvariety such that Z → S is flat with irreducible fibers Zs.
Finally, CH0(X) will denote the Chow group of zero-cycles of a smooth projective variety
X with Q-coefficients.

Remark 2.1. In many of our arguments, we will have a family of varieties X → S and a
subvariety Z ⊂ X , such that Z → S is flat with irreducible fibers. We will often need to
base change by a generically finite morphism S′ → S. To avoid the growth of notation we
will denote the base changed family by X → S again. Moreover, if Sλ ⊂ S is a Zariski
closed subset, the base change of Sλ under S′ → S will also be denoted Sλ. Note that this
applies also to the statement of theorems. For instance if we say a statement holds for a
family X/S we mean that it holds for some XS′/S′, where S′ → S is generically finite.

Instead of considering orbits for rational equivalence, one can consider subvarieties of
orbits. This makes talking about families of orbits somewhat simpler.

Definition 2.2. A constant cycle subvariety of degree k (CCSk) of X is a Zariski closed
subset of Xk contained in a fiber of Xk → CH0(X). A Zariski closed subset Z ⊂ X k is a
CCSk/S if Zs is a CCSk of X ks for every s ∈ S.
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The notion of CCSk above is closely related but not to be confused with constant cycle
subvarieties in the sense of Huybrechts (see [7]). Indeed a CCS1 is exactly the analogue of
a constant cycle subvariety as defined in [7] for K3 surfaces. Nonetheless a CCSk of X need
not be a CCS1 of Xk; in the first case we consider rational equivalence of cycles in X, and
in the other rational equivalence of cycles in Xk. We will not only be interested in CCSk
but in families of CCSk and subvarieties of Xk foliated by CCSk.

Definition 2.3.

(1) An (r + d)-dimensional Zariski closed subset Z ⊂ Xk is foliated by d-dimensional
CCSk if for all z ∈ Z we have

dim |z| ∩ Z ≥ d.

(2) Similarly Z ⊂ X k is foliated by d-dimensional CCSk if Zs is foliated by d-dimensional
CCSk for all s ∈ S.

(3) An r-parameter family of d-dimensional CCSk of X is an r-dimensional locally
closed subset D of a Chow variety of Xk parametrizing dimension d cycles with a
fixed cycle class, such that for each t ∈ D the corresponding cycle is a CCSk.

(4) Similarly, an r-parameter family of d-dimensional CCSk of X/S is an r-dimensional
locally closed subset D of the relative Chow variety of X k parametrizing dimension d
cycles with a fixed cycle class, such that for each t ∈ D the fiber of the corresponding
cycle over any s ∈ S is a CCSk.

Note that given D, an r-parameter family of d-dimensional CCSk of a variety X, and Y →
D, the corresponding family of cycles, the set

⋃
t∈D Yt ⊂ Xk is foliated by d-dimensional

CCSk. Yet its dimension might be less than (r + d). Conversely, any subvariety of Xk

foliated by positive dimensional CCSk arises in such a fashion from a family of CCSk after
possibly passing to a Zariski open subset. Indeed, by work of Rŏıtman (see [10]) the set

∆rat =

{
((x1, . . . , xk), (x′1, . . . , x

′
k)) ∈ Xk ×Xk :

k∑
i=1

xi =

k∑
i=1

x′i ∈ CH0(X)

}
⊂ Xk ×Xk

is a countable union of Zariski closed subsets. Consider

π : ∆rat ∩ Z × Z → Z.

Given an irreducible component ∆′ of ∆rat ∩ Z × Z that dominates Z and has relative
dimension d over Z, we can consider the map from an open set in Z to an appropriate Chow
variety of Xk taking z ∈ Z to the cycle [∆′z]. Letting D be the image of this morphism, we
get a family of CCSk with the desired property.

Given an abelian variety A, we denote by ArM (or AM , when r = 1) the image of Ar in
Ak under the embedding iM : Ar → Ak given by

(a1, . . . , ar) 7→

 r∑
j=1

m1jaj ,

r∑
j=1

m2jaj , . . . ,

r∑
j=1

mkjaj

 ,

where 0 ≤ r ≤ k, and M = (mij) ∈Mk×r(Z) has rank r. We will use the same notation V rM ,
with M ∈Mk×r(C), for V a vector space over C. If A is simple then all abelian subvarieties
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of Ak are of this form. Let pri : Ak → A be the projections to the ith factor and, given a

form ω ∈ H0(A,Ωq), let ωk :=
∑k
i=1 pr∗iω.

For the sake of simplicity we mostly deal with Xk rather than SymkX and we take the
liberty to call points of Xk effective zero-cycles of degree k.

Definition 2.4. Given an abelian variety A, a zero-cycle z = (z1, . . . , zk) ∈ Ak is called
normalized if z1 + . . .+ zk = 0A. We write Ak, 0 for the kernel of the summation map, i.e.
the set of normalized effective zero-cycles of degree k.

In Corollary 3.5 of [1] the authors show the following generalization of Mumford’s result:

Proposition 2.5 (Alzati-Pirola, Corollary 3.5 in [1]). Let D be an an r-parameter family
of CCSk of a variety X with corresponding family of cycles Z → D. Denote by g : Z → Xk

the natural map. If ω ∈ H0(A,Ωq) and q > r, then

g∗(ωk) = 0.

In proposition 3.2 of [14], Voisin shows that if A is an abelian variety, and Z ⊂ Ak is
such that ωk|Z = 0 for all ω ∈ H0(A,Ωq) and all q ≥ 1, then dimZ ≤ k − 1. Along with
the above proposition this gives:

Corollary 2.6. An abelian variety does not admit a one-parameter family of (k − 1)-
dimensional CCSk.

This non-existence result along with our degeneration and projection argument will pro-
vide the proof of Theorem 5.2. For most other applications we will use non-existence results
for large families of CCSk on surfaces X with pg 6= 0. In particular we have:

Lemma 2.7. Let X be a smooth projective surface with pg 6= 0 and ω 6= 0 ∈ H0(X,Ω2
X).

If Z ⊂ Xk is a Zariski closed subset of dimension m foliated by d-dimensional CCSk then

ω
d(m−d+1)/2e
k restricts to zero on Z.

Proof. The set of points z ∈ Z such that z ∈ Zsm∩(|z|∩Z)sm is clearly Zariski dense. Thus

it suffices to show that ω
d(m−d+1)/2e
k restricts to zero on TZ,z for such a z. Suppose that

m− d is odd (the even case is treated in the same way). Given any (m− d+ 1)-dimensional
subspace of TZ,z, it must meet the tangent space to T|z|∩Z,z and so we can assume it admits
a basis v1, . . . , vm−d+1 with v1 ∈ T|z|∩Z,z. Hence

ιv1,...,vm−d+1
ω

(m−d+1)/2
k

will consist of a product of terms of the form ιvi,vjωk. But ιv1,vjωk = 0 for any j by
Proposition 2.5. Indeed for any j the space spanned by v1 and vj is contained in the
tangent space to a (d+ 1)-fold foliated by at least d-dimensional CCSk. �

Lemma 2.8. Let X and ω be as in the previous lemma. If Z ⊂ Xk is such that ωlk restricts
to zero on Z, then dimZ < k + l.

Proof. Pick z ∈ Zsm and let v1, . . . , vm be a basis of TZ,z. Complete it with vm+1, . . . , v2k

to a basis of TXk,z. Let ω be a symplectic form on X. Since ωkk is a volume form on Xk

we have ιv1,...,v2kω
k 6= 0. If m ≥ k + l then ιvm+1,...,v2kω

k
k ∈ (ωlk) ⊂ H0(Xk,Ω•X). The

non-vanishing stated above then implies ωlk cannot vanish on Z. �
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Lemma 2.9. If A is an abelian variety and ω 6= 0 ∈ H0(A,Ω2
A), then

(i∗Mωk)∧l 6= 0 ∈ H0(AlM ,Ω
2l
AlM

).

