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N
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3. the number |s| of components of the curve obtained by

smoothing along the markers:

s = % — smoothing(s) =
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e A link in orientable
thickening of a
non-orientable surface

Khovanov homology

Orientation of chord

Framing

A sign of an arrow in Gauss diagram of a classical link
depends on orientation of the link.
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Khovanov homology

Orientation of chord

Framing

A sign of an arrow in Gauss diagram of a classical link
depends on orientation of the link.
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If the link is not oriented, specify the framing on the chords
giving positive smoothing.
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Orientation of chord

A sign of an arrow in Gauss diagram of a classical link
depends on orientation of the link.
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If the link is not oriented, specify the framing on the chords
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Orientation of chord

A sign of an arrow in Gauss diagram of a classical link
depends on orientation of the link.

(OO

If the link is not oriented, specify the framing on the chords
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e Abstract construction
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Khovanov homology

Orientation of chord

Framed chord diagrams

A chord diagram (B, ¢y, ..., ¢y)
In which each chord is equipped with a framing
Is called a framed chord diagram.
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Framed chord diagrams

Knots and links

A chord diagram (B, ¢y, ..., ¢y)
In which each chord is equipped with a framing
Is called a framed chord diagram.

Virtual links

Moves

Kauffman bracket

Gauss diagrams of a
poor man

e Signed chord
diagrams

e State of signed chord
diagram

® Smoothing of a
signed chord diagram

e Framing
e Framed chord
diagrams

e Signed to framed Kauffman bracket state sum is defined for a framed chord
e Orientable .

thickenings of d |ag ram.

non-orientable surfaces

e Abstract construction

of an orientable
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e A link in orientable

thickening of a

non-orientable surface

Khovanov homology

Orientation of chord
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Framed chord diagrams

Knots and links

A chord diagram (B, ¢y, ..., ¢y)
In which each chord is equipped with a framing
Is called a framed chord diagram.

Virtual links

Moves

Kauffman bracket

Gauss diagrams of a
poor man

e Signed chord
diagrams

e State of signed chord
diagram

® Smoothing of a
signed chord diagram

e Framing
e Framed chord
diagrams

~ St o e Kauffman bracket state sum is defined for a framed chord
@ Orientable .
thickenings of d |ag ram.

non-orientable surfaces

o Abstract construction A state is a distribution of signs over the set of chords.

of an orientable
thickening

e A link in orientable
thickening of a
non-orientable surface
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Orientation of chord
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Khovanov homology

Orientation of chord

Framed chord diagrams

A chord diagram (B, ¢y, ..., ¢y)
In which each chord is equipped with a framing
Is called a framed chord diagram.

Kauffman bracket state sum is defined for a framed chord
diagram.

A state is a distribution of signs over the set of chords.

The smoothing defined by a state is according to the faming
along the chords marked with + and the opposite one
otherwise.
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Orientation of chord

Signed to framed

A signed chord diagram turns canonically to a framed one:
On a chord with 4 take the framing surgery along which
preserves the orientation,

on a chord with — take the framing surgery along which
reverses the orientation.
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non-orientable surfaces
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Khovanov homology

Orientation of chord

Signed to framed

A signed chord diagram turns canonically to a framed one:
On a chord with 4 take the framing surgery along which
preserves the orientation,

on a chord with — take the framing surgery along which
reverses the orientation.

Forget the orientation.
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Orientation of chord

Orientable thickenings of non-orientable surfaces

Non-orientable surface can be thickened
to an oriented 3-manifold!
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Thicken a Mobius band M in R?.
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Orientation of chord

Orientable thickenings of non-orientable surfaces

Non-orientable surface can be thickened
to an oriented 3-manifold!

Example:

Thicken a Mobius band M in R?.

A neighborhood of M in R? is orientable and fibers over M .
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Abstract construction of an orientable thickening

Thicken a non-orientable surface S':
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Orientation of chord

Abstract construction of an orientable thickening

Thicken a non-orientable surface S':
1. Find an orientation change line C' (like International date
line)on S.
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Orientation of chord

Abstract construction of an orientable thickening

Thicken a non-orientable surface S':
1. Find an orientation change line C' (like International date
line)on S.

