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82.6 A generalisation of Euler's theorem 
One of the celebrated results in number theory is Euler's theorem: 
If m is a positive integer and a any integer with (a, m) = 1, then 

aD(m) - 1 (mod m), where (a, m) denotes the gcd of a and m. This result 
can be generalised to a finite number of positive integers mi, as the next 
theorem shows, where [a, b] denotes the lcm of the positive integers a and b. 

Its proof employs the fact that if a - b (mod mi), where 1 < i < k, 
then a - b (mod [ml, m2 .... mk]). For example, 293 - 113 (mod 6) and 
293 - 113 (mod 9), so 293 113 (mod [6, 9]), that is, 293 = 113 (mod 18). 

Theorem Let ml, m2 ... , mk be any positive integers and a any integer 
such that (a, mi) = 1 for I < i < k. Then 

a[(mo,(m2) ...(mk)] = 1 (mod [ml, m2, ..., ink]) 

Proof: Let Mk = [ (ml), )(m2), ... , D(mk)]. By Euler's theorem, 
aD(mi) = 1 (mod mi) for every integer i, where 1 < i < k. Since 
4 (mi) |Mk, it follows that Mk / 4D (mi) is a positive integer, and 

aM [ai)] M(mi) 1 (mod mi)n. 

By the above result, this yields the desired conclusion, aMk 1 
(mod [mi, 2, .... m,k]). 

It is worth noting that Phythian's extension [1] of Fermat's Little 
Theorem follows from the above theorem when each mi is a distinct prime. 

Reference 
1. J. E. Phythian, Divisors using Fermat's theorem, Math. Gaz. 54 (Dec. 

1970) pp. 402-404. 
THOMAS KOSHY 

Framingham State College, Framingham, MA 01701-9101, USA 

82.7 Equal sums of squares 
Two squares 

If you want to find all integer solutions of the equation 6p + 15q = 0, 
you first divide by 3 to get 2p + 5q = 0 and then, since 2 and 5 are 
coprime, you can argue that p is an integer multiple of 5 and q the same 
multiple of 2 but of opposite sign. The result is p = 5n and q = -2n. The 
argument fails unless you first remove the highest common factor of 6 and 
15. 

This leads naturally to the following procedure. To find all solutions in 
integers of the equation 

ap + bq = 0 (1) 

you work out m = (a, b), set a = mf, b = mg so that (1) becomes 
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fp + gq = 0, fp + gq = 0, (2) (2) 


	Article Contents
	p. 80

	Issue Table of Contents
	The Mathematical Gazette, Vol. 82, No. 493 (Mar., 1998), pp. 1-160
	Front Matter
	Editorial: Vote, Vote, Vote! [p.  1]
	Desert Island Theorems [pp.  2 - 7]
	A General Approach to Three-Variable Inequalities [pp.  8 - 18]
	A Beautiful New Playground: Further Investigations into i to the Power i [pp.  19 - 25]
	Tendril of the Hop and Tendril of the Vine: Peter Guthrie Tait and the Promotion of Quaternions, Part I [pp.  26 - 36]
	Kepler's Unintentional Ellipse: A Celestial Detective Story [pp.  37 - 43]
	A Geometrical Creation Myth [pp.  44 - 47]
	The Accurate Summation of Some Awkward Series [pp.  48 - 55]
	Magic Cubes [pp.  56 - 61]
	Matters for Debate
	School Algebra and the Challenge of the TI 92 [pp.  62 - 71]

	Notes
	82.1 On S·P Numbers [pp.  72 - 75]
	82.2 Logarithms on the Simplest Calculator [pp.  75 - 76]
	82.3 Extracting Roots by Mental Methods [p.  76]
	82.4 A Curious Property of 142857 [pp.  76 - 77]
	82.5 Unforgettable Fermat Factors [pp.  77 - 79]
	82.6 A Generalisation of Euler's Theorem [p.  80]
	82.7 Equal Sums of Squares [pp.  80 - 85]
	82.8 More on the General Solution of the Pythagorean Equation [pp.  85 - 86]
	82.9 A New Algorithm for Generating Pythagorean Triples [pp.  86 - 91]
	82.10 Estermann and Pythagoras [pp.  92 - 93]
	82.11 A Striking Property of the (2, 3, 4) Triangle [pp.  93 - 94]
	82.12 Finite Sums of Powers of the Natural Numbers [pp.  95 - 96]
	82.13 Generalised Fibonacci Matrices [p.  97]
	82.14 Equivalence Classes and a Familiar Combinatorial Identity [pp.  98 - 100]
	82.15 Four Square Roots of the Vector Cross Product [pp.  100 - 102]
	82.16 A Mathematical Problem from the Autobiography of John Stuart Mill [pp.  102 - 104]
	82.17 On the Theorem of Means: Is G Nearer A or H? [p.  104]
	82.18 The Volume of the n-Ball: I [pp.  104 - 105]
	82.19 The Volume of the n-Ball: II [pp.  105 - 106]
	82.20 Extended Rule for Integration by Parts [pp.  106 - 107]
	82.21 A Rough-and-Ready Rule for Fractions [pp.  107 - 109]
	82.22 The Inverse Square Law of Attraction [pp.  109 - 111]
	82.23 Birthday Problems: A Search for Elementary Solutions [pp.  111 - 114]
	82.24 How Many Loops in the Box? [pp.  115 - 118]
	82.25 On the Geometrical Approach to Projectile Motion [pp.  118 - 122]

	Obituary: John Butler Morgan (July 1910-August 1997) [pp.  123 - 124]
	Correspondence [pp.  125 - 127]
	Problem Corner [pp.  128 - 135]
	Student Problems [pp.  136 - 138]
	Other Journals [pp.  139 - 142]
	Reviews
	untitled [p.  143]
	untitled [pp.  143 - 144]
	untitled [pp.  144 - 145]
	untitled [pp.  145 - 147]
	untitled [p.  147]
	untitled [pp.  147 - 148]
	untitled [pp.  148 - 150]
	untitled [pp.  150 - 152]
	untitled [pp.  152 - 153]
	untitled [pp.  153 - 155]
	untitled [pp.  155 - 156]
	untitled [pp.  156 - 157]
	untitled [p.  157]
	untitled [p.  158]

	Back Matter [pp.  159 - 160]



