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Chapter 1

Introduction and main results

Given a set M and a map f from M to itself, recall the orbit of a point
x € M is the set {x, f(z), f*(x),...}. The data (M, f) is a discrete dynamical
system, and the aim of the theory of dynamical systems is to understand the
structure of the set of all orbits. The simplest kind of orbit is a periodic orbit
, that is, the orbit of a point x for which there exists a positive integer n
such that f"(xz) = x. If z is a point contained in a periodic orbit then it is
called a periodic point , and the least n such that f™(x) = z is defined to be
its period.

To obtain information about the structure of the set of orbits, we need to
specify the data(M, f). In general, M has some structure and one considers
maps preserving this structure. This specification can be done in several
ways. For instance, M can be a topological space and f a continuous map,
or M a differentiable manifold and f a differentiable map, or M equipped
with a o-algebra structure and a measure and f preserves this measure or at
least sets of measure zero.

Periodic orbits have always been an object of special interest in dynamical
systems. Not only because of their simplicity but because their existence
often has strong consequences for the dynamics of the map. In this sense, it
is sometimes said that the set of orbits is the skeleton of the set of all orbits.
Thus, another interesting object is the set of periods of f, which is the subset
of N consisting of the periods of all periodic points in M. This set is denoted
by Per(f).

It is interesting to deal with all the questions related to the periodic orbits
in the field of topological dynamics, i.e., where M is a topological space and
f a continuous map. Here, it is often possible to obtain useful information



about the structure of the set of orbits. In particular, much is known about
the set Per(f) when M has dimension one; see, for example, [2] and references
therein. There are also many results for other spaces and classes of maps.

One of the main problems of the theory of dynamical systems is the
determination of the existence of periodic orbits and, more generally the
structure of Per(f) We define the minimum period of f to be the maximum
m, positive or infinite, such that the iterates f, f2,..., f™ ! are fixed point
free. We denote this number by m(f). Observe that the minimum period of
f is the greatest lower bound of Per(f). If C is a class of maps, the minimum
period of C is defined to be the maximum of the minimum periods of the
mappings in C, and is denoted by m(C).

Throughout this thesis we are going to deal with some aspects of the
above problem in the case of two-dimensional surfaces. More precisely, we
will study the case where M = 3, a connected orientable compact sur-
face (possibly with boundary) and the maps of ¥ we will consider are the
orientation-preserving and orientation-reversing homeomorphisms. The rea-
son for studying homeomorphisms of ¥ and not just continuous maps is that
for each surface X of genus ¢ at least one there exists a map f: % — 3 with
no periodic points, i.e., such that m(f) = co. Indeed, there exist a simple
closed curve v C ¥ and a map ¢: ¥ — v which is the identity on ~.There
exists a map h:y — v conjugate to an irrational rotation r:S! — S, so
h has no periodic points. Clearly, we can view h o g as a self-map of ¥ and
since Per(ho g) =0, m(h o g) = oco.

Before going on, let us introduce some notation: The class of all (resp.
all orientation-preserving, resp. all orientation-reversing) homeomorphisms
of ¥4, will be denoted by H,p (resp. H,,, H,,)- Analogously, the class of
all (resp. all orientation-preserving, resp. all orientation-reversing) homeo-
morphisms of 3, will be denoted by #,, (resp. 7—[;, 7—[;)

In the case of closed surfaces, the problem of determining the mini-
mum period of the classes of orientation-preserving and orientation-reversing
homeomorphisms is completely solved. The aim of this thesis is to study the
minimum periods of homeomorphisms of surfaces with non-empty boundary,
i.e., m(H,,) and m(H,,).

Let us return to the case of closed surfaces. Here, both bounds, m(#;)
and m(#, ) can be explicitly expressed as a function of the genus g. Their
values are summarized in the following formulas.



1 if g =0,
(1.1) m(H;) =4 oo if g =1,
2g—2 if g > 2.

2 it g =0,

) o ifg=1,

(12) mH) =94 ifg=2,
29-2 ifg>2.

The first and well-known result in this field appeared in 1910. It is
Brouwer’s theorem [4] that an orientation-preserving homeomorphism of the
sphere always has a fixed point. With the notation we have introduced, this
result can be expressed as m(#;) = 1.

It is a simple matter to check that m(#]) and m(%]) are both infinite
by exhibiting examples of orientation-preserving and orientation-reversing
homeomorphisms of the torus »; with no periodic points. Indeed, view the
torus 31 as S' x S', and consider the homeomorphism (z,w) — (2e*, w),
where « is an irrational real number. It is clear that this homeomorphism
preserves and does not have fixed points. Similarly, the orientation reversing
homeomorphism (z,w) — (ze®,w) does not have periodic points.

In [35] Nielsen showed that m(#) = 2g—2if g > 3. He also showed that
m(H5) € {2,3}. The proof of these results uses the fixed-point theory due
to Alexander [I] and Lefschetz [29] and [30] and some elementary algebra.

Later, Wang [40] showed that m(H,) = 29 — 2 if g > 3 and m(H, ) = 4
by using methods analogous to these of Nielsen.

The problem about the determination of m(#{;), raised by Nielsen in
1942, remained open until 1996 when Dicks and Llibre [§] gave an algebraic
proof that m(#{; ) = 2, which completes (LTJ).

The only remaining case in ([L2) is m(#, ). Since the antipodal map
is an orientation-reversing homeomorphism of ¥, which is fixed point free,
m(Hy) > 2. The equality m(H,) = 2 can be deduced from a theorem of
Fuller [15]. This theorem states the existence of, and gives a bound for,
the minimum periods of classes of homeomorphisms of compact ANRs. (See
below for a definition of compact ANRs). In particular, it gives a general
bound (and so the finiteness) for m(#, ;) except for two particular cases for
which, as we shall see, the minimum period is co. Before stating this result,
we require some terminology.



A subset A of a topological metric space X is called an compact absolute
neighborhood retract (or, briefly, compact ANR) if it has the following prop-
erty: If A is a subspace of a separable metric space Y and A is homemorphic
to X, then A is a neighborhood retract of Y.

If K is a compact ANR we denote by Hy(K; Q) the k-th rational homology
group of K. For each k, the dimension of Hy(K,Q) is called the k-th Betti
number of K and denoted by by (K). The Euler characteristic of K is denoted
by x(K) and is defined to be > (—1)7b;(K), a finite sum. Now we are ready
to state Fuller’s theorem. We will do it in the slightly more general version
given in [5, Theorem IIL.E.2].

Theorem 1.1 Let K be a compact ANR. If x(K) #0 and T: K — K is a

homeomorphism then

m(T) < max{ Y (=1)b(K), Y (—1Yb(K)

;i odd j even

In particular, surfaces are compact ANR’s and their Betti numbers are

1 ifk e {0,2},
bp(X,) =< 2¢ ifk=1,
0 ifk>3,
and
1 if k=0,
bp(Xgp) =< 29+b—1 if k=1,
0 if k> 2.

Therefore, x(X,) = 2 — 2¢ and x(3,5) = 2 — 2g — b, so Fuller’s theorem
restricted to surfaces can be written in the following way:

Theorem 1.2 (Fuller’s Theorem for surfaces)

(1) If g # 1 then m(H,) < max{2,2¢g}.
(2) If (g,b) # (0,2) then m(Hyp) < max{1,2g+b—1}.

In particular, this result implies that m(#/,) and m(#,,) are finite when-
ever (g,b) # (0,2). Also, m(#H, ) < 2, which completes (I.2).



A subclass of homeomorphisms whose minimum period is also known is
the class of finite-order maps. A homeomorphism f:3 — ¥ is said to be
finite-order if there exists some positive integer n such that f” = Idy. The
class of all (resp. all orientation-preserving, resp. all orientation-reversing)
finite-order maps of X, is denoted by F, (vesp. F, , F, ). Nielsen [35] and
Wang [40] determined the minimum period for F/ and F,, respectively.
These results, together with the simple cases where g € {0, 1} are summarized
in the following formulas.

1 if g =0,

00 ifg=1,

m(Fy) =9 5 if g =2,
2 if g =0,

. 00 ifg=1,
m(Fy) =1 4 it g =2,
2g—2 if g > 3.

1.1 Statement of the main results

Now we discuss the object of our study, surfaces with non-empty boundary.

It follows from Fuller’s theorem [[2(2) that m(Ho1) = 1 and m(H,,) <
29 +b—1 when (g,b) ¢ {(0,1),(0,2)}. However, as we will see, except
for (g,b) € {(0,1),(1,1)}, the bounds given by that theorem are not the
best possible. For example, the following gives a strictly smaller bound for
m(7H,,5) in most cases.

Proposition A If2g+b >4 then m(H,p) <29 +b—2.

We denote the class of all (resp. all orientation preserving, resp. all
orientation reversing) finite-order maps of ¥,;, by F,; (resp. F, ;f b Fy. »)- By
exhibiting specific maps we will show that the bound given by Proposition
A can be achieved if the pair (g,b) satisfies certain numerical conditions.

Moreover, these maps are finite-order, so we have the following two theorems.



Theorem B Let g > 2. Thenm(F,,) = 2g+b—2 if and only if b € {2,3,4}
or there exist positive integers py, pa, p3 such that they are pairwise coprime,
each of them divides 2g + b — 2 and py + ps + p3 = b.

Theorem C Let g > 2. Then m(F,,) = 29 +b— 2 if and only if b € {2,4}
or one of the following conditions holds:
(1) g is even and there exist positive integers p1,ps such that each of them
divides 2g + b — 2, g.c.d(p1,p2) = 2 and p; + pz = .
(2) g is odd, b is even, and b divides 2g — 2.

By Proposition A, and Theorem B, m(?—[;b) = 29+ b— 2 for certain pairs
(g,b). Also, if g > 2 it can be proved that there exists a homeomorphism
f € H; 1 such that m(f) =29 — 1 (and, clearly, f ¢ F, 1). Hence, we have
the following.

Theorem D Let g > 2. Then m(?—[;b) =29+ b— 2 if one of the conditions
holds.
(1) There exist positive integers pi,ps, ps Such that they are pairwise co-
prime, each of them divides 2g +b — 2 and p; + ps + p3 = b.
(2) b—2 divides 2g.
(3) b—3 divides 2g + 1.
(4) be {1,2,3,4,9+ 2,29+ 2,29 + 4}.

Also, using Theorem C, we prove the following.

Theorem E Let g > 2.
(1) If b is odd then m(H,,) < b and equality holds if b < 2g — 2.
(2) m(H,,) =29 +b— 2 if one of the following conditions holds.
(i) b€ {2,4}.
(ii) g is odd, b is even and b divides 2g — 2.
(iii) g is even, and there exist positive integers py, py such that each of
them divides 2g + b — 2, g.c.d(p1,p2) = 2 and p; + py = b.
(1v) g is even and b — 2 divides 2g
(v) g is even and b — 4 divides 2g + 2
(vi) g is even and b € {g+ 2,29+ 2,29 + 6}.



b 1 2 3 45 6 7 8 9 10 11 12 13 14
m(H,) |3 4 5 6 3 8 4 1056 6 6 7 8
m#H,,) |1 4 3 6 4 8 44 5 12 6 6 7 8

b 15 16 17 18 19 20 21 b>22
m(H;,) |8 8§ 9 10 10 10 10 10
m(#,,) |8 8 8 8 9 10 11 12

Table 1.1: Values of m(#3,) and m(H,,).

We give values of the minimum periods for orientation-preserving (resp.
orientation-reversing) homemorphisms of ¥, ¥4, and 3y, in Theorem F
(resp. Theorem G). Notice that in these cases, the bounds of Proposition A
are achieved if an only if g = 0 and b > 3 (resp. ¢ > 2), g =1 and b > 2

(resp. b > 1), or g > 2 and b satisfies one of the conditions listed in Theorem
D (resp. Theorem E).

Theorem F (1)

1 ifb=1,
m(Hg,) = o if b= 2,
b—2 ifb>3.

(2)

m(H) = { boifb>2.

(3) Table L1 shows the values of m(H3,).

Theorem G (1)

1 ifb=1,
_ 00 if b= 2,
mHo) =Y 9 ifp=3,
b—2 ifb>4.

(2) m(H;,) =b—2.
(3) Table[L1 shows the values of m(Hs,).



By Table [L.1], m(?—[; p) < 10. We now explain roughly why this happens.
(Precise arguments and definitions will be given later). Suppose that f is
an orientation preserving homeomorphism of ¥,,. If some iterate of the
map fv Yy — Y has a fixed point, of index different from one, then the
same iterated of the original f has also a fixed point. On the other hand,
it can be proved that for any k: Yy — 35, there exists a positive integer n
such that n < 10 and k™ has a fixed point of index different from one. So,
m(?—[; p) < 10. That equality can be achieved whenever b > 18 is shown by
means of examples. The situation is analogous for any genus larger than or
equal to 2, as is stated in Theorem H. To prove this, besides the ideas of [35],
we also use the Thurston-Nielsen classification of surface homeomorphisms,
and Nielsen fixed-point theory

Theorem H If g > 2 then m(H,,) < 49 + 2. Moreover, if b > 6g + 6, then
equality holds.

By Theorem H, the values of the minimum periods of orientation-preserving
homeomorphisms of surfaces of genus at least 2 are bounded by a constant
which does not depend on the number of boundary components. This situa-
tion is analogous for the classes of orientation reversing homeomorphisms as
is stated in the following.

Theorem I Let g > 2. Then m(H,,) < 4g + (—1)%4 and equality holds if
b>6g+2+ (—1)8.

Obviously, these theorems do not cover all possible cases. Indeed, if g > 3,
the values of m(?—[;b) are not given if b < 6g + 6 and b does not satisfy the
conditions of Theorem D. Similarly, the values of m(#,,) are not given if
g >3,b<4g+ (—4)?, and b does not satisfy the conditions of Theorem E.
the case g = 3 could be solved by completely analogous methods to teh used
in Theorems F and G. However, when g > 4 the quantity of variables makes
the calculations too complicated. Also, it is not clear that m(%#,;) expressed
as a simple function of g and b.

This thesis is organized as follows. In Chapters2and[3lwe give a summary
of fixed-point theory and of the Thurston-Nielsen classification of homeomor-
phisms of surfaces, respectively. In Chapter [ we present a standard form for
such homeomorphisms. In Chapter Bl we present some features about planar
discontinuous groups, and in Chapter [6l we apply these results about planar
discontinuous groups to determine necessary and sufficient conditions for the



existence of certain finite-order maps of closed surfaces. Chapter [7] and [§ are
devoted to developing the technical machinery which we will use in Chapters
9, 10 and 11 to prove our main results.

These thesis has three main branches, which are interconnected. One
has to do with the application of fixed-point theory described in Chapter
2l All the upper bounds on the mimimum periods except the ones stated
in Theorems H and I are consequences of this theory. To obtain the upper
bounds of Theorems H and I we apply also the Thurston-Nielsen classification
of homeomorphisms and some of its consequences, described in Chapters [3]
and [l This is the second branch. Finally, then third branch has to do with
the theory of planar discontinuous groups presented in Chapter [B, which
will provide us with the tools for constructing examples which will show the
existence of lower bounds for minimum periods.
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Chapter 2

Fixed-point theory

Let X be a space and let f: X — X be a self map. Fixed-point theory
studies the nature of the set Fix(f) in relation to the space X and the map
f. This study can be undertaken from different points of view. Since we
are dealing with homeomorphisms of topological manifolds, we focus our
attention on the topological setting. Topological fixed-point theory tries to
answer concerning Fix(f), like what is the cardinal of this set, whether is it
empty or not, or how does it change under homotopy.

Our aim is to study the existence of fixed points of iterates of continuous
maps. Consequently, fixed-point theory provides very useful tools which are
described in this chapter. More precisely, in Section 2.1] we give the defini-
tion of the Lefschetz number and state the Lefschetz Fixed-Point Theorem:;
Section is devoted to index theory; and, in Section [2.3] we describe some
particular features of the Lefschetz number for homeomorphisms of surfaces.

2.1 The Lefschetz Fixed-Point Theorem

Early in the history of fixed-point theory it was discovered that, if X is a
polyhedron (see [5] for a definition), and f: X — X is a map with only a
finite number of fixed points satisfying an additional technical requirement, it
is possible to associate to each fixed point an integer, called the index which
describes the way in which the map “winds around” the point. Furthermore,
the sum of all indices was found to be equal to the Lefschetz number, which
is defined for a continuous self-map f of a polyhedron X (or, more generally,

15



a compact ANR) as the finite sum

(2.1) L(f) = _(=1)*trace(fu),

where trace( f.) denotes the trace of the map f.; induced by the action of f
on the k-th rational homology group of X.

For every homeomorphism f: X — X, every natural number k£ and every
integer m, (fu)™ = (f™)w (see [10] II1.3]), and we shall write fI} to denote
their common value.

Remark 2.1 Observe that if f,g: X — X are two homotopic maps then
for every natural number k, f.. = g« Therefore L(f) = L(g). O

Perhaps the best known fixed-point theorem in topology is the Lefschetz
Fixed-Point Theorem.

Theorem 2.2 (Lefschetz (1923), Hopf (1929)) Let X be a compact ANR and
let f: X — X be a continuous map. If L(f) # 0 then every map homotopic
to f has a fixed point.

The first announcement of this theorem (for a restricted class of polyhe-
dra) was in 1923 [29] and the details appeared in [30] and [31]. The first
proof of the Lefschetz Fixed-Point Theorem for all polyhedra was given by
Hopf [23]. Also, a particular case of this theorem valid for s-to-1 maps of
surfaces follows from a theorem proved by Alexander [1] in 1923.

The Lefschetz number counts the fixed points “with multiplicity”. It is a
homotopy invariant and is easily computable. As is the case in all the other
literature about minimum periods, the Lefschetz Fixed-Point Theorem will
be one of our main tools.

2.2 Index theory

The “multiplicity” of a fixed point (and, more generally, of a fixed-point set
which is open in the whole set of fixed points of the map) is measured by the
index. To study this index we shall develop some theory, following mainly
[10, VIL5].

Our first step will be to define the index of certain types of map, firstly for
a map from an open set of the Euclidean space R™ to R"; and subsequently



replacing R™ with any ENR, (see the definition below). In order to achieve the
former goal, we need to define a homological object: the fundamental class
around a compact set. Before doing this, we need to recall some notions from
algebraic topology.

Let X, Z be spaces, let Y (resp. W) be a subspace of X (resp. Z), and
let f:(X,Y) — (Z,W) be a map. The k-th integer homology group of the
pair (X,Y) is denoted by Hy(X,Y;Z), and the map induced by f, from
Hy(X,Y;Z) to H(Z,W;Z), is denoted by Hy(f,Z). (Recall that the map
induced by f on Hy(X,Q) is denoted by fi).

Let n be a positive integer, let V' be an open subset of R", and let K be
a compact subset of V. View S" as R” U {oo}. Consider the inclusions

it (S*,0) — (S",S" \ K)

and
J:(V,V\K)— (S*,S"\ K).

These maps induce homomorphisms
H,(i,Z): H,(S",0; Z) — H,(S",S"\ K;Z)

and
H,(5,Z2): H,(V,V \ K;Z) — H,(S",S" \ K;Z).

By the Excision Lemma (see [10, Corollary I111.7.4]), H,(j,Z) is an isomor-
phism. On the other hand, H, (S™,(; Z) is isomorphic to Z, so we can fix one
of its generators and denote it by 0. We define the fundamental class around
K, denoted by ok, as the element H,(j,Z) ' H,(i,Z)(0) of H,(V,V \ K;Z).

Remark 2.1 og is characterized by the property that its image under the
map induced by the inclusion

H,(i,Z): H,(V,V\ K;Z) — H,(V,V \ {p}; Z)

agrees with oy, for every p € K. Roughly speaking, it is an element of
H,(V,V \ K;Z) which bounds K taking into account its orientation. O

Let V C R"™ be open and consider a map f:V — R” such that the set
of fixed points, Fix(f) is compact. Denote this set by K and let the map

i—f:(V,V\K)— (R*,R"\ {0})



be defined by (i — f)(x) = x — f(z). Consider the homomorphism
H,(i— f,2):H,(V,V\ K;Z) — H,(R",R"\ {0};7Z),
and define the index of f as the integer I(f) such that

H, (i — f,Z)(ok) =1(f).050}-

(Recall that oggy generates H,(R",R"™\ {0};Z)). This definition does not de-
pend on the initial choice of the generator of H,(S", 0, Z) because (—0){x} =
—(oy) and (—0) g0y = —(0q0y)-

Now we extend our definition of index to more general spaces, namely,
Euclidean neighborhood retracts. A topological space Y is said to be a Eu-
clidean neighborhood retract (or, briefly, an ENR) if a neighborhood retract
X C R"™ exists and is homeomorphic to Y. The following proposition will

allow us to define the index for maps of ENR’s (see [10, Proposition and
Definition VIL.5.10]).

Proposition 2.2 IfY is a topological space and U is an open subset of Y
which s also an ENR, then every map f:U — Y admits a decomposition
f = Ba where a:U — V', :V — Y, and V' is open in some Euclidean
space R™.

With the notation of the above proposition, consider the restrictions

Bla-1wy: B7HU) — UNBV)

and
Oé|Umg(v)Z UnN 5(‘/) — V.
If Fix(f) is compact we define the index of f, denoted by I(f), as the index
of
alunsy © Blag-1wy: BHU) — V.

The index defined in this way is independent of the decomposition (see [10,
Proposition and Definition VIL.5.10]).

Remark 2.3 Observe that for every ENR X, and every map f: X — X,
if Fix(f) = 0 then Hy(V,V \ Fix(f);Z) is trivial for every natural number k.
Hence, I(f) = 0. O



If K is an open compact subset of Fix(f) then we define the index of K
with respect to f, denoted by Ind;(K'), as the index of f|y where W is an
open subset of U such that K = Fix(f) N W. This value is independent of
the choice of W (see [10, VIL.5.11])).

In particular, if x € X is an isolated fixed point then the set {z} is
compact and open in Fix(f), so we can define its index, called the index of f
at x and denoted by Inds(x). There is an alternative way of calculating the
index of a map at an isolated fixed point. Before describing it, we need to
define another important notion of algebraic topology, the degree of a map.

Let M be an m-manifold and let U C M be an open set. A map
f:U — M is said to be proper if f~}(K) is compact for every compact
set K C M. If the manifold M is connected and orientable, and f: U — M
is a proper map, we define the degree of f, denoted deg(f), as the integer
which satisfies

Hn(f> Z) (Offl(K)) = deg(f)OK
for some non-empty compact subset K of M. It can be shown that deg(f)
is independent of the choice of K (see [10, VIIIL.4]).
Now, we can state the promised alternative definition of index of a fixed
point.

Remark 2.4 Let V be an open subset of R? such that C1(D?) C V. Assume
that f:V — R? is a map such that the origin is the only fixed point of f in
Cl(D?). Define ¢;:0D? — OD? by (z) = % It is a simple exercise
in algebraic topology to show that Ind(x) equals the degree of ¢y. O

There are other ways of defining the index of a fixed-point set although
some of them require strong restrictions on the class of maps for which the
definitions apply. In the general case, it is possible to give an axiomatic
definition, (see [5]).

In the following remark, we give a property of the degree of a map of the
circle.

Remark 2.5 If f:S! — S! is a map then L(f) = 1 —deg(f). In particular,
if f is a homeomorphism,

L) = 0 if f preserves orientation,
a 2 if f reverses orientation.



The following is a direct consequence of [10, VII.5.13].

Lemma 2.6 If C' C Fix(f) is finite and open in Fix(f) then Ind;(C) is
equal to the sum of the indices of the elements of C'.

As mentioned above, the index of f on the whole of X equals L(f), as is
stated in the next theorem (see [10, VIL.6.13]).

Theorem 2.7 If X is a compact ENR and f: X — X is a map then

Furthermore, if U; C X, 1 € {1,2,...,k} are open subsets such that X =
k
U Ui and for each pair i # j, Uy NU; NFix(f) = 0 then

=1

WE

L(f) = ) U[fluv)-

=1

Consequently, if Fix(f) is finite then L(f) equals the sum of the indices of
the fixed points.

By Remark 2.3] the Lefschetz Fixed-Point Theorem is a consequence
of Theorem 2.7l Observe that the definition of I(f) uses integer homology
groups whereas the definition of L(f) uses rational homology groups.

For each homeomorphism f:¥ — ¥, unless we specify the contrary,
when we speak about the index of a fixed point of f? (or a pointwise fixed
set), we mean the index with respect to f°.

In Fix(f) we define the following relation: Given z,y € Fix(f), we say
that x and y are f-equivalent if there is a path « from x to y such that o and
f o a are homotopic keeping the endpoints fixed. It is easy to see that the
relation of f-equivalence is an equivalence relation. The equivalence classes
are called fized-point classes of f. It can be proved (see [5], [25]) that a
fixed-point class is compact and open in Fix(f), so its index is defined. A
fixed-point class is called essential if its index is different from 0. Essential
fixed-point classes will be important for us because they survive (preserving
their index) under isotopy, as is stated in the following theorem, which is a
corollary of [5, Theorem VI.E.3].



Theorem 2.8 Let i be an integer different from 0, let X be a compact poly-
hedron, and let f: X — X be a map. If f has a fized-point class of index i
and g: X — X 1is homotopic to f, then g has a fized-point class of index 1.

Another important property of fixed-point classes is given in the following
theorem (see, for instance, [25, Theorem 1.4.3 and Theorem 1.4.4]).

Theorem 2.9 The number of essential fixed-point classes is finite and the
sum of the indices of all (essential) fixed-point classes of f equals L(f).

We end this section by stating the following proposition (see [10, Exercise
VIL6.25.2)).

Proposition 2.10 Let X, A be compact ENR’s such that A C X, and let
f(X,A) — (X, A) be a map. Then

L(f) + 1= L(f) + L(f|a),

where f: X/A — X/A denotes the map induced by f on the quotient space
X/A.

2.3 Lefschetz numbers of maps of surfaces

If f:¥ — ¥ is a homeomorphism, the Lefschetz number of f, L(f), takes a
particular form. Here trace(f.) = 1 and

1 if f preserves orientation and 9% = (),
trace(f.2) = ¢ —1 if f reverses orientation and 0¥ = (),

0 ifIN £,
so (1) can be rewritten as

2 — trace(fi1) if f preserves orientation and 9% = 0,
(2.2) L(f) = —trace(fa) if f reverses orientation and 0% = (),
1 — trace(fy) if 02 # 0.

Let Ay, Ag, ..., A\, be the eigenvalues of f,;. For each positive integer 1,
L(f") = trace(f}y) + trace(fi,) — > 7_; Aj. Therefore, the polynomials

Di :pi()‘1>)\27---a)\n) = Z)\;
7j=1



play a key role in the computation of the numbers L(f?). Indeed, by 2.2),

‘ 2 —p; if f'is orientation-preserving and 9% = 0,
(2.3) L(f*)=< —p; if f*is orientation reversing and 9% = {),
1—p; ifOX #0.

Clearly, the sequence of p;’s determines the sequence of L(f*)’s. For this
reason, we will study in more detail some of its properties. Namely, we will
study Newton’s equations.

Let k be a positive integer and let M € G Li(Z). Denote by Ai, Ao, ..., \g
the eigenvalues of M. If we write the characteristic polynomial of M as

P(z) = det(zl, — M) = 2 4+ 512" + 552" 2 + - 4 5312 + s,
then, for each j € {1,2,...,k},

S; = (—1)] Z >\i1 -~-)\Z-j,and

1<y << <k

(N.l) pr+s1 = 0,
(N.2) P2+ Ss1p1+ 282 = 0,
(N.k) Dr + S1pr—1 + Sopr—2 + ...+ ks =0, and

(N.(k+1))  pras + S1Prs1—1 + SoPkri—2+ ...+ sk =0 for [ > 1.

