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Deduantiziajon Together with the usual multiplication, this addition satisfies

Equations and varieties

axioms which generalize the usual field axioms.

Non-singular varieties defined over this degenerated field of
complex numbers are topological manifolds

and have amoebas which are tropical varieties.
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Multi-valued groups

A binary multi-valued operationin X: amap X x X — 2% \ {2}.
A set X with a multi-valued operation (a, b) — a T b is a commutative
mv-group if

1. T Is commutative;

2. T Is associative,;

3.

4

A binary multi-valued operation f : X x X — 2% naturally extends to
2X X 2X — 2X : (Aa B) — UaEA,bEBf(av b)

- X x X — 2% is associative
/
if f(f(a,b),c)= f(a, f(b,c)) forany a,b,c € X .
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Multi-valued groups

A binary multi-valued operationin X: amap X x X — 2% \ {2}.

A set X with a multi-valued operation (a, b) — a T b is a commutative
mv-group if

1. T Is commutative;

2. T Is associative;

3. X contains 0 suchthat 0 Ta = a forany a € X ;

4. foreach a € X there exists a unique —a € X such that
0€aT(—a).

Any abelian group is an mv-group.
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Tropical addition of complex numbers

For complex numbers a, b let
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Tropical addition of complex numbers

For complex numbers a, b let

({a}, it Jal > [b];
{0}, it Ja| < b3
aTbh=< {lale’" | p € [a, 3]}, if a=|ale*, b= |ale™,
b —a < m;
{ceCllel <lal}, if a+b=0.

(C, 1) is an mv-group.

" Table of Contents 5124



Tropical addition of complex numbers

DR @

aTb
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Operation induced on a subset

Let Y C X and f: X x X — 2% be binary multivalued operation.
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Operation induced on a subset

Let Y C X and f: X x X — 2% be binary multivalued operation.

A binary multivalued operation g : Y x Y — 2¥ is induced by f if
g(a,b) = f(a,b)NY forany a,b e Y.

g is determined by f.
g existsiff f(a,b) NY # & foranya,b e Y

Recall that the definition of multivalued binary operation prohibits
g(a,b) to be empty.
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Tropical addition of real numbers

The tropical addition in € induces a tropical addition in R.

Q.L | l.? > —Z > a|Tb — >
0 0
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Tropical addition of real numbers

The tropical addition in € induces a tropical addition in R.

Q.L | l.? > —Z > a|Tb — >
0 0
a b aTh
——t—+—> —Z > ———>
0 0
a b aTh
— > —Z > e —t— >
0 0
For a,b € R
({a}, it |a| > [b],
D F O N R
{a}, if a=0"0,
[—lal, |al], i a=—b.

(R, T) is an mv-group.
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Homomorphisms

Amap f: X — Y iscalled an (mv-group) homomorphism if
flaTb) C f(a) T f(b) forany a,b € X.

Example. A non-archimedean norm K — R satisfies the ultra-metric
triangle inequality

la + b| < max(a,b) forany a,b € K .
This is a homomorphism from K to mv-group (R, T).

Let (X, T) be an mv-groupand ¥ C X

f Y N(aTb) # & forany a,b €Y, Ty isinducedon Y by T,
eY andacY — —acY,

then (Y, Ty ) is an mv-group ( mv-subgroup of X )
and Y — X is a homomorphism.
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Mv-rings and mv-fields

A set X with a binary multi-valued addition T and a (uni-valent)
multiplication is called a mv-ring if

e (X, T) is a commutative mv-group,
e the multiplication is associative and commutative and
e distributivity holds true for the multiplication and T.
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Mv-rings and mv-fields

A set X with a binary multi-valued addition T and a (uni-valent)
multiplication is called a mv-ring if

e (X, T) is a commutative mv-group,

e the multiplication is associative and commutative and

e distributivity holds true for the multiplication and T.

An mv-ring X is an mv-field if X ~. 0 is a multiplicative group.

Mv-groups (R, T) and (C, T) with the usual multiplication are
mv-fields.

R~ is closed under the mv-field operations in R.

T induces max.

R0 max,x is a subsemifield of R+ , C C+ .

Recall: log : Rt v — T = Rypax + U —00 is an isomorphism.

A natural map in the opposite direction: R+ — R>q max : © — ||

IS not a homomorphism.
I
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An element of C|R] is a formal linear combination » | a,q™,
where a,, € C and r,, € R.

A formal variable ¢ symbolizes conversion
from additive notation in R to multiplicative notation in C[R].

Substitution ¢ = e transforms > a,q¢™ to > a,e"™ and provides
an interpretation as functions C — C.

Let aprqg™™ be the summand of Zn anq' ™ with greatest 7, .
apng

Define a map C|R| — C which takes > a,q"™ to

e'M .
an|
This is a homomorphism f : C[R] — Cv y:

fla+0) € fla) T f(b) and f(ab) = f(a)f(b).
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B E o
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Deformation of C

For h > 0 consider amap S;,: C — C

\zﬁé: 2|z, ifz £ 0;
0, if z = 0.
the inverse map:
Sz 2" G = 2"z, 2 # 0
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Deformation of C

For h > 0 consider amap S;,: C — C
=S
—>
0, if z = 0.
the inverse map:
Al = e, itz £0;

0, ifz=20
But they do not respect the addition.

