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On a Congruence modulo a Prime 

Hao Pan 

In 1961, Erd?s, Ginzburg, and Ziv [3] proposed the following celebrated theorem, 
which is now known as the origin of zero-sum problems. (For the further developments 
of zero-sum problems, the reader can refer to [1], [2], and [5].) 

The EGZ Theorem. Suppose that n is a positive integer. Then for any sequence 

a\,...,a2n-\of2n 
? 

\ integers there exists a subsequence aix, 
... , ain of length n 

such that the sum 
YTj=\ a? ^ divisible by n. 

It is easy to check that the EGZ theorem is multiplicative, that is, if the statement 

holds for both n ? k and n = /, then it also holds for n = kl. Thus it is sufficient to 

prove the EGZ theorem when n is a prime. 
In the classical proofs of the theorem, the case where n is a prime is usually deduced 

from the Cauchy-Davenport theorem or the Chevalley-Waring theorem (see [6]). How 

ever, with the help of a Vandermonde determinant, Gao [4] gave another proof of the 

EGZ theorem based on the following congruence: 

E (l2a) ^O(modp), (*) 
/c{l,...,2/?-l} 

\ iel ' 

\I\=P 

where p is a prime and ax, ... , a2p-\ 
are arbitrary integers. Note that the EGZ theorem 

is an immediate consequence of (*), since by Fermat's little theorem we have 

1/ ?{l,... ,2/7- 1}: Yiai =0(mod/?)&|/| = 
p\\ 

I iel > I 

/c{i,...,2/7-1} \ iel / \ P / 
\I\=P 

In this paper, we establish the following theorem, which clearly implies Gao's congru 
ence: 

Theorem. Suppose that p is a prime and that k is a positive integer with k < p. Let 

f{x\, ... , xk) be a symmetric polynomial with integral coefficients in the variables 

X[, ... , xk. If the degree of f is less than k, then for an arbitrary sequence of p + k ? 1 

integers a\, ... , ap+k-\ it is true that 

\<i\<?<ik<p+k-\ y 

/(0,...,0) (mod/7) ifk 
= p, 

(mod p) otherwise. 

Proof. The proof is elementary, requiring only a basic arithmetic property of binomial 

coefficients: 

p + k-l\ p(p + l)---(p + k- 1) _ fl (mod/?) ifk = p, 
k ) k\ 

[0 (mod/7) if 1 < k < p. 
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We argue by an induction on k. When k = 1, since deg f < k, f must be a constant c. 

In this case 
J2\<i<P f(ai) 

= pc = 0 (mod p). Now assume that k > 1 and that the 

theorem holds for all smaller values of k. 

Let 

Sf,k(x\i 
, 
xp+k-\) 

= 
?_j f(xi^---^xik)^ 

\<i\ <---<ik<p+k?\ 

and write f(xi,... , xk) in the form 

k-\ 

f(xi, 
... 

,xk) 
= 

^gj(xu 
... 

,xk_i)xJk, 

j=o 

where the gj are polynomials in the variables xi, ... , Xk-i. From the symmetry of / it 

follows that Sf? and all the gj are likewise symmetric polynomials. Next observe that 

Sf,k(ai, 
... , 

ap+k_i) 
? 

]T f(ai{, 
... 

,aik) + 
^2 f(ai{, 

... 
,aik_{,ap+k_i). 

\<i\ <---<ifi<p+k?2 \<i\ <---</?_i Sp+k?2 

Thus 

Sf,k(&\, > ap+k^2, ap+k-i) 
? 

Sf?(ai, 
... , ap+k^2, 0) 

= 
XI (^^i ' ' a^-i ' ap+k-^ 

~~ 
f^ai\ ' ' aik-\ ' ?)) 

l</l<---<t?_l</?+fc-2 

I] ( 5^&i(fli"-" .a?t_,)ap+fc-i -goK.--- 
'ai*-i)J 

(fc-1 

= 
5Za?+n 1] gjiaii,.-. ,fl/4_,) 

7 = 1 l<i"i<--<i*-i<p+fc-2 

?:? 1 

Since k < p and deg gj 
< deg / 

? 
j < k ? 

j, we can invoke the induction hypothesis 
to conclude that for j 

= 
1, 2, ... , k 

? 
1 

S^.jt-iOzi, 
... 

,a^+^_2) 
=0 (mod/?). 

Therefore 

Sftk(au 
... 

,^+?-2,^+^-1) 
= 

Sfik(a\, 
... 

,ap+k^2,0) (mod p). 

In light of the symmetry of Sf,k, we have 

%(ai, 
... , 

ap+k_i) 
= 

Sf,k(0, 
... 

,0) (mod p). 

August-September 2006] NOTES 653 



Finally, from the definition of Sf? we conclude that 

ip + k- 1\ 
5M(o,...,o) = r 

^ j/(o.o) 

|/(0, ...,0) (mod/7) if? = /7, 

|0 (mod/7) if 1 < & < p. 

This concludes the proof. 
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