See, for example, [38, Exercise 2, Section 29].

If f:3¥ — ¥ is a homeomorphism then the characteristic polynomial of
f«1 will be called the characteristic polynomial of f.

Now, in order to study one of the properties of f,;, we shall introduce
more notation. For each positive integer g denote by J, the element

0 I,
—1, 0



of GLyy(Z). We say that M € GLoy(Z) is proper symplectic (resp. im-
proper symplectic) it M*J,M = J, (resp. M"J,M = —J;). A matrix M is
symplectic if it is either proper symplectic or improper symplectic.

A property of proper simplectic matrices is stated in the following; see
[36].

Proposition 2.1 If M € GLy,(Z) is proper symplectic then det(M) = 1.
The next result is a consequence of [43] Theorem 3.6.7].

Proposition 2.2 With respect to a certain basis, for every f € 7—[:{ (resp.
H, ), the matriz of f., is proper symplectic (resp. improper symplectic).






Chapter 3

The Thurston-Nielsen
classification

The goal of this chapter is to give a brief introduction to the Thurston-
Nielsen classification of isotopy classes of surface homeomorphisms. This is,
undoubtedly, the most important tool in the topological theory of surface
dynamics. It can be viewed as a prime decomposition theorem: it gives the
existence in each isotopy class of a homeomorphism that is constructed by
gluing together homeomorphisms of two types, pseudo-Anosov and finite-
order. The theory has numerous applications and implications for many
diverse areas of mathematics, but we will focus on some of its dynamical
aspects. The reader is referred to [37] for the original proof, to [13] or [20]
for proofs of the theorem for orientable surfaces, and to [42] for a proof for
non-orientable surfaces. Also, an algorithmic proof can be found in [3].

This chapter is organized in the following way: Sections 3.1l and B.2] are
devoted to finite-order maps and to pseudo-Anosov maps respectively, and, in
Section [3.3]we define reducible maps, give the Thurston-Nielsen classification
and state some properties of finite-order maps.

3.1 Finite-order maps

The simplest types of maps used in the construction of a Thurston represen-
tative are the finite-order maps defined in Chapter [Il They are dynamically
very simple: the period of each orbit equals the order n of the map, except
for a finite number of orbits whose period is a divisor of n. If f:¥ — X
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is an isometry with respect to a hyperbolic metric, then it is standard that
f is finite-order; see [13, Exposé 3, Théoreme 18]. Conversely, when f is
finite-order on a surface of negative Euler characteristic, it is an isometry
with respect to some hyperbolic metric; see [12], Theorem 2.8].

If f:3¥ — ¥ is a homeomorphism, then the order of f, denoted by oy,
is the least positive integer o such that f7 = IdZ’ or oo if no such o exists.
The order of a non-empty class C of homeomorphisms is defined to be the
supremum of the oy, f € C. Wiman [41] determined the order of 7, and
Wang [39] determined the order of F,7; see also [21]. These results are
summarized in the following.

Theorem 3.1 If g > 2 then the order of ]—"; is 49 + 2 and the order of F;
is 4g + (—1)%4.

Remark 3.2 Observe that the order of 7, (resp. F,) coincides with the
upper bound given for m(#,) (resp. m(#,,)) by Theorem H (resp. Theo-
rem I). O

As well as the order of finite-order maps, we require some information
about the connected components of Fix(f). This is stated in the following
lemma which is a consequence of [27, Lemma 1.1]; see also [12, Theorem 2.8].

Lemma 3.3 If f:X — X is an orientation-preserving finite-order homeo-
morphism, and A is a connected component of Fix(f), then either A = %,
or A contains only one point and it has a neighborhood homeomorphic to D?
where f acts as a rotation. In the former case, Indf(A) = x(X), and in the
latter case, Inds(A) = 1.

Observe that the trace of (Idz)*k equals the k-th Betti number of X, i.e.,
trace((IdZ)*k) = bx(X) for each k € N. In particular, by (2.2), L(IdZ) =
x(X). By Lemma B3] and Theorem 27, we have the following.

Lemma 3.4 If f:¥ — X is an orientation-preserving finite-order map then

L(f) = { Card(Fix(f)) if f # Idg,,

(3.1) o) i £ =1dg..

Now we state a result analogous to Lemma[3.3]for the orientation-reversing
case; see |12, Theorem 2.8] for the proof.



Lemma 3.5 Let f € F; and A be a connected component of Fix(f). Then
A is a simple closed curve, with a neighborhood U homeomorphic to St x (0, 1)
where f acts as the reflection (z,t) — (2,1 —t). Moreover, Inds(A) = 0.

Applying Lemmas 3.3 and we obtain the following.

Lemma 3.6 Let f € F, . If there exists i € {1,2,...,0; — 1} such that
f'lc = Ide for some simple closed curve C C X, then oy =4 2 and i = oy /2.

3.2 Pseudo-Anosov maps

A detailed description of pseudo-Anosov maps of surfaces without boundary
can be found in [I6], but this author could not find a good description for
pseudo-Anosov maps of surfaces with boundary. For this reason we give a
complete definition here, although for our purposes it would be enough to
give the description of a standard form defined in Chapter @]

A singular foliation F' of ¥ is a partition of ¥\ {z1, z9, ..., x,,}, for some
finite subset {xq,xs,...,z,} of X, into a disjoint union of one-dimensional
manifolds, called leaves, such that there exists a finite C*> atlas with charts

(%‘, Uz)1§igl,

where ¢;: U; — C, with m <[ and U;<;<;U; = %, and a finite sequence of
integers p; > 3,4 € {1,2,...,m}, and s € {0,1,2,...,m}, such that the
following statements hold:

Case 1. If 1 < i < s then

(1) vi(U;) = Do, N{z € C : R(z) > 0} for some a; > 0;
(2) z; € U; and @;(x;) = 0;
(3) For each leaf L of F, if K is a component of L N U;, then there exists

k € [0,00) such that K is mapped bijectively to a component of {z €
C : SEPY =k nei(Us).

Case 2. If s+ 1 <i<m then

(1) ;(U;) = D,, for some a; > 0;
(2) z; € U; and @;(x;) = 0;
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Figure 3.1: Charts for singular foliations

(3) For each leaf L of F, if K is a component of L N U;, then there exists

k € [0,00) such that K is mapped bijectively to a component of {z €

Case 3. If m+1 <17 <[ then

(1) wi(U;) = (0,b;) x (0,¢;) or (0,b;) x [0, ¢;) for some b;, ¢; > 0;
(2) For each leaf L of F, if K is a component of L N U;, then there exists

k € [0,00) such that K is mapped bijectively to a component of {z €
C : S(z) =k} npi(U;).

The points x;, 1 € {1,2,...,m}, are called the singularities of the foliation
and the points in X\ {z1, xs, ..., x,,} are called regular points. Observe that
each boundary component of ¥ is a finite union of leaves and singular points.

For each i € {1,2,...,m} there are p; leaves emanating from ;. These
leaves are called prongs and we refer to x; as a p-pronged singularity . If x is a
regular point then it is contained in a single leaf L. However for convenience,
we will refer to the oriented components of L\ {z} as the prongs emanating
from x and to z as a 2-pronged point. A leaf emanating from a boundary



Figure 3.2: An arc transverse to a foliation in a singularity

component B but not contained in B is called a prong of B and B is called a
p-pronged boundary component if there are exactly p prongs emanating from
it.

Let = be a singularity of a singular foliation F' and let (¢,, U, ) be a chart
such that z € U,. We say that an arc o C X such that x € « is transverse
to F in x if there exists r > 0 such that for every 7 < r, (a'\ {z}) N ;' (Dr)
has exactly two connected components and each of them is included in one
connected component of ¢ (Dr N (. (U,) \ {z € C : I(2P/?) = 0})); see
Figure

An arc « is transverse to a foliation F' if it is transverse to the leaves of
F' in the usual sense in the regular points of F' and transverse to F' in the
singularities.

A transverse measure u to a foliation with singularities F' is a map which
assigns to each arc a transverse to F' a non-negative Borel measure p, on «,
with the following properties:

(1) If B is a subarc of « then the measure ug is the restriction of yu, to 5.

(2) If o, g are two arcs in X transverse to F' related by a homotopy

a:[0,1] x [0,1] — X such that ([0, 1]x{0}) = ap and a([0, 1] x{1}) =

a; and «([0,1] x {a}) is contained in a leaf of F' for each a € [0,1],
then fia, = tay -

If k: X — ¥ is a homeomorphism and F' is a foliation of > we say that



Figure 3.3: Charts for transverse singular foliations

F' is invariant under k if the images under k of the leaves of F' are leaves of
F. If F is a foliation invariant under k£ and p is a measure transverse to F,
we define the image measure k(u) as the transverse measure to F' such that
if & and 3 are arcs transverse to F' then k(u)s(v) = p-1(5) (k™' (7)) for every
Borel set v C a.

A pair (F, i) is a measured foliation if F' is a singular foliation and p is a
transverse measure to ['.

Let F7 and F5 be two singular foliations and assume that x is an interior
p-pronged singularity for Fy and F,. We say that F| and F; are transverse
in x if there exists a neighborhood U of x, r > 0, and a homeomorphism
@:U — D, such that

(1) o(z) =0;

(2) For each leaf L of Fy, if K is a component of L N U, then there exists
k € [0,00) such that K is mapped bijectively to a component of {z €
C : R(2"?) =k} Np(U); see Figure 3.3

(3) For each leaf L of Fy, if K is a component of L N U, then there exists

k € [0,00) such that K is mapped bijectively to a component of {z €
C : 3(2P?) = k} N p(U); see Figure 3.3

Let B be a boundary component of ¥, and let [} and F5 be two singular
foliations on . Collapsing B to a point x, the foliations F7 and F3 induce two
(not necessarily singular) foliations I} and F, respectively in the resultant
surface . We say that Fy and F, are transverse in B if F; and F, are
transverse in x; (see Figure B.3)). Two singular foliations are transverse if
they have the same interior singularities, and they are transverse in interior
singularities, boundary components and regular points (see Figure B.3]).

A map f:¥ — ¥ is called pseudo-Anosov if there exist two measured
transverse foliations (F*, u®) and (F*, u*) which are invariant under f, and



such that each boundary component contains at least a singular point, and
a real constant A > 1 such that f(u®) = A7'u® and f(u*) = Au*. (This
is usually denoted as f(F*, u®) = (F*, A7 'u®) and f(F* u*) = (F*, \uY)).
This number A is called the expansion constant for f.

Remark 3.1 If a C ¥ is an arc included in a leaf of F'* (resp. F*) and it
is not included in the boundary of ¥ then « is transverse to F'* (resp. F™“).
Thus, p®(a) (resp. p“(a)) is defined. Furthermore, p*(f(a)) = A 1u’(a)
(resp. p(f(a)) = Ap"()).

On the other hand, if « is an arc included in 0¥ then neither p°(a) nor
() are defined. O

JFrom now on we will work with only the unstable foliation F™. For
simplicity, we will refer to it as the foliation.

Denote by Sing(2) the set of singularities of the foliation. A very useful
equation which relates the Euler characteristic of ¥ with the foliation is the
FEuler-Poincaré Formula,

(3.2) Y. (2—p)=2(),

sESing(E)

where p; is the number of prongs emanating from s for each s € Sing(X); see
[13, exposé 5] for a proof.

Remark 3.2 If B is a p-pronged boundary component, then

Z (2 _ps> = —D-

s€Sing(B)

3.3 The classification theorem

A system of reducing curves for a surface ¥ is a finite (possibly empty)
set of pairwise disjoint simple closed curves I' = {I";, Ty, ..., I',} C X such
that each connected component of 3 \ I' has negative Euler characteristic.
If f:¥ — ¥ is a homeomorphism, then a system of reducing curves for f,
or an f-system of reducing curves, is a system of reducing curves I' for X



which is f-invariant and has an f-invariant tubular neighborhood N(I') of
I, called an f-tubular neighborhood. A homeomorphism f:3 — ¥ is said
to be reducible if there exists a non-empty system of reducible curves I' for
f and, for each connected component R of ¥\ N(T'), there exists a positive
integer n such that:

(1) f"(R) = R.
(2) f"|r: R — R is either finite-order or pseudo-Anosov.

The subsurface R is called an f-component or component of f. The least
positive integer n which satisfies f"(R) = R is called the period of R or
f-period of R. We say that a R is a pseudo-Anosov component of f or a
finite-order component of f if the homeomorphism f"|z: R — R is pseudo-
Anosov or finite-order, respectively.

Theorem 3.1 (Thurston-Nielsen) If f:¥ — 3 is a homeomorphism then
f s isotopic to a homeomorphism f' which is finite-order, pseudo-Anosov or
reducible.

Here we say that f’ is in Thurston canonical form. Notice that f’ is
not uniquely determined by f. In general, one says that an isotopy class is
finite-order, pseudo-Anosov or reducible if an element in Thurston canonical
form has the corresponding property. If an isotopy class is finite-order then
any complicated behavior of the maps in this class can be isotoped away.
However, complicated behavior of maps in a pseudo-Anosov class persists
under isotopy.



Chapter 4

The standard form

Any isotopy class contains infinitely many homeomorphisms as Thurston
canonical forms. However, while finite-order isotopy classes have, roughly
speaking, a unique representative, for pseudo-Anosov homeomorphisms of
surfaces with boundary, there is a certain amount of choice involved in the
structure of the foliation and the dynamics of the representatives of a given
clagss. There are a number of papers that have used this freedom to refine
the Thurston canonical form for dynamical purposes. Such a refinement
was used to prove the existence of a dynamically minimal representative for
Nielsen classes of fixed points in the category of surface homeomorphisms.
This result was sketched by Jiang in [26] and given in full detail by Jiang and
Guo in [27]. They isotope the Thurston canonical form in different steps. We
are not interested in the final refinement but in a specific type of Thurston
canonical form obtained during the process. They call this particular type
the standard form.

In order to prove our main results we need to prove the existence of fixed-
points classes of index different from one for iterates of a homeomorphism.
Since essential fixed-point classes (and their indices) are preserved under
isotopy, it will be enough to prove that each map in an isotopy class has a
fixed-point class of index 0, or that one representative of the isotopy class has
a fixed-point class of negative index. We will do this for maps in standard
form because this class of maps has very useful properties: iterates of a map
in standard form are also in standard form, fixed-point classes are connected,
their structure is well understood, and their indices are easily calculable.

Throughout this chapter we will follow [27], in order to give a description
of the standard form and to state some of its properties. This description
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will be done in the spirit of the Thurston-Nielsen Theorem: In Section [4.1]
we describe the standard form for pseudo-Anosov maps and its fixed-point
classes; in Section we define a reducible map in standard form to be a
reducible map in Thurston canonical form. The main result of this chapter
is Proposition [4.4], where we describe the structure of the fixed-point classes
of a map in standard form.

4.1 Standard form for pseudo-Anosov maps

In view of the need to glue finite-order pieces and pseudo-Anosov pieces to-
gether, the standard form is required to be finite-order on 9%. By definition,
a map in standard form is smooth but we are not going to take this property
into account here, because it will not be necessary for our purposes.

We begin by defining some auxiliary maps. Fix a real number A > 1 and
a natural number p. Consider the correspondence ®,:C\ {0} — C\ {0},
2+ 2P/2 and the diffeomorphism W:C \ D? — C\ {0} defined as

Let V be the vector field on C obtained by “slowing down” the vector field
V(s) = As,

with a non-decreasing smooth function a: R — [0, 1] such that «(0) = 0 and
a(1/X2) = 1; that is, V(s) = a(]s|)V (s).

Recall that the time-one map associated to a vector field W is defined as
o(z, 1), where p(x,t) is the solution of the equation

{ 2l — W (gp(,t))
p(z.0) ==,

and recall that the vector field ®, (V) is defined in a point ¢ as the product
of the matrix d(ID;(lq) with the vector V(q).

Let f:C — Cand f":C\ D* — C \ D? be the time-one maps associated
to the vector fields

o1V if 0
oy = { Ve 220



Figure 4.1: The flows of v, and v;, (p = 3).

o (Z) _ \I/*_l'Up(Z) lf zeC \ Cl(]D)z),
0 if z € OD?.

See Figure [4.11
Now, consider o € R and define r}: C — C and r_: C — C by

2iam —2iam

ri(z) = ze**™ and 1, (2) = Ze

We say that a pseudo-Anosov map f:3 — X is in standard form if there

is a finite smooth atlas U of X, consisting of one chart for each interior

singularity, one chart for each boundary component and charts at interior
regular points such that:

(1) If x is an interior p-pronged point (possibly regular) and (U,,u,) is

the chart for x then the measures p° and p* are mapped by u, to the



measures |R d®,(z)| and |¥ d®,(z)| on C respectively. The leaves of
F* and F* are mapped to the lines {z € C : £®P,(z) = constant} and
{ze€ C : 3P,(z) = constant} respectively.

(2) If Ais a p-pronged boundary component and (Ug, u4) is its chart, then
the measures p® and p* on Uy get mapped to the measures |R d®,¥(z)|
and | d¥®,(2)| on C \ D? respectively. The leaves of Fy and F, get
mapped to the lines {z € C : RP,V(z) = constant} and {IP,¥(z) =
constant} respectively.

(3) For each chart (U,,u,) at an interior singularity x, u,(U,) contains the
closed disk C1(D?). Moreover CI(D?) N U, = 0 for every y # x such
that (Uy,w;) is a chart of the atlas. Similarly for the closed annulus
{z : 1<|z| <2} in each chart (Ua,ua).

(4) If z is a p-pronged point or A is a p-pronged boundary component then
for each chart (U, u,) and (Uga,ua), there exists 0 < k < p such that
the following diagrams commute.

f
(Uno{z}) —15 Upiay, {(2)}) (Ua; A)  —— (Uga), #(A))
luz J/u<p(x) J/UA J/u<P(A)
re€ pf re pf/
(C {0y ==  (C.{0}) (C\D? {0}) == (C\D? {0})
where € is + or — when the map f is orientation-preserving or reversing,

respectively.

We say that a fixed point z or an invariant boundary component A is of
type (p, k)t (resp. of type (p,k)”) if f preserves orientation (resp. reverses
orientation) and one of the following statements holds:

(1) x is a singularity or A is a boundary component and (p, k)" (resp.
(p,k)~) is as in part (4) of the definition of standard form.

(2) z is a regular point, (p, k) = (2,0) and the two prongs in F* emanating
from = remain fixed under the action of f.

(3) x is a regular point, (p, k) = (2,1) and the two prongs in ['* emanating
from x are interchanged by f.

Roughly speaking, we can say that a pseudo-Anosov map acts as a ro-
tation of angle 2k7/p on the prongs of a fixed point of type (p, k)T and as
a reflection on the prongs of a fixed point of type (p,k)~. So we have the
following remark.



Typeof z | (p,0)" (p, k)" (2n,0)~ (2n, 1)~ (2n+1,0)
Ind(z) 1—-p 1 -1 1 0

Table 4.1: Indices of fixed points of a pseudo-Anosov map

Typeof A | (1,07 (R (@m0 (@n, 1) (2n+1,0)
Fix(f)NA|a 0 2 points 2 points 2 points
Inds(A) —p 0 0+0 1+1 140

Table 4.2: Indices of invariant boundary components of a pseudo-Anosov
map

Proposition 4.1 Let x (resp. A) be a fized point (resp. an invariant bound-
ary component) of type (p, k)T of an orientation-preserving pseudo-Anosov
homeomorphism f. Then, for each positive integer n, x (resp. A), is of type
(p, ;ﬁfp)* for f*. In particular, x (resp. A) is of type (p,0)T for fP. In other
words, all prongs emanating from x (resp. A) remain fized under the action
of fP.

On the other hand, if © (resp. A) is a fixed point (resp. an invariant
boundary component) of an orientation-reversing pseudo-Anosov map f of
type (p, k)~ then x (resp. A) is of type (p,0)" for f%. Hence, all prongs
emanating from x (resp. A) remain fized under the action of f2.

Proposition 4.2 Let f:3X — X be a pseudo-Anosov homeomorphism in
standard form.

(1) If f preserves orientation then the fixed-point classes of f are either
interior fized points or invariant boundary components.

(2) If f reverses orientation then the fized-point classes of f are fized
points.

Furthermore, the indices of fixed-point classes depend on their types as de-
scribed in Tables [4.1] and [{.3.



4.2 Definition and properties of the standard
form

We say that a homeomorphism f:3 — ¥ in Thurston canonical form is in
standard form if one of the following holds

(i) f is finite-order

(ii) f is a pseudo-Anosov map in standard form.

(iii) f is reducible, every component of f satisfies (i) or (ii), and for each
connected component A of N(I'), if n is a positive integer such that
f"(A) = A, then f|cia) is conjugate to one of the following maps of
St x I.

2e2(@)m 1) where a and b are rational numbers.

Ze?1=20m 1 1) where a is rational.

ze2™ 1 —t) where a is a rational number.

Z,t); where Z denotes the conjugate of z.

For each connected component A of N(I'), the minimum positive integer m

such that f™(A) = A is called the f-period of A.
Now we state properties of the standard form.

Lemma 4.1 Fach isotopy class of homeomorphisms of a surface contains a
map in standard form.

The following can easily be deduced from the definition of standard form.
Lemma 4.2 [terates of a map in standard form are also in standard form.

Remark 4.3 If f:3 — ¥ is an orientation-preserving map in standard
form and B is an f-invariant boundary component of ¥ then f|g is a ro-
tation. Furthermore, if B belongs to a pseudo-Anosov component of f and p
is the number of prongs of B then fP|p = Idp and all the prongs emanating
from B remain fixed under the action of fP. O

A description of the fixed-point classes of a map in standard form is given
in the next result, which plays a key role in the proofs of Theorems H and I.

Proposition 4.4 ([27, Lemma 3.6]) Let f:¥ — 3 be a map in standard
form. Assume that C is a fized-point class of f. Then one of the following
holds.



(A) C = {x} where x is an isolated fized point, f preserves orientation and
one of the following holds:

(A.1) x € Int(X) and f is conjugate to a rotation in a neighborhood of
z and Inds(z) = 1.

(A.2) x € Int(X) is a fizred point of a connected component A of N(I'),
flaiay is conjugate to a map of the form (z,t) > (ze*1=207 1)
and Inds(z) = 1.

(A.3) x € Int(X) is a type (p, k)T interior fized point of a pseudo-Anosov
component and Indg(x) =1 —p if k = 0 and Inds(x) = 1 other-
wise.

(B) C = {x} where x is an isolated fixed point and f reverses orientation
and one of the following holds:

(B.1) x € Int(X) is an interior fized point of a pseudo-Anosov compo-
nent and Inds(x) € {1, —1,0}.

(B.2) x € 0% is in a type (p, k)~ invariant boundary component of some
pseudo-Anosov component and Indg(x) =1 or 0.

(C) C is a simple closed curve, f is orientation-preserving and one of the
following holds:

(C.1) C C Int(X) and C C A for some connected component A of N(I'),
feray is conjugate to a map of the form (z,t) — (2e*@+¥7 t) and
Ind(C) = 0

(C.2) C CInt(X), C is a type (p,0)" boundary component of a pseudo-
Anosov component of f, and Ind;(C) = —p.

(C.3) C C 9%, C is a type (p,0)t boundary component of a pseudo-
Anosov component of f and Indy(C) = —p.

(D) C is a simple closed curve and f is orientation-reversing, C' C Int(X%),
in a neighborhood of C' f is conjugate to the reflection (z,t) — (z,1—1)
and Ind;(C) = 0.

(E) f is orientation-reversing, and C' is a fived arc. C' is contained in a sub-
surface B on which f acts as an involution (i.e., f*> =1d). Moreover,
if © is an endpoint of C' such that x € Int(X) then it is in a boundary
component of a pseudo-Anosov component. Also, Inds(x) € {1,—1,0}.

(F') f is orientation-preserving and C' is a fized subsurface of 3 with x(C) <
0. If B is a boundary component of C' such that B C Int(X) then
B is also a boundary component of either a component of N(I') or a



component of a pseudo-Anosov component of f. In the latter case, B
is of type (p,0)*. Moreover Ind;(C) = x(C) — > pp < 0 where the
summation is over the components B of OC' which are also boundary
components of a pseudo-Anosov component of f and pg is the number
of prongs emanating from B.



Chapter 5

Planar discontinuous groups

The goal of this chapter is to give a brief exposition of some features of the
theory of planar discontinuous groups. This theory will provide us the nec-
essary tools for the construction and study of finite-order homeomorphisms
of closed surfaces in Chapter

Let us begin by introducing some notation and definitions. We shall
denote by 9 an element of the set {+, —}. A signature consists of a sign + or
— and an ordered sequence of integers with certain subsequences bracketed
together in the following manner:

(797T7 [m17m27 s 7mR]7 {(m1,17m1,27 s 7m1,M1)7

(Mo, mag, ..., Mans),- - (Mp1,MB2, ., mBM,)})

and satisfying:

(1) T>0,R>0,B>0,and M; > 0 for each i € {1,2,..., B}. Moreover,

if the sign of the signature is 4, T is even;

(2) If T'= B = 0 then the sign of the signature is +;

(3) Foreveryi € {1,2,...,R}, m; >2and m; <m;if i <j;

(4) For every i € {1,2,...,B},j € {1,2,..., M}, m;; > 2.
Observe that R, M; for some i € {1,2,..., B} or B can be 0. In such cases,
the signature will be written with the brackets inserted, but with no symbols
between them. In fact, the signatures which we will consider in Lemma [5.1T],

and afterwards, satisfy M; = 0 for every i € {1,2,...,B}. To abbreviate
the notation we shall denote these signatures by

(0, T, [my,ma,...,m,], B).
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If
= (’19, T, [ml,mg, P ,mR], {(ml,l,mm, P ,mLMl),

(Mo, mag, .., Mans), - (MB1,MBa, . .. >mB,MB)})

is a signature, the Fuler characteristic of ¥ is defined as

w(0)=2-T—-B— Z(1——)——i%( m”)

i=1 j=1

We say that a group G is a (cocompact) planar discontinuous group if there
exists a signature ¥ as in the above paragraph such that (V) < 0 and G
has a presentation with generators:

(1) 05,1 € {1,2,..., R},

(2) m,1€{1,2,...,T},

(3) m,i€{1,2,..., B},

(4) pij,ie{l,2,....,B}, je{l,...,M; + 1},

and defining relations

(1) o, ie{1,2,..., R},

(2) pi;ie{l,2 ,...,B},j €{1,2,3,...,M; + 1},

(3) (pijpij+1)™, 1 €4{1,2,...,B}, j€{1,2,...,M;},
(4) 77 piramipin, i € {1,2,...,B};

(5) (i) If 9 =+ then

MMy ooy TpO102 - . ., O |T1, To)[T3, T4 . .. [Tr—1, 77

(where [a, b] denotes aba='b71).
(ii) If ¥ = — then
m7T2,...,Tg0102...,0, T12T22 77121.

It can be proved that a planar discontinuous group G determines its
signature up to certain permutations, see [34, Theorems la, 2a and 3]. We
require a weaker version of this result:

Theorem 5.5 If the signatures

(’19, T, [ml, e ,mR], {(le, P ,mLMl), e (mB,l, P ,mB7MB)}) (md



O, T, [, ..o g { (A, ), - (Wi - g a,)})

are associated to a planar discontinuous group G then ¥ = 5, T = f, R = E,
m; = m; for each i € {1,2,...,R}, M; = M; for each i € {1,2,..., B}
and
{mi71, ms;a,... ,mLMZ.} = {le, ﬁzm, e ,ﬁ%i,Mi}

for eachi € {1,2,...,B}.