S;:l:zl—>
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For h > 0 consider amap S;,: C — C
=S
—>
0, if z = 0.

the inverse map:

0, if z =20

— { = |s""'z, ifz #0
o

Induce an operation in the source via Sy :
Z +p W = Sgl(Sh(Z) + Sh(w))

If |2] > |w

, then limh_>0(z “+h UJ) = Z.

If 2| = |w| and z + w # 0, then limy_o(2 4+, w) = |2|
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Deformation of C

For h > 0 consider amap S;,: C — C
H{ziizlhhz, if z £ 0;
0, if 2z = 0.
the inverse map:
Sz {Zhizhlz, itz # 0;
0, if 2z =20

Induce an operation in the source via Sy :

< ‘|'h w = Sgl(Sh(Z) -+ Sh(w))

If |z| > |w], then limy,_q(z +, w) = 2.
If |z] = |w| and z +w # 0, then limy,_ (2 +5, w) = |z]|ZY
If 24+ w = 0, then 1imh_>0(2 +4 UJ) = 0.

24wl ”
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Deformation of C

For h > 0 consider amap S;,: C — C
Alh = ' itz £ 0
—>
0, if 2z = 0.
the inverse map:

Sz ‘Z‘hﬁ = [2[" 1z, if 2 #0;
0, if z =20

Induce an operation in the source via Sy :

< ‘|'h w = Sgl(Sh(Z) -+ Sh(w))

If |z| > |w], then limy,_q(z +, w) = 2.

If 2| = |w| and z +w # 0, then limy,_o(2 4+, w) = \zhii% .
If z4+w =0, then limy,_,o(z +, w) = 0.

Denote limy_.o(z +5, w) by z +q w.
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A look of the limit

DR @
C
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Properties of -+

Good properties of 4+

e commutative,

e distributive (with the standard multiplication)
e 0 € C isits neutral element.

e Each element has a unique inverse.
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Properties of -+

Good properties of 4+

e commutative,

e distributive (with the standard multiplication)
e 0 € C isits neutral element.

e Each element has a unique inverse.

Bad properties:
e discontinuous,
e not associative.

Need a wiser limit.

There is one that
fixes all the defects,
but gives a multivalued T !
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Let X be a topological space.
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Upper Vietoris topology

Let X be a topological space.
Upper Vietoris topology in the set 2% of all subsets of X
is generated by sets 2V C 2% with U openin X .
For any family F}, C X with h € (0, 1]
there exists A C X suchthat F, — A as h — 0.
For example A = X!
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Upper Vietoris topology

Let X be a topological space.
Upper Vietoris topology in the set 2 of all subsets of X
is generated by sets 2V C 2% with U openin X .
For any family F}, C X with h € (0, 1]
there exists A C X suchthat F, — A as h — 0.

If X is normal, then the set of all such closed A is a filter,
but is not closed against intersection.
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Upper Vietoris topology in the set 2 of all subsets of X
is generated by sets 2V C 2% with U openin X .
For any family F}, C X with h € (0, 1]
there exists A C X suchthat F, — A as h — 0.

Denote by LIM;_,q F},
the intersection of all closed A C X suchthat £}, — A as h — 0.
If X is first countable and regular, then LIM;,_.q F},
is the set of limits of z;, € F}, as h — 0.
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Upper Vietoris topology

Let X be a topological space.
Upper Vietoris topology in the set 2 of all subsets of X
is generated by sets 2V C 2% with U openin X .
For any family F}, C X with h € (0, 1]
there exists A C X suchthat F, — A as h — 0.

Denote by LIM;_,q F},
the intersection of all closed A C X suchthat £}, — A as h — 0.
If F;, € X x Y are graphs of univalent continuous maps X — Y,
then LIM;,_.o Fj}, is a graph of a multivalent map.
If the images of points are compact, and the graph is closed,
then the multivalent map is upper semi-continuous.
If the images of points are connected and the map is upper
semi-continuous, then the image of a connected set is connected.
If the images of points are compact and the map is upper

. semi-continuous, then the image of a compact set is compact.
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Topology of tropical addition

Let ', C C3 be agraph of 4+, for h > 0:
', ={(a,b,c) e C*|a+rb=c}.
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Let ', C C3 be agraph of 4+, for h > 0:
I, ={(a,b,c) e C°|a+,b=c}.

LIM;, o1, is the graph of T.
Let z,, and w,, be sequences of complex numbers,

z, — 2 and w,, — w.
Let h,, be a sequence of positive real numbers, h,, — 0.
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Topology of tropical addition

Let ', C C3 be agraph of 4+, for h > 0:
I, ={(a,b,c) e C°|a+,b=c}.

LIM;, o1, is the graph of T.
Let z,, and w,, be sequences of complex numbers,

z, — 2 and w,, — w.
Let h,, be a sequence of positive real numbers, h,, — 0.

If the sequence z, +,, w, converges, then z, +, w, — 2T W.

Any element of z T w can be represented as such a limit.
The image of a point is either a point, or a closed arc, or a closed disk.

