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In R, define a multivalued addition:
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Triangle addition

In R,y define a multivalued addition:
avb={ceRy||la-bl<c<a+b}.

a v b is the set of numbers ¢ such that 3 a traingle with sides a, b, c.

(a,b) — a v b is commutative; has zero 0;
IS associative, because

(avb)vc = {x|3 quadrilateral with sides a,b,c,x} = av (bvc).
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Triangle addition

In R,y define a multivalued addition:
avb={ceRy||la-bl<c<a+b}.

a v b is the set of numbers ¢ such that 3 a traingle with sides a, b, c.
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Triangle addition

In R,y define a multivalued addition:
avb={ceRy||la-bl<c<a+b}.

a v b is the set of numbers ¢ such that 3 a traingle with sides a, b, c.

(a,b) — a v b is commutative; has zero 0;
IS associative,
for each a, there exists unique b suchthat Oeavb.
This b is a.
Thatis —a=a!
Distributivity: a(bv c¢) =ab v ac.

R, with addition (a,b) — a v b and usual multiplication is a
hyperfield.
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Hyperfields

A set X with a multivalued operation

X x X - 2X~{az}:(a,b) »ath
and a multiplication X x X — X : (a,b) — a-b is called a hyperfield,
If

e (a,b) artb is commutative, associative;

e 10e X suchthat 0tra=a forany a e X ;

e for Va € X there exists a uniqgue —a € X suchthat O ear (—a);
o —(atd)=(-a)7(-b)

e O-a=a-0=0forany ae X;

e distributivity: a(brc)=abrac forany a,b,ce X ;

e X \ 0 is acommutative group under the multiplication.
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First examples of hyperfields

R with T = v and the usual multiplication is a hyperfield.
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First examples of hyperfields

R with T = v and the usual multiplication is a hyperfield.

triangle hyperfield V.
The Krasner hyperfield: K = {0, 1} with multivalued addition v and
1v1={0,1}, 0v0=0, Ov1=1, 0-0=0-1=0, 1-1=1.
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First examples of hyperfields

R with T = v and the usual multiplication is a hyperfield.

triangle hyperfield V.
The Krasner hyperfield: K = {0, 1} with multivalued addition v and
1v1={0,1}, 0v0=0, Ov1=1, 0-0=0-1=0, 1-1=1.

The sign hyperfield: S={0,1,-1} with 1-1=1, -1v-1=-1,
1v-1={1,0,-1}.
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Hyperrings

A hyperring is a hyperfield with no division required.
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Hyperrings

A hyperring is a hyperfield with no division required.

In a hyperring, the multiplication (still univalued)
may even have zero divisors.

A commutative hyperring satisfies all the axioms of hyperfield
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If the multiplication in a hyperring is non-commutative,

then two distributivities are postulated:
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Hyperrings

A hyperring is a hyperfield with no division required.

In a hyperring, the multiplication (still univalued)
may even have zero divisors.

A commutative hyperring satisfies all the axioms of hyperfield

except the last one.
If the multiplication in a hyperring is non-commutative,

then two distributivities are postulated:
both a(btc) =abrac,and (btc)a=barca.

For any hyperfield X, (n x n)-matrices with elements from X and
with obvious operations form a hyperring.
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Hyperring homomorphisms

Amap f: X — Y iscalled a (hyperring) homomorphism if
flatb)c f(a)T f(b) and f(ab) = f(a)f(b) forany a,be X .
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2. Generalization. A multiplicative norm K — R,q inaring K
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Hyperring homomorphisms

Amap f: X — Y iscalled a (hyperring) homomorphism if
flatb)c f(a)T f(b) and f(ab) = f(a)f(b) forany a,be X .

Examples:
1. C - V: 2z |z| is a hyperring homomorphism.

2. Generalization. A multiplicative norm K — R,q inaring K
is a hyperring homomorphism K — V.

3. For any field (or hyperfield) X,

I, ifz+x0 , ,
X->-K:x~ . is a hyperring homomorphism.
0, ifz=0
(+1, ifx>0
4. sign:R > S:x - 10, if x =0 is a hyperring homomorphism.
-1, ifx<O.
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Ideals and their weakness

Ideal is a subset [ in ahyperring X suchthat [t/ cl and X1 c /.
In a hyperfield X any ideal is either 0 or X .

For hyperrings X,Y and a hyperring homomorphism h: X — Y,
the kernel Kerh = {a € X | h(a) =0} is an ideal.

However, the image of a hyperring homomorphism A: X - Y
is not isomorphic to X /Kerh.

Moreover, there are non-injective hyperring homomorphisms
between hyperfields. (e.g., sign: R > S and 2z~ |2|: C > V).

If X is a hyperfield, h : X - Y a hyperring homomorphism,
then Ker h is anideal in X and hence Ker h = 0.