In particular, the order of each of the generators is determined by the
relations (1) and (2), and, for eachi € {1,2,..., B}, j € {1,2,..., M;}, the
order of (pijpij+1) is M.

Remark 5.6 The requirement that m; < m; if ¢« < j in the definition of
a signature could have been dropped. In this case, the m; are uniquely
determined up to permutation. 0

Let G be a planar discontinuous group with signature W. We define the
FEuler characteristic of G as

By Theorem 5.5 the Euler characteristic of a planar discontinuous group is
well defined. A planar discontinuous group is said to be non-FEuclidean (resp.
FEuclidean) if u(G) < 0 (resp. pu(G) =0).

Given a planar discontinuous group G, we define a homomorphism

e G —{-1,1},
called the orientation map, which acts on the generators in the following way:

g(o;))=1  foreachi € {1,2,..., R},
e(m) =1 for each i € {1,2,...,B},
e(pij) =—1 foreachi € {1,2,...,B}, 57 € {1,2,..., M},
(

{ 1 ifd =+,
Ti):

(L)

—1 otherwise.

A planar discontinuous group G is said to be orientable if ¢(G) = {1} and
non-orientable if e(G) = {—1, 1}. By Theorem [5.5] this definition is indepen-
dent of the signature of G.

A surface group is a planar discontinuous group for which B = R = 0.



Remark 5.7 Notice that if G is a surface group, then it is isomorphic to the
fundamental group of a surface. More precisely, if G is orientable (resp. non-
orientable) and has signature (¢, 7,[ ],{ }), then it is isomorphic to 7 (X %)
(resp. m(Nr)). Here, m1() denotes the fundamental group, and Nr a non-
orientable compact connected closed surface of genus 7. Observe that if G
is orientable then T is even and

and if GG is non-orientable then

u(G) = x(Nr).

O

Now we state the well-known Riemann-Hurwicz Formula (see, for in-
stance, |43, Theorem 4.14.22]

Theorem 5.8 Let G be a planar discontinuous group and let H be a subgroup
of G of finite index. Then H is a planar discontinuous group and

u(H) =G - Hju(G).
Moreover, the orientation of H is the restriction of the orientation of G.
Here, [G : H] denotes the index of H in G.

Remark 5.9 Observe that, by Theorem B.8 if H is a subgroup of finite
index of a non-Euclidean (resp. Euclidean) planar discontinuous group G
then H is a non-Euclidean (resp. Fuclidean) planar discontinuous group.
Further, if G is orientable so is H. O

As usual, if G and H are groups and ¢: G — H is a homomorphism,
Ker(¢) denotes the kernel of ¢. If H is finite, it follows from Theorem 5.8
that Ker(¢) is also a planar discontinuous group. In the following lemma we
determine necessary and sufficient conditions for Ker(¢) be a surface group.
The proof is elementary and can be found in [2I] for the particular case of
non-Euclidean planar discontinuous orientable groups. The general case is
analogous and for this reason, we do not include it in this exposition.



Lemma 5.10 Let ¢: G — H be a homomorphism where G is a planar dis-
continuous group and H is a finite group. Then ¢ preserves the orders of the
elements of finite order in G if and only if Ker(¢) is a surface group.

In the following lemma, we state a property which must be satisfied for
planar discontinuous groups GG which admit epimorphisms ¢: G — Z,, pre-
serving the orders of its finite-order elements.

Lemma 5.11 Let G be a planar discontinuous group with signature ¥ and
let n be a positive integer. If there exists an epimorphism ¢: G — Z,, which
preserves the orders of finite-order elements of G then M; = 0 for each
i € {1,2,...,B}.

Proof. Assume that M; > 1 forsome i € {1,2,...,B}. Since p}, = p;, = 1,
n must be even and ¢(p;1) = ¢(pi2) = [5]n. Hence, p;1pi2 € Ker(¢). On the
other hand, by Theorem [5.5] the order of p; 1p;2 is m;1 > 2, a contradiction.

]

JFrom now on, we are going to consider only planar discontinuous groups
G which admit epimorphisms ¢: G — Z,, for some positive integer n preserv-
ing the orders of finite-order elements of G. By Lemma [5.11] the signature
of such groups can be denoted by (9, T, [m1,ma,...,m,], B).

Let n,B,R and 1 < py,ps,...,p, < n be elements of N. We say that
a finite-order homeomorphism f:¥ — ¥ is of type [n; B; {p1, pa, ..., 0y} if
the following holds.

(1) n=oy;
(2) Foreachi € {1,2,..., R} there exists a periodic f-orbit O; of period
p;. Furthermore, O; N O; =0 if i # j;
(3) There exist B simple closed curves Cy,Cy, . ..,Cp in ¥ such that
(i) For each 1 <14,j <n/2, and for each 1 <I,m < B,

fUCHNF(C,) =0, ifl #mori#j.

o, = Idg, foreach i € {1,2,...,B};

(i) f#
B %

(4) Every point z € X\ (U U f(Cy)u G OZ-) has period n.

z:l]:l i=1



The following result will be crucial for our arguments, because, combined
by Harvey’s Theorem [5.14] and Theorem [6.2] will give necessary and sufficient
conditions for the existence of a finite-order map of a given type. The proof
can be found in [I8] for the particular case of orientable planar discontinuous
groups and orientable homeomorphisms of prime order. This proof can be
easily generalized for orientable groups and homeomorphisms of any order.
The more general statement we give here is a consequence of some results of
[43, Chapter 4].

Theorem 5.12 Let n be a positive integer, let G be a planar discontinuous
group with signature

(9, T, [my,ma,...,m,|, B)

R

and let ¢:G — Z, be an epimorphism such that Ker(¢) is an orientable
surface group. Then there exists a finite-order homeomorphism f:3 — X
of type

s B s w3
where X2 is a closed surface such that m (%) is isomorphic to Ker(¢). More-
over, the genus of ¥ equals

n(T+B+R—-2) -1 n/m;
5 :

Conversely, let g be a positive integer and let f:¥, — X, be a finite-
order homeomorphism of type [n; B; {p1,pa, ..., ps}]. Then

n

1+

T=2-B-—R+

1s a non-negative integer and f determines an epimorphism from a planar
discontinuous group G of signature (9, T, [pﬂl, e pi], B) to Z,, such that
R
Ker(¢) is isomorphic to m(%,).
In both cases, f is orientation-preserving if and only if G is orientable.
By Theorem [5.12] (or by Lemma [B.3]) we have the following.

Corollary 5.13 If there exists f € f; of type

[nan {plap?a s 7pR}]
then B = 0.



The next theorem, due to Harvey [21], determines when, given a signature
U and an integer n > 2, there exists an epimorphism from an orientable group
G with signature ¥ to Z, such that its kernel is a surface group.

Theorem 5.14 (Harvey) Let n > 2. Suppose that G is an orientable planar
discontinuous group of signature

(+,T, [m1,ma,...,m,], B)

and let
M =lem(my, ma,...,m,).
Then there exists an epimorphism ¢: G — Z,, such that Ker(¢) is a surface
group if and only if the following conditions are satisfied:
(1) Lem(my,ma,...,M4,...,my,) = M for each i € {1,2,..., R} where
m; denotes the omission of m;;
(2) M divides n, and, if T =0, M =n;
(8) R#1 and, if T =0, R > 3;
(4) if 2™ divides M, and 2™ does not divide M for some positive integer
m, the cardinal of the set {i € {1,2,..., R} : 2™ divides m;} is even.

The following proposition is the analogue of Theorem [5.14] for orientable
Euclidean groups.

Lemma 5.15 Let G be a Fuclidean planar discontinuous orientable group.
Then there exists an epimorphism ¢: G — Z,, such that Ker(¢) is a surface
group if and only if one of the following holds,

(1) The signature of G is (+ 0,[2,2,2,2],0) and n = 2.

(2) The signature of G is (+,0,]3,3,3],0) and n = 3.

(3) The signature of G is —|—,0,[ ,4],0) and n = 4.

(4) The signature of G is (+,0, [2,3 6],0) and n = 6.

(5) The signature of G is (+,2,]],0).

Proof. A simple calculation shows that if (G) = 0 then the signature of G is
one of those listed in (1)-(5); see [34, Table I]. Thus, the result follows from
Lemma [5.10l n

AAA/—\






Part 11

Development of the tools
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Chapter 6

Finite-order maps of closed
surfaces

This chapter is dedicated to the study of homeomorphisms of finite order of
closed surfaces. This study has two goals: Firstly, to give a characterization of
the possible types of maps in ]—"; and in F_ which will allow us to determine,
in Chapter @ m(F,,) and m(F,,). The second goal is the construction of
maps with “large” minimum periods in Chapters [9 and [L0l

The organization of this chapter is as follows: in Sections and 6.2 we
determine necessary and sufficient conditions for the existence of a map with
a given type in F, and F,, respectively. In Section we construct some
special maps in 7 and F .

6.1 The orientation-preserving case

The following result is a consequence of Theorem (.12 and Harvey’s Theo-
rem .14l

Corollary 6.1 Let g > 2, n > 2, and 1 < p1,pa,...,pr < n, be positive
integers. Set

2g—2+2i1p,~
n

- R+ 2.

d= g'c'd(p17p27 s 7pR) and T' =

Then there exists f € FF of type [n;0;{p1,p2,...,pr}] if and only if the
following conditions hold.

o1



(1) T is a non-negative even integer;

(2) g.c.d(p1,p2,...,Pis---,Pr) =d for each i € {1,2,...,R};
(8) For eachi € {1,2,..., R}, p; divides n;

(1) IfT=0,d=1;

(5) R#1 and, if T =0, R > 3.

A necessary and sufficient condition for the existence of a finite-order
map of certain type is stated in the following result, which is an immediate
consequence of Corollary [G.11

Corollary 6.2 Let py,p2, p3 and g be positive integers such that g > 2. There
evists f € F, of type [29 — 2+ p1 + py + ps3; 0; {p1, p2, p3}] if and only if
D1, P2, P3 are pairwise coprime and p; divides 2g — 2 + py + ps + ps3, for each
i€{l,2,3}.

In particular, for each g > 2 and each k dividing g, there exist orientation-
preserving finite-order maps of ¥4 of the following types:

29+ F;0;{1,1,k}], [49; 0; {1, 1, 2g}], [4g + 2;0; {1, 2,29 + 1}],
29;0;{1,1,9}],[29 + 1;0; {1, 1, 1}, [2g + 2; 0; {1, 1, 2}].

We close this section with the following consequence of Theorem [5.12] and
Lemma [B.15)

Lemma 6.3 The types of the elements of Fy are precisely
[2;0: {1, 1, 1,1}, [3;0: {1, 1, 1}], [4;0;{1, 1, 2}], [6; 0; {1, 2, 3}] and

n;0;{ }],n > 1.

6.2 The orientation-reversing case

The aim of this section is to state and give a proof of the analogue of Corol-
lary for the orientation-reversing case.

We need to prove the analogue of Harvey’s Theorem [5.14] for non-orientable
planar discontinuous groups. In this case, we need to determine, not only
the existence of an epimorphism ¢: G — Z,, with kernel a surface group but
also whether Ker(¢) is orientable. The following lemma states sufficient and
necessary conditions for this.



Lemma 6.1 Let G be a non-orientable planar discontinuous group and let
¢: G — Zy,, be an epimorphism. Then Ker(¢) is orientable if and only if the
following conditions hold:

(1) n is even;

—_—

(2) For every generator x of G, e(x) = —1 if and only if ¢p(x) is odd.

Proof. Assume that Ker(¢) is orientable, so Ker(¢) C Ker(¢). Since ¢ and
e are surjective by hypothesis, there exists an epimorphism Z, — {-—1,1}
such that composed with ¢ it gives €. Hence (1) holds. Since there is then
a unique epimorphism Z, — {—1,1} and it sends odd elements to —1 and
even elements to 1, (2) holds.

Reverse reasoning proves the converse. [ ]

We now need to introduce some notation. If G is a planar discontinu-
ous group of signature (¢, T, [my, ma,...,mg|, B) and n is a positive inte-
ger divisible by each m;, we write g.c.d(G,n) = g.c.d(Z,2,...,-2) and

. ml’m_g’ ' mp
p(G,n) = %Zi:l miZ

Theorem 6.2 Let n be a positive integer and let G be a non-orientable pla-
nar discontinuous group of signature

(’19,T, [ml,mg, NN ,mR],B).

Then there exists an epimorphism ¢: G — Z, such that Ker(¢) is an ori-
entable surface group if and only if the following conditions hold:

(1) n is even;

(2) each m; divides n;

(3) g.c.d(G,n) is even;

(4) If B>1 orp(G,n) =, T + 1 then 5 is odd;

(5) If T+ B =1 then g.c.d(G,n) = 2.

Proof. We prove the “only if” direction first. Let ¢: G — Z,, be an epimor-
phism such that Ker(¢) is an orientable surface group. By Lemma [6.1] (1)
holds. By Lemma [5.10, ¢(0;) has order m; for each i € {1,2,..., R}, so (2)
holds and )

—— n

(6.1) olten)

my;



for some positive integer k; such that 1 < k; < m;, and (k;,m;) = 1. By
Lemma [6.1], 7= kin is even. Clearly, if k; is odd, then - is even. If k; is even,
then m; is odd so by (1) = is even. Hence, (3) holds.

Let us see ( ). Assume first that B > 1. By Lemma 510, ¢(p11) = [5]n

and by Lemma 6] ¢(p11) = 2 is odd. So, we may assume that B = 0. Since
G is non—orlentable v =— Suppose now, that % is even. Here, by (G.), for

each i € {1,2,..., R}, ¢(gi> =5 5—. By Lemma [6.1] m =, 1 for each

2m;

i € {1,2,...,T}. Then, since ¢(0103...0p7iTs ... T5) = [0],,

0= > Ho0 + ) =G 4T

[\')l}—‘

which proves (4).

To see (5), observe that, by (6.1)), g.c.d(G, n) divides Zil ¢(o;). Assume
that T+ B = 1. Then either T=1, B=0and 9= —orT =0, B=1 and
¥ = +. In the former case, since ¢(o105...0xr7E) = [0],, g.c.d(G, n) divides
2¢(m). On the other hand, Im(¢) is generated by [g.c.d(G,n)], and ¢(7).
Since ¢ is surjective, g.c.d(g.c.d(G,n),¢(m1)) = 1. Then g.c.d(G,n) divides
2 and since it is even the proof of this case is complete. In the latter case,
that is, when 7' =0, B = 1, and ¢ = +, we have .1 é(0;) + ¢(m1) = [0],.
Then g.c.d(G,n) divides ¢(m;), so Im(¢) is generated by [g.c.d(G,n)], and
#(p11) = [5]n. Therefore, g.c.d(g.c.d(G,n),5) = 1. On the other hand, by
(4), 5 is odd, so, since g.c.d(G,n) divides n, g.c.d(g.c.d(G,n), 5) = %(G’").
Thus, (5 )holds

We now prove the reverse implication. Consider first the case where
¥ = —. If T'is odd, define ¢ on the generators in the following way:

¢(o;) =[], fori € {1,2,..., R},
o(m) = [2]n fori € {1,2,..., B},
o(pn) =[3ln  fori € {1 2,...,B},
¢(1i) = [(=1)"]n forie{2,3,....T},
[—p(G,n) — 2B], if p(G,n) is odd,
()= { [-p(G,n) — 2B + 3], otherwise.
We claim that ¢ is surjective. If B > 1, by (4), 2 is odd. Then [1], € Im(¢)
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since [2],, (5], € Im(¢) and g.cd(2,5) = 1. f B=0and T > 3, ¢ is



surjective because [1],, € Im(¢) by definition. If B = 0 and 7" = 1, by (5)

g.c.d(G,n) = 2. Then [2], € Im(¢). On the other hand, by definition, ¢(7)
is odd. So,the claim follows directly.
Suppose now that 7" is even. Since ¥ = —, T'# 0. So, T' > 2. In this case

we define

(0:) =[Z], fori € {1,2,...,R},
o(m;) = (0], fori € {1,2,...,B},
¢(pn) = [3ln  fori € {1,2,...,B},
o(r) =[(-1)"), forie{2,3,...,T},

(1) =

p(G’fL _ ] p(G.n)
n 2

for is even,

-
[— p(G" — 1+ %], otherwise.
[

Here, ¢ is surjective because [1], € Im(¢).
If ¥ = + we define

¢(o:) = [5]n fori € {1,2,..., R},
o(1;) = [2]n fori € {1,2,...,T},
o(pin) = [5ln fori € {1,2,...,B},
¢(m) = [2 = 2B — 2p(G, n)ln

o(m;) = 2], fori e {2,3,...,B}.

Notice that B > 1 because G is non-orientable. Therefore, by (4), 5
is odd. Clearly, if [2],,[5], € Im(¢), ¢ is surjective. It is trivial that this
occurs when B + T > 2. Otherwise, since B > 1, B+ T = 1. Then, by (5),
g.c.d(G,n) = 2. Hence, in this case also, [2],, [§], € Im(¢).
That ¢ is an orientable surface group follows from Lemmal6.Tland Lemma [5.101
]

We now come to the main result of this section.

Corollary 6.3 Let B_R>0,9g>2,n>1and1 < p1,ps,...,pr < n be
integers. Set

29_2"'2?;12%
n

T'=2—-R-B+

There exist f € F; of type [n; B;{p1,pa, - - ., pr}] if and only if the following
conditions hold:

(1) For eachi € {1,2,..., R}, p; divides n;

(2) n is even;



(8) T is a non-negative integer;

(1) IfB=0 then T > 1;

(5) g.c.d(p1,p2,-..,PR) IS even;

(6) If B4+ T =1 then g.c.d(p1,p2,...,Pr) = 2;
(7) If B> 1 or%Zfilpi = T+ 1 then 5 is odd.

Proof. Assume that there exists such an f. Clearly, (1) holds. By Theo-
rem [B.I2] there exists a non-orientable planar discontinuous group G with

signature
(197T7 {2727”’7£} 7B)
p1 P2 PR

and an epimorphism ¢: G — Z,, such that Ker(¢) is isomorphic to m(2,).
Then (2), (3) and (4) hold, and (5), (6) and (7) follow from Theorem
To see the converse, consider a non-Euclidean planar discontinuous group

G with signature
(197T7 [2727”’72] 7B)
p1 P2 Pr

such that if B = 0 then ¥ = —. Hence, G is non-orientable and we can
apply Theorem to conclude the existence of an epimorphism ¢: G — Z,,
such that Ker(¢) is an orientable surface group. By Theorem [5.12] there
exists a finite-order orientation-reversing homeomorphism f:¥, — ¥, of
type [n; B; {p1,p2, - .., pr}]. Now, we complete the proof, by observing that,
by Theorem 5.8 the signature of Ker(¢) is (+,g,[],0). u

Conditions (2) and (5) of Corollary [6.3 implies the following.
Lemma 6.4 If F , # 0 then b is even.

An application of Corollary yields the following result, which will be
used in the proof of Theorem C.

Lemma 6.5 Let p,p1,ps and g be positive integers such that g > 2.
(1) There exist f € F, of type [2g — 2+ p; 0;{p}] if and only if g is odd,
p s even, and p divides 2g — 2.
(2) There exist f € F; of type [29 — 2+ p1 + p2; 05 {p1, p2}] if and only
if g is even, g.c.d(p1,p2) = 2, and, for each i € {1,2}, p; divides
29 — 2+ p1 + pa.



Proof. The reverse implication in (1) as well as the reverse implication in (2)
follow easily from Corollary [6.3] So, it only remains to prove both direct
implications.

We start with (1). Set T" = 2—1—0+§g:§i§ = 2. Assume that there exists
f € Fy of type [29 — 2+ p; 0; {p}]. From Corollary [6.3(5), it follows that p
is even. By Corollary 6.3(1), p divides 2g —2 +p, so, p divides 2g — 2. If £ is
even, since & divides g —1 we have that g is odd. If £ isodd, § = T'+1 = 3.
Hence by Corollary 63(7), § = g — 1 +p is odd. So, g is odd.

Now, we prove (2). Set T = 2 — 2 — 0 4 29=2t2t»2 _ 1 Agsume that

2g—2+p1+p2
there exists f € F, of type

29 — 24 p1 + p2; 0; {p1, p2}].

By Corollary 6.3)(1), p; divides 2g — 2 + p; + py for each i € {1,2}. Since
B+T =0+1=1, by Corollary 6.3(6), g.c.d(p1,p2) = 2. Then, both & £
are odd or one of them is even and the other odd. In the former case, we

have that
DP1+ P2

2

and by Corollary 6.3(7), § =g — 1+ 1’% is odd. So, g is even. To study
the latter case we can assume without loss of generality that & is even and
B is odd. Since p; divides 2g — 2 + p; + p2, & divides g — 1 + £, Hence,

g — 1 is odd. Therefore, g is even and the proof is complete. [ ]

EQOEQT+1,

6.3 Examples

The purpose of this section is to construct finite-order orientation-reversing
homeomorphisms of closed surfaces. We shall do this by “gluing together”
finite-order orientation-preserving ones. Some of the ideas of these construc-
tions are based on an example given in [39]. These finite-order maps will be
used in Chapter [0 to construct maps with a given minimum period.

Before proving these result, let us introduce some notation. For each
a € R, define R,: St — St by z 5 ze?™,

Lemma 6.1 Let g be a positive even integer. Then there exists f € F, of
type
[4g +4;0; {4, 29 + 2},



and a closed annulus A C X, such that f|a is conjugate to the map (z,t) —
(Rﬁ(z), 1—1t) on St x [0, 1].

Proof. Set | = §. By Lemma and Corollary [6.2] there exists h € H;" of
type [4] + 2;0;{1,2,2] 4+ 1}]. We can assume without loss of generality that
¥, C R3. Let D be an open disk centered at the fixed point of h such that
h(D) = D, and let R be a plane which does not intersect ¥;. Denote by
s,:R? — R3 the reflection with respect to this plane. Now define a map

k(3 \D)Us, (5, \D) — (5, \D)Us, (X, \ D)
in the following way:

B SR(;L’) ifl’ezl\D>
k(z) = { h(s,(2)) if z € s,(3\ D).

Since h has order 4[+ 2, there exists ¢ coprime to 4/42 and a parametrization
w:S* — 0D such that wlohow = R_s . By taking a power of h if
necessary, we can assume that ¢ = 1. Now define an equivalence relation ~

on (X,\ D)Us,(3;\ D) as follows: Let z,y € (£, \ D)Us,(3;\ D). Then
x ~ y if and only if one of the following statements holds:

(1) z=y;

Observe that

k(sp(W(R__1 (2)))) = w(R

1
T 8lF4 81+4

(2)) ~ s5(w(2)) = k(w(2))-

i From this we can conclude that x ~ y implies k(x) ~ k(y). On the other
hand, (X,\D)Us,(3;\ D)/ ~ is a closed surface of genus g. Hence, k induces
f € F,. Clearly, the type of k is [4g + 4;0; {4,2g + 2}].

Denoting by p: (X, \ D) Us, (X, \ D) — X, the natural projection, it is
not hard to see that there exists an annulus A C ¥, invariant under f such
that p(0D) C A and f|4 is conjugate to the map (z,t) — (R_1_(2),1 — )

4g+4

on S! x [0, 1]. ]

Lemma 6.2 Let g be a positive odd integer such that g > 3. Then there
exists | € F, of type
[4g — 4;0; {29 — 2}],



and a closed annulus A C X, such that f|a is conjugate to the map (z,t) —
(R_1 (2),1—1t) on St x [0,1].

4g—4

Proof. By Corollary [6.3] there exists h € F;_; of type
[4g — 4;0;{2,29 — 2)}] :

Let D1, D5 be open disks centered at points of the 2-periodic orbit of h such
that h(Dl) = DQ. Set

n:}”2m4vaDﬁ'

Taking a power of 1 if necessary, we can assume that 1?|sp, is conjugate

to rotation through an angle of 4§f 7~ Then there exists a parametrization

w:St — 9D, such that w™n?w =R 1 .

4g—4

Let ~ be the smallest equivalence relation defined on 3,1 \ (D; U Dy)
containing all the pairs of the form

(2. wR s ()

for each © € 0D,y. Set y = szf_ilsw_ln(:z). Since y € 0Dy, n(y) € 0Ds.
Therefore,

n(y) ~wR 1w (n*(y)) =wR__w™'(y) =n(2).

8g—8 8g—8

From this it follows that = ~ y implies that n(z) ~ n(y) for every z,y €
Yy-1 \ (D1 UDs). On the other hand, ¥, 4 \ (D; U Dy)/ ~ is an orientable
closed surface of genus g. It is easy to check that 7 induces an element of
F, with the required properties. [

Lemma 6.3 Let g be a positive even integer. Then there exists [ € H, of
type
29 —2:0;{ }],

and a closed annulus A C X, such that f|a is conjugate to the map (z,t) —
(Rﬁ(z),l —t) on S x [0, 1].

Proof. By Corollary there exists h € F,_, of type [2g —2;0;{2}]. Let
D+, Dy be open disks centered at points of the 2-periodic orbit of A such that
h(Dy) = Dy. Now we can proceed as in Lemma [6.2] considering S = ¥, \
(D1 U Dy), n = hl|g, “gluing” the boundary components in an appropriate
way and taking the map induced by 7 in the quotient surface. [ ]



Lemma 6.4 Let g be a positive integer even. Then there exists f € F, of
type [49;0;{2,29}] and a closed annulus A C X, such that f|4 is conjugate
to the map (z,t) — (R4_1g(z), 1—1t) on St x[0,1].

Proof. Set k = §. By Lemma and Corollary there exists h € F;"
of type [4k;0;{1,1,2k}]. By taking an h-invariant disk around one of the
fixed points of h, it is easy to check that we can complete the proof as in
Lemma [6.1] |

Remark 6.5 Dropping the requirement of the existence of the invariant
annulus A in Lemmas [6.1] [6.2] and [6.4] these results follow directly from
Corollaries and[6.3] Nevertheless, the existence of such an annulus will be
fundamental for the construction of examples, as we will see in Chapter Q]



Chapter 7

Consequences of fixed-point
theory

This chapter is devoted to stating some facts concerning the Lefschetz num-
bers of homeomorphisms of surfaces. In Section [Z.1] we prove a result which
contains one of the main ideas of this thesis, that is, a relationship between
homeomorphisms of surfaces with boundary and homeomorphisms of sur-
faces without boundary. Some algebraic tools are described in Section [7.2l
In Section [.3] we prove some results about sequences of Lefschetz numbers
which will be used in Chapter @ and [I0l Finally, Section [[.4] is devoted to
the (tedious) study of three particular classes of homeomorphisms of closed
surfaces which will be used in Chapter 11l

7.1 The induced map

We begin this section by introducing a definition which we will use frequently.
Let f € Hgp and let T' be an f-invariant subset of ¥,; consisting of k
boundary components of ¥X,;. In ¥,, we consider the equivalence relation
where two points in ¥, are equivalent if they are equal or they belong to
the same boundary component in 7. The quotient space is a surface of
genus g with b — k boundary components. Since T is f-invariant, f induces
a homeomorphism f? € #,, 4. In particular, we can take T to be the
boundary of ¥,;. In this case b = k, so f induces a homeomorphism of ¥,
which will be denoted by f and called the homeomorphism induced by f.
The aim of this section is to prove a topological result, Proposition [7.2]
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which will be fundamental for (almost all) our arguments and states a re-
lationship between the fixed points of a map f:¥,;, — ¥,; and the index
of the fixed points of the induced map. In this way, we will be able to ob-
tain information on the fixed-point set of maps of surfaces with boundary by
studying the (simpler) case of maps of surfaces without boundary.

