Lecture 4. Rational points on the circle
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Parametrizations of the circle

Last time we found formulas giving all Pythagorean triples,
and started to work on a closely related problem:
find all rational points on the unit circle z° 4+ y* = 1.
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Parametrizations of the circle

Last time we found formulas giving all Pythagorean triples,
and started to work on a closely related problem:

find all rational points on the unit circle z° 4+ y* = 1.

On the unit circle, any point is (cos «, sin a) for some «.

Find o such that both cos o« and sin « are rational.

. w2 . _ 2uv
The answer: cos o = ;775 and sina = 75 for u,v € N.
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Parametrizations of the circle

Last time we found formulas giving all Pythagorean triples,
and started to work on a closely related problem:

find all rational points on the unit circle z° 4+ y* = 1.

On the unit circle, any point is (cos «, sin a) for some «.

Find o such that both cos o« and sin « are rational.

2_,,2 .
The answer: cos o = ;777 and sina = % for u,v € N.

Nice formulas! Homogeneous! Divide by u?
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Parametrizations of the circle

Last time we found formulas giving all Pythagorean triples,
and started to work on a closely related problem:

find all rational points on the unit circle z° 4+ y* = 1.

On the unit circle, any point is (cos «, sin a) for some «.

Find o such that both cos o« and sin « are rational.

. _ul—p? . _ 2uv
The answer: cosa = 155 and sina = 55 for u, v € N.
122
_— . 2
Then cosa = —2 and sin o = 2%%
I+ s I+
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Parametrizations of the circle

Last time we found formulas giving all Pythagorean triples,
and started to work on a closely related problem:

find all rational points on the unit circle z° 4+ y* = 1.

On the unit circle, any point is (cos «, sin a) for some «.

Find o such that both cos o« and sin « are rational.

2_,,2 .
The answer: cos o = ;777 and sina = % for u,v € N.

2

1—%5 ) 2
Then cosa = —<2 and sina = 22% . et & =+¢.
1422 1425 u

g
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1—t2
1412

2t
1+¢2

Then cosa = and sin o = where t = % .
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: P! : 1—¢2 2t : )
Is this the solution? Are points (th, T ) On the circle”
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2
112\ | ( 2t )2 _ (0448?12t A 14202440 g
1+¢2 1+t2/) (14+t2)2 (14t2)2 o (14¢2)2
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Trigonometric meaning

Recall that at some moment we got

u? — v? UV

coso = — > and sina = 5 5 -
uc + v us + v
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Recall that at some moment we got

u? — v? UV
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uc + v us + v

If w=cosf and v = sin 3, then
cos o = cos? 3 —sin® 5 = cos 283, sina = 2cos Bsin S = sin 2.

t:ﬂ—smﬂ

— &
U cos 3 ]

= tan § = tan 3
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Trigonometric meaning

Recall that at some moment we got

u? — v? UV

coso = — > and sina = > 5 -
uc + v us + v

If w=cosf and v = sin 3, then
cos o = cos? 3 —sin® 5 = cos 283, sina = 2cos Bsin S = sin 2.

t=12 = (S;;g = tan 3 = tan 5 .

cos & and sin « are expressed as rational functions of tan % ;

1 —t> 1—tan?2 , 2t 2tan §
= 5 and sinma = =

1+t? 1+ tan

COS (¥ =

NO|Q o

1 + ¢2 1+tan2%
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Trigonometric meaning

Recall that at some moment we got

u? — v? UV

coso = — > and sina = > 5 -
uc + v us + v

If w=cosf and v = sin 3, then
cos o = cos? 3 —sin® 5 = cos 283, sina = 2cos Bsin S = sin 2.

t=12 = (S;:)I;g = tan 3 = tan 5 .

cos & and sin « are expressed as rational functions of tan % ;
1—¢t* 1—tan®2 2t 2tan §

cos = — and sina = —
1 + ¢2 1+tan22 1 + ¢2 1+tan2%

This is the trigonometric meaning of our solution.

|19 o

Riddle:
Draw on a picture all the heros: o/, cosa, sina, §,and t = tan (5.
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