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Let C' be a category. Dual or opposite category is the category which has the same
objects, but each morphism f: A — B is considered as a morphism B — A of the
opposite direction. Composition A —+ B — C turnsto C - B — A.

Verify that this is a category, indeed.

Category of morphisms. Here is another way to cook up a new category from C':
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Bog=foa.
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W Py
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Yy ——
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Let C' be a category. Dual or opposite category is the category which has the same
objects, but each morphism f: A — B is considered as a morphism B — A of the
opposite direction. Composition A —+ B — C turnsto C - B — A.

Verify that this is a category, indeed.

Category of morphisms. Here is another way to cook up a new category from C':
Objects are morphisms of C'.

A morphism (V & W) — (X EN Y) is a pair (V5 X, W LR Y) of maps such that
Bog=foa.

V — X
It is presented by a diagram: J/g fJ, which is commutative: Sog= foa.
A
A+— X X +——V AV
Composition: L g o g ; = Jf” fJ,
B« v Y 2w B <20 W
1d x
|ldentity morphism: J,f #| Which morphisms are inverse? Invertible?
idy Isomorphisms?
Y — Y
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Classification problem for injections.
Invariants:

Cardinalities of source, target, and the complement of the image.
A complete system of invariants:

the cardinality of source, the cardinality of the complement of the image.
XLy = f(X) U (Y~ f(X)).
X S fOOTHY N f(X)
Classification problem for surjections.
A surjection X Iyis isomorphic to the projection X — X/ .

Invariant: a family of sets,
which form the partition of X to f~!(b) with b €Y (or equivalence relation ~ ).

Families of sets form a category.
Families I' and A of sets are equivalent

if there exists a bijection I' — A formed of bijections.
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Categories in Linear Algebra.
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Working with maps, we often consider elements of the source and target sets. However
often elements may be avoided and everything can be done on the categorical level,
replacing elements by compositions of maps.
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In both categories, isomorphism classes of objects are called order types.

Each poset (X, <) is a category, in which X is the set of objects
and for any a,b € X with a < b there is a unique morphism a — b.

If a < b is false, then there is no morphism a — b.
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Example. Forgetting functor from the category of rings to the category of sets.

Similar more general example:

forgetting functor from a category of set with an additional structure to the category of

sets.

Any reasonable general construction converting a set to other set can be upgraded to a

functor.
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A contravariant functor C' — D is

a (covariant) functor from C' to the category dual to D.
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