Lemma 7.1 Let f € H,yp. Assume that there exists an f-invariant boundary
component B of ¥,,. Set T = {B} and consider

T,
f -Zg,b—l ? Zg,b—la

the map induced by f on Xgp_1 by collapsing B to a point, q. If f|p is
fized-point free then IndfT(q) =1.

Proof. Suppose f|p is fixed-point free. Here, there exists an openset U C X,
such that B C U and f|y is also fixed-point free. Set V =X, \ B. Clearly,
V is an open set, VUU = X,;, and UNV NFix(f) = (. Hence, we can apply
Theorem 2.7 to conclude that

L(f) =1(flv) + I(flv).

Since f|y is fixed-point free, by Remark 23] I(f|y) = 0, so
(7.1) L(f) =1(flv).
Let p denote the projection from X, to the quotient space ¥, ;1. Then p(U)
and p(V') are open sets contained in ¥, , 1 and satisfy p(U) Up(V) = £, ,_1,
p(U)Np(V)NFix(f) = 0. Thus, by Theorem 27|
(7.2) L") =1 o) + 1 v
On the other hand, setting A = B in Proposition 2.10] we obtain

L(f) + 1= L(f") + L(flz).

Since f|p is fixed-point free, by Theorem 2.2, L(f|5) = 0. By (Z.1)) and (7.2)
we get

(7.3) 1) + 1 =10 wn) + 10 o).
;From the definition of f7 it follows that I(f7|,w)) = I(f|v) so, 3) becomes
(o) = 1.

Clearly IndfT(q) = I(fT|p(V)), so our proof is complete. [ ]



Proposition 7.2 Let f € Hyp and let f Xy — Xy be the map induced by

f. 1f, for some i, f' is fived-point free, then all the fized points of J?’ are
isolated and have local index equal to 1 with respect to f°.

Proof. Let x be a fixed point of J?Z Since f is fixed-point free, z is a collapsed
boundary component. Since the set of collapsed boundary components is
finite,  is isolated. That the index is 1 follows from Lemma [7.1] [

7.2 Basic algebraic tools

The goal of this section is to present and prove some elementary algebraic
facts concerning the map f,; induced by a map f:>» — ¥. The reason for
doing this is that by (2.3]) there exists a close relationship between the map
f+1 and the sequence of Lefschetz numbers, L(f), L(f?),.. ..

Recall that, by Proposition 2.2] there exists a basis such that for each
f € Hg, the matrix representing f,; is symplectic. In the following lemma
we state a property of such matrices. The proof of the second statement is due
to Fenchel and can be found in [35], but we include it here for convenience.
A proof of this statement for the improper symplectic case can also be found
in [14].

Lemma 7.1 Suppose M € GLqy(Z) is proper (resp. improper) symplectic
and let P(x) = det(xIdyy —M) be its characteristic polynomial. Then

(1) det(M) =1 (resp. det(M) = (—1)9).

(2) P(x)=2*P(1/x) (resp. P(x) = (—=1)%2*9P(-1/x)).

Proof. If M is proper symplectic then (1) holds by Proposition 21l Now,
define U, € GLyy(Z) as
0 I,
(5 ¢)

It is not hard to see that U, is improper symplectic and det(U,) = (—1)9.
Let M € GLy,(Z) be an improper symplectic matrix. Since U,M is proper
symplectic, then, by Proposition 2.1l (—1)9 det(U,) = det(MU,) = 1. Hence,
(1) holds.

To see (2), assume that M € GLyy(Z) is proper symplectic. (The argu-
ment where M is improper symplectic is similar.) Then,

M Jy( Ay — M) = AM'J, — M*J,M = (AM — I,)"J,



1 t
= =My, (Xlgg - M) Jg,

and (2) follows by taking determinants of the two extremes of the above chain
of equalities. [ ]

We need to study the sequence of integers

L(f), L(f*), ..

which, by (2.3)), is equivalent to studying the sequence

P1,D25-- -

By Newton’s equations (page 22]), this infinite sequence is closely related to
the sequence

51,82, ...,82¢-

For this reason, in the next result, which follows directly from Proposition 2.2l
and Lemma [[T] we state some relations satisfied by the s;’s.

Lemma 7.2 If f € ’H; then det(fi1) = 1 and s, = Sog—p for all h €
{1,...,2g}. If f € H, then det(f.1) = (—1)7 and s, = (—1)9""s9g_y, for all
he{l,...,2g}.

Remark 7.3 By Lemma and Newton’s equations (page 22)), for each
f € H,, the infinite sequence L(f), L(f?),... is determined by the finite
sequence L(f), L(f?),...,L(f?). In other words, if we are given

L(f), L(f*), - L(f%)

then we can compute L(f?) for each positive integer i. Hence, if f,h € 7—[;
(resp. f,h € H, ) and L(f*) = L(h') for each i € {1,2,...,g} then L(f’) =
L(h?) for each positive integer i. O

The arguments to prove the next result, from which Proposition A follows
as a corollary, are based on Nielsen [35].

Lemma 7.4 Let A € GLi(R) where k > 3. If trace(A’) = 1 for i €
{—1,1,2,...,k — 2} then trace(A*1) # 1.



Proof. The assumptions imply that p;, = 1 for i = 1,2,...,k — 2. Then by
Newton’s equations (page 22]),

1+81 = 0,
1—|—Sl—|—282 = 0,
1+81—|—$2—|—383 = 0,

l+si+sas+s3+...+(k—2)sg2 = 0,
Pr-1+s1+s2+s3+...+(k—1)spy = 0.

Hence, sy = —1,s; = 0foreachi € {2,3,... , k—2}and (k—1)sx_1 = 1—pp_1.
Therefore, p,._; = 1 if and only if s,_; = 0. On the other hand, since the
eigenvalues of A are the inverses of the eigenvalues of A1,

sp—1 = (—1)" 1 det(A) trace(A™) = (—=1)* ' det(A) # 0.
Therefore, pr_1 # 1 and the proof is complete. ]

To prove our main results we need to prove the existence of fixed-point
classes of f™ with negative index, for certain m. In view of Lemma 2.9 one
way to do this is to show that L(f™) < 0. For this reason we are going to
study some conditions on f which imply that inequality.

Lemma 7.5 Suppose that g > 2 and that f:3, — Y, s a homeomorphism
such that, for some positive integer m, the m-th power of each of the eigen-
values of f.1 is equal to 1. Then L(f™) < 0.

Proof. By hypothesis, trace(f7) = S22 A" = 2g. Then, by (Z2), if f™
preserves orientation then L(f™) = 2 — trace(fl}) = 2 —2¢g < 0 and if f™
reverses orientation then L(f™) = — trace(fl}) = —2¢ < 0. |

7.3 Sequences of Lefschetz numbers I

The results of this section, as well as the ones of the next, are consequences
of (2.3), Newton’s equations (page 22]) and Lemma [[.2l



Lemma 7.1 Let f € H] be such that L(fY) =1 for eachi € {1,2,...,g}.
Then L(f9') = —g.

Proof. By the assumptions and @3)), p; = 1 for each i € {1,2,...,g}, and,
by Newton’s equations (N.1), (N.2) (page22), ..., (N.g), sy = —lands; =0
for each i € {2,3,...,¢9}. By Lemma[l.2 s,41 = s; = —1. Hence, we can
replace all these values in Newton’s equation (N.(g+1)) (page 22) to obtain
Pg+1 = g+ 2. Thus, by @3), L(f9™) =2 — p,11 = —g, as desired. n

Lemma 7.2 If g > 2 then there does not exist f € 7—[; such that L(f") > 4
for eachi € {1,2,...,2g}.

Proof. Assume that there does exist such an f. By @3)), p; = 2—L(f*) < —1,
foreach: € {1,2,...,2g}. We claim that s; > 1 foreachi € {1,2,...,2g}.
We prove this claim by induction. By Newton’s equation (N.I) (page 22)),
s1 = —p1 > 1. Hence, the claim holds for ¢ = 1. Now, assume j < 2g is
such that s; > 1 for each i € {1,2,...,j — 1}. Observe that p;s;_; < —1
for each 1 € {1,2,...,j — 1}. By Newton’s equations (page 22),

—ij = P1Sj-1 —|—p28j_2 —+ ... —|—pj_181 —i—pj < —j,

so the claim holds for 7 and we are done. In particular, we have proved that
Sog > 1. On the other hand, by Lemma [7.2] so; = det(f.) = 1, which is
impossible. [

Lemma 7.3 If g > 2 then there does not exist f € H, such that L(f*) > 4
and L(f*~Y) =0 for eachi € {1,2,...,g}.

Proof. Assume that there does exist such an f. Let i € {1,2,...,2¢9}. By

(7.4) P2 =2 — L(f*) < =2 and py 1 = —L(f*71) = 0,

We claim that s; > 1 if ¢ is even and s; = 0 if ¢ is odd. We prove this
claim by induction. By Newton’s equation (N.Il) (page B2)), s; = —p; = 0.
Hence, the claim holds for ¢ = 1. Now, assume j < 2g is such that the
inductive hypothesis holds for each i € {1,2,...,5 — 1}. Suppose that j is
even. Observe that by the inductive hypothesis and (4), p;s;—; < —2 for
each even i € {1,2,...,j — 1}. By Newton’s equations (page 22)) and (7.4))

—JSj = p1Sj—1 +Pp2sj_2+ ... +pj—151 +Dpj < —7,



so the claim holds in this case. If jis odd, foreach ¢ € {1,2,...,j}, pisj_1 =
0 because, by the inductive hypothesis and (7.4)), either p; = 0 or s;_; = 0.
Hence,

—J8j = P18j—1 T P2sj—2 + ...+ pj_1s1 +p; =0,

so the claim is proved. In particular, we have proved that sy, > 1. On the
other hand, by Lemma [T.2] sy, = det(f.1) = (—1)7, which is impossible. =

7.4 Sequences of Lefschetz numbers II

In Section [II] we will need to prove the existence of fixed-point classes of
negative index for pseudo-Anosov maps in standard form. As we will see,
the pseudo-Anosov maps with more than two orbits of singularities can be
“controlled” with the help of the Euler-Poincaré Formula (B.2)). Some of
the homeomorphisms with one or two orbits of singularities do not offer
many difficulties and can be studied by using the Euler-Poincaré Formula
or Lemma [7.5l. However, there are some particular cases of pseudo-Anosov
homeomorphisms with one or two orbits of singularities which need special
treatment. The results of this section will allow us to deal with these cases.

7.4.1 The orientation-preserving case

We start with two technical lemmas. The first one will be used to prove the
second one which, in turn, will be used in the proof of Proposition [7.3]

Lemma 7.1 Let A € GLi(Z) be such that, for some positive integer n and
some non-negative integer j, the coefficients s; of the characteristic polyno-

mial of A satisfy
-2 ifi=,1,
S; = {1 if i=,0,2,
0 otherwise,

for non-negative © such that @ < nj. Then, for each positive integer t such
that nj +t <k

Jj—1 J J
Dnj+t + anh+t —2 anh—l—t—l + anh+t—2
h=0 h=1 h=1



t—1

+ Z Snj+hPt—h + (nj + t)snj—i-t = 0.
h=1

Proof. Since nj +t < k, the result follows directly from Newton’s equation
N.(nj+t) (page 22))

(7.5) Prj+t + S1Pnjrt—1 + S2Pnjyre—2+ ...+ (ng + t>5nj+t =0,

by replacing the sp,’s by their values for h € {1,2,...,nj} and grouping the
pr’s for h € {t,t+1,...,nj+t— 1} according to the value of h modulo n. m

Lemma 7.2 Let g > 2, let f € 7—[;, let v, n and i be positive integers such
that v < 2g andn > 3. If for each i < v

L(f) = {n if m divides 1,

0 otherwise,

then, for each i <wv

-2 afi=,1,
S = 1 if 1=,0,2,
0 otherwise.

Consequently, if j,t are positive integers such that nj < v and nj +1t < 2g
then

Jj—1 J J
Dnj+t + anh+t -2 anh—i-t—l + anh+t—2
h=0 h=1 h=1

t—1

+ Z Snj+hPt—h + (nj + t)snj—i-t = 0.
h=1

Proof. Assume that we have proved the first statement of the lemma. Then
the second one follows immediately by Lemma [Z.Il So, let us prove the
formula for the s;’s.

By @.3),

o 2 —n if n divides 1,
Pi = 12 otherwise,



for i < wv. We shall proceed by induction. By Newton’s equation (N.II) (page
22), the equality holds for i = 1. Consider now 1 < i < v — 1 and suppose
that the statement holds for s, so,---,s;. Let j and r be the non-negative
integers such that + = nj+7r and 0 < r < n. Recall that a matrix representing
f+«1 has size 2g x 2g and observe that 2 <i+1=nj+r+1<v < 2g. By
the induction hypothesis and Lemma [.1] with ¢t = p + 1,

Jj—1 J J
Piri+ Y Duhirt1 =2 ) Pohir + D Puniro1
h=0 h=1 h=1

(7.6) + Spjs1Pr + SpjoPr—1 + -+ Spjerp1 + (1 4+ 1)si41 =0

Considering separately the four cases, r = 0,1,n—1and r ¢ {0,1,n—1},
we show that the values of the p;’s for [ € {1,2,...,i 4+ 1} and s;’s for
le{nj+1,nj+2,...,nj+r} can be replaced to find s;y;. Indeed, if r = 0,
then (7.6) can be written as

24+27—-22-n)j+2j+(-2)2—n)+124+0+ -4+ (nj+ 1)s;41 =0,

which gives s;11 = —2.
If r =1 then (7.6) gives

242 —4j+2-n)j -4+ (nj+2)sia =0,

SO 811 = 1.

If r =n —1 then (Z6]) becomes
2+ (2—n)j—2-2+2]—2-242+ (nj +n)si, =0,

and hence, s;11 = 1.
Finally, suppose that r ¢ {0,1,n — 1}. Then, by (7.6]),

242j—4j+2j—2-24+2+4+(i+1)s;41 =0,
which gives s;11 = 0. ]
The following result will be used to prove Proposition 1.2l

Proposition 7.3 Let ¢ > 2 and let f € 7—[; satisfy the following condi-
tions:



(1) 1,2,g+ 1 ¢ Per(f).

(2) There exists a positive integer n such that Per(f)N{3,4,...,9} = {n}.
Moreover, there is only one periodic orbit of period n and each of its
points has index 1 for f'" for each positive integer h such that hn < g.

Then either there exists m such that 1 < m < 3g — 3 and L(f™) < 0, or
there exists | € Per(f) such that g+2 <1< 3(g—1)

Proof. Here there are only finitely many periodic points of f of period less
than or equal to 2g, so they are isolated. Therefore, by Lemma 2.7 if 1 <
i < 2¢, then the Lefschetz number of £ is the sum of the local indices of its
fixed points, so, for each i < g + 1,

; if n divides 7
L(f) — { n i ,
(£) 0 otherwise.

Consequently, by (2.3)),

2 —n if n divides i,
(77) pi = {

2 otherwise,

fori <g+1.

Let r, 7 be the non-negative integers such that ¢ = nj +r and 0 < r <
n — 1. We claim that » ¢ {0,2}. Since n > 3, by Lemmas and [[.2]
if r =0, —2 = sg41 = s4-1 € {0,1}, which is a contradiction. Similarly, if
r =2then —2 = s, 1 = 5441 € {0, 1}. This completes the proof of the claim.
Now we split the proof into two cases.

Case 1. r = 1.

By Lemmas and [T.2]

x2n]+n -1

P(z) = (z — 1)2(2® + 2"®D 4 4 a" 4+ 1) = (x = 1)

" —1
Then (2" — 1)P(x) = (2?7 — 1)(x — 1)%. Hence, if A\ # 1 is a root of P(x)
then 0 = (A" — 1)P(\) = (A2 — 1)(X — 1)%. Therefore the (2nj + n)-th
power of the roots of P(x) are 1. Since these roots are the eigenvalues of f,,
Lemma [0l completes the proof of this case because 2nj+n < 2g—2+¢g—1 <
39 — 3.



Case 2. r > 3.

We start by showing by induction on ¢ that if » + 1 < ¢ < min{n,2r — 2}
then p,jy = 2. Sincenj +r+1=g+land 0 <r+1<t<n,n
does not divide g + 1, so, by (7)), the result holds for t = r + 1. Now fix
r+1 <t < min{n, 2r —2} and assume that p,;,, = 2 for every r+1 < s < t.
Recall that a matrix representing f,; has size 2g x 2¢ and observe that
1<nj+t<nj+n<2g. Then, by Lemma [[2 (taking v as g + 1),

j—1 J J
Dnj+t + anh+t —2 anh—'rt—l + anh+t—2
h=0 h=1 h=1

t—1
(7.8) + Z Snj+hPi—n + (nJ +1)Snjse = 0.
h=1
Since 4 <r+1<t<n,t—2t—1,t %, 0. By Lemmas [2 and [T2]
Spj41 = —2, Spjro = 1 and 5,4, = 0 if 0 < s < ¢. Further, our induction

hypothesis implies that p,;4+s =2 if r+1 < s < t. Now, substituting in (7.§)
these values and the ones given by (Z.1), we obtain

(7.9) Pnj+t +27 —47+27—2-24 24+ (nj +t)sy4¢ = 0.

Since r+ 1 <t < 2r — 2, we have 2 < 2r —t < r. Therefore, by Lemmas
and [L.2 Spj4t = Sog—(nj+t) = Snj+2r—t = 0. Hence, (Z.9) gives p,; 4+ = 2. This
completes the induction step. Now we divide the proof of this case into three
subcases.

Subcase 2.1. 2r — 2 > n.

By Lemma [7.2]
j—1 J J
Prj+n + anh-l—n —2 anh-l—n—l + anh+n—2
h=0 h=1 h=1
n—1
+ Z Snj+hPn—h + (NJ 4+ N)Snjtn = 0.
h=1

We have proved that p,;.s = 2 for r + 1 < n — 1. Therefore,

Dojin + (2= 1)j = 4j+2j — 224 2+ (nj +1)spy0 = 0,



Observe that 2 < 2r—n < 2n—n = n, so, by Lemmall.2] s,j1n = S2g—(njtn) =
Snjt+ar—n = 0. Hence pyjin = 2 +nj. By @3), L(f™*") = —nj < 0. Since
nj+n<g—3+g—3<3g— 3 the desired conclusion holds in this case.

Subcase 2.2. 2r — 2 =n.

By Lemmas and [T.2]

x2nj+2n -1

P(x)=(z—12@" @) 422 4 42" 41) = (z —1)%

|

Observe that 2nj+2n < 2g—64¢g—3 < 3g — 3. Since, as above, we can see
that the 2(nj + n)-th powers of the eigenvalues of f,; are 1, from Lemma [.5]
we can deduce that L(f?"2") < 0. Taking m = 2nj + 2n, we can complete
the proof.

Subcase 2.3. 2r — 2 < n.

By Lemma (taking v =g + 1),

j—1 J J
Prjsor—2+ Y Prhsze—2 — 2 Y Puhtor—s + Y Prhs2r—a
h=0 h=1 h=1
2r—3
+ Z Snj+hP2r—2—h + (nj + 2r — 2)Snj+2r—2 =0.
h=1

Since 2 < 2r—4<2r—3 <2r—2<n, pppior—3 = Pahaor—a =210 < h < j
and pppyor—2 = 2if 0 < h < j. Further, s,;11 = —2 and s,;42 = 1. Hence,

DPnjtar—2 +2j —4j+2j —4+2+ (nj+2r—2)1 =0.

SO prjtrar—a = 2—(nj+2r—2) and L(f™+* %) = nj+2r—2 # 0. This assures
the existence of a periodic orbit whose period divides | = nj + 2r — 2. Since
n+4 < nj+2r—2 < nj+n, n does not divide nj+2r—2, so the period of the
orbit is nj+2r—2. Now observe that » > 3, so nj+2r—2 > g+1. Moreover,
there are no periodic orbits of period g + 1. Therefore, nj + 2r —2 > g+ 2.
Since j > 1,

3nj4+2r—2)=3nj+3r+2r —2+4+r—4<3g+g—r+r—4=14dg—4

Thus, taking [ as nj + 2r — 2 the desired conclusion holds for this subcase. m



7.4.2 The orientation-reversing case

The following four lemmas show results analogous to Lemmas [7.1] and
Proposition for the orientation-reversing case. Since, by Lemma [7.2]
the equation relating the values of the s;’s corresponding to an orientation-
reversing map of ¥, depends on the parity of g, the analogue of Proposi-
tion [Z.3] for the orientation-reversing case, splits into two results, Proposi-
tions and [.7 The proof of the following lemma is analogous of the proof
of Lemma [7.1]

Lemma 7.4 Let A € GLi(Z) be such that, for some positive integer n and
some non-negative integer j, the coefficients s; of the characteristic polyno-

mial of A satisfy,
1 if 1 =,0,
S$; = {—1 if 1=, 2,

0 otherwise,

for i <nj. Then, for each positive integer t such that nj +t < k,

j—1 J t—1

Dnj+t + anh—l—t — anh+t—2 + Z Snj+hDi—h + (nJ + )44 = 0.
h=0 h=1 h=1

Lemma 7.5 Let g > 2 and let f € H, . If there exist positive integers n and
v such that n is even, n > 3 and v < 2g such that, for every i < v,

L(f) = {n if n divides 1,

0 otherwise,

then, fori <w,
1 ifi=, 2,
si = 1 if 1=,0,
0 otherwise.
Consequently, if j,t are positive integers such that nj < v and nj +1t < 2g
then

j—1 J t—1

Dnj+t + anh—l—t — anh+t—2 + Z Snj+hDi—h + (nJ + )44 = 0.
h=0 h=1 h=1



Proof. Assume that we have proved the first statement of the lemma. Then,
the second one follows by Lemma [.4. Now, let us prove the formula for the
8;’s.

By @3),

2 —n if n divides 1,
(7.10) pi=4 0 if ¢ is odd,

2 otherwise,
for 1 < w.

Now we proceed by induction. By Newton’s equation (N.I)) (page 22),
(7I0) holds for i = 1. Consider now 1 < i < v — 1 and suppose that the
statement holds for sy, ss,---,s;. Let j and r by the non-negative integers
such that ¢ = nj +r and 0 < r < n. Recall that a matrix representing f;
has size 2g x 2g and observe that 2 <i4+1=nj+r+1 < v < 2g. By the
induction hypothesis and Lemma [7.4]

j—1 J
(7.11) Piv1 + anh+r+1 - anh—l—r—l
h=0 h=1

+ Z Snj+nPe—n + (i +1)si11 = 0.
h=1

Since n is even, if r is even, then nj +r — 1 and nj +r 4+ 1 are odd for
every positive integer j. Therefore, all the terms of the above sum except
(1 + 1)s;41 are equal to 0. So, s;11 = 0. So we can assume that r is odd.
Considering separately the three cases, r = 1,n — 1 and r ¢ {1,n — 1},
we show that the values of the p;’s for [ € {1,2,...,i 4+ 1} and s;’s for
le{nj+1,nj+2,...,nj+r} can be replaced to find s;.;. Indeed, if r =1,
then (ZII)) can be written as

Pit1+25 —j(2—n)+ (nj +2)s;41 =0,

which gives s;,; = —1.
If r =n —1 then (ZII) gives

Di+1 +j(2 — n) — 2] + 2+ (nj + 1)Si+1 = O,
80, s;41 = 1. Finally, if 7 is odd and different from 1 and n — 1, by (Z.I1]),
242j—2j—24+(i+1)s;41 =0,

which gives s; 11 = 0. [



The following proposition will be used in the proof of Proposition [11.3

Proposition 7.6 Let g be a positive even integer such that g > 6, and let
[ € H, satisfying the following conditions:
(1) Per(f)N{1,2,3,4,5,9+ 1,9+ 2} = 0.
(2) There exists an even positive integer n such that Per(f)N{6,7,...,g9} =
{n}. Moreover, there is only one orbit of period n and each of its points
has index 1 for f* for each positive integer h such that hn < g.

Then there exists a positive integer m such that m < 2g — 6 and L(f™) < 0.

Proof. By the same arguments as in the proof of Proposition we find

; if n divides 17
L(fi) — { n 1 ,
(F) 0 otherwise.

Consequently, by (23],

2 —n if n divides 1,
(7.12) pi=14¢ 0 if ¢ is odd,
2 otherwise,

fori < g+ 2.

Let r, 7 be the non-negative integers such that ¢ = nj +r and 0 < r <
n — 1. Since n < g, j > 1. Observe that since n and ¢ are even so is r. In
particular, » ¢ {1,3}. We split the proof into three cases.

Case 1. r = 0.

Here, g = nj. Since g + 2 < 2¢g, by Lemma [7.5]

j—1 j 1
Dg+2 + anh+2 — anh + Z Snj+hP2—h + (g +2)s5g42 = 0.
h=0 h=1 h=1
By (C12), pgio +nj + (9 +2)sy42 = 0. By Lemmas and [CH sg40 =
529—(g+2) = Sg—2 = Sn(j—1)+n—2 = 0 because 2 < n — 2 < n. Therefore,

Pgra = —nj = —g and, by @3), L(f9"?) = g+ 2. This implies the existence
of an orbit whose period divides g + 2 = nj + 2. But this contradicts our
hypothesis because the only orbit of period at most g+ 2 is the orbit of period
n and since n > 2, n does not divide g + 2.



Case 2. r = 2.

By Lemma [7.5]
j—1 j 3
Dg+2 + anh+4 — anh+2 + Z Snj+hPa—h + (g +2)5g42 = 0.
h=0 h=1 h=1

Since n > 4 is even, pppiq = 2 for b € {0,1,...,7 — 1} and ppp.e = 2 for
he€{0,1,...,5}. By Lemmall.5l s, = s;,j42 = —1. Then

pg+2+2j —2] —2+(g+2)89+2 =0.

By Lemmas and [0l sg0 = Sog—(g+2) = Sg—2 = Sp; = 1. S0, pgi2 = —g
and L(f9%%) = g+ 2. Since g +2 = nj +4 and n > 6, by an argument
analogous to that of the previous case, we obtain a contradiction.

Case 3. r > 2.

We will show by induction on ¢ that if r + 1 <t < min{n, 2r — 2} then

2 if t is even,
(7.13) Pritt = { 0 if ¢ is odd.
Sincenj+r+1=g+1<g+2and4 <r+1 <t < n,ndoesnot divide g+1,
by (C12)), the first step of the induction. Now fix r + 1 < ¢t < min{n, 2r — 2}
and assume that (ZI3)) holds for every r +1 < s < t. Observe that nj +t <
nj +mn < 2g. Then, by Lemma [T5] (taking v = g),

7j—1 i t—1
Dnj+t + anh—i-t — anh+t—2 + Z Snj+hPe—h T (nJ +1)Snjee = 0.

h=0 h=1 h=1
Since n is even, if ¢ is odd all the terms of the form s, p,p;—p for h €
{1,2,...,t—1} are equal to 0, because s,;+, = 0 foreach h € {1,3,...,t—1}
and p,_p = 0. By Lemma [2 spjy¢ = Sog—(nj+t) = Sg+2r—t = 0 because
2<2r—t<2r—(r+1)<n. Thus p,;++ = 0. Assume now that ¢ is even.
Since 4 < r+1 <t <n wehave t —2,t #, 0. By Lemmas [Z.5 and [7.2]
Spj42 = —1 and spj4 = 01if 1 € {1,3,4...,t — 1}. Then, substituting these
values in the above equation, and using (Z.I2)) and the induction hypothesis,
we obtain

Prj+t + 2] - 2] -2+ snj+t(nj + t) =0.

Since 2 < 2r —t < n, by Lemma [[.2], s,,j4+ = Sag—(njt+t) = Snj+2r—t = 0. So,
Pnj+t = 2 as desired. Now we split the proof of this case into two subcases.



Subcase 3.1. 2r — 2 > n.