In particular, if dimA = 2, the form ωk restricts to a symplectic form on AlM .

Proof. Let z, w be two coordinates on A and ω = dz ∧ dw. Let zi, wi be the corresponding
coordinates on the ith factor of Al. We have

i∗Mωk =

k∑
i=1

 l∑
j=1

mijdzj ∧
l∑

j′=1

mij′dwj′

 .

We claim that
(i∗Mωk)∧l = l! det G dz1 ∧ dw1 ∧ . . . ∧ dzl ∧ dwl,

where G = (〈Mi,Mj〉)1≤i,j≤l is the Gram matrix of the columns Mi of the matrix M .
Since M has maximal rank its Gram matrix has positive determinant. It follows that
(i∗Mωk)∧l 6= 0. To prove the above claim we observe that

i∗Mωk =

k∑
i=1

l∑
j,j′=1

mijmij′dzj ∧ dwj′ =

l∑
j,j′=1

〈Mj ,Mj′〉dzj ∧ dwj′ .

It follows that

(i∗Mωk)∧l =
∑

σ,σ′∈Sl

l∏
j=1

〈Mσ(j),Mσ′(j)〉dzσ(1) ∧ dwσ′(1) ∧ . . . ∧ dzσ(l) ∧ dwσ′(l)

=
∑

σ,σ′∈Sl

sgn(σ)sgn(σ′)

l∏
j=1

〈Mσ(j),Mσ′(j)〉dz1 ∧ dw1 ∧ . . . ∧ dzl ∧ dwl

=
∑
σ′∈Sl

sgn(σ′)
∑

σ′σ∈Sl

sgn(σ′σ)

l∏
j=1

〈Mσ′σ(j),Mσ′(j)〉dz1 ∧ dw1 ∧ . . . ∧ dzl ∧ dwl

=
∑
σ′∈Sl

∑
σ′σ∈Sl

sgn(σ)

l∏
j=1

〈Mσ(j),Mj〉dz1 ∧ dw1 ∧ . . . ∧ dzl ∧ dwl

= l! det G

�

In particular Lemma 2.7 implies:

Corollary 2.10. If Z ⊂ Ak is foliated by positive dimensional CCSk and dimA = 2 then
it cannot be an abelian subvariety of the form AlM .

This corollary will play a crucial technical role in our argument. Using Lemma 2.8, we
see that the proof of Lemma 2.5 also shows the following:

Lemma 2.11. If A is an abelian surface and Z ⊂ Ak, 0 is such that ωlk vanishes on Z, then

dimZ < k + l − 1.

Corollary 2.12. If A is an abelian surface and Z ⊂ Ak, 0 is foliated by d-dimensional
CCSk, then

dimZ ≤ 2(k − 1)− d.
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Proof. By Lemma 2.7 ωd(dimZ−d+1)/2e restricts to zero on Z. Then by Lemma 2.8

dimZ < k + d(dimZ − d+ 1)/2e − 1.

This gives the stated bound for parity reasons. �

One could instead seek existence results for subvarieties of Ak foliated by d-dimensional
CCSk. Alzati and Pirola show in examples 5.2 and 5.3 of [1] that any abelian surface has
a 2-dimensional CCS3 and a 2-parameter family of normalized CCS1. In particular, using
the argument from Remark 5.1 we see that Corollary 2.12 is sharp for d = 0, 1, 2.

Example 2.13. In [6] Lin shows that Corollary 2.12 is sharp for every d.

The methods of [6] can be used to show the following:

Proposition 2.14. If an abelian variety A of dimension g is the quotient of the Jacobian of
a smooth genus g′ curve C, then Ak contains a (g(k+1−g′−d)+d)-dimensional subvariety
foliated by d-dimensional normalized CCSk for all k ≥ g′ + d− 1.

Proof. To simplify notation we identify C with its image in J(C). We can assume that

0A ∈ C. Recall that the summation map SymlC → J(C) has fibers Pl−g′ for all l ≥ g′.
Moreover, if (c1, . . . , cl) and (c′1, . . . , c

′
l) are such that

∑
ci =

∑
c′i ∈ J(C), then the zero

cycles
∑
{ci} and

∑
{ci}′ are equal in CH0(C) and thus in CH0(A).

In light of Remark 5.1, it suffices to show that Ag
′+d−1, 0 contains a d-dimensional

CCSg′+d−1. Consider the map

ψ : C × Cg
′+d−1 → Ag

′+d−1

given by
(c0, (c1, . . . , cg′+d−1)) 7→ (c1 − c0, . . . , cg′+d−1 − c0).

This morphism is generically finite on its image since the restriction of the summation map
A2 → A to C2 ⊂ A2 is. The intersection of the image of ψ with Ag

′+d−1, 0 is d-dimensional
and we claim it is a CCSg′−d+1. Indeed, given

(c1 − c0, . . . , cg′+d−1 − c0) ∈ Im(ψ) ∩Ag
′+d−1, 0,

we have
g′+d−1∑
i=1

ci = (g′ + d− 1)c0

so that
g′+d−1∑
i=1

{ci} = (g′ + d− 1){c0} ∈ CH0(C).

It follows that
g′+d−1∑
i=1

{ci − c0} = (g′ + d− 1){0A} ∈ CH0(A).

�

Since the Torelli morphism M3 → A3 is dominant the previous proposition provides a
one-dimensional orbit of degree 3 in a very general abelian 3-fold. Our methods do not seem
to provide any way to rule out the existence of a one-parameter family of one-dimensional
CCS3 on a very general abelian 3-fold. Yet, the study of zero cycles on Jacobians does not
seem to readily provide an example of such a family. This motivates the following:
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Question 2.15. Does a very general abelian 3-fold admit a one-parameter family of nor-
malized one-dimensional orbits of degree 3?

3. Degeneration and Projection

In this section we generalize Voisin’s method from Section 1 of [14] to powers of abelian
varieties. The key difference is that our generalization requires technical assumptions which
are automatically satisfied in Voisin’s setting.

Given A/S a locally complete family of abelian varieties of dimension g, and a positive
integer l < g, let Sλ ⊂ S denote loci along which

As ∼ Bλs × Eλs ,

where Bλ/Sλ and Eλ/Sλ are locally complete families of abelian varieties of dimension l
and g − l respectively, and the index λ ∈ Λl encodes the structure of the isogeny. Given a
positive integer l′ < l we will also be concerned, inside each Sλ, with loci Sλ,µ along which

Bλs ∼ Dλ,µs ×Fλ,µs ,

where Dλ,µ/Sλ,µ and Fλ,µ/Sλ,µ are locally complete families of abelian varieties of dimen-
sion l′ and l − l′ respectively, and the index µ ∈ Λλl′ encodes the structure of the isogeny.
For our applications we will mostly be concerned with (l, l′) = (g − 1, 2). Upon passing to
a generically finite cover of Sλ and Sλ,µ we can assume that we have projections

pλ :AkSλ → (Bλ)k

pµ :(BλSλ,µ)k → (Dλ,µ)k,

and we let

pλ,µ := pµ ◦ pλ
for µ ∈ Λλl′ . Note that, to keep an already unruly notation in check, we suppress the power
k from the notation of the projections. Given a subvariety Z ⊂ Ak/S we consider the
following subsets of S and conditions on Z

Rgf =
⋃
λ

{s ∈ Sλ : pλ|Zs : Zs → Bλs is generically finite on its image},

Rab =
⋃
λ

{s ∈ Sλ : pλ(Zs) is not an abelian subvariety of Bλs },

Rst =
⋃
λ

{s ∈ Sλ : pλ(Zs) is not stabilized by an abelian subvariety of Bλs },

(∗) Rgf ⊂ S is dense,

(∗∗) Rab ∩Rgf ⊂ S is dense,

(∗ ∗ ∗) Rst ∩Rgf ⊂ S is dense.