" Table of Contents 8/35



New ideals

" Table of Contents 9/35



New ideals

The role of Ker f is taken over
by the multiplicative kernel Ker,, f = f~1(1).

" Table of Contents 9/35



New ideals

The role of Ker f is taken over
by the multiplicative kernel Ker,, f = f~1(1).

Theorem (Krasner 1962) For any hyperfield X and a subgroup S of
X, the quotient X/,,,S = {0} u X*/S is a hyperfield.

" Table of Contents 9/35



New ideals

The role of Ker f is taken over
by the multiplicative kernel Ker,, f = f~1(1).

Theorem (Krasner 1962) For any hyperfield X and a subgroup S of
X, the quotient X/,,,S = {0} u X*/S is a hyperfield.

If X is a hyperfield, h : X - Y a hyperring homomorphism,
then Im h is isomorphic to X/, Ker,, f.

" Table of Contents 9/35



New ideals

The role of Ker f is taken over
by the multiplicative kernel Ker,, f = f~1(1).

Theorem (Krasner 1962) For any hyperfield X and a subgroup S of
X, the quotient X/,,5 = {0} u X*/S is a hyperfield.

If X is a hyperfield, h : X - Y a hyperring homomorphism,
then Im h is isomorphic to X/, Ker,, f.

Examples.

e V=C/,U(1),

e S=R/, {1},

e K=F/,k* forany field k.

" Table of Contents 9/35



New ideals

The role of Ker f is taken over
by the multiplicative kernel Ker,, f = f~1(1).

Theorem (Krasner 1962) For any hyperfield X and a subgroup S of
X, the quotient X/,,5 = {0} u X*/S is a hyperfield.

If X is a hyperfield, h : X - Y a hyperring homomorphism,
then Im h is isomorphic to X/, Ker,, f.

Examples.

e V=C/,U(1),

e S=R/, {1},

e K=F/,k* forany field k.

Most of interesting hyperfields can be defined in this Krasner way.

" Table of Contents 9/35



New ideals

The role of Ker f is taken over
by the multiplicative kernel Ker,, f = f~1(1).

Theorem (Krasner 1962) For any hyperfield X and a subgroup S of
X, the quotient X/,,5 = {0} u X*/S is a hyperfield.

If X is a hyperfield, h : X — Y a hyperring homomorphism,
then Im h is isomorphic to X/, Ker,, f.

Examples.

e V=C/,U(1),

e S=R/, {1},

e K=F/,k* forany field k.

Most of interesting hyperfields can be defined in this Krasner way.

For hyperrings the notion of ideal
should be borrowed from Berkovich’s [, category.
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Hyperfields of linear orders

Let X be a linearly ordered multiplicative group
and Y = X u{0} with 0 <a forany a e X.
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Hyperfields of linear orders

Let X be a linearly ordered multiplicative group
and Y = X u{0} with 0 <a forany a e X.
Define a multivalued addition v :
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(a,b) »a~xb= (a,) |
{reY |xz=<a}, ifa=0h.
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Hyperfields of linear orders

Let X be a linearly ordered multiplicative group
and Y = X u{0} with 0 <a forany a e X.
Define a multivalued addition v :

(a,b) »a~b= max(a, b), ifa +b
’ {x€Y|$5CL}, if a =b.
(Y, v, x) is a hyperfield.
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Hyperfields of linear orders

Let X be a linearly ordered multiplicative group
and Y = X u{0} with 0 <a forany a e X.
Define a multivalued addition v :
(0.5) > av b = max(a,b), ?faib
{reY |xz=<a}, ifa=0h.
(Y, v, x) is a hyperfield.
If X isthe additive group of real numbers with the usual order,
then Y = Ru {-o0} is the tropical hyperfield Y .
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Hyperfields of linear orders

Let X be a linearly ordered multiplicative group

and Y = X u{0} with 0 <a forany a e X.

Define a multivalued addition v :
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(Y, v, x) is a hyperfield.
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then Y = Ru {-o0} is the tropical hyperfield Y .

If X is the same group with the reversed order,

then Y = Ru{+oc0} isthe value hyperfield V.

If X isthe multiplicative group positive real numbers,

then Y is the ultratriangular hyperfield UV .

It can be obtained like V,
but with ultrametric triangle instead of triangle inequality.

UV is isomorphicto Y by exp.
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Hyperfields of linear orders

Let X be a linearly ordered multiplicative group

and Y = X u{0} with 0 <a forany a e X.

Define a multivalued addition v :
max(a,b), ifa+0
(a,b) »a~xb= (a,) |
{reY |xz=<a}, ifa=0h.
(Y, v, x) is a hyperfield.
If X isthe additive group of real numbers with the usual order,

then Y = Ru {-o0} is the tropical hyperfield Y .