By Lemma [7.5]
j—1 j n—1
Prj+n + anh-I—n - anh+n—2 + Z Snj+hPn—h + (n] + n)snj-I—n =0.
h=0 h=1 h=1

Since n > 3, Pppin—o = 2 and pyp, = 2 —n for 0 < h < j. Further, we have
proved that p,;in_2 = 2. So, by (T12),

Prjin + (2 —=n)j =25 — 2+ (nj +n)spjin = 0.

Since 2 < 2r —n < n, by Lemma [L2, 5,40 = S2g—(nj4n) = Snjt2r—n €
{0,—1}. So, pnjin € {2+ 17,2+ 2nj +n}. In all cases, L(f™*") < 0 which
completes this subcase because nj +n < 2g — 2r < 2g — 6.

Subcase 3.2. 2r — 2 < n.

By Lemma [T.5]
Jj—1 J
Pnj+or—2 t anh+2r—2 - anh+2r—4
h=0 h=1
2r—3
+ Z Snj+hDar—2—h + (NJ +2r — 2)8pj49p—2 = 0.
h=1

By Lemmas and (2 s,j = 01if 1 € {1,3,...,2r — 3}. Since r > 3,
2 <2r—4 < 2r—2 < n. Thus, DPnh+2r—2 = Pnhtor—4 = 2 ifh € {O, 1,... ,j—l}.
Also, ppjtor—a = 2. Further, s,;10 = —1. Hence

Prj+2r—2 + 2] — 2] -2+ (TL] + 2r — 2)5’”]‘4_27«4_2 = 0.

By Lemmas and [TH, spjpor—2 = Sog—(nj+2r—2) = Snj42 = —1. So,
Prnjyor—2 = 2+ n] + 2r — 2. By (m)> L(.fnj+2r_2) = _(n] + 2r — 2) < 0.
Since nj+2r—2<g—r+n<g—r+g—r <2g—6, we are done. [

The following result will be used in the proof of Proposition [11.2]

Proposition 7.7 Let g be a positive odd integer such that g > 3 and let
[ € H, satisfy the following conditions:



(1) 1,2 ¢ Per(f).

(2) There exists an even positive integer n such that Per(f)N{3,4,...,9} =
{n}. Moreover, there is only one orbit of period n and each of its points
has index 1 for f* for each positive integer h such that hn < g.

Then either there exists m such that 1 < m < 3g — 3 and L(f™) < 0, or
there exists | € Per(f) such that g+ 1 <1 < %.

Proof. Using the same arguments as in the proof of Proposition [.3] we find

oo n if n divides 1,
L) = {O otherwise,
for i < g. Consequently, by (2.3,

2 —n if n divides 1,
(7.14) pi=< 0 if 7 is odd,
2 otherwise,

fori < g.

Let r, 7 be the non-negative integers such that ¢ = nj +r and 0 < r <
n—1. Since n < g, 5 > 1. Observe that n is even and g is odd, so r must be
odd. In particular, r ¢ {0,2}. We split the proof into three cases.

Case 1. r=1.
By Lemmas and

P(z) = (2> = 1)(@™ +2"@ D+ 42" 41) =

As in the proof of Proposition [7.3] we can see that this implies that the
(2nj + n)-th power of each of the eigenvalues of f.; is 1 and since 2nj +n <
2g—2+4+g—1=3g — 3, we are done.

Case 2. r > 3.

By an argument analogous to that of the Case r > 3 of the proof of Proposi-
tion [0 (doing the first step of the induction with r instead of r + 1) we can
show by induction on t that if » <t < min{n, 2r — 2} then

2 if t is even,
(7.15) Po+t = { 0 if tis odd.

Now we split the proof of this case into three subcases.



Subcase 2.1. 2r — 2 =n.

By Lemmas and [7.2]

l.2nj+2n -1

" —1

As in the proof of Proposition [[3] we can see that this implies that the
(2nj + 2n)-th power of each eigenvalue of f,; is 1. Since 2nj + 2n = 2g —
2r+n+n<29—2+g—3=39g—5<3g— 3, we are done.

Subcase 2.2. 2r — 2 > n.

Using the same arguments as in the Case 2r — 2 > n of the proof of Proposi-
tion [C6l we can prove that p,jin + (2 —n)j —2j — 2+ (nj +n)Spjpn = 0. It

follows from Lemma that spj1n = —S29—(nj+n) = —Snj+2r—n = 0 because
2 < 2r—n <mn. Thus pyjn = 2+ nj, so L(f™) = —nj < 0. Since

nj+n<2g—6<3g—3, we are done.
Subcase 2.3. 2r — 2 < n.

By an argument analogous to that for the Case 2r — 2 < n of the proof of
Lemma [7.3], we obtain

Pnj+2r—2 + 2] - 2] -2+ (nj + 2r — 2)5’”]‘4_27«4_2 = 0.

By Lemmas and [L5, Spjpor—2 = —Sog—(njt2r—2) = —Spj42 = 1, 80
Prj+or—2 = 2 — (TL] + 2r — 2) By (m), L(fnj+2r—2) = TL] + 2r — 2. As
in Case 2r — 2 < n of the proof Proposition [7.3] this assures the existence of
a periodic orbit of period | =nj 4+ 2r —2 > g + 1 such that 3/ < 4g — 4.

[ ]






Chapter 8

Consequences of the
Thurston-Nielsen theory

This chapter is devoted to studying some results about homeomorphisms in
Thurston canonical form and in standard form. In Section Rl we state some
properties of pseudo-Anosov maps. In Section we determine sufficient
conditions for the existence of fixed-point classes of negative index of iter-
ates of pseudo-Anosov maps and reducible maps in standard form, and, in
Section R.3] we study finite-order maps and reducible maps.

8.1 Properties of pseudo-Anosov maps

The following lemmas are consequences of the Euler-Poincaré Formula (3.2),
and they will be used in Chapter [I11

Lemma 8.1 If there exists a pseudo-Anosov map f: 3o, — Xop thenb > 4.

Proof. Suppose f exists. Let b be the number of one-pronged boundary
components of the foliation on ¥g;,. Let B’ be a boundary component from
which emanates more than one prong and pp/ denote the number of such
prongs. Then by Remark [3.2] ZSGSing( py = —Pp < —2. Since there are b—b

such components, by the Euler-Poincaré Formula (3.2]),

22-0)=2x(Sop) = > (2—ps)

sGSing(Z)
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< (2—ps) < —b—2(b—1b) =b— 2.
s€Sing(8(20))

Thus 4 < b and, since b < b, the result follows. ]

Lemma 8.2 Let g # 1 and let f: ¥, — X, be a pseudo-Anosov map. If k
is the number of f-orbits of singularities of the foliation on X, then k > 1.

Proof. If k = 0 then the foliation has no singularities. Hence, by the Euler-
Poincaré Formula (32), g = 1, which is impossible. [ ]

8.2 Fixed-point classes of iterates of maps in
standard form

This section is devoted to stating some conditions which ensure the existence
of fixed-point classes of negative index for iterates of pseudo-Anosov maps
and reducible maps in standard form. Most of these results are consequences
of the characterization of fixed-point classes given in Chapter M mainly in
Proposition [£.4]

Lemma 8.1 Letp andn be positive integers and let f: X, — X, be a pseudo-
Anosov map in standard form. If x is a p-pronged periodic point of period n
then the following holds.

(1) If f preserves orientation then Indgm(z) =1 — p.
(2) If f reverses orientation and n is odd then Ind jen(z) =1 — p.
(3) If x is a regular point then Indjen(z) =1 -2 = —1.

Proof. Observe that x is a fixed point of f”. Moreover, f" is orientation-
reversing if and only if f is orientation-reversing and n is odd. Suppose first
that f preserves orientation. By Proposition 41l z is of type (p,0)" for f™°
and, by Proposition 4.2 Ind e (2) =1 — p. On the other hand, if f reverses
orientation and n is odd, by Proposition B}, x is of type (p,0)* for f?.
Hence, as before, Indsen(x) = 1 — p. Finally, the third statement follows
from the first two. |

Proposition 8.2 Let f:3X — X be an orientation-preserving homeomor-
phism in standard form. Assume that f has a pseudo-Anosov component with



either an interior fixed point or an invariant boundary component. Moreover,
suppose that every prong emanating from the fized point or invariant bound-
ary component is fived under the action of f. Then f has a fixed-point class
of negative index.

Proof. By Proposition [£.2] an interior fixed point x of a pseudo-Anosov com-
ponent is a fixed-point class. Moreover, if p is the number of prongs emanat-
ing from z, then x is of type (p,0)" because, by hypothesis, all the prongs
emanating from z remain fixed under the action of f. By Proposition 4.2]
the index of z is 1 — p. Since p > 2, this index is negative.

Now suppose that f has an invariant boundary component B such that all
prongs remain fixed under the action of f. By Remark 43 f|p is a rotation
which implies that f|g = Id. Therefore, B is contained in a fixed-point class
C. This class C' must be as in Proposition [£.4(C.2), (C.3) or (F). In each
of the three cases, Ind;(C) < —p < 0, where p is the number of prongs
emanating from B. |

Lemma 8.3 Let m and g be positive integers such that g > 2, and let
f:3, — X4 be a pseudo-Anosov map in standard form.

(1) If there exists x € ¥, such that x is an isolated fixed point of f™, m
is even if f is orientation-reversing, and Indsm(x) # 1, then f™ has a
fixed-point class of negative index.

(2) If L(f™) < 0 then f™ has a fixed-point class of negative index.

(8) If there exists a singularity x such that f™(x) = = and each prong
emanating from x remains fized under the action of f™, then f™ has
a fixed-point class of negative index.

(4) If there exists a p-pronged singularity x of period n, n is even if f
reverses orientation, and m = np, then f™ has a fized-point class of
negative indez.

(5) If m is even, m/2 is odd, f is orientation-reversing and there exists a
singularity of period m/2, then f™ has a fized-point class of negative
index.

(6) If m is even and there exists a reqular point of period m/2 then f™ has
a fized-point class of negative index.

Proof. Observe that by Proposition[4.2] isolated fixed points of pseudo-Anosov
maps on closed surfaces are fixed-point classes. Therefore, it suffices to show
that, in each case, f™ has a fixed point of negative index.



Suppose that the hypotheses of (1) hold. Let us denote by p the number of
prongs emanating from x. By Proposition[d.2] if m is even or f is orientation-
preserving, Indm(z) € {1,1 — p}. Since p > 2 and Indsm(x) # 1 we have
that Indm(z) =1—p < —1.

If the hypothesis of (2) holds, then the conclusion follows from Theo-
rem

The statement (3) is a consequence of Proposition 8.2l and the statements
(4), (5) and (6) are consequences of Lemma [811 u

Lemma 8.4 Let g > 2, let f € H, be a pseudo-Anosov map in standard
form, and let k be the number of f-orbits of singularities of the foliation on
Y

g-
(1) If k > 3 then there exists a positive integer m such that m < 4g — 4
and f™ has a fived-point class of negative index.

(2) If k = 2, ny < ny and ps > 4 where ny,ny are the periods of the orbits
of singularities and py is the number of prongs emanating from each
point in the orbit of period no then there exists a positive integer m
such that m < 4g — 4 and f™ has a fixed-point class of negative index.

Proof. Let us denote by Oy, 0, ..., O be the f-orbits of singularities. For
each i € {1,2,...,k}, let n; be the period of O;, and let p; be the number
of prongs emanating from each element of O,. Hence, we may write the
Euler-Poincaré Formula (3.2)) in the form,

k

Zni(pi —2)=4(9g—1).

1=1

Assume that k > 3. Since p; > 3, for each i,
k k
(8.1) an < Zni(p,-—Q) =4(g—1).
i=1 i=1
Let io S {1, 2, ey ]{Z} be such that NioPig = minlgigk{nipi}. Then,

k K
3NiPig < Znipi =4(g—-1)+ QZW <12(g - 1),

i=1 i=1



e, ngpi, < 4(g —1). If n;, is even or f is orientation-preserving then
Lemma B.3|(4) holds for m = n;p;,. If n; is odd and f is orientation-
reversing then Lemma [R3](5) holds for m = 2n;,. Hence, (1) is proved.

Let us prove (2). By &),
nipr < ni(pr —2) +2ng <ni(pr — 2) +na(pe —2) =4(g - 1).
As in the preceding paragraph, this gives a proof of (2). [ ]

Lemma 8.5 Let m, n, p, g be positive integers such that n > 2 and g > 2,
and let f € Hy be a reducible map in standard form.

(1) Suppose there exist a pseudo-Anosov f-component C' and a p-pronged
boundary component B of C' such that, f*(B) = B, pn = m, and n is
even or f is orientation-preserving. Then f™ has a fixed-point class of
negative indez.

(2) Suppose there ezist a pseudo-Anosov f-component C, and a boundary
component B of C' such that f*(B) = B, n is odd, 2n = m, and f
is orientation-reversing. Then f™ has a fized-point class of negative
index.

(8) Suppose there exist a pseudo-Anosov f-component C, and z € Int(C),
such that f™(z) = x, n is odd, 2n = m, and f is orientation-reversing.
Then f™ has a fized-point class of negative index.

(4) Suppose there exist a pseudo-Anosov f-component C, and a p-pronged
boundary singularity x € C such that, f"(x) = z, pn = m, and n is
even or f is orientation-preserving. Then f™ has a fixed-point class of
negative indez.

(5) Suppose there exists a finite-order f-component C' such that f™|c =
Ide. Then f™ has a fized-point class of negative indez.

Proof. The statements (1), (2), (3) and (4) are consequences of Lemma [8.2)
and Proposition E.11

If there exists a finite-order component C' such that ™| = Id¢ then
C is included in a fixed-point class C of f™. Recall that by definition, a
component of a reducible map has negative Euler characteristic. Then, by

Proposition LA(F), Indm(C') < x(C) < 0. Hence, (5) is proved. |

Remark 8.6 Despite the title of this section, these results (and their con-
sequences) hold for maps in Thurston canonical form. Indeed, observe that



if we have a fixed point, or an invariant boundary component, of a pseudo-
Anosov map in Thurston canonical form f:¥ — 3, we can define type in
the same way as we did for maps in standard form: A p-pronged fixed point
or a p-pronged invariant boundary component will be of type (p, k)™ (resp.
(p, k)™) if f preserves (resp. reverses) orientation and f acts as the map T(J;,k)

(resp. T(_p,k)) on the prongs emanating from it. By Lemma [LT], there exists a
pseudo-Anosov homeomorphism ¢: ¥ — ¥ in standard form isotopic to f.
The isotopy between these two maps preserves the types of fixed points and
invariant boundary components. Since, by Lemma 2.8] indices of fixed-point
classes are preserved under isotopy, the index of a fixed point, or of an in-
variant boundary component, of any pseudo-Anosov map can be calculated
as a function of its type according to Tables [4.Iland 4.2l However, the more
restrictive statements for homeomorphisms in standard form are sufficient
for our purposes. O

8.3 Reducible maps

This section is devoted to the study of reducible maps. In Subsection [8.3.1]
we state some properties of a system of reducing curves. In Subsection 8.3.2]
(resp. B3.3)) we determine some properties of finite-order components of
orientation-preserving (resp. orientation-reversing) reducible maps.

8.3.1 Components of reducible maps

We begin with a basic property.
Remark 8.1 If A and B are surfaces then
X(AU B) = x(A) + x(B) = x(AN B),
see [10, Corollary V.4.6 and Proposition V.5.8]. O

By using the preceding remark, we shall prove the next result, which
belongs to the class of well-known facts whose proof is hard to find in the
literature. Before stating it, let us introduce the following notation: For each
Y, denote by genus(2) (resp. be(X)) its genus (resp. its number of boundary
components).



Lemma 8.2 Let I' = {I['1,1s,..., I} be a finite set of pairwise disjoint
simple closed curves in a surface ¥ and let 4, %2, ... XF denote the closure
of the conmected components of S\ T. Then x(X) = S2F x(2). Further,

k
denus(Ei) < genus(Y).

1=1

Proof. We will prove by induction that if j < k, then

x(U_, 20 = ZX (9.

That equality holds when j = 1 is trivial. We now assume that the formula
holds for some positive integer j such that j < k. The intersection of nglg
with 3! is a finite (possibly empty) union of pairwise disjoint simple closed
curves. In any case, the Euler characteristic of such an intersection is 0, so
by Remark [B.I] and the inductive hypothesis,

(U)o 22‘) (Y 2%‘) )

Jj+1

—Zx ) +x (27 Zx

as desired. ' .

We prove now that Zle genus(X') < genus¥. The surface ¥ = UF_ ¥ is
connected, therefore, without loss of generality, we can assume that for each
i€ {1,2,....,k—1}, ' '

YA Xt £,
Since genus(UX_ X") = genus(Y), it suffices to show that
j .

(8.2) Z genus(X') < genus(U )

i=1

foreach j € {1,2,... k}.
Clearly, (82]), holds for j = 1. Let j be a positive integer such that
j < k and assume (B.2) holds for each i € {1,2,...,5—1}. Denote by



C; the number of connected components of (UleZi) N Y7+ Observe that
our assumption implies that C; > 1 for each j € {1,2,...,k—1}. By
Remark BT since x (U, X)) N ¥/t =0,

i=1 1=1
Hence,
(8.3) 2genus(U )+ bc(U ) —242gj41 +bjp1 — 2
i=1 i=1
j+1 j+1
= Qgenus(U ) + bc(U ¥ — 2.
i=1 i=1

Each boundary component of szle *1 is either a boundary component
of U_, %" or a boundary component of /™', Further, /% has exactly
be(U/_, %) — C; boundary components lying in U_, %" and exactly b; 1 — C;
boundary components lying in ¥7*!. Thus, be(UF] %) = be(U_, %) — C; +
b; — C; = be(U_, XY 4 b; — 2C;. Now, substituting this equality in §3) we
obtain
J J+1
2genus(U Y + 29541 +20; -2 = 2genus(U 4,

i=1 i=1

i i it
genus(U X))+ g1 +Ci—1= genus(U .
i=1 i=1
Since C; > 1 the result follows from the inductive hypothesis. [ ]

We introduce the following notation which will be used frequently.

Notation 8.3 Let g > 2, let f:¥, — >, be a reducible homeomorphism,
let I' be a system of invariant curves, and let N(I') be an invariant tubular
neighborhood for I'.  An f-transversal is a subset {C},Cs,...,Ck} of f-
components such that the set of all f-components is the disjoint union of the
f-orbits of the C;’s. For each 1 < i < k, we denote by g;, b;, and n; the genus,
the number of boundary components, and the period of C;, respectively. If
f"e,: C; — C; is finite-order then, to simplify notation, we denote T frile,
by ;. O




Lemma 8.4 With Notation the following hold.

(1) 35 (2gi +bi — 2)n; = 29 — 2.

(2) Foreachi € {1,2,...,k}, 2¢; +b; —2 > 1.

(3) For eachi € {1,2,...,k}, n; <n;i(2¢9; +b; —2) < 2g — 2.
(4) For each,i € {1,2,...,k}, if g =0 then b; > 3.

Proof. Observe that the set of all f-components is {f7(C;) b 1<j<n,, 1 <i <k
and that, since f is a homeomorphism, for each i € {1,2,...,k} and each
J € {1,2,....n;}, x(C;) = x(f(C;)). Thus (1) follows from Lemma 8.2
By the definition of standard form, 2 — 2¢g; — b; = x(C;) < —1, hence (2)
holds.
Clearly, (3) is a consequence of (1) and (2), and (4) a consequence of (2).
n

Now we study transversals with only one component.

Lemma 8.5 With Notation [8.3, if there exists an f-transversal containing
only one component, Cy, and ny > 2, and the boundary components of C4
form a cycle under the action of f™, then ny =2 and g = 29, + by — 1.

Proof. Let By be a boundary component of C';. By the hypothesis, the bound-
ary components of Cy are {f*"(B1)}refo1,..p1—1}-

Let A € N(I') be the annulus which has B; as a boundary component
and let C' be an f-component such that C' N Cl(A) # By and C N CI(A) # 0.
Since f is a homeomorphism, and C = f7(C}) for some j € {1,2,...,n;},
and the boundary components of C} form a cycle under the action of ™', so

do the boundary components of C'. Therefore, each boundary component of
C is of the form f"¥(Cl(A) N C) for some k € {0,1,...,b; — 1}.
b1—1
Observe that |J f™*(A)UCUC, is a closed subsurface of 3,. Therefore,
k=0
Uzlz_olf’”k(A) UCUC; =3%,. If C' = () then ny = 1. Since this is impossible,
ny = 2, and, by Lemma R4(1), g = 2¢; + b; — 1 and ny = 2, as desired. m

If fe Fypthenor=o0
result.

7. Then, by Theorem 3.1 we have the following

Corollary 8.6 If g > 2 and f € ]—";b (resp. F,,) then oy < 4g + 2 (resp.
g + (—1)%4).



8.3.2 The orientation-preserving case

We begin with a basic property of finite-order maps of .

Lemma 8.7 If f € F, is not the identity, then f has exactly two fived
points, 1 and xo. Therefore, the f-period of every x € ¥ \ {x1, x2} is oy.

Proof. By (22)), for every m € N, L(f™) = 2 — trace fI}. Since H;(X) is
trivial, trace fi} = 0, so L(f™) = 2. Now, the result follows by Theorem 2.7]
and Lemma [3.3] [

As a consequence we have the following.

Corollary 8.8 Let f € ]—"gfb. If oy > 2, and b > 3, then there exists a
positive integer j and a € {0,1,2} such that b = jo; + a. In particular
b > os. Moreover, if oy = b = 3 then the three boundary components of Yo
form a cycle under the action induced by f.

Proof. Consider the induced map f Yo — Xo. By LemmaB.7] each f—orbit
has 1 or o elements and there are exactly two f-orbits of only one element.

The set of collapsed boundary components is f-invariant, so it is a disjoint
union of orbits of f. Thus, b = joy + a, where j € N and a € {0,1,2}.
Clearly, if b = o0y = 3, then a = 0, 7 = 1 and the three collapsed boundary
components form an f—periodic orbit. Therefore, the boundary components
of X also form a cycle under the action of f. [

Lemma 8.9 Let f:3;, — X1 be an orientation-preserving finite-order map
such that oy > 2b. Then oy € {3,4,6} and b € {1,2}. Moreover, if b = 2,
then the two boundary components of 31, are interchanged under the action

of f.

Proof. Consider the induced map f Y — X If fis of type [n;0;{ }] for
some positive integer n, then Per(f) = {o7}. With arguments analogous to
the used in the proof of Corollary B.8, we see that b = jo for some positive

integer j. In particular, b > oy. Since this contradicts our hypotheses, f
cannot be of type [n;0;{ }] and the result follows from Lemma [ ]

Lemma 8.10 Ifg > 1 and f € F,.



(1) If oy > 4g then f has at most one fized point. Consequently, if h € ’H;l

(resp. h € ?—[;2) is such that h € FF and o, > 4g, then h does not have
fized points (resp. both boundary components of ¥, are interchanged
under the action of h.).

(2) If o > 2 and f has an isolated fizved point then f is orientation pre-
serving. Consequently, if h € H,, and he F, then o), = 2.

Proof. The second statement is a consequence of Lemma [3.5] so let us prove
the first. Assume first that g = 1. Since oy > 4, by Lemma f is either
of type [6;0;{1,2,3}] or [n;0;{ }] for some n > 5 and the result follows
directly. Therefore, we can assume that g > 2. Let [o;0;{p1,p2,--.,Pr}
be the type of f. If f has at least two fixed points, we can assume that

R—-2 .
R>2and pp.1 =pr=1. Set Rg = R—2and T = —Ro—l—%;:lpl.
By Theorem [5.12] T is a non-negative integer. On the other hand, for each
i€ {1,2,...,R—2},p; < ‘;—f Hence, since by hypothesis o > 4g,

o p 29+ R%
gf of 2
Then Ry < 1,s0 Rg=0and T" = 3—?. Since oy > 4g, T is not integer, which
is impossible. [

Lemma 8.11 With Notation[8.3, leti € {1,2,...,k} be such that C; is a
finite-order component.

(1) If o; < 4g; then no; < 4g.

(2) If o0; < 2 then n;o; < 4g — 4.

Proof. 1f 0; < 4g;, by Lemma B2l o;n; < 4g;n; < 4g. Therefore, (1) holds.
If 0; <2, (2) follows directly from Lemma [8.4)(3). |

Lemma 8.12 With Notation (83, leti € {1,2,...,k} be such that C; is a
finite-order component of f and f"|c, is orientation preserving.
(1) If g; =0, and b; # 3 or o; # 3 orn; < %(g—l) then n;o; < 4g — 4.
(2) If i =1, and b; > 3 or o; > 7 then n;o; < 4g — 4.
(8) If g; > 2, and b; > 3 then n;o; < 4g — 4.




Proof. Suppose now the hypotheses of (1) hold. By Lemma BIT[(2) we can
assume that o; > 3. By Lemma B8 3 < o; < b;. If b; = 3, then o; = 3,
n; < 3(g — 1) and the result follows directly. If b; > 4, by Lemma BZ(3),
2n; < (b; —2)n; < 2g — 2. Therefore, n;o; < n;(b; — 2) + 2n; < 49 — 4, which
completes the proof of (1).

Now, we prove (2). If o; < 2b; then by Lemma R4(3), n;o; < 2n;b; <
4g — 4 as desired. If o; > 2b;, the result holds by Lemma 8.9

Finally, we prove (3). By Corollary B6l o; < 4g; + 2. If b > 3, by
Lemma [8.4](3),

as desired. ]

8.3.3 The orientation-reversing case

The aim of the present subsection is to obtain analogous results to those
of the previous section for finite-order components of orientation-reversing
reducible maps.

Remark 8.13 If f: 3 — ¥ is a finite-order orientation-reversing map then
its order is even. U

Lemma 8.14 Ifb > 3 and f € Fy, then there exist integers j and a such
that j > 1, a € {0,2}, and b = jos/2+a. In particular, b > o¢/2. Moreover,
if b=04/2, then 0/2 is odd and the b boundary components of Lo, form a
cycle under the action of f.

Proof. Consider the induced map f Yo — Xg. Clearly, fm preserves orien-
tation if m is even, and reverses orientation if m is odd. Since Hy(Xo) is

trivial, by 2.2,

Sy 0 if m is odd,
L(f™) = { 2 if m is even.

That the result holds if oy = 2 is trivial. Therefore, we can assume

without loss of generality that oy > 2. If Fix(f) # (0 then, by Lemma [B.5]
f has a pointwise-fixed simple closed curve v and, f acts as a reflection in a



neighborhood of +. Then, f2 Id and oF=o05=22a contradiction. Then,

we can assume that Fix(f) = 0.

Now, by Remark RI3| ~ = ]72 is an orientation-preserving map such that
o, =0f/2 and L(h™) = 2 for every m € N. By Lemma 87 it follows that h
has two fixed points which are the only points of h-period strictly less than
o¢/2. Since Fix(f) = 0, we can conclude that f has a two periodic orbit,
which is the only periodic orbit of even period strictly less than oy.

By Lemma [3.6], if there exists a simple closed curve 7 C Fix(f?) then 4
is odd and i = o;/2. In any case, Per(f f) € {2,0/2,0} and there is exactly
one orbit of period 2. Since the set of collapsed boundary components is
f-invariant, and has cardinal b, b = ko /2 + a for some a € {0,2} and some
k € N. Since b > 3, k > 1.

Now, observe that if b = /2, since b > 3, the set of collapsed boundary
components must consist of an f—periodic orbit of period of/2. Moreover,
by Lemma [3.6] 0;/2 is odd. Clearly, in this case, the boundary components
of f:¥0p — Yoy form an f-cycle. [

Lemma 8.15 If f € Fy, then there exist a positive integer j such that
b=jos/2. In particular, b > os/2.

