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MATHEMATICAL NOTES

Eprtep BY E. F. BECKENBACH, University of California, Los Angeles

Materials for this department should be sent direct to E. F. Beckenbach, University of
California, Los Angeles 24, California.

ON THE CONVERSE OF FERMAT'S THEOREM

P. Erpés, University of Illinois

Following Lehmer we shall call an integer z a pseudoprime if 2»=2 (mod n)
and # is not a prime. The smallest pseudoprime is 341 =11.31. Recently Sierpin-
ski! gave a very simple proof that there are infinitely many pseudoprimes, by
proving that if # is a pseudoprime then 27—1 is also a pseudoprime. Lehmer?
proved that there exist infinitely many pseudoprimes # with #(n) =3, where
v(n) denotes the number of different prime factors of #. In the present note we
prove the following theorem.

THEOREM. For every k there exist infinitely many squarefree pseudoprimes with
v(n)="k.

First we repeat Lehmer’s proof® that there are infinitely many pseudo-
primes # with v(n) =2. It is well known? that for every m>6 both 2»—1 and
2m+1 have a primitive prime factor; that is, there exist primes p and ¢ such
that

2m — 1 = 0 (mod p), 2! — 150 (mod p), forl=1<m;
2m 4+ 1 =0 (mod gq), 2t + 1 #£ 0 (mod q) for1 21 < m.

It is easy to see that p-q is a pseudoprime. In fact we have p=g=1 (mod 2m),
2?2m=1 (mod p-gq), thus

2p¢71 = 2(p~D(e=D). 22-1.2¢-1 = 1 (mod $q).

Also it is immediate that to different values of m correspond different values of
p-q, which proves the theorem for k=2.

The proof of the general case will be very similar to that of Lehmer. We use
induction on k. Let #;<#n;< - - - be an infinite sequence of pseudoprimes with
v(n;) =k —1. Let p; be one of the primitive prime factors of 2%—1—1. We claim that
pi-n;is a pseudoprime. In fact, by definition, 2*!=1 (mod p; %), also 27:i-1=1
(mod p;). Further, since p;—1=0 (mod (#;—1)), we have 271=1 (mod #;) and
finally 27%~1=1 (mod #;). Thus

! Colloquium Math., vol. 1 (1947), p. 9.

2 This MONTHLY, vol. 56 (1949) p. 306.

3 This MoNTHLY, vol. 43 (1936), pp. 347-356.

¢ Bang, Tiddsskrift for Mat. 1886, pp. 130-137. See Also Birkhoff-Vandiver, Annals of Math.,
1904.
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2%iPi~1 = 2(ni=1)(pi—~1).9ni—1. 2pi~1 = { (mod Pi"z’)-

Also p;>mn;, since p;=1 (mod (#;—1)) and #; is not a prime. Thus p;-#; is
squarefree, and v(p;-n;) =k, and all the integers p;-n; are different; this com-
pletes the proof of the theorem.

Following Lehmer we call # an absolute pseudoprime if a"=a (mod #) for
every a prime to #. The smallest absolute pseudoprime is 561. It seems very dif-
ficult to determine whether there are infinitely many absolute pseudoprimes. A
similar question is whether there exist any composite numbers # with #—1=0
(mod ¢(n)).

Two further questions are: Are there integers # so that 2»—1 has more than
k primitive prime factors? Are there infinitely many primes p for which 27 —1 is
composite? The smallest such prime is 11.

Denote by f(x) the number of pseudoprimes not exceeding ¢. I can prove
that

x

1) ci-log x < f(x) < b‘zmy

for every k if x is sufficiently large. In other words, the number of pseudoprimes
is considerably smaller than the number of primes. The proof of (1) (second in-
equality) is complicated and we do not discuss it here.

A THEOREM ON THE DISTRIBUTION OF PRIMES

LEo MosER, Universities of Manitoba and North Carolina

Using elementary properties of integers only, we shall establish the following
result.

THEOREM: For every positive integer r, there exists a prime p, with 3.2¥71<p
<3.2%,

This theorem is almost as strong as Bertrand’s postulate, which states that
for every real value of x=1 there is a prime p with x<p <2x.

The following four lemmas follow easily from Legendre’s expression for
n!, namely,

n! = J], Peatvird
They are proved in [1], which contains an exposition of Erdss’ proof of Bert-

rand’s postulate.

2n
1) If n < p = 2, then p occurs exactly once in ( )
”

2n
(2) If n =2 3 and 2n/3 < p < n, then p does not occur in ( )
n
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