If X is the same group with the reversed order,

then Y = Ru{+oc0} isthe value hyperfield V.

If X isthe multiplicative group positive real numbers,

then Y is the ultratriangular hyperfield UV .

It can be obtained like V,
but with ultrametric triangle instead of triangle inequality.

UV is isomorphicto Y by exp.

Ultrametric = isosceles with legs not shorter than the base.
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The amoeba hyperfield

Another view on the triangular hyperfield V :
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The amoeba hyperfield

Another view on the triangular hyperfield V :
By the bijection

]RU{—OO}—MRX):{

pull back the hyperfield operations of V.

x+— logxr, forx+ —o0

—00 — ()
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The amoeba hyperfield

Another view on the triangular hyperfield V :
By the bijection

]RU{—OO}—MRX):{

pull back the hyperfield operations of V.
The hyperfield gotten as the result
is called the amoeba hyperfield and denoted by A .

x+— logx, forx+ —o0

—00 — ()
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Tropical addition of complex numbers

a-b
\ >
0
a-b
e
> : >
0

g @

" Table of Contents 12 /35



Tropical addition of complex numbers

a-b
\ >
0
a-b
e
> : >
0

g @

C with the tropical addition and usual multiplication is a hyperfield.
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Tropical addition of complex numbers

a-b

KA ~ .
& |
< S
o ;
&

C with the tropical addition and usual multiplication is a hyperfield.
The complex tropical hyperfield 7C.
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Properties of tropical addition

" Table of Contents 13/35



Properties of tropical addition

How do several complex numbers with the same absolute values
give zero?
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Properties of tropical addition

Oca-bwcw...vx iff 0 e Conv(a,b,c,...,x).
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Theorem. The tropical addition - is upper semi-continuous and maps
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and a compact set to a compact set.
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a connected set to a connected set
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Corollary. The multivalued map defined by a complex tropical
polynomial is upper semi-continuous. It preserves connectedness and
compactness.
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Properties of tropical addition

Oca-bwcw...vx iff 0 e Conv(a,b,c,...,x).

What if the summands have different absolute values?
Then only those with the greatest one matter!

Theorem. The tropical addition - is upper semi-continuous and maps
a connected set to a connected set
and a compact set to a compact set.

Corollary. The multivalued map defined by a complex tropical
polynomial is upper semi-continuous. It preserves connectedness and
compactness.

If p is a complex tropical polynomial and X c C is a closed set,
then p~'(X) ={a| X cp(a)} is closed.
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Tropical addition of real numbers

The tropical addition in C induces a tropical addition in R.
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Tropical addition of real numbers

The tropical addition in C induces a tropical addition in R.

¢« b LN
0 0
a b CLVR[?
—t—1—> I —>
0 0
a b CLVRb
—t— > e ———
0 0
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Tropical addition of real numbers

The tropical addition in C induces a tropical addition in R.

¢ b, LN
0 0
a b CLVR[?
—t—1—> I —>
0 0
a b CLVRb
I —— s
0 0
For a,beR
{a}, it Jaf > 0],
b { {b}7 If |CL| < |b|7
a -~ =
. {a}, if a=0,
\[_|a’|7 |CL|], if a=-0.
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Tropical addition of real numbers

The tropical addition in C induces a tropical addition in R.

¢ b, LN
0 0
a b CLVR[?
—t—1—> I —>
0 0
a b CLVRb
I —— s
0 0
For a,beR
{a}, it |af > 0],
b { {b}7 If |CL| < |b|7
a -~ =
. {a}, if a=0,
\[_|a’|7 |CL|], if a=-0.

Theorem. TR = (R, vg, x) is a hyperfield.
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Other subhyperfields of 7 C

The sign hyperfield S = {0,1, -1} is a subhyperfield of TR c TC.
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Other subhyperfields of 7 C

The sign hyperfield S = {0,1, -1} is a subhyperfield of TR c TC.

The Krasner hyperfield K = {0, 1} is not, because 7 C is idempotent:
ava=aqa forany ae TC, while 1¥1={0,1} in K.
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Other subhyperfields of 7 C

The sign hyperfield S = {0,1, -1} is a subhyperfield of TR c TC.

The Krasner hyperfield K = {0, 1} is not, because 7 C is idempotent:
ava=aqa forany ae TC, while 1¥1={0,1} in K.

According to Connes and Consani, a € a T a means characteristic one.
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Other subhyperfields of 7 C

The sign hyperfield S = {0,1, -1} is a subhyperfield of TR c TC.

Theorem. Any X c C containing 0 and 1,
closed under multiplication, invariant under z — -z,
and such that X \ {0} is invariant under z — 21

inherits from 7 C the structure of hyperfield.
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Other subhyperfields of 7 C

The sign hyperfield S = {0,1, -1} is a subhyperfield of TR c TC.