Note that these sets and conditions depend on Z and l and, while Z should ususally be clear
from the context, we will say (∗) holds for a specified value of l. Moreover, we will always
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assume that Z → S is irreducible and has irreducible fibers. Given an abelian variety A we
will denote by TA := TA,0A the tangent space to A at 0A ∈ A. We let

T /S := TA/S,

G/S := Gr(g − l,T )/S,

G′/S := Gr(g − l′,T )/S,

and we consider the following sections

σλ : Sλ → GSλ = Gr(g − l,TSλ), σλ(s) := Tker(pλ,s),

σλ,µ : Sλ,µ → G′Sλ,µ = Gr(g − l′,TSλ,µ), σλ,µ(s) := Tker(pλ,µ,s).

Lemma 3.1. Let A/S be a family of abelian varieties, and Z ⊂ A a subvariety which is
flat over the base. Then, the set of s ∈ S such that Zs is stabilized by a positive dimensional
abelian subvariety of As is closed in S.

Proof. Consider the morphism Z ×S A → A given by (z, a) 7→ (z + a) and let R be the
preimage of Z ⊂ A. Since Z → S is flat, so is Z ×S A → A. Since flat morphisms are
open, the image of Z ×S A \ R in A is open. The complement of this image is the closed
subset B ⊂ A which is the maximal abelian subscheme stabilizing Z. Finally, the subset of
S over which B has positive dimensional fibers is closed by upper semi-continuity of fiber
dimension. �

Lemma 3.2.
⋃
λ∈Λl

σλ(Sλ) ⊂ G is dense.

Proof. It suffices to consider the locus of abelian varieties isogenous to Eg for some elliptic
curve E. This locus is dense in S and, given s in this locus and any M ∈ Mk×(g−l)(Z) of
rank (g − l), the tangent space TEg−lM

∈ Gs is contained in σλ(Sλ) for some λ ∈ Λl. Since

{TEg−lM
: M ∈Mk×(g−l)(Z), rank(M) = g − l} ⊂ Gs

is dense in Gs, the result follows. �

In the following A/S will be an almost complete family of abelian varieties.

Lemma 3.3. If Z ⊂ Ak is foliated by positive dimensional CCSk and dimA ≥ 2, then, for
very general s ∈ S, the subset Zs is not an abelian subvariety of the form ArM .

Proof. Consider the Zariski closed sets

{s ∈ S : Zs = (As)rM} ⊂ S.
There are countably many such sets so it suffices to show that none of them is all of S.
Suppose that ArM is foliated by positive dimensional CCSk. By the previous lemma, there
is a λ ∈ Λ2 such that pλ((As)rM ) = (Bλs )rM is also foliated by positive dimensional orbits for
generic s ∈ Sλ. This contradicts Corollary 2.10. �

Lemma 3.4. If Z ⊂ Ak/S is foliated by positive dimensional orbits and l ≥ 2, then

(∗) =⇒ (∗∗).

Proof. First, observe that if pλ|Zs : Zs → Bks is generically finite on its image, then its image
is foliated by positive dimensional orbits. Moreover, if Rgf ∩ Sλ 6= ∅, then Rgf ∩ Sλ is open
in Sλ. Let λ be such that Rgf ∩ Sλ 6= ∅. For very general s ∈ Rgf ∩ Sλ the abelian variety
Bs is simple. Thus, if the Zariski closed subset pλ(Zs) is an abelian subvariety of Bks , it
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must be abelian subvariety of the form BrM,t, contradicting Lemma 2.10. Hence if Rgf ∩ Sλ
is non-empty then Rgf ∩Rab ∩ Sλ is dense in Sλ. �

We will also need the following Zariski closed subsets

Sλ(B) ={s ∈ Sλ : Bλs ∼= B} ⊂ Sλ
Sλ,µ(D,F ) ={s ∈ Sλ,µ : Dλ,µs ∼= D,Fλ,µs

∼= F} ⊂ Sλ,µ.

The main result we will prove in this section is a generalization of Voisin’s method from
[14]. Recall that, given varieties X,S, a variety Z ⊂ XS dominant over S gives rise to a
morphism from (an open in) S to the Chow variety parametrizing cycles of class [Zs] on X,
where s ∈ S is generic. We remind the reader of the notational convention of Remark 2.1,
which allows us to remove the words in parenthesis from the previous sentence.

Proposition 3.5. Let Z ⊂ Ak be a d-dimensional variety dominant over S, and satisfying
(∗) and (∗∗). Then there exists a λ ∈ Λl such that

pλ(ASλ(B)) ⊂ BSλ(B) = BλSλ(B)

gives rise to a finite morphism from Sλ(B) to the appropriate Chow variety.

From Lemma 3.4, if Z is foliated by CCSk then it satisfies (∗∗). Hence, the key assumption
for our applications will be (∗). We propose to use these methods to prove Conjecture 1.3
in the following way: Assume that a very general abelian variety of dimension 2k − 1 has
a one-dimensional CCSk. This gives Z ⊂ Ak/S of relative dimension 1. It is easy to show
that (∗) holds in this setting so we can use the previous proposition to get a one-parameter
family of one-dimensional CCSk

pλ(ZSλ(B)) ⊂ (BSλ(B))
k

in a generic abelian variety B of dimension (g − 1) with some polarization θλ. This gives

Z ′ ⊂ (Bλ)k/Sλ

which has relative dimension 2 and such that Z ′s is foliated by positive dimensional orbits
for generic s ∈ Sλ.

We can hope to inductively apply Proposition 3.5 to Z ′/Sλ, eventually getting a large-
dimensional subvariety of Bk foliated by positive dimensional orbits, for an abelian surface
B. Corollary 2.12 would then provide the desired contradiction. The key issue here is to
ensure that condition (∗) is satisfied. At each step the dimension of the variety Z to which
we apply Proposition 3.5 grows. Hence, it gets harder and harder to ensure generic finiteness
of the projection. We have found a way around this using the fact that the variety Z to
which we apply the proposition is obtained by successive degenerations and projections. We
will introduce this argument in the following section.

Proof. We first reduce to the case where the condition (∗∗∗) holds. Consider s0 ∈ Rgf ∩Rst
such that Bλ0

s0 is simple, where s0 ∈ Sλ0
and pλ0

|Zs0 is generically finite on its image.

Suppose that pλ0
(Z0) is stabilized by (Bλ0

s0 )rM but not by any larger abelian subvariety of

Bλ0
s0 . Then

pλ0
(Zs0)/(Bλ0

s0 )rM ⊂ (Bλ0
s0 )k/(Bλ0

s0 )rM
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is not stabilized by any abelian subvariety of (Bλ0
s0 )k/(Bλ0

s0 )rM . We have a diagram

(3.1)

ZSλ0 /(ASλ0 )rM Gr(d,T k
Sλ0

/T(ASλ0 )rM
)

pλ0
(ZSλ0 )/(BSλ0 )rM Gr

(
d,Gr(d,T k

Sλ0
/[σλ0

(Sλ0
)k + T(Bλ0 )rM

]
)
,

g

pλ0
πσλ0 (Sλ0

)

g

where g denotes the Gauss map. Here πσλ0 (Sλ0 ) is the map induced by the quotient

T k
Sλ0

/T(ASλ0 )rM
→ T k

Sλ0
/[σλ0

(Sλ0
)k + T(Bλ0 )rM

].

