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In Calculus many functions cannot be expressed in elementary functions,
while any Boolean function of finitely many variables

can be presented by a propositional form.
Moreover, there are two canonical ways for this:
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Example. (PA-Q)V (-PAQ)V-Q.

Theorem. Any Boolean function of finitely many variable which is not identia-
cally false has a full disjunctive normal form.

Conjunction and disjunction are involved in a few simple relations,
which allow to simplify a disjunctive normal form.
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Any non-trivial Boolean function has been canonically presented as
a propositional form involving only these three connectives.

Do we need any other connectives? Do we need — and <— 7

If yes, then what is their purpose?

In order to answer, we need to study =— and <— .
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What does it mean, to prove a proposition P 7?

Say, let Ay,..., A, be the list of axioms.

To prove a proposition P means
to prove that (A1 A---AA,) = P is a tautology.
By Modus Ponence,
(Ag A ANA)A(ALA---ANA, = P) isequivalentto (A1 A---AA,)AP.
As soon as we proved P,
P can be adjoined to the set of axioms (and used in the forthcoming proofs).

This is how a math theory grows.

Conclusion. the connective == is needed for growth of theories.
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In this lecture we'll explore the following questions:

e What is a definition?

e What are definitions for?

e Where do definitions come from?

e What is the structure of a definition?

e Why is it important to remember definitions?
e How can we work with definitions?

e How should we read a mathematical text?
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All statements must be precise - to be understood in a unique way.
This precision is achieved through careful use of definitions.

Definitions introduce new terms
and ensure clarity and consistency in mathematical language.
A definition gives an exact, unambiguous meaning to a term —
a word or phrase being defined.

A definition is an agreement on how a term will be used.
It specifies what qualifies as the term - and what does not.

Let us illustrate the nature of a mathematical definition
using the definition of a rational number.

10 / 46



MAT 250
Definition of a rational number Lecture 3

Definitions

11 / 46



MAT 250
Definition of a rational number Lecture 3

Definitions

Definition.

11 / 46



MAT 250
Definition of a rational number Lecture 3

Definitions

Definition. A number is called rational number
if it can be presented as a quotient of two integers.

11 / 46



MAT 250
Definition of a rational number Lecture 3

Definitions

Definition. A number is called rational number
if it can be presented as a quotient of two integers.

This definition contains three essential parts:

11 / 46



MAT 250
Definition of a rational number Lecture 3

Definitions

Definition. A number is called rational number
if it can be presented as a quotient of two integers.

This definition contains three essential parts:
— The term (word or phrase) to be defined - “rational number”.

11 / 46



MAT 250
Lecture 3

Definition of a rational number Dafinit

Definition. A number is called rational number
if it can be presented as a quotient of two integers.

This definition contains three essential parts:
— The term (word or phrase) to be defined - “rational number”.

— The class it belongs to - "numbers”.

11 / 46



MAT 250
Lecture 3

Definition of a rational number Dafinit

Definition. A number is called rational number
if it can be presented as a quotient of two integers.

This definition contains three essential parts:
— The term (word or phrase) to be defined - “rational number”.

— The class it belongs to - "numbers”.

— The distinguishing characteristic -
"can be presented as a quotient of two integers’ .

11 / 46



MAT 250
Lecture 3

Definition of a rational number Dafinit

Definition. A number is called rational number
if it can be presented as a quotient of two integers.

This definition contains three essential parts:
— The term (word or phrase) to be defined - “rational number”.

— The class it belongs to - "numbers”.

— The distinguishing characteristic -
"can be presented as a quotient of two integers’ .

Each time we say “rational number,”
we must mean exactly what the definition says - no more, no less.

11 / 46



MAT 250
Lecture 3

Definition of a rational number Dafinit

Definition. A number is called rational number
if it can be presented as a quotient of two integers.

This definition contains three essential parts:
— The term (word or phrase) to be defined - “rational number”.

— The class it belongs to - "numbers”.