Theorem. Any X c C containing 0 and 1,
closed under multiplication, invariant under z — -z,

and such that X \ {0} is invariant under z — z~1
inherits from 7 C the structure of hyperfield.

In particular, the phase hyperfield ® = St u0={2e¢C : |z]? = |z]}.

The exponential copy (R.g, max, x) of tropical semifield T
is a subsemifield of hyperfields 7R c 7C.
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Other subhyperfields of 7 C

The sign hyperfield S = {0,1, -1} is a subhyperfield of TR c TC.

Theorem. Any X c C containing 0 and 1,
closed under multiplication, invariant under z — -z,
and such that X \ {0} is invariant under z — 21
inherits from 7 C the structure of hyperfield.
In particular, the phase hyperfield ® = S1u0={ze¢C : |2|?> =|z|}.

The exponential copy (R.g, max, x) of tropical semifield T
is a subsemifield of hyperfields 7R c 7C.

The inclusion (R, max, x) < TR is a homomorphism.
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flatb)c f(a)T f(b) and f(ab) = f(a)f(b) forany a,be X .
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Amap f: X — Y iscalleda (hyperring) homomorphism if

flatb)c f(a)T f(b) and f(ab) = f(a)f(b) forany a,be X .
Example. C - V : z — |2]| is a hyperring homomorphism.

Generalization. A multiplicative norm K — R,y inaring K
is a hyperring homomorphism K — V.

A multiplicative non-archimedean norm K — R
is a hyperring homomorphism from K — UV.

non-archimedian = satisfies the ultra-metric triangle inequality
la + b| < max(a,b) forany a,be K .
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Hyperring homomorphisms

Hyperring is a hyperfield with no division required.
Amap f: X — Y iscalleda (hyperring) homomorphism if

flatb)c f(a)T f(b) and f(ab) = f(a)f(b) forany a,be X .
Example. C - V : z — |2]| is a hyperring homomorphism.

Generalization. A multiplicative norm K — R,y inaring K
is a hyperring homomorphism K — V.

A multiplicative non-archimedean norm K — R
is a hyperring homomorphism from K — UV.

A valuation K - Ru {0} foraring K
is a hyperring homomorphism K — V.

Valuations are nothing but hyperring homomorphisms to V!
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Signh and phase

=, ifx+0
The map SignIRé{O,l,—l}IxH [
0, ifx=0

is a hyperring homomorphism R - S and TR - S.
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Signh and phase

=, ifx+0
The map sign: R - {0,1,-1} : 2 = { ¥
0, ifx=0

is a hyperring homomorphism R - S and TR - S.

. ifx+0
The map phase: C - S1u{0}: 2+~ =
0, ifx=0

is a hyperring homomorphism C - ® and 7C — &.
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Traditional tropical geometry is a geometry of (degenerated) amoebas.
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What are hyperfields for?

Fields are too rigid.
Hyperfields admit more deformations.

Krasner approximated fields of characteristic p > 0
by hyperfields of characteristic 0.

Characteristic 17?

Traditional tropical geometry is a geometry of (degenerated) amoebas.

Hyperfields recover real and complex varieties in tropical geometry.
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Hyperalgebra

Dequantizataions

e Litvinov-Maslov

dequantization

e Dequantization

V - UV

e Dequantization C to { !
TC

e Dequantizations
commute

Geometries over

Hyperfields Deq uantizataions

Complex Tropical
Geometry

Polynomials over a
hyperfield | |
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Litvinov-Maslov dequantization

For h > 0, consideramap R : Rsq — Ry
x%, if v #0
T =

0, if v =0.
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" Table of Contents 20/ 35



Litvinov-Maslov dequantization

For h > 0, consideramap R : Rsq — Ry
:1:%, if v #0
T =
0, if v =0.

Pull back the addition:

" Table of Contents 20/ 35



Litvinov-Maslov dequantization

For h > 0, consideramap R : Rsq — Ry

:1:%, if v+ 0
€T —
0, if v =0.

Pull back the addition: a +, b= R,'(Ry(a) + Ry(b))
— (al/h + bl/h)h

" Table of Contents 20/ 35



Litvinov-Maslov dequantization
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:1:%, if v+ 0
€T —
0, if v =0.

Pull back the addition: a +, b= R,'(Ry(a) + Ry(b))
— (al/h + bl/h)h

Ry, = (Ry, +1, x) is a copy of semifield (Rq, +,x) and
Ry, : P, = (Ryq, +, x) is an isomorphism.
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Litvinov-Maslov dequantization

For h > 0, consideramap R : Rsq — Ry

:1:%, if v+ 0
€T —
0, if v =0.

