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The star St(o) of aface o is the union of all faces X

such that 9> D o.
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represented as the union of closed convex polyhedra
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o Arbitrary finite space of PP . Points representing vertices are closed.
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subdivision The closure of a point x € () consists of points corresponding to

the faces of the corresponding face of P.

Each point in a finite space has minimal neighborhood.

In () the minimal neighborhood of a point corresponds to the
star of corresponding face. Faces in P are partially ordered by
adjacency: > > o iff CI(X) D o.

This partial order defines and is defined by the topology of ().

P can be recovered from () .
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() the space of its simplices (the quotient space of P),
pr . P — () the natural projection.

For topological spaces X and Y denote by 7(X,Y)
the set of homotopy classes of maps X — Y .

Theorem. For any topological space X , composition with pr

defines a bijection 7(X, P) — n(X, Q).

Corollary. Al homotopy and singular homology groups of P

and () are isomorphic.

Corollary. Any compact polyhedron is weak homotopy
equivalent to a finite topological space.
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| i
Digital circle of length d is the quotient space of the circle
St c C by the partition formed by complex roots of unity of

degree d and open arcs connecting the roots next to each other.
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Digital Jordan Theorem. (Khalimsky, Kiselman) A digital circle

embedded in the digital plane divides it into two connected sets.

Not finite, but locally finite.
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Arbitrary finite space

In any topological space there is 1y-equivalence relation:

xr ~ y If x and y have the same neighborhoods.

The quotient space by the 1y-equivalence relation satisfies
the Kolmogorov separation axiom 1 :

for any pair of points x, y at least one of them

has a neighborhood not containing the other one.
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In any topological space there is 1y-equivalence relation:

xr ~ y If x and y have the same neighborhoods.

The quotient space by the 1y-equivalence relation satisfies
the Kolmogorov separation axiom 7.

In any 1-space the relation x € Cly is a partial order.
Remark. Without 7 axiom this is only a preorder, that is
transitive and reflexive, but not antisymmetric

(if x and y are Tj-equivalent, then both x € Cly and

y € Cla).
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In any topological space there is 1y-equivalence relation:

xr ~ y If x and y have the same neighborhoods.

The quotient space by the 1y-equivalence relation satisfies
the Kolmogorov separation axiom 7.

In any 1-space the relation x € Cly is a partial order.

Any partial order defines a poset topology generated by sets
{r]a<2x}.

A topology is a poset topology iff the Kolmogorov axiom holds
true and each point has the smallest neighborhood.
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xr ~ y If x and y have the same neighborhoods.
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The quotient space by the 1y-equivalence relation satisfies
the Kolmogorov separation axiom 1y,.
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e Digital pl d . .

b Any partial order defines a poset topology generated by sets
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subdivision

A topology is a poset topology iff the Kolmogorov axiom holds
true and each point has the smallest neighborhood.

In particular, topology in a finite space is a poset topology iff this
isa 1y-space.

An arbitrary finite topological space is composed of clusters of
1-equivalent points. The clusters are partially ordered and the
order determines the topology.
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Let (X, <) be a poset. Consider

X' ={{a1 <ay<---<a,|a € X},the set of all non-empty
finite subsets of X in each of which < defines a linear order.
X' is partially ordered by inclusion.

Poset (X', C) is called the baricentric subdivision of (X, <).
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Spaces X' ={a; <asy <---<a,|a € X}, the set of all non-empty
e Hesitation of finite o . ) ) .

spaces finite subsets of X in each of which < defines a linear order.
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o Space of faces X' is partially ordered by inclusion.

o Poset (X', C) is called the baricentric subdivision of (X, <).
JTZ”tThyefretmp The baricentric subdivision of any finite poset is the space of

* paricente simplices of a compact triangulated polyhedron.

This construction is used in combinatorics to define homology
groups of a poset.

Theorem. Any finite topological space is weak homotopy
equivalent to a compact polyhedron.
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