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MAT 132

Section 5.10 Improper integrals

The Fundamental Theorem of Calculus  Suppose f is continuous on [a, b].
1 Ifgl) = f * £(1) dr, then g/(x) = f().
a

2. th(.x) dx = F(b) — F(a), where F is any antiderivative of f, thatis, F' = f.

The Fundamental Theorem of Calculus is indeed,
FUNDAMENTAL.

It gives a
“recipe” to compute definite integrals.

Otherwise, we would have to spent our lives
calculating Riemann sums, rectangle by
rectangle.

We have been working on definite integrals
of continuous functions over closed intervals.

In certain cases, it is possible to find “areas under the curve” (“almost but
not quite” definite integrals) of

« functions that have a point of discontinuity or

«integrals defined over infinite intervals

These are called improper integrals.

Determine whether the integral

I nfl n Ite | nte rVaIS is convergent or divergent.

Evaluate if it is convergent.

Strategy: L
1. Find antiderivative

2. Determine whether the corresponding limit exists.
3. If the limit exists, the integral is CONVERGENT.
Otherwise, it is DIVERGENT

Sketching a graph of the function to integrate may help.
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Infinite intervals

Determine whether the integral is
convergent or divergent. Evaluate if
it is convergent.

%o
L dx Strategy:
X 1. Find antiderivative
3 2. Determine whether the corresponding limit exists.

3. If the limit exists, the integral is CONVERGENT.
Otherwise, it is DIVERGENT

Sketching a graph of the function to integrate may help.
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For which values of p is the integral [x? dx convergent?
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Example: Evaluate the integral, if it is

Discontinuous integrands convergent.

¥y

b
[ f(x) dx

a
1. fis continuous in [a,b) and discontinuous at b.

dx xIn(x) dx

2. fis continuous in (a,b] and discontinuous at a.

3. fis continuous in [a,c) and (c,b] for some c in [a,b]

Strategy:

1.Find antiderivative.

2. Compute the appropriate one-sided limit (or one-sided limits in case 3).
3.1f the limit (or limits) exists, then the integral is CONVERGENT. Otherwise,
it is DIVERGENT.

4. If it s convergent, the integral is the limit (or sum of limits) you computed.
Sketching a graph of the function to integrate may help.

Example: Evaluate the integral, if it is A comparison test

If f and g are continuous functions with 0 < f(x) < g(x)

Convergent Forall x> a. Then.....
© ©

1 . N ff(x) dx is convergent if fg(x)dx Converges
dx xIn(x) dx a a

A the integral of a function f converges if its values are smaller than another
function known to converge.

x 2

T + —x"Log[x ® s

1 fg(x)a’x is divergent if ff(x)dx Diverges

4 a a

A function diverges if its values are larger than another function known to
diverge.
Infinite intervals
Usea comparison test to Determine whether the integral is
determine whether the convergent or divergent. Evaluate if
it is convergent.
Integrals are convergent or r® In(x)
n(x
H Strategy:
dive rge nt. 1 2 e 1. Find antiderivative
1 2. Determine whether the corresponding limit exists.
3. If the limit exists, the integral is CONVERGENT.
o« © Otherwise, it is DIVERGENT
. 2 ; o
sin (; ) dx ix ! 1 I Sketching a graph of the function to integrate may help.
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&)
a

L arctan L
2 2"

arclan(cr)

9/18/14