Pull back the addition: a +, b= R,'(Ry(a) + Ry(b))
— (al/h + bl/h)h

Ry, = (Ry, +1, x) is a copy of semifield (Rq, +,x) and
Ry, : P, = (Ryq, +, x) is an isomorphism.

limy,_o(a/? + b1/")P = max(a,b).

P, is a degeneration of (R, +,x) to (Ryg, max, x).
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Litvinov-Maslov dequantization

For h > 0, consideramap R : Rsq — Ry

:1:%, if v+ 0
€T —
0, if v =0.

Pull back the addition: a +, b= R,'(Ry(a) + Ry(b))
— (al/h + bl/h)h

Ry, = (Ry, +1, x) is a copy of semifield (Rq, +,x) and
Ry, : P, = (Ryq, +, x) is an isomorphism.

limy,_o(a/? + b1/")P = max(a,b).

P, is a dequantization of (R.q, +, %) to (R,g, max, x).
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Dequantization V - UV

For h > 0, consideramap R : Rsq — Ry

x%, if v+ 0
€T —
0, if x =0.
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Dequantization V - UV

For h > 0, consideramap R : Rsq — Ry

:1:%, if v+ 0
€T —
0, if v =0.

These are multiplicative homomorphisms, but they do not respect
(a,b) »avb.
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For h > 0, consideramap R : Rsq — Ry
:1:%, if v #0
T =
0, if v =0.

Pull back the v -addition: a v, b= R,'(Ry(a) v Ru(D))
= {ee Ry ||/t — bR < ¢ < (aM/h + bR

Vi = (Ryg, vs,-) isacopyof V and Ry : Vy, — V is an isomorphism.
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Dequantization V - UV

For h > 0, consideramap R : Rsq — Ry

:1:%, if v+ 0
€T —
0, if v =0.

Pull back the v -addition: a v, b= R,'(Ry(a) v Ru(D))
= {ee Ry ||/t — bR < ¢ < (aM/h + bR

Vi = (Ryg, va,-) isacopy of V and Ry : Vy, — V is an isomorphism.

If a £ b, then
limy,_o |at/? = b1/h = Timy, o (a/? + b1/P)" = max(a, b),
if a=b, then |a'/h = b1/ =0, while limy,_o(a'/? + bY/")h = q.
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Dequantization V - UV

For h > 0, consideramap R : Rsq — Ry

:1:%, if v+ 0
€T —
0, if v =0.

Pull back the v -addition: a v, b= R,'(Ry(a) v Ru(D))
= {ee Ry ||/t — bR < ¢ < (aM/h + bR

Vi = (Ryg, va,-) isacopy of V and Ry : Vy, — V is an isomorphism.

If a # b, then

limy,_o |at/? = b1/h = Timy, o (a/? + b1/P)" = max(a, b),

if a =0, then |a'/" — b/ =0, while limj,_o(a'/" + b/")h = q.
The endpoints of segment a v, b tend

to the endpoints of segment a v b as h — 0.
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Dequantization V - UV

For h > 0, consideramap R : Rsq — Ry

:1:%, if v+ 0
€T —
0, if v =0.

Pull back the v -addition: a v, b= R,'(Ry(a) v Ru(D))
= {ee Ry ||/t — bR < ¢ < (aM/h + bR

Vi = (Ryg, va,-) isacopy of V and Ry : Vy, — V is an isomorphism.

If a # b, then

limy,_o |at/? = b1/h = Timy, o (a/? + b1/P)" = max(a, b),

if a =0, then |a'/" — b/ =0, while limj,_o(a'/" + b/")h = q.
The endpoints of segment a v, b tend

to the endpoints of segment a v b as h — 0.

Let avgb:i=a~xb.

, V,;, is a dequantization of V to UV.
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Dequantization C to 7C

For h > 0 consideramap S): C - C

|d%ﬁ, if 2 % 0;
2 >
0, if z=0.
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2 >
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2 >
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Pull back the addition via 5}, :
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C;, =C,, « isacopyof C and S, : C;, - C is an isomorphism.
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For h > 0 consideramap S): C - C

|d%é, if 2 % 0;
2 >
0, if z=0.

Pull back the addition via 5}, :
z+pw=S1(Sh(2) + Sp(w))
C;, =C,, « isacopyof C and S, : C;, - C is an isomorphism.

Ina sense, limy_o(z+,w)=2z-w:
let I' c R,y x C3 be a graph of +;, forall h >0,
I'={(h,a,b,c) eC3|a+,b=c}.
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0, if z=0.