Proof. Conmder the induced map f Y1 —> Y. The characteristic polyno-
mial of f,; is 22 — trace(f.1 )z — 1, whose roots are

trace(f.) + \/trace(ﬁ1)2 +4
2

1:

and

trace \/ trace *1

Ay =

Since J?is finite-order, \; and Ay are roots of unity. Clearly, A, Ay € R, and
are not equal, so {\1, Ao} = {—1,1}. Therefore,

trace(Nm) B 2 if m is even,
o 0 if m is odd.

Hence, by @2), L(f) = 0 for every i € N. By Lemma B3, f does not have
periodic points of even period strictly less than oy.



By Lemma and Remark [R.13] the periodic points of odd period are
contained in simple closed curves. With an argument similar to that used in
the proof of Lemma [8.14] we can show that if for some ¢ < o there exists a
simple closed curve v C Fix(f"), and 7 is minimal with this property, then i
is odd and i = 0y /2.

Then Per(f) C {oy,0¢/2} and we can complete the proof as we did in
Lemma [8.14] u

Remark 8.16 We could have proved Lemmal8.15in the same way we proved
Lemma [R.9] but the argument would have been much longer. O

Lemma 8.17 With Notation [8.3, let f be orientation-reversing, and let
i € {1,2,...,k} be such that fc, is a finite-order orientation-reversing com-
ponent of f.

(1) If o; < 3 then n;o; < 4g — 4.

(2) If g; =0, and b; is even, or b; # 0;/2 or k =1 then n;o; < 4g — 4.

(8) If g; = 1 then n;o; < 49 — 4.

(4) If g; > 2 and b; # 2 then n;o; < 4g — 4.

Proof. Assume that the hypotheses of (1) hold. By Remark RI3| o; is even,
so 0; = 2. Hence, by Lemma BZ(3), o;n; = 2n; < 49 — 4 and the proof of
(1) is complete.

Now, suppose that g; = 0. By Lemma B4(4), b; > 3 and, by (1) we
can assume that o; > 4. If o, < b;, then, b; > 4 and, by Lemma [8.4(3)
2n; < (b — 2)n; < 2g — 2. Here, by Lemma [R.4](3)

Therefore, we can assume that o; > b;. By Lemma RI4 b, = 0;/2 + a, for
some integer a such that a € {0,2}. If a = 2, then, by Lemma [8.4](3)

and the result holds. Hence, we can restrict ourselves to the case b; = ;/2.
By Lemma B.6] 0;/2 is odd. Then, by hypothesis, k = 1. By Lemma R4(1),
(b; — 2)n; = 29 — 2 and b;n; is even. Since this is impossible, (2) holds.

Let us prove (3). Suppose that g; = 1. We claim that we can assume
that o; > 2b;. Indeed, if o; < 2b; then, by Lemma [R4{(1),



a contradiction. So, the claim is proved. By Lemma B.4(3) there exists a
positive integer k, such that b; = ko;/2. Hence, 2b; = ko; > o;, which
contradicts o; > 2b;. So, the proof of (3) is complete.

Finally, we prove (4). Observe that, by Corollary R0 o; < 4¢;+4. Hence,
if b; > 4, by Lemma [8.7],

omn; < 2(2g; +2)n; < 2(29; + by — 2)n; < 2(2g9 — 2),

as required. Now, if b; € {1,3} and h denotes the map induced by f"|c,
on Y, , h is an orientation-reversing finite order map with a fixed point or
a three periodic orbit. By Lemmas and B.6] 0, € {2,6}. Observe that
o = 0;. In particular o; < 2¢g; + 2 and we can complete the proof as in the

preceding paragraph. [

Lemma 8.18 Let g > 2 and let [ € H, be a reducible map in standard
form such that each of its components is finite-order. If the f-period of each
connected component of N(I') is odd then f is finite-order.

Proof. Let A be a connected component of N(I') and denote its f-period by
n. Since n is odd, f™|ais orientation-reversing. Hence, from the description
of the standard form for the tubular neighborhood N(I") it follows that f"|4
is conjugate to a map ¢ St x I — S' x I of one of the following forms.

(1) (2,t) — (2€%*™ 1 —t), where a is a rational number.

(2) (z1) = (z1).
In particular, f|, is finite-order. Since N(I') is f-invariant, f|y(r) is finite-
order. Since f |Zg\N(r) is finite-order by hypothesis, the lemma is proved..
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Chapter 9

Bounds for minimum periods

The aim of this chapter is to obtain bounds for the minimum periods of maps
of surfaces with boundary. In Section[9.Ilwe apply some of the techniques de-
veloped in Chapters2land [7lin order to find upper bounds. In Section[0.2] we
construct examples of maps with “large” minimum periods. and, by means
of these examples, we prove the existence of some lower bounds. Section
is dedicated to the study of the minimum periods for classes of finite-order
maps of surfaces with boundary. Theorems B, C, D and E are proved there.

9.1 Upper bounds for minimum periods

The two main results of this section are Proposition A, which was stated in
the introduction (Chapter [I), and Proposition We begin with the proof
of Proposition A which is based in some of the ideas developed by Nielsen in
[35], and uses Lefschetz’s Fixed-Point Theorem and some elementary algebra.

Proposition A If2g+b >4 then m(H,p) <29 +b—2.

Proof. Suppose that f € #,; is a homeomorphism such that f, f%..., f297=3
are fixed-point free. In particular, 2g + b — 3 > 1, so f is fixed-point free.
Since Fix(f) = Fix(f™!), f~! is also fixed-point free. Then, by Theorem 2.2,

L(f™) = L(f) = L(f*) = ... = L(f¥*"%) =0,
so, by (22,

trace(f*_l) = trace(f.1) = trace(fs;) =... = trace(fff+b_3) =1.
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(Recall that f,; denotes the linear map induced by f on the first homology
group.) The dimension of Hy(X,;, Q), the first Betti number, is 2g+b—1 > 3.
So, by Proposition [74] trace(f2™?) # 1 and, by (22), L(f29+b 2) £ 0.
Thus, by Theorem 2.2] f29+5—2 has a fixed point. N

In order to prove Proposition [0.5] we need to introduce some notation and
prove an elementary lemma.

If Fix(f™) is a finite set, we denote by P, (f) the number of periodic
points of f-period m, that is,

Card({z € Fix(f™) : z ¢ Fix(f*) for k€ {1,2,...,m — 1}}).

Then
Card(Fix(f™)) Z Py(f

dlm

where >, denotes the sum over all positive divisors of m. Consider the
Mobius function p: N\ {0} — {—1,0, 1} defined by

1 ifm =1,
u(m) = 0 if k%/m for some k > 2,
(=1)" if m = py1py ... p, distinct prime factors.

By the Mébius Inversion Formula, see [6l Proposition 13.B.3]

(9.1) = p(d) Card(Fix(f™/*)).
dlm
Let f € Hy. For each positive integer 7 set

= pu(d)L(f™Y).

dli

Also, for each positive integer n, we define I,(f) = (I(f),1(f?),...,I1(f")).

Remark 9.1 Dold [I1] proves that if Y is an ENR, and V' C Y is an open
set, and f:V — Y is a map and n is a positive integer such that Fix(f™)
is compact, then n divides [(f™). This property is easily checked for the
class of maps we are going to consider. As Llibre remarks in [32], these



“modified” Lefschetz numbers are interesting because, for many classes of
maps, if [(f™) # 0 then m € Per(f). In particular, this holds for finite-
order maps, provided that m is strictly smaller than the order of the map
(by Lemma [0.3)), and for maps f induced by maps f € H,, with “large”
minimum period (by Lemma [0.2). O

Recall that if f € Hgp, then fdenotes the homeomorphism induced by f
on ¥,. If the minimum period of a map f is large enough, then I(f*) counts
the number of points of f-period .

Lemma 9.2 Let f € H,yp. For each i < m(f), I(f*) = P,(f).

Proof. Observe that, for each i < m(f), by Proposition [7.2] ]?Z is a home-
omorphism with finitely many fixed points, each having index one. So, by

Theorem 27, L(f) = Card(Fix(f*)). Hence, by (@1,

=" p(d) Card(Fix(f%) = Y " u(d)L(f*) = I(f7),

dli dli

as desired. ]

Remark 9.3 Let i be a positive integer and let f € #H,;. If m(f) > ¢ then,
by Lemma 0.2 I(f*) > 0. O

Conjeture 9.4 Let g > 2. By Remark 0.3] if f € ’Hg p, then l(f) > 0 for
each i < m(f). Hence, m(#,,) is less than or equal to the natural number
m defined as

max{n > 1 : there exists f € #, such that I(f*) > 0 for each i < n}.
We conjecture that m} = 4g + 2. Analogously, if m  equals
max{n > 1 : there exists f € #, such that I(f*) > 0 for each i <n },

then m(#,,) < m,. We conjecture that m, = 4g + (—1)?4. The case g = 2
of these conjectures follows from some results of Chapter [L0. U



Let f € Hgp and for each 4, let k; denote the number of f-cycles of
period ¢ of boundary components of ¥, ;. By Lemmal[9.2]and Proposition [7.2],
if i < m(f), then f' must have exactly ik; fixed points, each with index
one; hence, Z(J?Z) = ik;. Now, consider the vector (ki,2ks,...,bk;). Clearly,
Z?:l ik; = b. If i is a positive integer such that I(f?) # ik;, then m(f) < i,
i.e., 7 is an upper bound for m(f). This idea is formalized in Proposition 0.5
To state this result, we need to define a map which gives the minimum of
these 1.

Let n be a positive integer. Denote by C},, the subset of N" consisting
of all the n-tuples of the form (ki,2ks,...,nk,) such that > . ik, = b.
We define a: Cy,, x Z" — NU {oo} in the following way. For each (T,7) €
Chn><Zn,

o(7,7) = 00 ifx =7,
Y= min{i € {1,2,...,n} : z; #y;} otherwise.

For f € H, we set

v(f.b) = max {a(k, lb(f))}-

Eecb,b

Now, for each map f € H,s, we can give the promised upper bound for

m( f), depending on [,(f) and on the action of f on the boundary components
of ¥,,. This proposition will be very useful in Chapter [I0, where we will
need to bound the minimum periods of maps f € H, such that the sequence

I,(f) is in a given finite subset of Z°.

Proposition 9.5 Let f € H,p. For each j € {1,2,...,b}, let k; denote
the number of f-cycles of boundary components of period j. Then

m(f) < a((k1,2ks, ..., bky), b(f)).
Consequently, for each f:,, — Sg4, m(f) < v(f,b).

Proof. Let j € {1,2,...,b}. If m(f) > j, by Lemma [0.2] l(fj) = Pj(f).
On the other hand, by Proposition [L.2, every point of f—period j must be a
collapsed boundary component. Thus P;(f) = jk;. Since (ki,2ks, ..., bky) €
C%b,and

a((klu 2k27 R bkb)a lb(f)) > m(f)7
the result holds. ]



9.2 Lower bounds for minimum periods

In this section we construct examples of maps with large minimum periods
on surfaces with boundary. The basic idea of these constructions consists in
considering a map f of a closed surface ¥ with an f-invariant set D which
is a union of finitely many pairwise disjoint open disks and consider the
restriction f |Z\D' Clearly, f € Hgp, where b is the number of connected
components of D.

We begin with a lemma which asserts the existence of such an f-invariant
set D as in the preceding paragraph, when f is finite-order and there exists
an f-invariant finite set F' of cardinal b.

Lemma 9.1 Let f:¥ — X be a finite-order map. If F' = {x1,29..., 3} is
a subset of Int 3 which is f-invariant then there exists a subset D of 3 such
that

(1) D is f-invariant and C1(D) C Int(X%).
(2) There exist b pairwise disjoint open disks Dy, Do, ... Dy such that D =
b

U D; and the center of D; is x; for eachi € {1,2,..., b}.

=1
Moreover, if C is a closed subset of ¥ and F N C = () we can assume that
CnNCYD) = 0.

Proof. 1t is a consequence of Lemmas [3.3] and 3.5l [

Remark 9.2 Let S be a (possibly non-connected) compact orientable sur-
face and let f:S — S be a finite-order map, that is, f* = Idg for some
positive integer n. Then Lemma holds replacing ¥ by S. U

As mentioned before, the examples we shall construct are based on finite-
order maps of closed surfaces. In the following, we state a property of such
maps.

Lemma 9.3 If f € F, then, for eachi < oy, Pi(f) =1(f"). In particular, i
divides 1(f*).

Proof. By Lemma [33] Fix(f?) is a finite set consisting of points of index
one. By Theorem 2.7, Card(Fix(f%)) = L(f?), and we can now argue as in
the proof of Lemma [9.2 [ ]



Consider a map f € F, and let F' C ¥, be the f-invariant set consisting
of all the points whose f-period is strictly less than o;. Let b= Y7, 1(f7).
By Lemma[@.3, Card(F) = b. So, if D is as in Lemma[0.1] then h = f‘Eg\D €
F,p and m(h) = oy,

This construction applies only in the special case b = Zj’il‘l I(f?). Nev-
ertheless, in several cases, by modifying f by means of an isotopy we can
obtain another map h € 7—[; with an A-invariant set I’ of a certain cardi-
nal b to which we can apply Lemma in order to find an h-invariant set
consisting of b disks, and h\zg\ p Will be the desired map. This is done in
Proposition

Our next step will be to define an auxiliary map which will used to calcu-
late the minimum period of the map obtained by the above procedure. Let
o be a positive integer. We define 5: Cy, x Z7 — N U {00} in the following
way. For each (7,7) € Cp, X Z°,

00 ifx =79,
min({% : z; <y} U{x; —y © 2 >y}) otherwise.

pE,y) =

The following result, in which we formalize the above procedure, will be
applied in Proposition to construct examples giving certain lower bounds
for minimum periods.

Proposition 9.4 Let f € F,. Assume there exists
E = (]{71, 2]{72, . ,O'f]{iof) € Cbﬁf

such that k; = 0 if I(f7) = 0. Then there ewists h € H/, such that h is
isotopic to f and

m(h) = min{oy, B(k, l,,(f))}.
Furthermore, if, for each j € {1,2,...,0s}, jk;j — U(f?) is a multiple of o;
then h = f, so h is finite-order.

Proof. By Lemma[0.3] for each j € {1,2,...,0¢},
Pi(f) =1(f7) > min{i(f7), jk;}.

Then there exists an f-invariant subset of P;(f) of cardinal min{l(f7), jk;}.
Let us denote this subset by Fj. Set F' = U;»ZIFJ-, an f-invariant set. Let D,
be the f-invariant set as in Lemma corresponding to F'.



Foreach j € {1,2,...,0/} we will inductively define an f-invariant sub-
set of ¥, B;, and a map ¥;: B; — B; in the following way: If I[(f7) > jk;,
we set B; = (). Otherwise, by Remark 0.3, 0 < I(f?) < jk;. So k; > 0 and,
by hypothesis, {(f7) > 0. By Lemma 0.3, P;(f) # 0. Consider x € P;(f).
By Lemma B3] there exists a disk with center  where f7 is conjugate to
a rotation of order o;/j. Therefore, there exists an open annulus A C %,
centered at z such that

1) pAa)y=4
@ UFanmuys) =

(3) f7|a is conjugate to a rotation of order o;/;j.

Jj—1
Set B, = | fi(A).
i=0
Now, we have jk; — [(f7) > 0, and we consider two cases: jk; — [(f7) is
a multiple of o4 or not.

In the former case jk; —I(f?) = a;oy for some positive integer a;, and we
proceed as follows. Choose a; disjoint f-orbits, Oy, Oy, ...,0,; C Bj and set

H; = UO Let D} B; be a set as given by Lemma [0 taking ¥ = Bj,

F = H andC CI(D;). Denote ¥; = f|g,.

Finally, if jk; —l(f]) is not a multiple of o, set m; = . Since m; >
0, by Lemma [0.3] m; is a positive integer. Let C' C A be a closed annulus
with non-empty interior. Then there exists a homeomorphism 9;: B; — B,
such that

gk =1(J7)

(1) Ylam; = flas, and ¥ is isotopic to f|p, relative to OB,
(2) 19§|C is conjugate to a rotation of order m;,
(3) m(9;) = mingjmy, o7},

Choose = € Int(C) and denote its ¥;-orbit by H;. Then,

Card(H;) = jm; = jk; — 1(f7).

(Observe that the step j = 1 can done in the same way as the step j } 1). Let
Dj be the set defined by Lemma .1l and Remark 0.2}, taking S as Ul_, f(C)
and f as ¥, |UJ Ii(o) It Is easy to check that Lemma [0.1] holds for ¥J; |U] F(C)

so there exists a set D} C U/_, f(C) satisfying (1) and (2) of Lemma @11



Clearly, D, U U?Lng is a union of pairwise disjoint disks. Moreover,
the number of connected components of D; U U?Lng is equal to Card(F U
UL Hj). Since

of of _ ' af
Card(FU U H)) =Y min{l(f), jk;} + Y jkj—1(f) = jk; =",
=1 j=1 Jki—1(f7)>0 i=1

of

S =%,\(UD})uU D) is a surface of genus g with b boundary components.
j=1

Define h: S — S in the following way:

oy
x) ifx B;,
h(l’) — f( ) ¢jL:Jl J
Yj(z) if x € Bjforsome j € {1,2,...,0¢}.

_ oy
Let us prove that m(h) = min{oy, B(k,ls,(f))}. Observe that |J B; and
j=1
oy
S\ U B, are h-invariant. Hence,
=1

J

Per(h) = Per(hl| ) U Per(

St Msost,,)
Then
min Per(h) = min{min Per(h|u;f£1Bj), min Per(h|S\U;_filBj)}.
By definition of A,
minPer(h|Uj£1Bj) =min ({o;} U {jk; —1(f7) : jk; > 1(f7),1<j<o;}).
On the other hand, h|S\ujilBj = f|S\u;’ilBj' Hence, j € Per(h|3\u;’£113j) if and

only if there exists © € P;(f) such that x ¢ F;. By Lemma [9.3] this occurs
if and only if

I(f)) = Pi(f) > Card(F}) = min{jk;,[(f))}.
Since this is equivalent to I(f7) > jk;,

min Per(h\S\U;ZlBj) =min{o;}U{j : I(f7) > jk;}.

So m(h) = minf{oy, B(k,l,,(f))}, as desired. |



b m(H;b)z
b<2g+2 b—2
b=2g9+3 2g
20+4<b<3g+3|29g+1
39+3<b<4g9+2|b—g—2
4g+2<b<59+3| 39
59+2<b<6g+2|b—29—2
6g+2<0<6g+4|4g
b=6g+5 49 +1
b>6g+6 4g + 2

Table 9.1: Lower bounds for m(H,,,).

Let f € F,. It is not always possible to find k satisfying the hypotheses of
Proposition @4l However, if f has a fixed point, we can take k = (b,0,0,...).
Also, k; can take any value in {0,1,...,b} provided that the sum of all the
ki’s is b. This allows us, in several cases, to choose b and k in such a way
that the map h € H,; given by Proposition achieves a “large” m(h) and
hence, a “large” lower bound for m(?—[;b) is achieved. This result is stated in
the following proposition which includes one of the inequalities of Theorem I.

Proposition 9.5 For g > 2, Table [9.1 shows certain lower bounds for the
values of m(H,).

Proof. By Corollary 6.2} there exist maps ¥y, ,, U3 € F," of types
[49;0; {1, 1,2g}], [29;0; {1, 1, g}] and [4g + 2;0; {1,2,2g + 1}]

respectively. Set f, = 1, U2 or ¥J3 as indicated in Table 0.2 Denote by
oy the order of f, and define ky = (ki, ko, . .., ky,) in the following way. If
i ¢4{1,2,9,29,2g + 1} then k; = 0; otherwise, k; is defined as in Table 0.2
Denote by [, the value of the lower bound of m(?—[;fb) of Table@.1l Applying
Proposition @4 to k; and f,, we obtain a map hy, € H;b such that m(hy) = [.
Hence, m(H,,) > m(h,) = B, as desired. n

Remark 9.6 As we shall see in Chapter[I1(] the lower bounds given in Propo-
sition are the best possible when ¢ =2 and b ¢ {1,2,3,4,6,8}. O



b fb k’l k‘g k‘g k‘gg k‘gg+1 m(hb)
b<2g+2 Y1 | b 010 |0 0 b—2
b=2g+3 9 | b 01010 |0 2
20+4<b<3g+3 |05 |b—2 2 100 |o 29 + 1
3g+3<b<4g+2| 0 |b—g 0 g |0 |- b—g—2
4g4+2<b<bg+2 |V |b—g 0 |lg [0 |- 39
5g+2<b<6g+2| U |b—2g 010 |29 |0 b—2g—2
6g+2<b<6g+4|v |b—2g 010 |29 |0 Ag
b=6g+5 Os | b—2g—312 |0 |0 |29+1|4g+1
b>6g-+6 95 | b—29—31]2 |0 |0 |29+1|4g+2

Table 9.2: Values of k and f.

Remark 9.7 Let ¢ > 2. The results of Table are not best possible
in general. For example, assume that there exist positive integers pi, p2, p3
pairwise coprime, such that each of them divides 2g + p; + p2 + p3 — 2.
Moreover, assume that there exist non-negative integers nq, no, ng such that

b= nip1 + naps + naps.
Let
n=min({2g +p1 +ps +p3 —2} U{p; :n; =0} U{(n; — 1)p; : n; > 2}).

By Harvey’s Theorem [5.14] and Proposition [9.4] there exists f € %;b such
that m(f) = n.

Hence, m(#,,) is bounded below by the maximum of all n obtained as
above. U

By Lemmal[3.5 the fixed-point set of an iterate of an orientation-reversing
map of a closed surface can contain not only isolated fixed points, but also
pointwise-fixed simple closed curves. Taking this into account, we can prove
the following proposition, in the same way as we proved Proposition

Proposition 9.8 Let f € F, . Assume that there exists

k= (k‘l,Qk’g, C ,O’fk‘gf) € Cb,af



such that kj = 0 if I(f7) = 0. Then there exists h € H,,, such that

m(h) = min{ay, B(k, L, ()},

where ay = oy if dim(Fix(f//2)) = 0 and a; = 04/2, otherwise. Further-
more, if for each j € {1,2,...,0:}, if jk; — U(f7) is a multiple of oy then
h = f, so h is finite-order.

The next result is a corollary of Propositions and
Corollary 9.9 Let f € F (resp. F, ) be a map of type

[7%0, {p17p27 s 7pR}]'

Assume that p; < p; if i < j and that Y ;_,p; = b for some s < R. Then

there exists a map h € F,, (resp. F,,) such that

_ Ps+1 Zfs < R7
m(h) = {n if s = R.

By Lemma 3.3 orientation-reversing finite-order maps have no isolated
fixed points. Therefore, if we want to apply Proposition to a given map
f € F,; and k = (ky,2ks,...,bky), ki must be equal to 0. This restricts
considerably the values of k satisfying the hypotheses of Proposition @.8
(Observe that the i-th entry of k must be a multiple of i.) This is solved
by imposing the additional requirement on f of having an invariant annulus
which plays the role of the fixed point in the orientation-preserving case,
allowing us to consider k; # 0. This idea is formalized in the following.

Proposition 9.10 Let f € F, . Suppose that the following hold.
(1) dim(Fix(fo//?) =0
(2) There exists an f-invariant annulus A C X, such that f|4 is conjugate

27

to the map (z,t) — (ze?7,1 —t) on S' x [0,1].
(8) There exists
(k’l, 2]{?2, ey O'fk’af) € Cb,af

such that for each j € {2,3,...,b}, I(f7) = 0 implies k; = 0.



Then there exists a map h € Moo such that

m(h) = min{oy, B(F, L, ())}-

Proof. Define D; as in the proof of Proposition[@.4l For each j < o we define
an f-invariant set B; C X, and a map v;: B; — B; as follows. If j =1, we
set B; = A and let ¥J; be a map satisfying the following conditions.

(1) Y|os, = flos, and ¥ is isotopic to f|p, relative to 0B;.

(2) ¥|p, is conjugate to the map (z,t) — (zeg’ﬂ_wll, 1—t) of S' x [0,1].

(3) m(?y) = min{k;, o},
Now, for each i € {2,3,...,0} we define B; and ¥, as in the proof of

Proposition 0.4l and complete the proof with arguments analogous to those
used there. n

Combining Lemma and Proposition [0.10, we obtain a bound for the
minimum period of the class of orientation reversing homeomorphisms of
surfaces of odd genus.

Corollary 9.11 If g > 2 1s odd and b > 6g — 6, then there exists [ € H,
such that h(f) = 4g — 4. Consequently, m(H,,) > 49 — 4 if b > 6g — 6.

Proof. Let f € F, be as in Lemma Define
k= (ki ko, ... kig—1) € Chag—a
by

ki = 29 — 2 if i =29 — 2,

{b—29+2 if i =1,
0 otherwise.

By Proposition [0.10, there exists h € #_, such that m(h) = min{4g —
4b—2g+2) =4g — 4. n

Another application of Proposition [9.10] yields the following.

Corollary 9.12 Let g > 2. There exists f € H,, such that m(f) =
min{b, 2g — 2}. Consequently, if b < 2g — 2, then m(H,,) > 29 — 2.



b m(H;b)z
20<b<2g+2 b—2
20+2<0<29+4 |29
20+4<b<29+6 |b—-4
2046 <b<4g+4 |29+2
4g+4<b<6g+2 |b—29—2
6g+2<b<6g+6 |4g
6g+6<b<6g+10|b—29—6
b>6g+ 10 4g +4

Table 9.3: Lower bounds for m(#_,).

Proof. Let k = (b, 0,0,...) € Cpaga. If g is even (resp. odd), applying
Proposition 010 to £ and the map of Lemma (resp. Lemma [6.2]), we
obtain a map f € #_,, such that m(f) = min{b, 2g — 2}, as desired. u

g:b’
The following lemma is the analogue of Lemma for the orientation-
reversing case with the additional requirement that the genus g be even.

Proposition 9.13 If ¢ > 2 is even then Table shows certain lower
bounds for m(H,,).

Proof. We prove this result by an argument analogous to that used in the
proof of Proposition 9.5l In this case, we apply Proposition to Uq,15 €
F, » the maps defined in Lemmas and respectively. Set f, = ¥; as
indicated in Table @4l Define k, = (k1, kg, . . ., ko fz,) in the following way. If
i¢{1,2,4,29,2g+ 2} then k; = 0. Otherwise, k; is defined as in Table
Denote by j, the value of the lower bound of m(%,,) of Table 0.3l Ap-
plying Proposition to k, and f, we obtain a map hy € M, such that
m(h) = B. Hence, m(#,,) > m(hy) = B and the proof is complete. |

Remark 9.14 As we shall see in Chapter [I0 the lower bounds given in
Proposition [0.13] are the best possible when g = 2 and b ¢ {1,2,3,4,6,10}.
[



b fo | b ko | k4 k‘zg k‘zg+2 m(hb)
20 <b<2g+2 Y| b—2 2 10 |0 0 b—2
20+2<b<29+4 |V |b—2 2 10 |0 0 2g
20+4<b<29+6 |V |b—4 0 |4 (0 0 b—4
20+6<b<4g+4 |V |b—4 014 10 0 29+ 2
4g+4<b<6g+2 [V |b—29g—2|2 |0 |29 |0 b—2g—2
6g+2<b<6g+6 |V |b—29g—2]2 |0 |29 |0 4q
6g+6<b<6g+10 |05 |b—29g—6]0 |4 |0 20+2|b—29g—6
b > 69+ 10 Uy |D—29—6|0 |4 |0 |29+2|4g+4

Table 9.4: Values of k and f.