We also denote by pλ0
the map induced by pλ0

on ZSλ0 /(ASλ0 )rM . Now, consider the base
change by G→ S

ZG ⊂ AkG.
The section σλ0

is a closed immersion Sλ0
→ G and ZSλ0 is the base change of ZG under this

immersion. The upper right corner of diagram (3.1) is the base-change by σλ0
: Sλ0

→ G of
the diagram

(3.2)

ZG/(ArM )G Gr(d,T k
G /T(ArM )G)

Gr(d, [TG/U ]k/T(BrM )G),

g

π

where U → G := Gr(g − l, T ) is the universal bundle and π is the rational map induced by
the quotient map. The composition π ◦ g is defined on a Zariski open in ZG which meets
Zσλ0 (s0)/ArM,σλ0 (s0) non-trivially. Indeed g is defined on the smooth locus of

Zσλ0 (s0)/(Aσλ0 (s0))
r
M ),

and the restriction of pλ0
to Zσλ0 (s0)/(Aσλ0 (s0))

r
M ) is generically finite on its image by the

following:

Lemma 3.6. Consider an abelian variety A ∼ B×E, where B and E are abelian varieties
of smaller dimension, and let p be the projection Ak → Bk. If Z ⊂ Ak is such that
p|Z : Z → p(Z) is generically finite, then the projection p : Ak/ArM → Bk/BrM is such that
p|Z/ArM is generically finite on its image.

Proof. Since p|Z/ArM is proper and locally of finite presentation, it suffice to show that it is

quasi-finite. The fiber of Ak → Bk/BrM over p(z) ∈ p(Z)/BrM for z ∈ Z is the set of all
ArM -translates of the fiber of p over p(z). Hence the fiber of p|Z/ArM over p(z) is finite. �

We deduce that q := g ◦ π is defined in an open in the smooth locus of Zs0/(ArM,s0
), so

that q is defined in an open in ZG meeting Zσλ0 (s0)/(As0)rM non-trivially.

Since pλ0
(Zs0)/(Bλ0

s0 )rM is not stabilized by any abelian subvariety of (Bλ0
s0 )k, the Gauss

map g at the bottom of diagram (3.1) is defined on the smooth locus of pλ0(Zs0)/(Bλ0
s0 )rM

and generically finite by results of Griffiths and Harris (see (4.14) in [5]). The fact that the
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restriction of pλ0 to Zs0/(As0)rM is generically finite on its image implies that the following
composition is generically finite on its image

g ◦ pλ0
: Zs0/(As0)rM Gr

(
d,T k/[σλ0

(s0)k + T
(Bλ0s0 )rM

]
)
.

It follows that, restricting to an open of G if needed, the map qt := (π ◦ g)t is defined and
is generically finite on its image for all t ∈ G. This generic finiteness statement implies
that, for s ∈ Sλ (such that σλ(s) lies in an appropriate open in G), the Gauss map of
pλ(Zs)/(Bλs )rM is generically finite. Namely, for such an s, the variety pλ(Zs/(Bλs )rM ) is not
stabilized by an abelian subvariety. Moreover, if λ ∈ Λl and B in the family Bλ are such
that the family

pλ(ZSλ(B)/ArM ) ⊂ (Bk/BrM )Sλ(B)

gives rise to a finite morphism from Sλ(B) to the appropriate Chow variety of Bk/BrM , then
the family

pλ(ZSλ(B)) ⊂ BkSλ(B)

also gives rise to a finite morphism from Sλ(B) to the appropriate Chow variety of Bk.
Hence, replacing Z by Z/ArM and Ak by Ak/ArM we are reduced to the case where (∗ ∗ ∗)
holds.

Now consider the analogue of diagram (3.1)

(3.3)

ZSλ Gr(d, T k)

pλ(ZSλ) Gr(d, [T/Uσλ(Sλ)]
k)

g

pλ πσλ(Sλ)

g

as well as the analogue of diagram (3.2)

(3.4)

ZG Gr(d, T kG)

Gr(d, [TG/U ]k).

g

π

By the discussion above there is an open in ZG on which the composition q := π ◦ g is
defined and generically finite on its image. The diagram (3.3) provides a factorization of q
along each σλ(Sλ)

(3.5)

Zσλ(Sλ)
∼= ZSλ Gr(d, [TG/U ]k)

pλ(ZSλ).

q:=π◦g

pλ g

Hence (3.5) gives a factorization of q on a Zariski dense subset of the base G.
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Lemma 3.7. Let Z/S be a family with irreducible fibers and base, and q : Z/S → X/S
be such that qs : Zs → Xs is generically finite for each s ∈ S. Consider S′ ⊂ S, a Zariski
dense subset, and suppose that for each s′ ∈ S′ we have a factorization of qs

Zs
fs′−−→ fs′(Zs)

gs′−−→ Xs.
Then there is a family Z ′/S, morphisms p : Z → Z ′ and p′ : Z ′ → X , and a Zariski
dense subset S′′ ⊂ S′ such that, for any s′′ ∈ S′′, the morphisms ps′′(Zs′′) and f(Zs′′) are
birational, and ps′′ and p′s′′ induce the same morphism on function fields as fs′′ and gs′′

respectively.

Proof. Restrict to a Zariski open subset of X (which we call X in keeping with remark 2.1)
over which q is finite étale and such that X → S is smooth. By work of Hironaka, we can
find a compactification X of X with simple normal crossing divisors at infinity. Restricting
to an open in the base, we can assume that we have X/S ⊂ X/S, such that X s \ Xs is an
snc divisor for any s ∈ S. One can use a version of Ehresmann’s lemma allowing for an snc
divisor at infinity to see that X → S is a locally-trivial fibration in the category of smooth
manifolds.

It follows that we get a diagram

Z X

S,

q

where q is a covering. Note that we renamed as Z an open subset of Z over which q is étale.
To complete the proof of Proposition 3.5 we will need the following Lemma.

Lemma 3.8. Given a diagram as above with Zs connected for every s, and a factorization

Zs0 Xs0

fs0(Zs0),

q

fs0

there is a factorization

Z X

f(Z),

q

f

which identifies with the original factorization over s0 ∈ S.

Proof. Consider the Galois closure Z ′ → X of the covering q : Z → X . Note that Z ′s0 is
connected. Indeed there is a normal subgroup of the Galois group of Z ′/X corresponding
to a deck transformation inducing the trivial permutation of the connected components of
Z ′s0 . This subgroup corresponds to a cover above Z since Zs0 is connected. It follows that
the map Gal(Z ′/X ) → Gal(Z ′s0/Xs0) is injective because a deck transformation which is
the identity on the base and on fibers must be the identity. Since Gal(Z ′/X ) has order

d := deg(Z ′/X ) = deg(Z ′s0/Xs0),

and Gal(Z ′s0/Xs0) has order at most d, this restriction morphism must be an isomorphism
and Z ′s0/Xs0 is thus also Galois. One then has an equivalence of categories between the
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poset of intermediate coverings of Z ′/X and that of Z ′s0/Xs0 , and hence between the poset
of intermediate coverings of Z/X and that of Zs0/Xs0 . �

By the previous lemma, to each factorization fs′ we can uniquely associate an interme-
diate cover Z → Zs′ of Z → X , which agrees with fs′ at s′. Since there are only finitely
many intermediate covers of Z → X , we get a partition of S′ according to the isomorphism
type of the cover Z → Zs′ . One subset S′′ ⊂ S′ of this partition must be dense in S. Let
f : Z → f(Z) be the corresponding intermediate cover. �

For the rest of the proof of Proposition 3.5 we are back in the situation of diagrams (3.3),
(3.4), and (3.5).