— The distinguishing characteristic -
"can be presented as a quotient of two integers’ .

Each time we say “rational number,”
we must mean exactly what the definition says - no more, no less.

The definition is clear and unambiguous,

11 / 46



MAT 250
Lecture 3

Definition of a rational number Dafinit

Definition. A number is called rational number
if it can be presented as a quotient of two integers.

This definition contains three essential parts:
— The term (word or phrase) to be defined - “rational number”.

— The class it belongs to - "numbers”.

— The distinguishing characteristic -
"can be presented as a quotient of two integers’ .

Each time we say “rational number,”
we must mean exactly what the definition says - no more, no less.

The definition is clear and unambiguous, but to fully understand it,
we must know what an integer is and what a quotient means.

11 / 46



MAT 250
Definition of a rational number Lecture 3

Definitions

Definition. A number is called rational number
if it can be presented as a quotient of two integers.

This definition contains three essential parts:
— The term (word or phrase) to be defined - “rational number”.

— The class it belongs to - "numbers”.

— The distinguishing characteristic -
"can be presented as a quotient of two integers’ .

Each time we say “rational number,”
we must mean exactly what the definition says - no more, no less.

The definition is clear and unambiguous, but to fully understand it,
we must know what an integer is and what a quotient means.

The definition also explains which number is not rational:

11 / 46



MAT 250
Definition of a rational number Lecture 3

Definitions

Definition. A number is called rational number
if it can be presented as a quotient of two integers.

This definition contains three essential parts:
— The term (word or phrase) to be defined - “rational number”.

— The class it belongs to - "numbers”.

— The distinguishing characteristic -
"can be presented as a quotient of two integers’ .

Each time we say “rational number,”
we must mean exactly what the definition says - no more, no less.

The definition is clear and unambiguous, but to fully understand it,
we must know what an integer is and what a quotient means.

The definition also explains which number is not rational:
any number that cannot be written as a quotient of two integers is not rational.

11 / 46



MAT 250
Three essentials Lecture 3

Definitions

The definition of a rational number can be stated in slightly different formats:

12 / 46



MAT 250
Three essentials Lecture 3

Definitions

The definition of a rational number can be stated in slightly different formats:

A number is said to be rational
if it can be presented as a quotient of two integers.

12 / 46



MAT 250
Three essentials Lecture 3

Definitions

The definition of a rational number can be stated in slightly different formats:

A number is said to be rational
if it can be presented as a quotient of two integers.

A number is a rational number
if it can be presented as a quotient of two integers.

12 / 46



MAT 250
Three essentials Lecture 3

Definitions

The definition of a rational number can be stated in slightly different formats:

A number is said to be rational
if it can be presented as a quotient of two integers.

A number is a rational number
if it can be presented as a quotient of two integers.

A rational number is a number that can be presented
as a quotient of two integers.

12 / 46



MAT 250
Three essentials Lecture 3

Definitions

The definition of a rational number can be stated in slightly different formats:

A number is said to be rational
if it can be presented as a quotient of two integers.

A number is a rational number
if it can be presented as a quotient of two integers.

A rational number is a number that can be presented
as a quotient of two integers.

Regardless the way a definition is written,
It should contain three essential elements:

12 / 46



MAT 250
Three essentials Lecture 3

Definitions

The definition of a rational number can be stated in slightly different formats:

A number is said to be rational
if it can be presented as a quotient of two integers.

A number is a rational number
if it can be presented as a quotient of two integers.

A rational number is a number that can be presented
as a quotient of two integers.

Regardless the way a definition is written,
It should contain three essential elements:

— the term being defined,

12 / 46



MAT 250
Lecture 3

Three essentials Definitions

The definition of a rational number can be stated in slightly different formats:

A number is said to be rational
if it can be presented as a quotient of two integers.

A number is a rational number
if it can be presented as a quotient of two integers.

A rational number is a number that can be presented
as a quotient of two integers.