9.3 Minimum periods of finite-order maps

In this section we prove Theorems B, C, D and E. Almost all the statements
of Theorems D and E follow from Theorems B and C. The basic idea for the
proof Theorem B (resp. Theorem C) is that for each ¢ > 2, b > 3, a pair
(g,b) satisfies certain algebraic condition if and only if there exists a finite-
order map f € F, (resp. F,) with exactly b periodic points of f-period
strictly less than 2g + b — 2. In such a case, Corollary gives the desired
result.

Lemma 9.1 Let g > 2 and b > 5 and suppose that for some f € }";b (resp.
Fou) m(f) =29 +b—2. Then there exists k € F, (resp.F, ) of type

[29 + b— 2;07 {p17p27 s 7pR}]

where R is a positive integer and Zf:l p; = b.

Proof. Let [ € f;fb (resp. f € F,;) be such that m(f) =2g +b— 2 and let
k= J? Then k € F, (resp. k € F, ). We will prove that the type of & is
294+ b—2;0;{p1,p2,...,pr}| where R > 1 and Zilpi = b. We claim that
or = 29+ b —2. Clearly, o, = 0y. Since f is finite-order and has a periodic
orbit of period 2¢g + b — 2, o, = j(2g + b — 2) for some positive integer j. By
Theorem [B.1],

_ O S 49 + 2 <9

20+0—2 7 2g+3

J



Thus, 7 = 1 and the claim is proved. Hence, the type of k is

[29 + b— 2707 {p17p27 s 7p12}]

and it only remains to check that R > 1 and Ef:l p; = b.

Notice that every point in ¥, has f-period 2g+b—2. Thus, the points of
¥, of k-period p1,pa, ..., pr are collapsed boundary components. Let m be
the number of k-orbits which are collapsed boundary components of k-period
2g+b—2. Then m is a non-negative integer and b = 2?:1 pi+m(2g+b—2).
If m > 1 then g < 1, which is impossible. So, m =0 and b = Zf;l p;. Since
b>5, R>1, so the proof is complete. [ ]

The main tool for the proof of the next result is Corollary

Theorem B Let g > 2. Thenm(F,,) = 2g+b—2 if and only if b € {2,3,4}
or there exist positive integers p1, pa, p3 such that they are pairwise coprime,
each of them divides 2g +b— 2, and p; + ps + p3 = b.

Proof. We begin with the “only if” direction. Assume that b = 1. If there
exists [ € ]—";1 such that m(f) =2g+b— 2 = 2g — 1 then, since g < 2g — 1,
[y f%, ..., f9 are fixed-point free. The single boundary component of 3, is
fi-invariant for each i € {1,2,...,g}, so the iterates of the induced map
fi for i € {1,2,..., ¢} have only one fixed point, the collapsed boundary
component. By Proposition [7.2] this fixed point has index one for f’ for
each i € {1,2,...,g}. Then, it follows from Theorem 2.7, that L(fl) =1
for each i € {1,2,...,g9}. By Lemma [T]] L(fg“) = —g < 0. Hence, by
Lemma [3.4], B
—g=L(f") = x(%y) =229

and f9t1 = Id. Therefore, g = 2 and 3 = Id. Thus, o divides 3. Since
[, f? = f9 are fixed-point free, o; = 3. Then Per(f) = {1,3}. On the
other hand, f has only one fixed point. So, f has type [3; 0; {1}]. Since this
contradicts condition (5) of Corollary [6.1] b > 2.

If b € {2,3,4} the conclusion holds. So we can assume that b > 5. By
hypothesis, there exists f € F;b such that m(f) = 2g+b—2. By Lemma[0.1]
there exists h € F, of type [2g + b — 2;0; {p1,p2, - - ., P }], for some positive
integer R and py,ps,...p, > 1 such that Zf;l p; = b. Set

R

~R+2=3-R
T R+2=3-R




Since the condition (1) of Corollary holds, 7" must be even and non-
negative. Then R € {1,3}. By the condition (5) of Corollary 6.1, R # 1.
Therefore, R = 3 and the desired conclusion holds by Corollary

Let us see the “if” direction. By Proposition A, m(F;fb) <2g+b—2. To
see equality, it only remains to show that if the hypotheses hold then there
exists a map f € F,, such that m(f) =2g +b— 2.

By Corollary [6.2, there exist maps fi, fo, f3 € F, of type

[49:0;{1,1,2¢}], [29 + 1;0; {1,1,1}], [29 + 2;0; {1, 1, 2}].

respectively. For each b € {2, 3,4}, applying Corollary to fp_1 we can see
that there exists h, € F,; such that m(hy) =29+ b — 2.
By Corollary [6.2] if b > 5, there exists a map of type

29 — 2+ p1 + p2 + p3; 0; {p1, pa, 3 }].

Since p; + pa + p3 = b the result holds by Corollary @.9 [ ]

Remark 9.2 Combining a result of Gilman [I7] and Corollary we ob-
tain the following: suppose that f € F,, then the isotopy class of f is irre-
ducible if and only if there exists positive integers py, po and ps such that they
are pairwise coprime and the type of f is [2g + p1 + ps + p3;0; {p1, P2, P3}]-
Hence, if b > 3, by Theorem B, the maps f € ]—";b such that m(f) = 2g+b—2

are the ones for which the isotopy class of fvis irreducible. O

Theorem D Let g > 2. Then m(?—[;fb) =29 + b — 2 if one of the following
conditions holds.

(1) There exist positive integers pi, ps, p3 such that they are pairwise co-
prime, each of them divides 2g + b — 2, and py + p2 + p3 = b.

(2) b—2 divides 2g.

(3) b—3 divides 2g + 1.

(4) be {1,2,3,4,9+ 2,29+ 2,29 + 4}.

Proof. If (1) holds then the desired result is a consequence of Theorem B.

If b — 2 (resp. b — 3) divides 2¢g, we can apply Theorem B to p; = p, =1
and p3 = b—2 (resp. p1 = 1, pp = 2 and p3 = b — 3). So, if (2) holds, we are
done.



Now, assume that (4) holds. If b € {2,3,4}, the conclusion follows from
Theorem B. If b € {g + 2,2g + 2} (resp. b € {2g + 4}) then (2) (resp. (3))
holds, so the desired result holds.

Finally, assume that b = 1. By Lemma[6.3]and Lemmal[6.2] for each g > 2
there exists amap f € ]-";_1 of type 29 — 1;0; {1, 1, 1}]. Let {x1, 29,23} C X,
be the f-fixed points. Set F' = {z1, x9, 23} and let D = D;UDyU D3 be as in
Lemmal[@.1l Clearly, f(D;) = D, for each i € {1,2,3}. Now, we glue to ¥,\ D
an annulus A whose boundary components are 9D, and 0D,. Moreover, we
extend f|Eg\D to a map

h: (8, \D)UA — (8, \ D)U A

such that m(h) = 2¢g — 1. Since (X, \ D) U A is a surface of genus g with one
boundary component, the proof is complete. [ ]

Remark 9.3 The map constructed in the above proof for the case b =1 is
not finite-order because, even if f is conjugate to a rotation of order 2¢g — 1
around each fixed point, it can be proved that the angles of these rotations
cannot sum to 0, so h|4 cannot be finite-order. O

Theorem C Let g > 2. Then m(F,,) =29+ b— 2 if and only if b € {2,4}
or one of the following conditions holds.
(1) g is even and there exist positive integers py, py such that g.c.d(py, ps) =
2, each of them divides 2g + b — 2, and py + py = b.
(2) g is odd, b is even, and b divides 2g — 2.

Proof. We begin with the “only if” direction. Suppose m(F,,) = 2g +b— 2.
Then there exists f € F,_, such that m(f) = 29 +b — 2. By Lemma [6.4 b
is even. If b € {2,4} we are done. Hence, we can assume that b > 5. By
Lemma [0.1] there exists h € F,~ of type [2g + b — 2;0;{p1,p2, ..., p,}], for
some positive integer R, pi,po,...p, > 1. Set

T:2g_2+221pi
29+b—2

-R+2=3-R.

Since condition (4) of Corollary [6.3 holds, 7" > 1. Hence, R € {1,2} and the
desired conclusion follows from Lemma [6.5
Let us see the “if” direction. By Proposition A, m(F,,) < 2¢g + b — 2.

g7
Suppose that g is odd and consider b such that either b € {2,4} or b divides



2g — 2. By Lemma there exists a map of type [2g+b—2;0;{b}]. By
Lemma [0.9 there exists f € F_, such that m(f) = 2g + b — 2, which proves
that m(F;b) < 2g+ b — 2 in this case.

Now, assume that ¢ is even. By Lemma [6.5 there exist maps of type
[49;0;{2,2¢}] and [4g + 4;0;{4,2¢g + 2}]. Applying Corollary to these
maps we obtain the desired equality for b € {2,4}. If b > 5, by Lemma [6.5]
there exists a map of type [2g+ b — 2;0;{p1,p2}]. Since p; + p» = b we
can apply Lemma to this map in order to obtain f € F,p such that
m(f) =29+b—2. u

Now we use Theorem C to prove the following result.

Theorem E Let g > 2.
(1) If b is odd then m(H,,) <b, and equality holds if b < 2g — 2.
(2) m(H,,) =29 +b— 2 if one of the following conditions holds.
(i) b€ {2,4}.
(ii) g is odd, b is even and b divides 2g — 2.
(iii) g is odd, b € {g — 1,29 — 2}.
(iv) g is even, and there exists positive integers p,pa such that each
of them divides 2g + b — 2, g.c.d(p1,p2) = 2, and p1 + p2 = b.
(v) g is even, and b — 2 divides 2g.
(vi) g is even, and b — 4 divides 2g + 2.
(vii) g is even, and b € {g+2,2g9+ 2,29+ 6}.

Proof. We begin by proving (1). Let f € H_,. If bis odd, there is a boundary
component B of ¥, such that f(B) = B for some odd i < b. Since f*|p is
conjugate to an orientation-reversing homeomorphism of the circle, then, by
Remark 2.5 f|5 has a fixed point. Therefore, m(f) < i < b. That equality
holds for b < 2g — 2 follows from Corollary

Let us prove (2). If (i), (ii), (iii) or (iv) hold, then the result is a con-
sequence of Theorem C. If (v) (resp. (vi)) holds, we apply Theorem C, to
p1 =2 and py = b— 2 (resp. py =4 and p, = b —4) and obtain the desired
conclusion.

Finally, we prove that (vii) implies (2). If b € {g + 2,29 + 2} (resp.
b=2g+6), then b — 2 divides 2¢g (b — 4 divides 2g + 2), and (v) (resp. (vi))
holds, so the proof is complete. [



Chapter 10

Homeomorphisms of surfaces of
low genus

The purpose of this chapter is to study the minimum periods of maps of ¥,
for g € {0,1,2}. As we will see, the cases ¢ = 0 and g = 1 are not hard to
solve, whereas the case g = 2 requires more effort. In the latter case, one
of the inequalities can be proved by means of the examples constructed in
Chapter[@ The main tools for studying the other inequality will be Newton’s
equations, Lemma [7.2] and Proposition 0.5l Indeed, by means of simple cal-
culations we will show that if a homeomorphism h: ¥y — ¥ is in a “large”
set then L(h™) < 0 for some n € {1,2,3,4}. So, Proposition implies that
the minimum period of maps f: X3, — 29, such that J? is in this “large”
set of homeomorphisms is less than or equal to 4. For the rest of the maps
h:Y; — 35 we will show that the pair (L(h), L(h?)) can take only finitely
many values. For each of these possible values (¢, d), Proposition will
give an upper bound for the minimum period of the class of f € ’}—L;r’b (resp.

H,,) inducing a map fe H, (vesp. H, ) such that (L(f), L(f?) = (¢, d).

10.1 The orientation-preserving case

This section is devoted to prove Theorem F. We begin by introducing some
notation. For each f € #, and each positive integer n, let L,(f) denote the
n-uple of integers,

(LO), L(f?), - L(f™))
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Also, denote the infinite sequence

(L(), L(F?), L(f5), - )

by Lo(f)). For v = (vq,...,v.) € Z", we write v>*° for the sequence
(V1y .oy Uy VL, ey Uy ) € ZN,

Lemma 10.1 Let f € H/,. If L(f) > 4 then m(f) < 2g.

Proof. If rri(f) > 2g, by Proposition[l.2] for eachi € {1,2,..., %g}, the fixed
points of f* are isolated and have index one. By Theorem 2.7, f has at least

4 fixed points, i.e., Card(f) > 4. Since Fix(f) C Fix(f?), for every positive
integer 7, Card(Fix(fi)) > 4, if i < 2g. Thus, by Theorem 2.7] L(f’) > 4
for each i € {1,2,...,2¢g}. This contradicts Lemma [[.2] so the lemma is
proved. [

Lemma 10.2 If f € H;b is such that m(f) > 5 then either Ls(f) =
(0,6,12,6, —20) or

LOO(f) S {(07 47 67 47 07 _2)007 (17 37 17 37 67 17 37 17 37 _2)007
(2,2,2,6,2,2,2,—2)%, (3,3,3,3, —2), (2, 4,2, 4,2, —2)<}.

Proof. Fix f € H;fb such that m(f) > 5. For each positive integer i, let ~;

denote I(f?). Combining Newton’s equations (page 2Z) with Lemma [72, and
23), we obtain the following system of equations,

p1+ $1 0

P2+ sip1+2s0 = 0,
p3+ s1p2+ sop1 +3s3 = 0
pa+ s1p3s+ Sopa+s3p1+4s4 = 0

s1 = Ss,
S4 = 1,

L(f) = 2—p;, fori=1,2,3 and 4,
71 = L(.f)a

Vi = L(fl) — L(f), for i =2 and 3,
v = L(fY - L(f?.



Y1 V3 V4 Y2
0 13(2—2) | (-24+1072—13)/2 [ 4,6
L 3(v2—2)/2| 7(2—7)/2 2
210 (8 =272 —13)/2 0,2
3 | =372/2 —72(y2 +2)/2 0

Table 10.1: Values of 73 and 4 for v € {0,1,2,3}.

Solving the system for 3 and v, we get

1
= (124 4y + 397 =9 4 67 — 3yn),

1
V4 = 5(—24 + 2671 + 371 — 67} + 71 + 1072 — 107172 + 29772 — 73).
By Lemma [I0.1] 7, € {0,1,2,3}. For each of these values of 7, the val-
ues of 3 and 74 as a function of 7, are given in the second and third
columns of Table M0l respectively. By Lemma 0] v; = I(f%) > 0 for

each 7 € {1,2,3,4}. The last column of Table [0.1] gives us the values of
Y2 for which 73 > 0, and 74 > 0, for 11 € {0,1,2,3}. In other words,

Ly(f) € {(0,4),(0,6),(1,3),(2,2),(2,4),(3,3)}.

If Ly(f) = (0,6), then by Newton’s equations (page 22)) and Lemma [7.2)]
Ls(f) = (0,6,12,6, —20).
By Corollary 6.1, there exists f; € F, of type

[6:0:{2,2,3,3}],
and by Corollary [6.2], there exist maps fa, f3, f1, f5s € F5 of types
[10;0;{1,2,5}],[8;0;{1,1,4}], 6, 0; {1, 1,2}, [5; 0; {1, 1, 1}]
respectively. By Lemma 3.4 for i = 1,2,3,4,5, Lo (fi) equals
(0,4,6,4,0,—2),(1,3,1,3,6,1,3,1,3, —2), (2,2,2,6,2,2,2, —2),

(2,4,2,4,2,-2)>,(3,3,3,3, —2),
respectively. Hence, the result follows from Remark [7.3] |

Lemma 10.3 If f € Hy then m(f) < 3.



b 1 2 3 45 6 7 8 9 10 11 12 13 14
m(H,) |3 4 5 6 3 8 4 1056 6 6 7 8
b 15 16 17 b>18

mHL,) |8 8 9 10

Table 10.2: Values of m(#3,).

Proof. Assume that there exists f € H;3; such that m(f) > 3. Observe that
C5,5 = {(07 07 07 07 5)7 (07 27 37 07 0)7 (17 47 07 07 0)7
(1,0,0,4,0),(2,0,3,0,0),(3,2,0,0,0), (5,0,0,0,0)}.

Hence, by PEopositionlﬁ I(f)€{0,1,2,3,5}. If I(f) = 5 then, by Proposi-
tion[.5] I>(f) = (5,0), and by Newton’s equations (page22), and Lemma[Z.2]
I(f?) = =21 < 0, so, by Remark 0.3 m(f) < 3, a contradiction. So,

I(f) €{0,1,2,3}. By Proposition 0.0 I3(f) € B, where

B ={(0,0,0),(0,2,3),(1,4,0), (1,0,0), (2,0,3), (3,2,0)}.

On the other hand, in Table M0, for each I(f) € {0,1,2,3}, the value of
l(f?’) is given in terms of [ (f2) Using this table, a simple calculation shows
that for each h € Hy, if I(h) € {0,1,2,3} then I3(h) ¢ B. Since this is a
contradiction, the lemma is proved. [

Lemma 10.4 The values of m(Hy,) are given in Table I02

Proof. For each b, denote by m;, the value claimed for m(#;,) in Table I0.2
If b e {1,2,3,4,6,8}, by Theorem C, m(H;,) = my.
By Proposition [@.5] for each b ¢ {1,2,3,4,6,8} there exists a map f €
H{b such that m(?—[;b) > my. In particular, by Lemma [10.3] m(?—[%) = 3.
In Table I3, we list the values of y(f,b) for each f such that ly(f) € B,
where

B =1{(0,4),(1,3),(2,2),(2,4),(3,3),(0,6)}.

By Proposition 1.5, if f € H, is such that I(f) € B then m(f) is less than
or equal to the corresponding entry of Table [10.3]



LHH)/b|5 6 7 8 9 10 11 12 13 14 15 16 17 18
04 |2 2 33 3 6 3 3 3 4 5 6 --
13) |2 34105 5 5 5 5 6 7 8 9 10
22) |38 4 4 4 4 5 6 7 8 -

24) |2 23 4 5 6 -

33) |2 3 45 ..

06) |2 322 3 3 3 3 3 3 3 3 3 5

Table 10.3: Values of y(f, b) for b > 5 and feB.

Consider f € Haz. We claim that m(f) < 4. Indeed, if m(f) > 4, by
Lemma [I0.2] Proposition and Table 03] m(f) < 4, a contradiction.
Hence the claim is proved. Therefore, 4 > m(Hsa7) > my; = 4.

If b ¢ {1,2,3,4,5,7} then m(#;,) > my > 4. So, by Lemma I0.2,
Proposition and Table 03], my, < m(?—[; p) < my, as desired. n

Remark 10.5 Observe that m(H;,) = 2.2 4+ b —2 = b+ 2 if and only if
b=1or m(Fy),) =b+2. O

Theorem F (1)

1 ifb=1,
m(Hg,) = 00 if b= 2,
b—2 ifb>3.

(2)

2 ifb=1
+ . )
mr,) = {b ifb>2.

(3) Table[I0.2 shows the values of m(Hs,).

Proof. We will split the proof into various cases.
Case 1. ¢g=0,b=1.

In this case, the result can be deduced from Brouwer’s Fixed-Point Theorem
and also, from Fuller’s Theorem [1.2].



Case 2. ¢=0,b=2.

View the annulus Xy, as S' x I. Consider the homeomorphism (z, p) —
(Rua(z), p), where o € R is irrational. It is clear that it preserves orientation
and that it has no periodic points.

Case 3. ¢ =0,b=3.

Observe that if f € Haf 3 then fis an orientation-preserving homeomorphism
of the sphere Y. Since the first homology group of the sphere X is trivial, by
22), L(f") = 2 for each positive integer 7. Therefore, I3(f) = (2,0,0). Since
Cs5=1{(3,0,0),(0,0,3),(1,2,0)}, the result follows from Proposition 0.5

Case 4. g=0,b>4.

By Proposition A, h,(20s) < b— 2. The following example gives the reverse
inequality. Consider a sphere with b — 2 holes symmetrically distributed on
the equator and two more at the poles (see Figure [0.]) and take f to be
rotation through an angle of 27 /(b — 2) with respect to the axis R. Clearly,
f has minimum period b — 2.

Case 5. g=1,0=1.

By Fuller’s Theorem [I.2] h,(X; ;) < 2. To complete the proof of this case we
shall exhibit an example of a map on X;; without fixed points.

By Lemma [6.3] there exists a map f € F;" of type [6;0;{1,2,3}]. Let
x be the fixed point of f. Let D be a set as in Lemma for F = {x}.
Then f‘El\D: Y1\ D — ¥;\ D is a homeomorphism without fixed points,
as desired.

Case 6. g=1,02> 2.

By Proposition A, m(?—[fb) < b. To see that equality holds, consider a torus
with b holes distributed as in Figure[I0.Il Rotation through an angle of 27 /b
with respect to the axis R has minimum period b, so the proof of this case is
complete.

Case 7. g =2.

See Lemma [10.4] ]



Figure 10.1: Examples for the proofs of Theorem F

10.2 The orientation-reversing case

As in the orientation-preserving case, most of this section will be devoted
to studying m(?,,). One difference between the two cases is given by the
following result.

Lemma 10.1 Let i be a positive odd integer and f € H ;. If L(fl) # 0 then
m(f) <.

Proof. Assume that m(f) > 4. Since L(f’) # 0, by Theorem 2.2 f has
a fixed point. Since m(f) > i > 1, this fixed point must be a collapsed
boundary component B. Clearly, B is fi-invariant. Since f! is orientation-
reversing, f|p is conjugate to an orientation-reversing homeomorphism of
the circle. Thus, by Remark 25, f‘|p has a fixed point. Then, m(f) < i, a
contradiction. [ ]

Lemma 10.2 Let f € H ;. If L(fz) > 4 then m(f) < 2g.



b 1 23 45 6 7 8 9 10 11 12 13 14
m#H,,) |1 4 3 6 4 8 445 12 6 6 7 8
b 15 16 17 18 19 20 21 b> 22

m(7,,) |8 8 8 8 9 10 11 12

Table 10.4: Values of m(H,),).

Proof. Assume that m(f) > 2¢g and L(f2) > 4. By Lemma 0.1, L(f") =0
for each i € {1,3,5,...,29 — 1}.

By Proposition [7.2] for each i € {1,2,...,2g}, the fixed points of fl are
isolated and have index one. Since Fix(f2) C Fix(f%), for every positive
integer i, Card(Fix(f%) > 4 for each i € {1,2,...,g}. By Theorem 2.7,
4 < L(f%) for each i € {1,2,...,g}. This contradicts Lemma [7:3] so the
proof is complete. [ ]

Lemma 10.3 The values of m(H,,) are as given in Table[10.4)

Proof. For each b, denote by my, the value claimed for m(#,,) in Table [0.4l

If b € {1,2,4} then conditions (1) and (2i) of Theorem E hold, so
m(?—[;b) = my.

By Theorem E, m(H,3) < 3. By Lemma [6.5](2), there exists f € F,
of type [12;0;{4,6}]. Let k € Cs15 be such that k; = 3 and k; = 0 for
each i € {2,3,...,12}. By Proposition [0.4] there exists h € H, 5 such that
m(h) = 3. Thus, m(H,3) = 3 = ms.

If b € {6, 10}, condition (vii) of Theorem E holds, so m(H,,) = my.

Hence, we can assume b > 5 and b ¢ {6, 10}. Here, by Proposition 0.13]
m(H,,) > mp. Suppose there exists f € H,, such that m(f) > my. Since

my > 4, by Lemmas [0l and [0.2] I5(f) € B, where
B ={(0,0),(0,2),(0,4)}.

In Table[TO.5 we list the values of fy(f, b) for each such f. By Proposition[@.5]
m(?—[z_ p) < my, which contradicts our assumption and completes the proof. m
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Table 10.5: Values of 7(]7, b) for b > 5 and feB.

Remark 10.4 As in the orientation-preserving case, m(H,,) = 2.2 +b — 2
if and only if m(F,,) =4 +b—2. O

Theorem G (1)

1 ifb=1,
_ 0.9 Zfb:27
mHon) = {2 -3,
b—2 ifb> 4.

(2) m(H;,) =b—2.
(3) Table[10.4) shows the values of m(H,,).



Proof. We split the proof into various cases.
Case 1. ¢g=0,b=1.

See Fuller’s Theorem [T.2

Case 2. ¢=0,b=2.

View the annulus ¥ as S' x [0, 1] and consider the homeomorphism (z, p) —
(Ra(z), —p), where o € R is irrational. It is clear that this homeomorphism
reverses orientation and has no periodic points.

Case 3. ¢ =0, b=3.

By Fuller’s Theorem [L.2 %, (3 3) < 2. We prove equality by means of an
example. Consider a sphere ¥ 3 with three holes symmetrically distributed
on the equator, see Figure 0.2l Let r:¥y35 — Y03 be rotation through an
angle of 27r/3 with respect to the axis R, and let s: 33 — X3 be reflection
in the plane containing the equator. Define f = sor. Clearly, f has no fixed
points.

Case 4. ¢g=0,02>4.

By Proposition A, h,.(H,,) < b — 2. The following example shows that
equality holds. Let f:X,;, — 2, be the map constructed in the proof of
Case g = 0, b > 4 of the proof of Theorem B, and let s be reflection in the
plane containing the equator. Then m(so f) = b — 2.

Case 5. g =1.

By Lemma [0.12] and Proposition A, h,(¥X1,) < b. The following example
shows that equality holds. Consider a torus with b holes distributed as in
Figure Let r:3,, — X1, be rotation through an angle of 27 /b with

respect to R and let s:3;, — X1, be a reflection in the plane P. Then
h(sor)=b.

Case 6. g = 2.

See Lemma [10.3] m



Figure 10.2: Examples for the proofs of Theorem G






Chapter 11

Proof of Theorems H and 1

In this chapter we complete the proofs of Theorems H and I. Section [[T.1]is
dedicated to the former, and Section [IT.2] to the latter.

11.1 Proof of Theorem H

This section is practically entirely devoted to proving the following theorem,
which will be used to deduce the difficult inequality of Theorem H.

Theorem 11.1 Let g > 2 and let f:3, — X, be an orientation preserving
homeomorphism. Then there exists a positive integer m such that m < 4g+2
and f™ has a non-empty fived-point class of non-positive index.

The strategy of the proof of Theorem [II.1] consists in studying fixed-
point classes of non-positive index of iterates of maps in standard form. The
finite-order case is trivial, so we shall concentrate on the pseudo-Anosov and

reducible cases, in Propositions I1.2] 1.3 and IT.4l

Proposition 11.2 Let g > 2 and let f: X, — X, be an orientation-preserving
pseudo-Anosov homeomorphism in standard form. Then there exists a pos-
itive integer m such that m < 4g and f™ has a fixed-point class of negative
indez.

Proof. Let
{z1,29,..., 25} C X,

129



be such that the set of singularities of the foliation on ¥, is the disjoint union
of the f-orbits of the x;’s. For each i € {1,2,... k}, let n; and p; be the
period of z;, and the number of prongs emanating from z;, respectively. The
Euler-Poincaré Formula (3:2) may be written in the form,

k
(11.1) > ni(pi—2) =4(g - 1).
i=1
By Lemma 8.2 and Lemma B.4(1) we can assume that k € {1,2}. If k = 2,
without loss of generality, we can assume that ny < ns and, by Lemma[8.4](2),
we can assume that p, = 3.
We now prove that for some positive integer m such that m < 4¢g, one of
the parts of Lemma R.3] applies.
Notice that if there exists a regular point of period n and n < 2g then
Lemma B3|(6) applies for m = 2n. Hence, we may assume that there are no
regular points of period less than or equal to 2g. In particular,

(11.2) PHUWHLl~w%}C{%zzﬂ ﬁiii

For every positive integer h, x; is a fixed point of f™". If Ind pnin(21) # 1
then Lemma [8.3(1) applies. Thus, we can assume that Indn,»(z;) = 1 for
every positive integer h such that n,h < g. Now, we split the proof into four
cases.