Hence, T is upper semi-continuous and
maps a connected set to a connected set
and a compact set to a compact set.
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Equations and varieties
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e Exercise in tropical
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hypersurfaces

e Complex tropical
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Good and bad polynomials

s c=xT711T—-17
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Good and bad polynomials

s x =ax 171717 —1? Somewhere yes, somewhere no.

—2
Graphof y=ax 717171 —1.

A polynomial is said to be pure if it has no two monomials with the same
exponents.
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e

Graphof y =ax 17 —1.

A polynomial is said to be pure if it has no two monomials with the same
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Good and bad polynomials

s2*T—1=(x71)(zT7-1)?
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s2?T—1=(z711)(xT—-1)? Yes, 2* T -1 =TT —27—1.

-1
The graph of a polynomial is connected.

" Table of Contents 19/24



Good and bad polynomials

s2?T—1=(z711)(xT—-1)? Yes, 2* T -1 =TT —27—1.

-1
The graph of a polynomial is connected.

IBecause a polynomial is upper semi-continuous and has connected values.
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Exercise in tropical addition

How do several complex numbers with the same absolute values
give zero?
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Exercise in tropical addition

How do several complex numbers with the same absolute values
give zero?

OcaTbTeT...Tx iff 0 € Conv(a,b,c,...,x).
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Exercise in tropical addition

How do several complex numbers with the same absolute values

give zero?
OcaTbTeT...Tx iff 0 € Conv(a,b,c,...,x).

What if they have different absolute values?

|
20/24
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Exercise in tropical addition

How do several complex numbers with the same absolute values
give zero?
OcaTbTeT...Tx iff 0 € Conv(a,b,c,...,x).

What if they have different absolute values?
Then only those with the greatest one matter!

|
20/24
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Amoebas: relation to tropics
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Amoebas: relation to tropics

(C < 0)™ is convenient to consider fibred over R™ via the map
Log : (C~{0})" = R™ : (z1,...,2,) — (log|z1|, ..., log|z.])-
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(C < 0)™ is convenient to consider fibred over R™ via the map
Log : (C~{0})" = R™ : (z1,...,2,) — (log|z1|, ..., log|z.])-

Let

_ k k
p(21, -y 2n) = T apzy’ ... zZnn
k:(kl,...kn)EI

be a pure T-polynomial. Let

q(x1,...,x,) = max{log |ag| + k1 log |x1| + -+ - + kplog |x,| | k € I}
be its tropical version (in a sense, Log,(p) ?).
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(C < 0)™ is convenient to consider fibred over R™ via the map
Log : (C~{0})" = R™ : (z1,...,2,) — (log|z1|, ..., log|z.])-
Let

k1 k

p(z1,...,2,) = I ARZy .. 20"
(21,05 2n) h=(ky k)l "

be a pure T-polynomial. Let
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be its tropical version (in a sense, Log,(p) ?).
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Amoebas: relation to tropics

(C < 0)™ is convenient to consider fibred over R™ via the map
Log : (C~{0})" = R™ : (z1,...,2,) — (log|z1|, ..., log|z.])-

Let
_ k1 k
p(21, -y 2n) = T apzy’ ... zZnn
k=(ki,...kn)EIl

be a pure T-polynomial. Let

q(x1,...,x,) = max{log |ag| + k1 log |x1| + -+ - + kplog |x,| | k € I}
be its tropical version (in a sense, Log,(p) ?).

Let V, ={2€ (C~0)"|0e€p(z)} and
1T, C R™ be atropical hypersurface defined by ¢ .

Then Log(V,) =1T,.
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Patchworking of hypersurfaces

Let p be a polynomial in n variables.
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Let p be a polynomial in n variables, generic in the sense that
at each point x € C" the Newton polyhedron of its leading terms
IS a simplex of the minimal volume.
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Vi(p) = {z € C} | p(x) = 0} is a non-singular hypersurface
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In particular, V' (p) is a topological manifold.
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Patchworking of hypersurfaces

Let p be a polynomial in n variables, generic in the sense that
at each point x € C" the Newton polyhedron of its leading terms
IS a simplex of the minimal volume.
Then for sufficiently small A > 0 the set
Vi(p) = {z € C} | p(x) = 0} is a non-singular hypersurface
isotopicto V(p) ={z € C" |0 e p(x)}.
In particular, V' (p) is a topological manifold.

There Is a real version of this statement.
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Complex tropical geometry

| suggest to call complex tropical geometry the algebraic geometry
over the mv-field of tropical complex numbers.
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Complex tropical geometry

| suggest to call complex tropical geometry the algebraic geometry
over the mv-field of tropical complex numbers.
real tropical geometry the algebraic geometry
over the mv-field of tropical real numbers.
There are lots of open questions.
First, what are infinitesimal structures
In the complex and real tropical varieties.?
Tangent bundles?
Differential forms?
Second, what happens at singular points?
Does the tropical deformation smash them completely?
Third, is there other mv-fields responsible for the fate of
higher germs of complex varieties in the tropical deformation?
Fourth, what are abstract varieties?
This i1s a work in progress.
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