Regardless the way a definition is written,
It should contain three essential elements:

— the term being defined,

— the class it belongs to

12 / 46



MAT 250
Lecture 3

Three essentials Definitions

The definition of a rational number can be stated in slightly different formats:

A number is said to be rational
if it can be presented as a quotient of two integers.

A number is a rational number
if it can be presented as a quotient of two integers.

A rational number is a number that can be presented
as a quotient of two integers.

Regardless the way a definition is written,
It should contain three essential elements:

— the term being defined,
— the class it belongs to

— its distinguishing characteristic.

12 / 46



MAT 250
Definitions as biconditional sentences Lecture 3

Definitions

Formally, the definition of a rational number is a conditional sentence:

13 / 46



MAT 250
Definitions as biconditional sentences Lecture 3

Definitions

Formally, the definition of a rational number is a conditional sentence:
A number is a rational number
if it can be presented as a quotient of two integers.

13 / 46



MAT 250
Definitions as biconditional sentences Lecture 3

Definitions

Formally, the definition of a rational number is a conditional sentence:
A number is a rational number
if it can be presented as a quotient of two integers.

This definition actually means the following:

13 / 46



MAT 250
Definitions as biconditional sentences Lecture 3

Definitions

Formally, the definition of a rational number is a conditional sentence:
A number is a rational number
if it can be presented as a quotient of two integers.

This definition actually means the following:
— If a number is rational, then it can be written as a quotient of two integers.

13 / 46



MAT 250
Definitions as biconditional sentences Lecture 3

Definitions

Formally, the definition of a rational number is a conditional sentence:
A number is a rational number
if it can be presented as a quotient of two integers.

This definition actually means the following:
— If a number is rational, then it can be written as a quotient of two integers.
— If a number can be written as a quotient of two integers, then it is rational.

13 / 46



MAT 250
Lecture 3

Definitions as biconditional sentences Dafimit

Formally, the definition of a rational number is a conditional sentence:

A number is a rational number
if it can be presented as a quotient of two integers.

This definition actually means the following:
— If a number is rational, then it can be written as a quotient of two integers.

— If a number can be written as a quotient of two integers, then it is rational.

" |t is a custom to write definitions as conditional sentences,

13 / 46



MAT 250
Lecture 3

Definitions as biconditional sentences Dafimit

Formally, the definition of a rational number is a conditional sentence:

A number is a rational number
if it can be presented as a quotient of two integers.

This definition actually means the following:
— If a number is rational, then it can be written as a quotient of two integers.
— If a number can be written as a quotient of two integers, then it is rational.

" |t is a custom to write definitions as conditional sentences,
though they are always understood as biconditional,

13 / 46



MAT 250
Lecture 3

Definitions as biconditional sentences Dafimit

Formally, the definition of a rational number is a conditional sentence:

A number is a rational number
if it can be presented as a quotient of two integers.

This definition actually means the following:
— If a number is rational, then it can be written as a quotient of two integers.
— If a number can be written as a quotient of two integers, then it is rational.

" |t is a custom to write definitions as conditional sentences,
though they are always understood as biconditional,

because they establish an if and only if relationship
between the term and its defining characteristic:

13 / 46



MAT 250
Definitions as biconditional sentences Lecture 3

Formally, the definition of a rational number is a conditional sentence:

A number is a rational number
if it can be presented as a quotient of two integers.

This definition actually means the following:
— If a number is rational, then it can be written as a quotient of two integers.
— If a number can be written as a quotient of two integers, then it is rational.

" |t is a custom to write definitions as conditional sentences,
though they are always understood as biconditional,

because they establish an if and only if relationship
between the term and its defining characteristic:

A number is a rational number
iff it can be presented as a quotient of two integers.

13 / 46



MAT 250
Definitions as biconditional sentences Lecture 3

Definitions

Formally, the definition of a rational number is a conditional sentence:
A number is a rational number
if it can be presented as a quotient of two integers.

This definition actually means the following:
— If a number is rational, then it can be written as a quotient of two integers.
— If a number can be written as a quotient of two integers, then it is rational.