Case 1. ny € {1,2}.
By L)), nipr < 4(g—1)+2n; < 4g. So, Lemmal[83(4) applies for m = nyp;.
Case 2. k=2 and ny,n, < g+ 1.
By (1L,
nipr +naps < 4(g — 1) +2(ny +n2) <4(g—1) +4g + 4 = 8g.

Hence, n;p; < 4¢ for some i € {1,2}. So, Lemma B3|(4) applies for m = n;p;
for some i € {1,2}, as desired.

Case 3. n; > g+ 1.



By (I1.2)), since g + 1 < 2g, m(f) > g + 1. By Theorem 2.2]
L(f) = L(f%) = ... = L(f*) = 0.

By Lemmas[T.2and[T.2] the characteristic polynomial of f,; is (x—1)(2272+
1). Thus, the (49 — 4)-th power of each eigenvalue is 1. By Lemma [7.5]
Lemma [83|(2) applies with m = 4¢g — 4.

Case 4. 3<n;<gand,ifk=2,ny>¢g+1.

Since 3 < ny < g < 2¢, by (IT2), Per(f)N{1,2,...,9} = {n1}. Moreover,
the orbit of z; is the only periodic orbit whose f-period is smaller than
g. Then the hypotheses of Proposition hold with n = ny. If for some
m € {1,2,...,3g — 3}, L(f™) < 0 then Lemma B.3)(2) applies, as desired.
Otherwise, there exists a periodic point y of period | where g + 2 < [ <
4(9 — 1)/3. Since 4(g — 1)/3 < 2¢, y is not a regular point. Therefore,
k = 2, y is in the orbit of x5 and [ = ny. Recall that po = 3. Then
pang = 3l < 4(g — 1). Thus, Lemma R3(4) applies with m = nyps, and the
proof is complete. [ ]

Proposition 11.3 Let f:3, — X, be an orientation-preserving reducible
homeomorphism in standard form which has a pseudo-Anosov component.
Then there exists a positive integer m such that m < 4g — 4 and f™ has a
fized-point class of negative index.

Proof. Let C be a pseudo-Anosov f-component. Denote by nq, g1, and by
the period, genus, and number of boundary components of C, respectively.
Let B C C be a p-pronged boundary component of C'. Let r be the least
positive integer such that [ (B) = B.

By Remark B2l > (2 — ps) = —pr, where the sum is taken over all the
prongs emanating from singularities s lying in U!_; f™*(B). Thus, since p, >
3,

(11.3) pr<d (ps—2),

where the sum is taken over all singularities s lying in C'. By the Euler-
Poincaré Formula (3.2)) applied to f™|c: C — C,

> (ps—2) = =2x(C) = 2(201 + by — 2),



where the sum is taken over all the singularities s of the foliation of C'. Thus,

by Lemma [8.4(1) and (I1.3),
prng < 2n9(2g1 + by —2) < 2(29 —2) =4g — 4.
Now, Lemma B5|(1) applies and we are done. [

Proposition 11.4 Let g > 2 and let f: X, — ¥, be an orientation preserv-
ing reducible homeomorphism which satisfies the following conditions.

(1) L(f) #2 or L(f) £0.
(2) Each of its components is finite-order.
(8) f is not finite-order.

Then there exist an f-component C' and a positive integer n such that n < 4g,
e =1d|c.

Proof. With Notation B3] for each i € {1,2,...,k}, f*%|c, = Id¢,. Hence,
it suffices to show that n;o; < 4¢g forsomei € {1,2,...,k}. We may assume
that g1 < go... < gg. Let us split the proof into various cases.

Case 1. £>2, g1 =9, =0.

By Lemma B4(1), ny(by — 2) 4+ na(by — 2) < 2g — 2. Changing subindices if
necessary, by Lemma [B4[(4), we can assume that n; < ny(by —2) < g — 1.
By Lemma [BI2(1), it suffices to prove the result for oy = 3. Now, oyn; =
3ny; < 3g — 3, as required.

Case 2. k>2,g1>1,9, > 1.

By Lemma B2 ny1g; + nage < g. Changing subindices if necessary, we can
assume that, n;g; < g/2. If ¢y = 1, by Lemma BI2[(2) we can assume that
o1 < 6. If g1 > 2, by Corollary B8, 01 < 4¢g; + 2. Since n; < g/2,

nioy < ni(4g: +2) <294 g < 4g,

and the desired conclusion holds.

Case 3. £>2,9,=0, g, > 1.



By Lemma [R12(1), it suffices to prove the result for by = o3 = 3. Now,
if 3n; < 4¢ the result holds. Otherwise, n; > 439. By Lemma B4(1), ny +
n2(2g2 + by — 2) < 2g — 2. Then

4 2
n2(292—1)§n2(292+b2—2)<2g—2—§g§§g,

If go = 1, by Lemma [B12(2), we can assume that o3 < 6. Hence, by Corol-
lary B8, 09 < 45 + 2, s0

4 8
Ny < ngoy < 2n9(2g2 + 1) = 2n9(2g2 — 1) + 4ny < ?g + ?g = 4g,

which completes the proof of this case.
Case 4. k=1, =0.

By Lemma RI12(1), we can assume that b; = o1 = 3. By Corollary B8] the
three boundary components of C; form a cycle under the action of f"'. By
Lemma 85 n; =2, and g = 2¢g; + by — 1 = 2. So oyn; =6 < 8 = 4g, and
the desired conclusion holds.

Case 5. k=1,¢g1>1, by > 2.

By Lemma [812(2) and (3), we can assume that b; = 2. By Corollary
and Lemma BTITI(1), o1 € {4¢1 + 1,491 + 2}. If ny = 1, by Lemma 8.4](1),
291 = n1(2g1 + by — 2) = 2g — 2. Here,

nioy <4gy +2=4g — 2,

as desired. If ny > 2, by Lemma BI0(1), both boundary components are
interchanged under the action of f*~!. Then Lemma gives n; = 2 and
g=2g1 +b —1=2¢; +1. Hence,

n101 S 2(4g1 + 2) = 4g

and we are done.

Case 6. k=1,¢g. > 1, b = 1.



If ny = 1, then by Lemma R4(1), 291 — 1 = 2¢g — 2, which is impossible.
Then we can assume that n; > 2. By Lemma [RIT|(1) and Corollary [8.6] we
can assume that oy € {4¢g1 + 1,41 + 2}. By Lemma 85 n; = 2.

Let A be the closed annulus connecting Cy and f(Cy). Since f|4 is an
orientation-preserving map which interchanges the boundary components of
A, the description of standard form (page B3)) shows that there exists a € Q
such that f|4 is conjugate to the map 1:S! x [0,1] — S' x [0, 1] defined by

(z,t) — (Ze®720m 1 _p),

Clearly, S' x {3} is ¢-invariant . Moreover, since ¥|g1 , ( 1y acts as the map z —
Z, trace(1,1) = —1. Therefore trace((f|a)«) = —1, so, by @2), L(f|a) = 2.
Observe that ¥, = C1U f(C1)UA and, since C;N f(C) = 0 and f*(Cy) = C4,
fleiugery does not have fixed points. Hence, there exist two open subsets of
Yy, U and V such that Fix(f) C U C Int(A), UUV =X, and VNUNFix(f) =
(). Applying Theorem [2.7] twice we obtain

L(f) =I{flv) +I(flv) = L(f]a) = 2.

Now, observe that f?|4 is conjugate to the map ¢:S' x [0,1] — S* x [0, 1]
defined by .
(z,1) — (ze®@=Dm 4y,

Also, by Lemma BI0(1), f?|c, has no fixed points. (Observe that the re-
striction of f? to the boundary component of C) is a rotation of order
o1 > 4g1 > 4). Similarly, f?|¢(c,) has no fixed points.

By arguments analogous to those used in the preceding paragraph, we
can prove that L(f?) = 0. Since this contradicts the hypotheses of the
proposition, the proof of this case is complete. [ ]

Remark 11.5 Although in the preceding proof we use the fact that the map
on the annulus A is the restriction of a reducible map in standard form, it is
a simple matter to check that any orientation-preserving map of an annulus
which leaves invariant each boundary component (resp. interchanges both
boundary components) has Lefschetz number equal to 2 (resp. 0). O

Proof of Theorem [I1.1. Assume first that L(f) = 2 and L(f?) = 0. In this
case, by Theorem 2.2, Fix(f) # (. Since Fix(f) C Fix(f?), Fix(f?) # 0.
Thus, if f? does not have a fixed-point class of index 0, by Lemma 2.7, f?



has a fixed-point class of negative index. Since 2 < 4¢g + 2, the result holds
for this case. Now, assume that L(f) # 2 or L(f?) # 0 and let us prove that
f™ has a fixed-point class of negative index for some positive integer m such
that m < 4g + 2. By Lemma 1] and Theorem [2Z.8 we can also assume that
f is in standard form.

We know that there are three possibilities for f, namely, it can be of finite-
order, pseudo-Anosov or reducible. If f is finite-order, then there exists a
positive integer n such that [ = Id. By Theorem B.1], we can take n < 4¢g-+2.
So, L(f™) = L(Id) = 2 —trace(Id) = 2 — 2¢g < 0. Hence, the fixed-point class
is all of 3, and its index is L(f™).

The remaining cases follow from Propositions I1.2] II.3]and I1.4. =

Theorem H If g > 2 then m(H,,) < 4g + 2. Moreover, if b > 69+ 6, then
equality holds.

Proof. Let g > 2. Observe that, by Corollary 0.5 m(”H;b) > 4g + 2 if
b > 6g + 6. To complete the proof the theorem, it suffices to show that
m(H,) < 4g+ 2.

Let f € H;fb and consider the induced map f Yy — 4. Let m be as in

Theorem [Tl for f. Since m < 4g+ 2, it is enough to prove that m(f) < m.
Consider a fixed-point class C' C ¥, of fm of non-positive index. If C' is finite,
by Lemma [2.6] the index of C' with respect to fm is the sum of the indices
of each of its elements with respect to f™. Since this sum is non-positive,
at least one of its terms must be non-positive. Thus f™ has a fixed point of
non-positive index. By Proposition [[.2] f™ has a fixed point, so m(f) < m
If C'is infinite, it contains points which are not collapsed boundary com-
ponents of Y,;. Since the existence of these fixed points of f implies the
existence of fixed points of f™, the proof of Theorem H is complete. [ ]

Remark 11.6 Observe that if f € H;b is such that m(f) > 4¢g then £ is
isotopic to a finite-order map. O

Conjeture 11.7 If g > 2, there exists f € %;b such that fis isotopic to a
finite-order map and m(f) = m(#,,).
This holds if b > 6g + 6 or if g = 2. O



11.2 Proof of Theorem I

As in the previous section, our main objective is to prove the following.

Theorem 11.1 Let g > 2 and let [ € H,. Then there exists a positive
integer m such that m < 4g + (—=1)94 and f™ has a fized-point class of
negative indez.

To prove Theorem [IT.1] we will use the following results which study the
pseudo-Anosov case, and the reducible case both with and without pseudo-
Anosov components.

Proposition 11.2 Let g > 2 be odd. If f:¥, — X, is an orientation-
reversing pseudo-Anosov map in standard form then there exists a positive
integer m such that m < 49 — 4 and f™ has a fized-point class of negative
indez.

Proof. As in the proof of Proposition [1.2] we will show that one of the
statements of Lemma B3] applies for some m such that 1 < m < 4g — 4.
We can repeat the first part of the proof of Proposition 1.2l Combining
the results obtained there with Lemma B3(1), (5) and (6) we can assume
(i) k€ {1,2}.
(ii) If k = 2, then ny < ny and py = 3.
(iii) Indjnin(21) =1 for every h such that nih < g and n,h is even.

(iv) There are no regular points of period less than or equal to 2g — 2.

)
)
)
(v) If for some ¢ € {1,2}, n; < 2g — 2 then n; is even.

Now we split the proof into four cases in order to see that in each of them,
one of the statements of Lemma R3] applies.

Case 1. k=2, and ny,n, < g— 1.
Here
nip1 +naps < 4(g —1) +2(n1 +n2) <4(g—1) +49—4=8g—38.

Therefore, we may assume nip; < 49—4. By (v), Lemma[R3[(4) applies with
m = nipi.

Case 2. n; > g.



By (iv) and Theorem 2.2

L(f) = L(f*) = ... = L(f*) = 0.

By Lemmas and [[2 P(r) = (22 — 1)(2®72 + 1), so the (4g — 4)-th
power of the eigenvalues is 1. By Lemma [T.5, L(f*~*) < 0, so Lemma B.3(2)
applies.

Case 3. n; =2, and ny, > g if k = 2.
By Theorem 2.2] Theorem 2.7 and (iv),

2 otherwise.

By @3), p; = 0 for 1 <1i < g. Now, Newton’s equations (page 22]) show that
P(x) = 2?9 — 1, so the (2g)-th power of each eigenvalue is 1. By Lemma [7.5]
L(f?9) < 0, so Lemma B3(2) applies with m = 2g < 4g — 4.

Case 4. 3<n; <g—1landny>gif k=2

By (v), ny is even and by (iv), there are no periodic regular points of pe-
riod less than or equal to g because g < 2¢g —2. Thus by (iii), Proposition [.1]
applies. Now, we can complete the proof of the proposition in this case as in
Case 4 of the proof of Proposition [ ]

Proposition 11.3 Let g > 2 be even. If f:3, — X, is an orientation-
reversing pseudo-Anosov map in standard form, then there exists a positive
integer m such that m < 4g + 4 and f™ has a fized-point class of negative
indez.

Proof. As in the proof of Proposition [[1.2] we will show that one of the
statements of Lemma applies for some positive integer m such that m <
4g + 4.

We can repeat the first part of the proof of Proposition IT.2. Combining
the results obtained there with Lemma B.3](5) and (6) we obtain

(i) ke{1,2}.
(ii) If k = 2, then ny < na.
(iii) Indjn,n(21) =1 for every h such that n;h < g.



(iv) There are no regular points of period less than or equal to 2g + 2.
(v) If for some ¢ € {1,2}, n; < 2g + 2 then n; is even.

We split the proof into four cases.
Case 1. n; € {2,4}.
Here nip; <4g—4+2n; <49—4+8 =4g+4. Then Lemma 83(4) applies.
Case 2. k=2, and ny,ny < g+ 2.
Here
nipr +nope < 4(g—1)+2(ny +n2) <4(g—1)+4g9+8 =8g + 4.

We can assume nyp; < 4g+2. Since g+2 < 2g+2, by (v), ny is even. Then
Lemma [8.3(4) applies.

Case 3. n; > g+ 1.
Since g < 2g + 2, by (iv) and Theorem [2.2]
L) = L(f) = ... = L(f) = 0.

Now, by Lemmas [7.5 and 72 P(x) = (2% — 1)(2%~2 — 1). Therefore, the
(29 —2)-th power of each eigenvalue is equal to 1. By Lemmal[T.H, L(f%972) <
0, so Lemma [B3|(2) applies.

Case 4. 5<n; <g,and ny > g+ 2,if k =2.

By (v), ny is even. By (iv) there are no periodic regular points of period less
than or equal to g + 2, because g + 2 < 2¢g + 2. By (iii), the hypotheses of
Proposition hold. Therefore there exists a positive integer m such that
m < 2g —6 and L(f™) < 0. Since 2g — 6 < 49 — 4, Lemma [8:3|(2) applies in
this case. ]

Proposition 11.4 Let f: 3, — X, be an orientation-reversing reducible map
in standard form which has a pseudo-Anosov component. Then there exists
a positive integer m such that m < 4g — 4 and f™ has a fized-point class of
negative indez.



Proof. We shall prove that one of the statements of Lemma applies for
some positive integer m < 4g — 4.

Let C' C Y, be a pseudo-Anosov f-component of period n;, genus g1, and
b, boundary components. Let B be a boundary component of C. We can
repeat the first part of the proof of Proposition to prove

(11.4) pprr, < 4dg—4,

where r, is the least positive integer such that f™"z(B) = B, and p, is
the number of prongs emanating from B. If nir, is even, then, by (I1.4),
Lemma [85)(1) applies. Hence we can assume that

(i)  For each boundary component B of C, nyry is odd.

If p, > 2 for some boundary component B of C' then by (IT.4]), 2n,r, <
pymr, < 4g —4. Hence, Lemma [BF(2) applies, so we can assume that

(ii)  For every boundary component B of C, p, = 1.
Clearly, 7, < b;. Suppose now that g; > 1. Then by Lemma [B.4[(1),
27"5,711 < 2b1n1 < 2n1(2g1 + bl — 2) < 4g — 4.

Now, by (i), Lemma RB3(3) applies. On the other hand, if g; = 0, by
Lemma 81l b > 4. Hence, by Lemma BZ4(1), 2n; < ny(by —2) < 29 — 2.
Thus we can assume

Now, observe that by (ii) and Remark B2, > g .(5)(2 —ps) = —1 for
each boundary component B of C. Thus }_ ;. a0)(2 — ps) = —b1. By the
Euler-Poincaré Formula (3.2) for f™|¢

Yo @-p)-bi= > 2-p)t+ Y (2-p)=22-b)
s€Sing(Int C) s€Sing(Int C) s€Sing(0C)
So
(iv) ZséSing(Int C) (ps —2)=b — 4.

By (iii), f*'|¢, induces an orientation-preserving map of the sphere Y.
By Brouwer’s theorem (or by Theorem 2.2 since H;(Xg) so L(f?™) = 2),



this map has a fixed point z. If z is a collapsed boundary component B,
then f?"(B) = B. Then Lemma BF(1) applies for m = 4ny, and, by (iii),
4ny < 49 — 4. Thus, we can assume that x is not a collapsed boundary
component. In this case, f2"!|¢ has a fixed point y € Int(C). If y is a regular
point, Lemma [B.5(1) applies with m = 4ny. As before, by (iii), we see that
m < 4g — 4. Hence, we can assume that y is a singularity. Denote by p; the
number of prongs emanating from y. By (iv),

2 —-2)< Y, (-2 =b—4

s€Sing(Int C)

SO, 2]91 S bl. ThLIS, 2]91711 S blnl = nl(bl —2)+2n1 S 4g—4 Since f2n1 (y) =
y, Lemma [8.5](4) applies and the proof of the proposition is complete. ]

The following proposition is the analogue of Proposition 1.4 for the
orientation-reversing case.

Proposition 11.5 Let g > 2 and let f € H, be a reductble homeomorphism
in standard form such that each of its components is finite-order. Then there

exist an f-component C' and a positive integer m such that m < 4g+ (—1)%4
and ¢ = Ide.

Proof. With Notation R3], as in the proof of Proposition T4, it suffices to
show that there exists i € {1,2,...,k} such that n;o; < 4g + (—1)%4. We
split the proof into various cases.

Case 1. k£ > 3.

By Lemma BA(1), 2%, (2¢; + bi — 2)n; = 2g — 2. Changing subindices if
necessary, by Lemma B.4)(2), we can assume

(115) ny < n1(2g1 + bl — 2) < (g — 1)

[GSI )

Now we split the proof of this case into two subcases.

Subcase 1.1. ¢; € {0,1}



We claim that the result holds if oy < 2b;. Indeed, by (IL.EH)

2 4
n101 S 2b17’L1 = 2((291—|—b1 —2)n1+2n1) S 2(5(9— 1)+§(g—1)) = 4(g—1)

Hence, we can assume that o; > 2b;. Now, consider f"!|s,. By Lemmas B8]
R.I4and B.IZ f™ must be orientation preserving and g; = 1. So n; is even.
By Lemma 89 o; < 6. Hence, by (I1.53])

ong < 6ny < 4g —4,
which completes the proof of this subcase.
Subcase 1.2. g, > 2

Since by > 1,
2
3m < (201 = Dt < (201 + b1 = 2)m < (g = 1),

Thus, by Corollary B8, oy < 4¢; + 4 and, since b; > 1, by (ILH)

2 2
nior < ni(4g1+4) = 2(n1(29: —1)+3n;1) < 2(5(9—1)+§(9—1)) <4(g-1),
as desired.
Case 2. k£ =2.

We consider three subcases.
Subcase 2.1. g1,90 > 1.

Since, by Lemma B2 n1g; + nags < g, we can assume without loss of gener-
ality that nig; < g/2.

If gy = 1 then by Lemmas BI7(3) and B.I2)(2), the result holds if n; is
odd or og; > 7. Now, suppose that n; is even and o; < 6. In particular,
2 <myo; < g/2. Then g > 4 and

nioy < 6ny < 3g < 4g — 4,

as desired. If g; > 2, then 2 < nyg; < g/2. Hence, g > 4, and by Corol-
lary [8.0]
nior < ni(dgr +4) <29+ g < 4g — 4,

and the proof of this subcase is complete.



Subcase 2.2. g; = g, = 0.
By Lemma R4)(1),

If ny and ny are even, then, by (I16]), n;(b; —2) < g — 1 for some i € {1,2}
and the result follows from Lemma 12(1).

If ny and ng are odd, by Lemma RTIT(2), we can assume that, for each
i€ {1,2},b; = 0;/2 and b; is odd. By Lemma[8T4], the boundary components
if C; form a cycle under the action of f™. Therefore, they remain fixed under
the action of fmi%. Hence, the f-period of each connected component of N (I")
is odd. By Lemma BI8] f is finite-order. Then we take the whole X, as C;
and the result holds by Theorem Bl

To complete the proof, changing subindices if necessary, we can assume
that n; is odd and ns is even. Then, by (IT.6)), b; must be even and the result
follows from Lemma [B.17(2).

Subcase 2.3. g1 =0, go > 1.

By Lemma RI7(2) and (4), we can assume that ns(2gs + by — 2) is even.
Then, ny(by — 2) is even. If n; is odd, the result hold by Lemma BI7(2). If
ny is even, by Lemma8I2(1), we can assume that b; = 3 and ny > 3(g— 1).
By Lemma B4](1),

2
and we can complete the proof as we did in Case 1.

Case 3. k=1, =0.

If n; = 1 the desired conclusion follows from Corollary Therefore, we
can assume that n; > 1. By Lemma B4(1), ny(b; — 2) = 2g — 2.

Assume that nq is even. By Lemmal[8.12(1), we can assume that o7 = b; =
3 and the three boundary components of C; form a cycle under the action of
f™. Then we can apply Lemma[8.5to obtain ny = 2 and g = 2g;+b;—1 = 2.
Hence, oyny =6 < 8 =4g + (—1)%4.

If ny is odd, since (by — 2)n; = 29 — 2, by is even and the result follows
from Lemma B.I7(2).



Case 4. k=1,¢9 > 1.

Again we consider three subcases.
Subcase 4.1. b; = 1.

By Lemma [R5 n; =2 and g = 2g; + by — 1 = 2¢;. In particular, g and n,
are even. Then, by Corollary B.6, oy1n1 < (491 + 2)ny = 4g + (—1)%4.

Subcase 4.2. b; = 2.

If the boundary components of C; form a cycle under the action of f™ then,
by Lemma R, n; = 2, so C; and f(C}) are connected by two annuli A;
and A,. Since f(A;) = A or Ay, f2(A;) = Ay and f%(As) = Ay. Then the
two boundary components of C'; cannot form a cycle form a cycle under the
action of f™, which contradicts our assumption. Therefore, both boundary
components of C are mapped to themselves under the action of f™. By
Lemma [8.1T(3), we can assume that o; > 3. By Lemma RI0(2), f™ |, must
be orientation preserving, so n is even and, by Lemma BI0(1), o1 < 4¢;.
Then nyoy < 4g1ny = 4g — 4.

Subcase 4.3. b; = 3.

If gy = 1 the result follows from Lemma RI2(2). Now, let gz > 2. By
Lemma [4(1),

n1(2g1 + 1) = n1(2g1 + bl — 2) = 2g — 2.

This implies that n; is even, and Lemma8.12(1) and (2) completes the proof.
u

Proof of Theorem[I1.1 By Lemmald.Iland Theorem [2.8 we can assume that
f is in standard form.

We know that there are three possibilities for f, namely, it can be of finite-
order, pseudo-Anosov or reducible. If f is finite-order, then there exists a
positive integer n such that f* = Id. By Theorem Bl we can take n <
49+ (—1)94, so by @2), L(f") = L(Id) = 2 —trace(Id) = 2—2g < 0. In this
case, the fixed-point class is all of ¥, and its index is L(f").

The remaining cases are consequences of Propositions 11.2, 1.3 [11.4]
and |



Theorem I Let g > 2. Then m(H,,) < 4g + (—1)%4 and equality holds if
b>6g+2+ (—1)%8.

Proof. By Proposition 0.3, m(#,,) > 49+4if b > 6g+10 and g is even. By
Corollary[@.11] m(’H;b) > 4g—4 and b > 6g—6 if g is odd. Hence, to complete
the proof of the theorem, it suffices to show that m(%,,) < 4g+(—1)74. Now,
we can complete the proof as we did for Theorem H.

|
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L.(f), 100
N, 44

O, 17
P..(f), 100
7T1('), 44
O'f, 26

absolute neighborhood retract, 6

ANR, 6
arc transverse
to a foliation F', 29

to a foliation in a point, 29

characteristic polynomial
of a map, 22
of a matrix, 22
cocompact planar discontinuous group,
42
component of a homeomorphism, 32
component, f-, 32

degree of a map, 19

ENR, 18
equivalence, f-, 20
essential fixed-point class, 20
Euclidean group, 43
Euclidean neighborhood retract, 18
Euler characteristic

of a group, 43

of a signature, 42
Euler characteristic of K, 6
Euler-Poincaré Formula, 31
expansion constant for a pseudo-Anosov

homeomorphism, 31

finite-order, 7

finite-order class, 32

finite-order component of a homeo-
morphism, 32

fixed-point classes, 20

fundamental class around K, 17

image measure, 30
improper symplectic matrix, 23
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index, 15
of a compact set, 19
index of a map
at a fixed point, 19
of a subset of R", 18
index of map
of an ENR, 18
induced homeomorphism, 61
invariant foliation under a map, 30

leaves, 27
Lefschetz number, 15

Mobius function, 100
measured foliation, 30
minimum period of C, 4
minimum period of f, 4

Newton’s equations, 22
non-Euclidean group, 43

orbit, 3
order
of a class of finite-order homeo-
morphism, 26
of a finite-order map, 26
orientation map, 43

p-pronged
boundary component, 29
period
of a component, 32
of a component of N(I'), 38
period of R, f-, 32
periodic orbit, 3
periodic point, 3
p-pronged
singularity, 28
prong

of a boundary component, 29
prongs, 28
emanating from a regular point,
28
proper map, 19
proper symplectic matrix, 23
Proposition A, 99
pseudo-Anosov
homeomorphism, 30
class, 32
component of a homeomorphism,
32

reducible class, 32
reducible homeomorphism, 32
regular points, 28

signature, 41
singular foliation, 27
singularities, 28
standard form
of a map, 33
of a pseudo-Anosov map, 35
surface group, 43
symplectic matrix, 23
system of reducing curves
for a homeomorphism, 31
for a surface, 31

Theorem B, 113

Theorem C, 115

Theorem D, 114

Theorem E, 116

Theorem F, 121

Theorem G, 125

Theorem H, 135

Theorem I, 144

Thurston canonical form, 32
time-one map, 34



transversal, f-, 88
transverse foliations, 30
at a boundary component, 30
at a point, 30
transverse measure to a foliation with
singularities, 29
2-pronged point, 28
type of
a fixed point of a pseudo-Anosov
map, 36
an invariant boundary component
of a pseudo-Anosov map, 36
type of a finite-order homeomorphism,
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