Corollary 3.9. There is a variety Z ′/G, a morphism p : Z → Z ′, and a subset Λl,0 ⊂ Λl
such that ⋃

λ∈Λl,0

σλ(Sλ) ⊂ G

is dense, and such that pλ(Zt) and p(Zt) are birational, and pt : Zt → p(Zt) and pλ,t : Zt →
pλ(Zt) induce the same map on function fields, for any λ ∈ Λl,0, t ∈ σλ(Sλ).

Proof. This follows from the previous lemma and its proof once we observe that the in-
termediate covering of q (or rather of an appropriate finite étale restriction of q as above)
associated to the factorization pλ,t : Zt → pλ(Zt) is independent of t ∈ σλ(Sλ). �

Remark 3.10. A technical point is that the maps pλ are a priori only defined after passing to a
generically finite cover of Sλ. This does not cause problem as pλ,s is defined without passing
to a generically finite cover and, given a generically finite cover S′λ → Sλ, the isomorphism
type of the covering pλ,s : Zs → pλ,s(Zs) is the same as that of pλ,s : Z]s → pλ,s(Z]s), where
Z] is obtained from the cover as prescribed in Remark 2.1.

To finish the proof of Proposition 3.5, consider desingularizations

p̃ : Z̃/G→ Z̃ ′/G
with smooth fibers over G. We have the inclusion

j : Z/G→ Ak/G
as well as

j̃ : Z̃/G→ Ak/G.
The morphism j̃ gives rise to a pullback map

j̃∗ : Pic0(Ak/G)→ Pic0(Z̃/G).

Since p̃ is generically finite on fibers we can consider the composition

p̃∗ ◦ j̃∗ : Pic0(Ak/G)→ Pic0(Z̃/G)→ Pic0(Z̃ ′/G).

This is a morphism of abelian schemes and we will show that it is non-zero along σλ(Sλ),
λ ∈ Λl,0. Consider t ∈ σλ(Sλ). Then At is isogenous to Bλt × Eλt . We have the following
commutative diagram

Zt Akt

pλ(Zt) (Bλt )k.

j

pλ|Zt pλ

j′



ON A CONJECTURE OF VOISIN 17

Consider a desingularization of pλ(Zt) and the induced map

j̃′ : p̃λ(Zt)→ (Bλt )k.

Using the fact that p̃t identifies birationally to pλ,t, we get the following commutative
diagram

Pic0(Z̃t) Pic0(Akt )

Pic0(Z̃ ′t) ∼= Pic0(p̃λ(Zt)) Pic0(Bλt
k
).

j̃∗

p̃∗

j̃′∗

p∗λ

It follows that

p̃∗ ◦ (j̃∗ ◦ pλ∗) = p̃∗ ◦ (p̃∗ ◦ j̃′∗) = (p̃∗ ◦ p̃∗) ◦ j̃′∗ = [deg(p̃)] ◦ j̃′.

Since pλ(Zt) is positive dimensional, the morphism j̃′ is non-zero and so p̃∗ ◦ j̃∗ is non-zero.

Hence the kernel of p̃∗ ◦ j̃∗ is an abelian subscheme of Ak which is not all of Ak. For very
general t ∈ G the abelian variety At is simple. Therefore, for such a t the abelian subvariety
ker(p̃∗ ◦ j̃∗)t is of the form (At)rM , with M ∈ Mk×r(Z) of rank r, and r ≤ k − 1. Choosing
M and r such that

{t ∈ G : ker(p̃∗ ◦ j̃∗)t = (At)rM} ⊂ G
is dense, and observing that this set is closed, we see that ker(p̃∗◦ j̃∗)t = (At)rM for all t ∈ G.

Note that, for t ∈ σλ(Sλ), we have

Pic0(ker(pλ,t))/ ker(p̃∗ ◦ j̃∗)t ∩ ker(pλ,t) = Pic0(ker(pλ,t))/(At)rM ∩ ker(pλ,t) 6= 0.

Now consider λ ∈ Λl such that σλ(Sλ) 6= ∅, namely such that some point in σλ(Sλ) has
survived our various restriction to Zariski open subsets, and B ∈ Bλ such that σλ(Sλ(B)) 6=
∅. Suppose that there is a curve C ⊂ σλ(Sλ(B)) ∼= Sλ(B) such that pλ(Z̃t) = pλ(Z̃t′) for
any t, t′ ∈ C, namely such that C is contracted by the morphism from Sλ(B) to the Chow

variety associated to the family pλ(ZSλ(B)) ⊂ BkSλ(B). Now, since Pic0(Z̃ ′t)
∼= Pic0(p̃λ(Zt))

does not depend on t ∈ C, it must contain a variable abelian variety. This provides the
desired contradiction and completes the proof of Proposition 3.5. �

4. Salvaging generic finiteness and a proof of Voisin’s Conjecture

In this section we refine the results from the previous section in order to bypass assump-
tion (∗) in the inductive application of Proposition 3.5. The idea is quite simple: In the last
section we saw that we can degenerate to abelian varieties A isogenous to B × E in such a
way that, if we consider the restriction of the projection Ak → Bk to Z ⊂ Ak, the image
of this projection varies with E. Here we want to degenerate to abelian varieties isogenous
to D × F × E, where E is an elliptic curve, and consider the restriction of the projections
Ak → Dk and Ak → (D × F )k to Z ⊂ Ak. We can do this in such a way that the images
of both of these projections vary with E. Hence, if we consider in (D × F )k and Dk the
union of the image of these projections for every E, we get varieties Z1 ⊂ (D × F )k and
Z2 ⊂ Dk of dimension dimZ + 1, and the restriction of the projection (D × F )k → Dk to
Z1 has image Z2. It follows at once that this restriction is generically finite on its image.
We spend this section making this simple idea rigorous and deducing a proof of Theorem 4.4.
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The families Bλ/Sλ, λ ∈ Λ(g−1) introduced in the last section are families of (g − 1)-

dimensional abelian varieties with some polarization type θλ. Hence, they give rise to a
diagram

(4.1)

(Bλ)k A′k

Sλ S′,

ϕλ

ψλ

where A′/S′ is the universal family over the moduli stack of abelian varieties of dimension
(g−1) with polarization θλ. Note that A′/S′ depends of course on λ but we suppress λ from
the notation. We will think of A′/S′ as another locally complete family of abelian varieties.
This family comes with its own set Λ′l′ indexing loci Sη′ along which A′s ∼ B′

η
s × E ′

η
s . Let

ϕλ,µ be the composition of ϕλ|(BλSλ,µ )k with

(Dλ,µ)k → (Dλ,µ ×Fλ,µ)k → (BλSλ,µ)k,

where the last map is the isogeny encoded by µ. We get a diagram

(4.2)

(Dλ,µ)k (B′η)k

Sλ,µ S′η,

ϕλ,µ

where η is some index in Λ′l′ , and ψλ(Sλ,µ) = S′η. The main result of this section is:

Proposition 4.1. Suppose that Z ⊂ Ak satisfies (∗) and (∗∗) for l′ ≥ 2. Then there
exists a λ ∈ Λ(g−1) such that ϕλ(pλ(ZSλ))/S′ satisfies (∗) for l′ and has relative dimension
dimS Z + 1.