Pull back the addition via 5}, :
z+pw=S1(Sh(2) + Sp(w))
C;, =C,, « isacopyof C and S, : C;, - C is an isomorphism.
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let I' c R,y x C3 be a graph of +;, forall h >0,
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Dequantizations commute

h—0

CECh B C():TC
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V=V, — Vy=UV
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Dequantizations commute

Complex Algebraic Geometry

h—0

CECh B C():TC

fBHIfL‘Il lwﬁlwl

V=V, — Vy=UV
h——~> Vo=U

x»logml ll"—ﬂogm

./4 — YOZY
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" Table of Contents 23 /35



Dequantizations commute

Complex Algebraic Geometry

h—0

CECh B C():TC

fBHIfBIl lwﬁlwl

V=V, — Vy=UV
h——~> Vo=U

x»logml ll"ﬁlogfﬁ

./4 — YOZY
h—0

Amoebas

" Table of Contents 23 /35



Dequantizations commute

Complex Algebraic Geometry

h—0

CECh B C():TC

fBHIfBIl lwﬁlwl

V=V, — Vy=UV
h——~> Vo=U

x»logml ll"ﬁlogfﬁ

./4 — YOZY
h—0

Amoebas

" Table of Contents

23 /35



Dequantizations commute
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Dequantizations commute

Complex Algebraic Geometry Complex Tropical Geometry

h—0

CECh — C():T(C

:I:|—>|:L‘|l l:z:l—>|:z:|

V=V, — Vy=UV
h——~> Vo=U

x»logml ll"ﬁlogfﬁ
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e

" Table of Contents 23 /35



Hyperalgebra

Dequantizataions

Geometries over
Hyperfields

e Amoeba geometries

e Tropical Geometry ] f
e Graphs and curves

Complex Tropical

Geometries over
Hyperfields

hyperfield
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Amoeba geometries

The amoeba of a complex variety X c (C \ 0)”
is the image of X under Log: (C\0)" - R".
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defined by the same equations as X .

Often, they coincide.
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is the image of X under Log: (C\0)" - R".
The image is contained in the variety over A
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Often, they coincide. When?
What is the geometry of varieties over the amoeba hyperfield A ?
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Amoeba geometries

The amoeba of a complex variety X c (C \ 0)”
is the image of X under Log: (C\0)" - R".
The image is contained in the variety over A
defined by the same equations as X .

Often, they coincide. When?
What is the geometry of varieties over the amoeba hyperfield A ?
This question has many meanings:
semialgebraic geometry over R, geometry over A,
the variety may be analytic over A.
Analytic functions over A have graphs
that are closed sets with non-empty interior.
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Amoeba geometries

The amoeba of a complex variety X c (C \ 0)”
is the image of X under Log: (C\0)" - R".
The image is contained in the variety over A
defined by the same equations as X .

Often, they coincide. When?
What is the geometry of varieties over the amoeba hyperfield A ?
This question has many meanings:

semialgebraic geometry over R, geometry over A,
the variety may be analytic over A.
Analytic functions over A have graphs

that are closed sets with non-empty interior.

What are the boundaries?
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Tropical Geometry

Usually tropical geometry is defined as an algebraic geometry over
T =(Ru{-oc0}, max,+), notover Y.
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Indeed, a monomial amlfl .. mﬁ” is a+kixy+---+k,x,.
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Tropical Geometry

Usually tropical geometry is defined as an algebraic geometry over

T =(Ru{-o0}, max,+), notover Y.
A polynomial over T is a convex PL-function with integral slopes.
Indeed, a monomial a,x’fl ks a+ kyxy o+ ko,

that is, a linear function a + (k,x).

A polynomial is a finite sum of monomials,
that is the maximum of finite collection of linear functions.
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Tropical Geometry

Usually tropical geometry is defined as an algebraic geometry over
T =(Ru{-o0}, max,+), notover Y.
A polynomial over T is a convex PL-function with integral slopes.

A polynomial maxj-(k, . k,)(ax + kix1 + -+ k,x,) over T
does not vanish, because the zeroin T is —o0.
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Usually tropical geometry is defined as an algebraic geometry over
T =(Ru{-o0}, max,+), notover Y.

A polynomial over T is a convex PL-function with integral slopes.

A polynomial maxj-(k, . k,)(ax + kix1 + -+ k,x,) over T

does not vanish, because the zero in T is —oco.
Tricky definition. A hypersurface defined by tropical polynomial
MAaXk=(ky .. ko) (O + k121 + - + Ky, ) s the set of points, at which the
maximum is attained by at least two of the linear functions.

" Table of Contents 26 /35



Tropical Geometry

Usually tropical geometry is defined as an algebraic geometry over
T =(Ru{-o0}, max,+), notover Y.

A polynomial over T is a convex PL-function with integral slopes.

A polynomial maxj-(k, . k,)(ax + kix1 + -+ k,x,) over T
does not vanish, because the zeroin T is —o0.

Tricky definition. A hypersurface defined by tropical polynomial
MAX= (k... kn) (ap + k1x1 +--- + k,x,) is the set of points, at which the
maximum is attained by at least two of the linear functions.