3. Thicken: S&C) x R.
4. Paste over the sides of the cut (z,t) ~ (x_, —t).
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Orientation of chord
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surface

A diagram on the surface.
Reidemeister moves plus two more moves:

D ‘C% §‘>C and Dylé%élx/c
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A link in orientable thickening of a non-orientable |

surface

Knots and ks A diagram on the surface.
T Reidemeister moves plus two more moves:
Moves
Kauffman bracket \ /
Gauss diagrams of a 9‘@ “~Z > §> C and D C <7 > D C
poor man
e Signed chord
diagrams

S f signed chord . . ..
Pt | Gauss diagram with a finite
@ Smoothing of a TW|Sted GaUSS
signed chord diagram . — Set Of dOtS marked on the
e Framing dlagram : I
e Framed chord Circie.
diagrams

e Signed to framed

e Orientable
thickenings of
non-orientable surfaces
e Abstract construction
of an orientable
thickening

e A link in orientable
thickening of a
non-orientable surface
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Orientation of chord
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. Gauss diagram with a finite
@ Smoothing of a TW|Sted GaUSS g

signed chord diagram . — Set Of dOtS marked on the
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e Framed chord Circie.

diagrams

e Signed to framed TWO more moves:
e Orientable ’-}-‘“ S
thickenings of

non-orientable surfaces AiV and € —_7 5 €

e Abstract construction
of an orientable
thickening

e A link in orientable
thickening of a
non-orientable surface

—e ~-—

Khovanov homology

Orientation of chord
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A link in orientable thickening of a non-orientable |

surface

Knots and ks A diagram on the surface.
T Reidemeister moves plus two more moves:
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Kauffman bracket \ /
Gauss diagrams of a 9‘@ “~Z > §> C and D C <7 > D C
poor man
e Signed chord
diagrams

State of signed chord . . A
dogram | Gauss diagram with a finite
@ Smoothing of a TW|Sted GaUSS .
signed chord diagram . - Set Of dOtS marked on the
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e Framed chord .
diagrams
oSigned to framed TWO more moves:
e Orientable — 0 P
thickenings of A

-ori bl fi
g s =Z» ] and ¢ -z- ¢
of_an orientable ~0 §._V_,
e e Forgetting dots and arrows turns a twisted Gauss diagram into
hickeni f . .
E()Kr:]-ce;ig]r?t;blg surface a S'Qned Chord dlagram'

Khovanov homology

Orientation of chord

| diagrams |
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Knots and links

Virtual links

Moves

Kauffman bracket

Gauss diagrams of a
poor man

e Signed chord
diagrams

e State of signed chord
diagram

® Smoothing of a
signed chord diagram

e Framing

e Framed chord
diagrams

® Signed to framed

e Orientable
thickenings of
non-orientable surfaces
e Abstract construction
of an orientable
thickening

e A link in orientable
thickening of a
non-orientable surface

Khovanov homology

Orientation of chord

A link in orientable thickening of a non-orientable |

surface

A diagram on the surface.
Reidemeister moves plus two more moves:

D She wmo ST - P

Twisted Gauss

Gauss diagram with a finite

= set of dots marked on the

diagram .
circle.
Two more moves:
7
=7 and ¢
—

0~

o

<7 =

g

~e-

A

Forgetting dots and arrows turns a twisted Gauss diagram into

a signed chord diagram.

(together with moves)
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A link in orientable thickening of a non-orientable |

surface

Knots and finks A diagram on the surface.
T Reidemeister moves plus two more moves:
Moves
Kauffman bracket \ /
Gauss diagrams of a 9‘@ ~Z > §> C and D C <7 > Q C
poor man
e Signed chord
diagrams

State of si d chord . . ..
R | Gauss diagram with a finite
@ Smoothing of a TW|Sted GaUSS .
signed chord diagram d|agram - Set Of dOtS marked on the
® Framing -
@ Framed chord CIrCIe
diagrams
OSigned to framed TWO more moves
e Orientable — o ——
thickenings of A
non-orientabl rf
S and ¢ o
of_an orientable ~0 §._V_,
RO Forgetting dots and arrows turns a twisted Gauss diagram into
hickening of ) ]
Eé?]-ce):gr?t;bli surface a S'Qned Chord dlagram'
Khovanov homology Corollary (Bourgoin). Links in orientable thickenings of
Orientation of chord surfaces have well-defined Kauffman bracket.
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Knots and links

Virtual links

Moves

Kauffman bracket

Gauss diagrams of a
poor man

Khovanov homology

e Khovanov homology
® Enhanced states

e Khovanov complex
e More algebraic
construction

e What about virtual
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The results corresponding to the different choices of them
are related by isomorphisms:

Reversing of orientation of a component corresponds to conj

in the corresponding copy of A.
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permutation isomorphism of the tensor product multiplied by
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Construct V, — V;.

Putitto be O if |s| = |t].

Otherwise, order the components of DD, and D; so that:

e The first component passes through the marker at c.
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though c (if there is one).
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vice orientation at c. In these representations of V, and V,,
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