Proof. By Proposition 3.4, there is a λ ∈ Λ(g−1) such that pλ(Zt) varies with t ∈ Sλ(B), for

generic B in the family Bλ (alternatively such that dimS′ ϕλ(pλ(ZSλ)) = dimS Z + 1). The
idea is to show that there is a subset Λλl′,0 ⊂ Λλl′ such that

(4.3)
⋃

µ∈Λλ
l′,0

Sλ,µ ⊂ Sλ is dense

and such that pλ,µ(Zt) varies with t ∈ Sλ,µ(D,F ), for generic D,F in the families Dλ,µ,Fλ,µ,
and µ ∈ Λλl′,0. Indeed, we have a commutative diagram

(BλSλ,µ)k A′k

(Dλ,µ)k (B′η)k

Sλ,µ S′η

Sλ,µ S′η ,

ϕλ

pλ,µ pη

ϕλ,µ
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where S′η ⊂ S′ is the image of Sλ,µ → Sλ → S′. Consider the restriction of this diagram to

Sλ,µ(D,F ), for D and F in the families Dλ,µ and Fλ,µ, namely

(BλSλ,µ(D,F ))
k A′k

(Dλ,µSλ,µ(D,F ))
k (B′η)k

Sλ,µ(D,F ) S′η

Sλ,µ(D,F ) S′η .

ϕλ

pλ,µ pη

ϕλ,µ

Now, if pλ,µ(Zt) varies with t ∈ Sλ,µ(D,F ), we have

dimϕλ(pλ(ZSλ,µ(D,F ))) = dimϕλ,µ(pλ,µ(ZSλ,µ(D,F ))) = dimS Z + 1,

so that pη is generically finite. Hence, if there is a subset Λλl′,0 such that⋃
µ∈Λλ

l′,0

Sλ,µ ⊂ Sλ

is dense, and pλ,µ(Zt) varies with t ∈ Sλ,µ(D,F ) for µ ∈ Λλl′,0, then ϕλ(ZSλ) ⊂ A′k satisfies

condition (∗) for l′.

Consider

R′st :=
⋃
λ,µ

{s ∈ Sλ,µ : pλ,µ(Zs) is not stabilized by an abelian subvariety}.

Following the same argument as in the proof of Proposition 3.5, we can assume that R′st is
dense in S (this is the analogue of condition (∗ ∗ ∗)). Let U/G and U ′/G′ be the universal
families over G := P(T ) and G′ := Gr(g− l′, T ). Consider the following diagrams analogous
to (3.3) and (3.4):

(4.4)

ZSλ,µ Gr(d,T k
Sλ,µ

)

pλ(ZSλ,µ) Gr(d, [TSλ,µ/Uσλ(Sλ,µ)]
k)

pλ,µ(ZSλ,µ) Gr(d, [TSλ,µ/U ′σλ,µ(Sλ,µ)]
k),

g

pλ πσλ(Sλ,µ)

g

pµ πσλ,µ(Sλ,µ)

g

(4.5)

ZG′ Gr(d, T kG′)

Gr(d, [TG′/U ′]k).

g

π
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Just as in the proof of Proposition 3.5, since Z satisfies (∗) and (∗∗) for l′, we can assume
that qt := πt ◦ gt is generically finite on its image for any t ∈ G′, restricting to a Zariski
open in G′ if necessary. Note that, for t ∈ Sλ,µ, we have a factorization

(4.6)

Zt Gr(d, [TG′/U ′]k)

pλ(Zt) pλ,µ(Zt).

q

pλ

pµ

g

By Proposition 3.5, there is a λ such that dimS′ ϕλ(pλ(ZSλ))/S′ = dimS Z + 1. One can
consider analogues of Lemma 3.7 and 3.8 and see that there is a partition of Λλl′ in finitely
many sets according to the isomorphism type of the covering pµ. Hence, since⋃

µ∈Λλ
l′

Sλ,µ ⊂ Sλ

is dense, there is a subset Λλl′,0 ⊂ Λλl′ , such that

(4.7)
⋃

µ∈Λλ
l′,0

Sλ,µ ⊂ Sλ

is dense, and such that pλ,µ(Zt) varies with t ∈ Sλ,µ(D,F ) for generic D,F in the families
Bλ,µ,Dλ,µ, and µ ∈ Λλl′,0.

�

Corollary 4.2. Suppose that a very general abelian variety of dimension g has a positive
dimensional CCSk. Then, for a very general abelian variety A of dimension (g− l) there is
an (l + 1)-dimensional subvariety of Ak foliated by positive dimensional CCSk.

Proof. Under the assumption of this corollary we get Z ⊂ Ak/S, a CCSk/S, for A → S a
locally complete family of g-dimensional abelian varieties. Apply the previous proposition
inductively. By Lemma 3.3 the condition (∗∗) follows from (∗). �

Corollary 4.3. Conjecture 1.3 holds: a very general abelian variety of dimension ≥ 2k− 1
has no positive dimensional CCSk.

Proof. Note that any Z ⊂ Ak of relative dimension d satisfies (∗) for l ≥ d since⋃
λ∈Λl

σλ(Sλ) ⊂ G

is dense. Indeed, if V is a vector space and W ⊂ V k has dimension d < dimV , then the
restriction of the projection V k → (V/H)k to W is an isomorphism onto its image for a
generic H ∈ Gr(dimV − d, V ). In particular if Z ⊂ Ak has relative dimension 1 then it
satisfies (∗) for any 1 ≤ l ≤ g − 1. Hence, if a very general abelian variety of dimension
2k− 1 has a positive dimensional CCSk, then a very general abelian surface B will be such
that Bk, 0 contains a (2k−2)-dimensional subvariety foliated by positive dimensional CCSk.
This does not hold for any abelian surface, let alone generically, by Corollary 2.12. �

Theorem 4.4. For k ≥ 3, a very general abelian variety of dimension at least 2k − 2 has
no positive dimensional orbits of degree k, i.e. G (k) ≤ 2k − 2.
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Proof. Let Z ⊂ Ak, 0 be a one-dimensional normalized CCSk, where dimS A = 2k − 2. By
the previous corollary, there is a λ ∈ Λ2 such that ϕλ(pλ(ZSλ))/S′ has relative dimension
2k − 3. This was obtained by successive degenerations and projections. But the morphism
from Sλ(B) to an appropriate Chow variety of Bk, 0 given by

s 7→ [ϕλ(pλ(Zs))]

is a
(

2k−3
2

)
-parameter family of CCSk on ϕλ(pλ(ZSλ)). Hence, ϕλ(pλ(ZSλ)) must be foliated

by CCSk of dimension at least 2. This contradicts Corollary 2.12. �

Corollary 4.5. For k ≥ 3, a very general abelian variety of dimension ≥ 2k−2 has gonality
at least k + 1. In particular Conjecture 1.3 holds.

Theorem 4.6. A very general abelian variety of dimension ≥ 2k − 4 does not have a
2-dimensional CCSk for k ≥ 4.

Proof. Suppose A/S is a locally complete family of (2k − 4)-dimensional abelian varieties
with some polarization θ, and that Z ⊂ Ak is a 2-dimensional CCSk/S. Using the same
argument as in the proof of Corollary 4.3, we see that Z satisfies (∗), and thus (∗∗). We
now follow the proof of Theorem 4.4. �

Theorem 4.7. A very general abelian variety A of dimension at least 2k + 2 − l does not

have a positive dimensional orbit of the form |
∑k−l
i=1{ai}+ l{0A}|, i.e. Gl(k) ≤ 2k + 2− l.

Moreover, if A is a very general abelian variety of dimension at least k+ 1 the orbit |k{0A}|
is countable, i.e. Gk(k) ≤ k + 1.