I" It is a custom to write definitions as conditional sentences,
though they are always understood as biconditional,
because they establish an if and only if relationship
between the term and its defining characteristic:

A number is a rational number
iff it can be presented as a quotient of two integers.

Compare with another format of the same definition:

13 / 46



MAT 250
Definitions as biconditional sentences Lecture 3

Definitions

Formally, the definition of a rational number is a conditional sentence:
A number is a rational number

if it can be presented as a quotient of two integers.

This definition actually means the following:
— If a number is rational, then it can be written as a quotient of two integers.
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though they are always understood as biconditional,
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e 2/3 is a rational number since it is a quotient of two integers 2 and 3.

e 1.3/2.3 is also a rational number, although is not written as a quotient of two
integers. But it can be presented as such a quotient: 1.3/2.3=13/23.

e /9 is a rational number, although it is not given as a quotient of two
integers. But it can be presented as such a quotient: /9 =3=3/1.

e /2 is not a rational number. It is not given as a quotient of two integers - but
as we seen above, some numbers can be rewritten in that form. The claim that
V/2 cannot be expressed as such a quotient is not obvious - it requires a proof.
Only after proving this can we state with certainty that /2 is not rational.
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Definition (astronomy). A star is a luminous spherical celestial body of plasma
held together by self-gravity.

Definition (political science). A democracy is a system of government in which
power is held by the people through elected representatives.

Definition (biology). A bird is an animal having feathers.

Definition (music). A counterpoint is the technique of combining several
independent musical lines that are harmonically dependent.
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Exercise. Using the definition of even function, show that f(x) = 2 is an even
function, while g(z) =x+1 is not.

Solution. To show that f is even, we need to prove that

VeeR f(-x)=f(x).
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——

9
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p is called prime if it has only two positive divisors: 1 and p.

Exercise. Write down the definition in symbolic form.

Solution. Any integer greater than 1 has at least two positive divisors:

1 and itself. The integer is called prime if these are its only positive divisors.

That is, there are no other positive divisors. B

This means that any positive divisor of a prime number p must be either 1 or p:

klp = k=1vk=p.

Let us complete this statement by specifying the universe and quantifier for k:
VkeZ* (k|p = k=1vk=p).

Add the universe for p to get a complete symbolic form of the definition:

Let peZ and p>1.
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There is no special notation for a prime number,
so there are words in the symbolic form of the definition.
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In particular, this means that if an integer p is not prime,
then there exists its positive divisor different from both 1 and p.
Therefore, p has more than two positive divisors, so it is composite.

Answer: Yes, it is true that if a integer greater than 1 is not prime,
then it is composite.
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Working with the definition of limit Defintions

What does it mean that L # lim f(x)?
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that O0<|z—a|<d, but |f(x)-L|>¢.
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Exercise. Use the definition of limit to prove that hn% (sm —) 0.
r— €T

46 / 46



	Welcome to MAT 250!
	What we have learned so far
	Boolean functions vs. propositional forms
	Disjunctive normal forms
	What are implications for?
	Modus ponence
	Context: building a theory
	 Objectives
	The nature of a mathematical definition
	Definition of a rational number
	Three essentials 
	Definitions as biconditional sentences
	Rational or not?
	Example is not a definition
	Not only in math
	Remarks on necessary, but not sufficient
	Structure of a definition
	Divisibilty
	Warning
	Quantifiers in definitions
	Constructive definitions
	Reformulations
	Even function
	How to use definition in a proof
	Definition of a prime number
	Composite number
	Increasing function
	Non-increasing function
	Where are definitions coming from?
	Not only integers
	Don’t take properties for granted
	Invertible matrices
	Symmetries of triangle
	Group them all!
	Definition of a group
	Examples of groups
	How to use the definition of a group
	A definition from geometry
	Non-parallel
	Definition of limit
	Understanding the definition of limit
	Limit by definition
	Limit by definition
	Geometric interpretation
	Working with the definition of limit

