An infinite crowd of mathematicians enters a bar.
The first one orders a pint, the second one a half
pint, the third one a quarter pint... "
"l understand", says the bartender - and pours two *
pints.
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8.7 Taylor and Maclaurin Series
8.8 Applications of Taylor Polynomials

Suppose we have a function defined by a series

, 2
Sf(x)=c¢y+ ¢ x+c,x7 with convergence radius R>0.

We know that f has derivatives of all
orders on (-R,R). Find those derivatives.
Can you determine the values of the
coefficients cn in terms of f?

If f(x)=e*, find an expression of f as a
power series. What is the radius of
convergence?

Suppose we have a function defined by a series

2 .. with convergence radius R>0.

f(x)=¢cy+e (x—a)+c,(x—a)
We know that f has derivatives of all
orders on (a-R,a+R). Find those
derivatives.

Can you determine the values of the
coefficients c¢n in terms of f?

If f(x)=sin(x), can you find an expression
of f as a power series centered at n/2?

The powers series representation of a function a given “a” is unique.

If f is a function and we know that f has a representation as a power
series, then the Taylor series converges to f in the interval of
convergence.

If we are given a function f (we don’t know whether f has a
representation as a power series,) the theorem below gives necessary
conditions that imply that f has a representation as a power series:
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T =2 Lla .,(U) (x = a)
S

f'(a)
1!

= /(@ + (x—a)+ 2“

Ru(x) = f(x) = Tu(x)

Theorem If f(x) = T,(x) + R,(x), where 7, is the nth-degree Taylor polyno-
mial of [ at a and

lim R,(x) = 0

for |x — a| < R, then f is equal to the sum of its Taylor series on the interval
|x —al <R

E Theorem If f has a power series representation (expansion) at a, that is, if
fx) = Yelx —a) |x—a|<R
n=0
then its coefficients are given by the formula
/")
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= fla) + —a)+ (x—a) + -

is called the Taylor series of f at a.

When a=0, the series (below) is called the Maclaurin series
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Theorem If f(x) = T,(x) + R,(x), where T, is the nth-degree Taylor polyno-
mial of f at a and

lim R,(x) = 0

for |x — a| < R, then f is equal to the sum of its Taylor series on the interval
|x—a|<R.

T,(x) = i“ L@ gy
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R(x) = f(x) = T,(x)

E Taylor's Inequality If | f**"(x)| < M for |x — a| < d, then the remainder
R,(x) of the Taylor series satisfies the inequality This implies that
the Taylor serigs

converges in this

|R.(x)| = case

ﬁ‘x*u"’” for |[x —a|=<d




REVIEW The alternating series test

Find the Taylor series for f(x)=e* at a=-3. If we have a sequence { a, },
J Prove that f(x) is equal to the series. where a,>0, a,2 a,,, , and a,—0 when n—«
0 Use the series to approximate e31 correct to then the series

four decimal places.(you are given e3)

S (-1)"a
=1

n

Find the Maclaurin series for f(x)=cos(x) "
and prove the series represents f(x) for all converges
values of x.

Find the Maclaurin series for f(x)=sin(x)
and prove the series represents f(x) for all

Alternating Series Estimation Theorem If s = 3 (—1)" 'b, is the sum of an alternating
va | ues Of X. series that satisfies

(i) by1 = b, and (i) lim b, =0

then [R.| = |s = 5| < buiy
Find the Maclaurin series for f(x)= 8.8.1
(1+x)k, where k is any real number.
[17] The Binomial Series 1f k is any real number and || < 1. then Find the Taylor polynomials of cos(x) degree
(a3 (k)“: s MO LR DG =D)L up to 6 centered at a=0.
o ! i Evaluate these polynomials at x=0,0.1,n/

Prove that the binomial series 4,n/2, and n. _
converges when |x|<1. Comment on how the polynomials converge

to cos(x).
Use the binomial series to expand (x)

1/(1+x)%>, as a power series. Use
this to estimate 1/v1.01 correct to
three decimal places.

1 13 5, 13 o 13..(2n-1) ,
gt g g (D ol L T
Ilvzg.r":l+_\'+_\'1+_\"‘+'“ R=1
8.7.50 Use series to approximate the wmo ! e
definite integral within the indicated xSty (7:1 Iw :7?+5_,7_+ R =
accuracy 05, o correct to four ' , h ' '
L e decimal places. cosx= T e = =t R=c
tan ‘.\‘:it—l)“,)';l:l :,\'—L;-*—L;—L;-%— R=1
Use series to evaluate the limit .
Sm(x)_”%x; In(1 +.\):”2‘(—1)" ‘T=.\»—T+'T—T+ R=1
=0 2 < (& k= 1), . k= Dk~ 2)
1/120 (1+,\)‘:E(”>A”:l'k\' ——x7 + m Zxi4 - R=1




Recall, given a function f,and a number a, we define

7w = 5L oy

i=0

o) @ @
PT )

=fla) + n (x —a) + T (x—al+ -+

We want to approximate f(x) by Tn(x) (for some n).Thus we need to
know.

@ For a given n, how good is our approximation?

@ If we want the “error” to be less than a given number, how large does n have to be?
The reminder (“error”) is Rn(X)=f(x)-Tn(x).
We saw two methods for estimating |Rn(X)| (each needs hypothesis)

+®- If the series is alternating, by the Alternating Series Estimation
Theorem.

& If fO(x)| <M, then [R,(v)| <

M
:—( oty x—al"” for |x —a|=d
n H

® Evaluate the integral below, correct up to
two decimal places.

sin(x)

)=