Proof. By the results of [14], it suffices to show that a very general abelian variety of

dimension 2k + 2 − l has no positive dimensional orbits of the form |
∑k−l
i=1{ai} + l{0A}|.

If this were not the case, we could find Z ⊂ Ak, a one-dimensional CCSk, where A/S is a
locally complete family of (2k + 2− l)-dimensional abelian varieties, and

{0As} × . . .× {0As} × Ak−ls ∩ Zs 6= ∅

for every s ∈ S. By Proposition 4.1 there is a λ ∈ Λ2 such that ϕλ(pλ(ZSλ)) has relative
dimension 2k + 1 − l. Given a generic B in the family Bλ and b = (a1, . . . , ak−l) ∈ Bk−l,
consider

Sλ(B, b) := {s ∈ Sλ(B) : b ∈ φλ(pλ(Zs))}.

Clearly ϕλ(pλ(ZSλ(B,b))) is a CCSk. In particular, ϕλ(pλ(ZSλ(B))) is foliated by CCSk of
codimension at most 2(k − l). This contradicts Corollary 2.12. A similar argument shows
Gk(k) ≤ k + 1. �

5. Applications to Other Measures of Irrationality

We have seen how the minimal degree of a positive dimensional orbit gives a lower bound
on the gonality of a smooth projective variety and used this to provide a new lower bound on
the gonality of very general abelian varieties. In this section we show how one can use results
about the maximal dimension of CCSk in order to give lower bounds on other measures of
irrationality for very general abelian varieties. We finish by discussing another conjecture
of Voisin from [14] and its implication for the gonality of very general abelian varieties.
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Recall the definitions of some of the measures of irrationality of irreducible n-dimensional
projective varieties:

irr(X) := min {δ > 0 : ∃ degree δ rational covering X → Pn}
gon(X) := min {c > 0 : ∃ a non-constant morphism C → X, where C has gonality c} .

Additionally, we will consider the following measure of irrationality which interpolates be-
tween the degree of irrationality irr(X) = irrn(X) and the gonality gon(X) = irr1(X).

irrd(X) := min {δ : ∃ a d-dimensional irreducible subvariety Z ⊂ X with irr(Z) = δ} .

The methods of the previous section can be applied to get:

Corollary 5.1. If A is a very general abelian variety of dimension ≥ 2k − 4 and k ≥ 4,
then

irr2(A) ≥ k + 1.

Proof. A surface with degree of irrationality k in a smooth projective variety X provides a
2-dimensional CCSk. The result then follows from Theorem 4.6. �

Similarly, we can use bounds on the dimension of a CCSk to obtain bounds on the de-
gree of irrationality of abelian varieties. To our knowledge, the best bound currently in the
literature is the Sommese bound irr(A) ≥ dimA + 1 (see [3] Section 4), for any abelian
variety A. It is an interesting fact that this bound follows easily from Voisin’s Theorem
1.5. Indeed, a dominant morphism from A to PdimA of degree at most dimA would provide
a (dimA)-dimensional CCSdimA. Note that Yoshihara and Tokunaga-Yoshihara ([16],[12])
provide examples of abelian surfaces A with irr(A) = 3, so that the Sommese bound is tight
for dimA = 2. In fact, we do not know of a single example of an abelian surface A with
dimA > 3.

Ou results allow us to show that Sommese’s bound is not optimal, at least for very general
abelian varieties.

Theorem 5.2. Orbits of degree k on a very general abelian variety of dimension at least
k − 1 have dimension at most k − 2, for k ≥ 4.

Corollary 5.3. If A is a very general abelian variety of dimension g ≥ 3, then

irr(A) ≥ g + 2.

Proof of Theorem 5.2. Suppose that we have A/S, a locally complete family of (k − 1)-
dimensional abelian varieties, and Z ⊂ Ak, 0/S, a (k − 1)-dimensional CCSk/S. We claim
that Z satisfies (∗) for l = k − 2. Assuming this, for appropriate λ ∈ Λ(k−2) and B in the

family Bλ, the subvariety φλ(pλ(ZSλ(B))) ⊂ Bk, 0 is k-dimensional and foliated by (k − 1)-
dimensional CCSk. This contradicts Corollary 2.6.

To show that Z satisfies (∗) for l = k − 2, we will need the following easy lemma which
we give without proof:

Lemma 5.4. Given V is a g-dimensional vector space, and W ⊂ V r a g-dimensional
subspace such that the restriction of πL : V r → (V/L)r to W is not an isomorphism for any
L ∈ P(V ), then W = V 1

M for some M ∈ P(Cr).
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Hence, if Z fails to satisfy (∗) for l = k − 2, for any s ∈ S and z ∈ (Zs)sm the tangent

space TZs,z must be of the form (TAs)
1
M ⊂ T

k, 0
As for M ∈ P(Ck, 0). Here, given a vector space

V we use the notation V r 0 for the kernel of the summation map V r → V . It follows that for
each s ∈ S we get a morphism (Zs)sm → P(Ck, 0). For very general s, the abelian variety As
is simple and so Zs cannot be stabilized by an abelian subvariety of Aks . Thus, the Gauss
map of Zs is generically finite on its image and so is the morphism (Zs)sm → P(Ck, 0). It
follows that the image of this morphism must contain an open in P(Ck, 0). Any open in
P(Ck, 0) contains real points and if M ∈ P(Rk, 0), then (TAs)

1
M cannot be totally isotropic

for ωk for any non-zero ω ∈ H0(As,Ω2). This provides the desired contradiction. �

The previous corollary motivates the following:

Problem 5.5. Exhibit an abelian threefold A with dr(A) ≥ 4.

We have reasons to believe that Corollary 5.3 is also not optimal. Indeed, the key ob-
stacle to proving a stronger lower bound is the need for (∗) to be satisfied. A careful study
of the Gauss map of cycles on very general abelian variety is likely to provide stronger results.

Similarly, we believe that Theorem 4.4 can be improved. In fact, though Conjecture
1.3 is the main conjecture of [14], it is not the most ambitious. Voisin proposes to attack
Conjecture 1.3 by studying what she calls the locus ZA of positive dimensional normalized
orbits of degree k

ZA :=

{
a1 ∈ A : ∃ a2, . . . , ak−1 : dim

∣∣∣∣∣{a1}+ . . .+ {ak−1}+ {−
k∑
i=1

ai}

∣∣∣∣∣ > 0

}
.

In particular she suggests to deduce Conjecture 1.3 from the following conjecture:

Conjecture 5.6 (Voisin, Conj. 5.2 in [14]). If A is a very general abelian variety

dimZA ≤ k − 1.

Voisin shows that this conjecture implies Conjecture 1.3 but it in fact implies the following
stronger conjecture:

Conjecture 5.7. A very general abelian variety of dimension at least k + 1 does not have
a positive dimensional orbit. i.e. G (k) ≤ k + 1.

Remark 5.8. The previous conjecture follows from Conjecture 5.6. Indeed, if a very general
abelian variety of dimension k has a positive dimensional orbit

|{a1}+ . . .+ {ak−1}|

of degree k − 1, then for any a ∈ A the orbit

(5.1) |{(k − 1)a}+ {a1 − a}+ . . .+ {ak−1 − a}|

is positive dimensional. This was noticed by Voisin in Example 5.3 of [14]. It follows that
ZA = A and so dimZA = k > k − 1.

As mentioned above, the results of Pirola and Alzati-Pirola give G (2) ≤ 3 and G (3) ≤ 4.
Our main theorem provides us with the bound G (4) ≤ 6. An interesting question is to
determine if G (4) ≤ 5. This would provide additional evidence in favor of Conjecture 5.7.
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Appendix A. Support of zero-cycles on abelian varieties

In [14] the author shows the following surprising proposition:

Proposition A.1. Consider an abelian variety A and an effective zero-cycle
∑k
i=1{xi} on

A such that
k∑
i=1

{xi} = k{0A} ∈ CH0(A).