The easiest way to understand this: replace T by Y.
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A polynomial over T is a convex PL-function with integral slopes.
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does not vanish, because the zero in T is —oco.
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MAaXk=(ky .. ko) (O + k121 + - + Ky, ) s the set of points, at which the
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The easiest way to understand this: replace T by Y.

The only difference between T and Y :
T is an idempotent semiring, max(x,x)=x forany x € T.
Y is a hyperfield of characteristic2, x vz = {y |y < x} forany x € Y.
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Tropical Geometry

Usually tropical geometry is defined as an algebraic geometry over
T =(Ru{-o0}, max,+), notover Y.
A polynomial over T is a convex PL-function with integral slopes.

A polynomial maxj-(k, . k,)(ax + kix1 + -+ k,x,) over T

does not vanish, because the zero in T is —oco.
Tricky definition. A hypersurface defined by tropical polynomial
MAaXk=(ky .. ko) (O + k121 + - + Ky, ) s the set of points, at which the
maximum is attained by at least two of the linear functions.

The easiest way to understand this: replace T by Y.

The only difference between T and Y :
T is an idempotent semiring, max(x,x)=x forany x € T.
Y is a hyperfield of characteristic2, x vz = {y |y < x} forany x € Y.

—00 € Ype(hy k) (ar + k121 + -+ + Ky 2,) Where the maximum

MaXg-(ky,... k) (@ + K121 + -+ + k2, s attained at least twice.
|
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Graphs and curves

In geometry over T
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In geometry over T

the graph of function y=x + 1,
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Graphs and curves

In geometry over T
A

/

>

the graph of function y=x + 1,
A

>

the curve definedby x +y + 1.
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Graphs and curves

In geometry over Y

the graph of function y=x + 1,
A

>

the curve definedby x +y + 1.
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Hyperalgebra

Dequantizataions

Geometries over
Hyperfields

Complex Tropical
Geometry I I

e Complex tropical line
e Complex tropical
varieties

ypertea Complex Tropical Geometry
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Complex tropical line

{(z,y)eC?|0ex-y~1}
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Complex tropical line

{(z,y) e C0exvy~1;
The amoeba (the image under Log : (C \ 0)2 — R?) is the tropical line

/
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Log ' (aray) is a holomorphic cylinder.
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Complex tropical line

{(z,y) e C0exvy~1;
The amoeba (the image under Log : (C \ 0)2 — R?) is the tropical line

/

Log ' (aray) is a holomorphic cylinder.
Tw

Log ™' (the central point) = (0,m)

0,0 (m0) ¢

—>
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Complex tropical line

{(z,y) e C0exvy~1;
The amoeba (the image under Log : (C \ 0)2 — R?) is the tropical line

/

Log ' (aray) is a holomorphic cylinder.
Tw

Log ™' (the central point) = (0,m)

0,0 (m0) ¢

—>
Overall a disk.
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Complex tropical line

{(z,y) e C0exvy~1;
The amoeba (the image under Log : (C \ 0)2 — R?) is the tropical line

/

Log ' (aray) is a holomorphic cylinder.
Tw

Log ™' (the central point) = (0,m)

(0,00 (m0) ¢
Overall a disk. A 2-manifold!
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Complex tropical varieties
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Complex tropical varieties

Any complex toric variety is a complex tropical variety.
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Complex tropical varieties

Any complex toric variety is a complex tropical variety.

A non-singular complex tropical plane projective curve (defined by a
pure polynomial) is homeomorphic and isotopic to a non-singular
complex plane projective curve of the same degree.
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Complex tropical varieties

Any complex toric variety is a complex tropical variety.

A non-singular complex tropical plane projective curve (defined by a
pure polynomial) is homeomorphic and isotopic to a non-singular
complex plane projective curve of the same degree.

Conjecture. Any non-singular complex tropical variety is a topological
manifold.
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Complex tropical varieties

Any complex toric variety is a complex tropical variety.

A non-singular complex tropical plane projective curve (defined by a
pure polynomial) is homeomorphic and isotopic to a non-singular
complex plane projective curve of the same degree.

Conjecture. Any non-singular complex tropical variety is a topological
manifold.

Conjecture. If under the dequantization a non-singular complex
varieties tends to a non-singular complex tropical variety, then the
dequantization provides an isotopy between the varieties.
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Polynomials over a
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® Some polynomial POIVnOm ials Over a
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e Polynomials over a
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Some polynomial functions

s z=x-pler—-17?
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Some polynomial functions

s x =x-gr 1vg —1? Somewhere yes, somewhere no.
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Some polynomial functions

s x=x-gr1-gr—17? Somewhere yes, somewhere no.

