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Homework 4

1. (6 pt)
(a) Prove that if (X, A) is a Borsuk pair, then (X x {0}) U (A x I) is a retract of
X x I

(b) Prove that if A is a closed set in X and (X x {0})U(A x I) is a retract of X x I,
then (X, A) is a Borsuk pair.

(c) If X is a Hausdorff space and A C X, then (X, A) is a Borsuk pair if and only
if (X x {0})U (A x 1) is aretract of X x I.

2. (5 pt) Prove that if (X, A) is a Borsuk pair, and the inclusion A — X is a
homotopy equivalence, then A is a deformation retract of X.

3. (5 pt) Prove that if A is a deformation retract of X and
(X % {1}, (X x {O}) U (A x ) U(X x {1})
is a Borsuk pair, then A is a strong deformation retract of X.

4. (4 pt) Construct a pair (X, A) which is not a Borsuk pair with A consisting of
one point.

5. (5 pt) Let (Y, A) be a Borsuk pair, A be closed f : X — X’ be a homotopy
equivalence, and ¢ : A — X be a continuous map. Prove that then the map
X Uy, Y = X'Uyo, Y determined by idy and f is a homotopy equivalence.