Then for i = 1, . . . , k

({xi} − {0A})∗k = 0 ∈ CH0(A),

where ∗ denotes the Pontryagin product.

Voisin defines a subset Ak := {a ∈ A : ({a} − {0})∗k = 0} ⊂ A and shows that dimAk ≤
k − 1. Given a smooth projective variety X and a zero-cycle of the form z =

∑k
i=1{xi} ∈

Z0(X) the support of z is

supp(z) = {xi : i = 1, . . . , k} ⊂ X.

Similarly we will call the k-support of z the following subset of X

suppk(z) =
⋃

z′=
∑k
i=1{x′i}:z′∼z

supp(z′).

The previous proposition can then be rephrased as: suppk(k{0A}) ⊂ Ak. Here we present
a generalization of this result. Given x ∈ Xk we let

Ak,x := {a ∈ A : ({a} − {x1}) ∗ · · · ∗ ({a} − {xk}) = 0 ∈ CH0(A)}.

One shows easily, using the same argument as Voisin, that dimAk,x ≤ k − 1.

Proposition A.2. Consider an abelian variety A and effective zero-cycles
∑k
i=1{xi},

∑k
i=1{yi}

on A such that
k∑
i=1

{xi} =

k∑
i=1

{yi} ∈ CH0(A).

Then for i = 1, . . . , k
k∏
j=1

({xi} − {yj}) = 0 ∈ CH0(A),

where the product is the Pontryagin product.

Upon presenting this result to Nori he recognized it as a more effective reformulation of
results of his from around 2005. They had been obtained in an attempt to understand work
of Colombo-Van Geeman [4] but left unpublished for lack of an application. We present here
Nori’s proof as it is more elegant than our original proof. This proof was also suggested to
Voisin by Beauville in the context of Proposition A.1.

Let X be a smooth projective variety and consider the graded algebra

∞⊕
n=1

CH0(Xn).
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The multiplication is given by extending by linearity

Xm ×Xn → Xm+n

((x1, . . . , xm), (x′1, . . . , x
′
n)) 7→ (x1, . . . , xm, x

′
1, . . . , x

′
n)

to a product

Z0(Xm)× Z0(Xn)→ Z0(Xn+m).

It is easy to see that the resulting product descends to rational equivalence on the compo-
nents. Let

R :=

∞⊕
n=1

CH0(Xn)/(ab− ba) =

∞⊕
i=1

Rn

be the abelianization of this algebra. Recall that by CH0(Xn) we mean the Chow group of
zero-cycles with rational coefficients.

Lemma A.3. If z =
∑k
i=1{xi} ∈ Z0(X) and y ∈ suppk(z), then

({y} − {x1})({y} − {x2}) · · · ({y} − {xk}) = 0 ∈ R,

where the product is taken in R and we consider {y} − {xi} as elements of R1 ⊂ R.

Proof. Since y ∈ suppk(z), there is y = (y1 = y, y2, . . . , yk) ∈ Xk such that
∑k
i=1{yi} =∑k

i=1{xi}. Consider the diagonal embeddings

∆l : X → X l.

These give linear maps

∆l∗ : R1 → Rl

such that

∆l∗

(
k∑
i=1

{yi}

)
=

k∑
i=1

{yi}l ∈ Rl.

Since
k∑
i=1

{yi} =

k∑
i=1

{xi}

we get

pl(y) =

k∑
i=1

{yi}l =

k∑
i=1

{xi}l = pl({x}) ∈ Rl,

where pl is the lth Newton polynomial and {x} = ({x1}, . . . , {xk}). On the other hand we
have

({y} − {x1})({y} − {x2}) . . . ({y} − {xk}) = {y}k − e1(x){y}k−1 + . . .+ (−1)kek(x) ∈ Rk,

where el is the lth elementary symmetric polynomial. Since the elementary symmetric
polynomials can be written as polynomials in the Newton polynomials and since pl(y) =
pl(x) for all l ∈ N, we get

k∏
i=1

({y} − {xi}) =

k∑
i=0

(−1)i{y}k−iei(x) =

k∑
i=0

(−1)i{y}k−iei(y) =

k∏
i=1

({y} − {yi}) = 0 ∈ Rk.

�
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Proof of Proposition A.2 (Nori). If X = A is an abelian variety we have a summation mor-
phism Al → A inducing maps

CH0(Al)→ CH0(A),

and so a map

σ : R→ CH0(A)

such that

σ

(
k∏
i=1

({y} − {xi})

)
= ({y} − {x1}) ∗ . . . ∗ ({y} − {xk}) ∈ CH0(A).

�

Lemma A.3 in fact has many more interesting corollaries. Consider p(t1, . . . , tk) ∈
C[t1, . . . , tk] and the Sk action on C[t1, . . . , tk] given by permutation of the variables. Let
Hp ⊂ Sk be the subgroup stabilizing p.

Corollary A.4. Consider an abelian variety A and effective zero-cycles
∑k
i=1{xi},

∑k
i=1{yi}

on A. Then
k∑
i=1

{xi} =

k∑
i=1

{yi} ∈ CH0(A)

if and only if ∏
σ∈Sk/Hp

(
p({y1}, . . . , {yk})− (σ · p)({x1}, . . . , {xk})

)
= 0 ∈ CH0(A)

for every p ∈ C[t1, . . . , tk]. Here the product is the Pontryagin product.

Proof. The if direction follows trivially from considering p(t1, . . . , tk) = t1 + . . . + tk. The
proof of Lemma A.3 completes the argument. �

The special case p = t1 is Proposition A.2. Another corollary of Lemma A.3 is the
following:

Corollary A.5 (Nori). Given an effective zero-cycle z =
∑k
i=1{xi} on an abelian variety

A, and y1, . . . , yk+1 ∈ suppk(z), the following identity is satisfied∏
i<j

({yi} − {yj}) = 0 ∈ CH0(A).

Proof. Let el be the lth elementary symmetric polynomial. By Lemma A.3 we have

{yi}k − e1({x}){yi}k−1 + . . .+ (−1)kek({x}) = 0 ∈ Rk

for i = 1, . . . , k + 1, where {x} = ({x1}, . . . , {xk}). This gives a non-trivial linear relation
between the rows of the Vandermonde matrix ({yi}j−1)1≤i,j≤k+1. It follows that the Van-
dermonde determinant vanishes. Using the morphism σ : R → CH0(A) from the proof of
A.2 finishes the argument.

�
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[11] A. A. Rŏıtman. Rational equivalence of zero-cycles (in Russian), Math. (N.S.) Sb. 89 (131) (1972),
569-585. [Translation: Math. USSR-Sb., 18 (1974), 571-588.]

[12] H. Tokunaga, H. Yoshihara. Degree of irrationality of abelian surfaces, J. Algebra 174 (1995), 1111-1121.

[13] C. Vial. On the motive of some hyperKähler varieties, J. Reine Angew. Math. 725 (2017), 235-247.
[14] C. Voisin. Chow ring and the gonality of general abelian varieties, Preprint ArXiv: 1802.07153v1 (2018).

[15] C. Voisin. Remarks and questions on coisotropic subvarieties and 0-cycles of hyper-Kähler varieties, K3

Surfaces and Their Moduli, Proceedings of the Schiermonikoog conference 2014, C. Faber, G. Farkas, G.
van der Geer, Editors, Progress in Math 315, Birkhäuser (2016), 365-399.
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