Graph of the function y =x vg 1 vg —1.
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Some polynomial functions

yaus

Graph of the function y =z vg —1.
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Some polynomial functions

Is 22v-1=(z~1)(x~--1)?
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Is 22v-1=(z~1)(x~-1)? Yes,if v € TR.
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Is 22v-1=(z~1)(x~-1)? Yes,if x€¢TR. Nofor z=1.
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Some polynomial functions

Is z2v-1=(x~1)(x~-1)? VYes,if e TR. Nofor x =1.
i2v-1=-1,but (i~1)(iv-1)={2zeTC||z|=1,Rez<0}.
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Some polynomial functions
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Some polynomial functions

Is 22v-1=(z~1)(x~-1)? Yes,if x€¢TR. Nofor z=1.

i2v-1=-1,but (1~1)(i~v-1)={2eTC||z|=1,Rez<0}.
(a~b)(c~d) +ac~ad~bc~bd

Thus T C is not double distributive.
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Some polynomial functions

Is 22v-1=(x~1)(x~-1)? Yes,if rteTR. Nofor z=1.

i2v-1=-1,but (1~1)(i~v-1)={2eTC||z|=1,Rez<0}.
(a~b)(c~d) +ac~ad~bc~bd

Thus T C is not double distributive.

A hyperring X is said to be double distributive if
(&1T...TCLn)(b1T...Tbm) :ClelT...TClemT...TCLnblT...T&nbm

Some hyperfields are double distributive, some are not.
In particular, 7R, K, S and Y are double distributive.
while 7C, ® and V are not.

" Table of Contents 32 /35



Polynomials over a hyperring

Let R be a hyperring. What is a polynomial over R ?
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A finite formal sum of monomials?

" Table of Contents 33/35



Polynomials over a hyperring

Let R be a hyperring. What is a polynomial over R ?

A finite formal sum of monomials?
Or any formal expression formed out of the unknowns and constants

by operations of sum and product?
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Polynomials over a hyperring

Let R be a hyperring. What is a polynomial over R ?

A finite formal sum of monomials?
Or any formal expression formed out of the unknowns and constants

by operations of sum and product?
If R is a double distributive hyperring, it does not matter.
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Polynomials over a hyperring

Let R be a hyperring. What is a polynomial over R ?

A finite formal sum of monomials?
Or any formal expression formed out of the unknowns and constants

by operations of sum and product?
If R is a double distributive hyperring, it does not matter.

What is the product of polynomials?
Over a double distributive hyperfield,

the product of finite sum of monomials is a finite sum of monomials.

What is the sum of polynomials p,q over R ? Isitjust pTq?
Is it univalued?
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Let R be a hyperring. What is a polynomial over R ?

A finite formal sum of monomials?
Or any formal expression formed out of the unknowns and constants

by operations of sum and product?
If R is a double distributive hyperring, it does not matter.

What is the product of polynomials?
Over a double distributive hyperfield,
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Polynomials over a hyperring

Let R be a hyperring. What is a polynomial over R ?

A finite formal sum of monomials?
Or any formal expression formed out of the unknowns and constants

by operations of sum and product?
If R is a double distributive hyperring, it does not matter.

What is the product of polynomials?
Over a double distributive hyperfield,
the product of finite sum of monomials is a finite sum of monomials.

What is the sum of polynomials p,q over R ? Isitjust pTq?
s it univalued? Do polynomials over R form a true ring?

No, the subtraction is not available: x +—x # 0, but pt—p >0 for Vp.
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Polynomials over a hyperring

Let R be a hyperring. What is a polynomial over R ?

A finite formal sum of monomials?
Or any formal expression formed out of the unknowns and constants

by operations of sum and product?
If R is a double distributive hyperring, it does not matter.

What is the product of polynomials?
Over a double distributive hyperfield,
the product of finite sum of monomials is a finite sum of monomials.

What is the sum of polynomials p,q over R ? Isitjust pTq?
s it univalued? Do polynomials over R form a true ring?

No, the subtraction is not available: x +—x # 0, but pt—p >0 for Vp.

Extend prq, by putting prqg={r|, cTp}.
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Polynomials over a hyperring

Let R be a hyperring. What is a polynomial over R ?

A finite formal sum of monomials?
Or any formal expression formed out of the unknowns and constants

by operations of sum and product?
If R is a double distributive hyperring, it does not matter.

What is the product of polynomials?
Over a double distributive hyperfield,
the product of finite sum of monomials is a finite sum of monomials.

What is the sum of polynomials p,q over R ? Isitjust pTq?
s it univalued? Do polynomials over R form a true ring?

No, the subtraction is not available: x +—x # 0, but pt—p >0 for Vp.
Extend prq, by putting prqg={r|, cTp}.

R[xy,...,x,]| is a hyperring with addition r and usual multiplication.
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