MAT 211, Spring 2012
Solutions to Homework Assignment 10

Maximal grade for HW10: 100 points
Section 5.2. Perform the Gram-Schmidt process for the following sys-
tems of vectors.
1. (10 points) v = (2,1, —2).

Solution: We have

lof| = V22 + 12+ (-1)2 = V9 =33,
so the corresponding unit vector will be

w=v/lloll = (2/3,1/3,~2/3).

2. (10 points) v, = (6,3,2), v, = (2, —6, 3).

Solution: We have
v1ov =62 4+32422 =49, vy-v, =49, 0, - v, =12 — 1846 = 0.
Therefore the corresponding orthonormal basis will be

w =01 /T=(6/7,3/7,2/7), s =vs)T = (2/7,-6/7,3/7).

6. (15 points) v; = (2,0,0),ve = (3,4,0),v3 = (5,6, 7).

Solution: We have

Uy = U1/||U1|| = (17070)7



Now we can compute the second vector:
ol = (vgu)uy = 3uy = (3,0,0), vy = 1)2—1)|2| =(0,4,0), uy =vy/||va]| = (0,1,0).
And the third vector:
ol = (g ug)ug + (vs - ug)us = 5uy 4 6us = (5,6,0), va =vs—ovll = (0,0,7),
uz = vy /||vg|] = (0,0, 1).
To sum up,
= (1,0,0),us = (0,1,0),us = (0,0, 1).
10. (15 points) v; = (1,1,1,1), v = (6,4,6,4).

Solution: We have

P =14+14+1+1=4, wu =v/|jnll=(1/2,1/2,1/2,1/2).

Now

ol = (g - u)uy = (3424 3 + 2)uy = 10uy = (5,5,5,5),
vt = UQ—UJ; = (6,4,6,4)—(5,5,5,5) = (1, —1,1,—1), us = vy /||vs]| = (1/2,—1/2,1/2, —1/2).
To sum up,

Section 5.3. Verify if a matrix is orthogonal.
1. (10 points)
0.6 0.8
A= <0.8 O.6> '
Solution: We have to check that A'- A = I. We have
AT A — 0.6 0.8) (0.6 08) (1 0.96
- \0.8 0.6 08 06/ \096 1 )’

so the matrix A is not orthogonal.

~0.8 0.6
A= ( 0.6 0.8) '

2. (10 points)



Solution: We have to check that A - A = I. We have

r 4 _ (08 06) (—08 06) _ (10
A 'A_(o.6 0.8 06 08) \0 1)’
so the matrix A is orthogonal.

37. (15 points) Is there an orthogonal transformation 7' from R3 to R3

such that
-3 2

3
=lo], 72 |=[-3]?
2 0 0
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Solution: Let v; = (2,3,0),v3 = (—3,2,0). Then v; - v9 = 0, but
T(vl) ’ T(UQ) = (37 07 2) ) (27 _37 0) = 6.

Since orthogonal transformations should preserve the scalar product of vec-
tors, T' cannot be orthogonal.

41. (15 points) Find the matrix A of the orthogonal projection onto the
line in R™ spanned by the vector v = (1,1,...,1).

Solution: We have

RIP=1414 . +1=n|ofl=va
therefore to get an unit vector we have to consider
1 1 1
u=7v = (—=,—,...,—=).
il = (== o)

A projection of a vector x = (z1,...x,) can be computed as follows:

T + + Tn
ToUu=—7—+...+ —,
NZD NZD
x Tn x T
ol :(x«u)u:(—1+...+—,...,—1+...+—),
n n n n
so the matrix of the projection has a form
1 1
P = : :
1 1



