Ancient Indian Mathematics

We will discuss (Note that this is not an
exhaustive outline)

eigm
tamilanavedas.com/2019/08/

* Prehistory: The Indus (or Harappan)
civilisation ~2500 BCE-1700 BCE

'? * Vedic period (~800—-200 BCE) Sulba
g Sdtras

* Jain mathematics (~500 BCE - 200 CE)
* Aryabhata (600 CE)

* Trigonometry - The Sine Table in the
oral tradition.

Countries.

KATYAYANA SULBASOTRA

Image:
Wikipedia

* Zero

* Mathematics in Sanskrit poetry.

By Noyal francis - Own work, CC BY-
SA4U https: W

mmons.wikimedia.org/w/index.php?
cunid-40836612

What worries or confuses you about Al?
Summary of Last week answers

Dependence / loss of thinking /
cognitive harm

Reliability / hallucination / credibility

Environmental & social harms

Job displacement

+ Also: Large amount of training data was used without
permission of the authors.

What about Al you’d like to learn or get better at?
Summary of Last week answers

+ Using Al as a study/learning tool

« Checking credibility / double-checking / judging
reliability

 Productivity / writing / memory / summarizing.
- Creative or broader strategic uses.

 Learning how Al itself works Interest in the
system, its alternatives, or building it

Important Skills To have

Source verification

* Working through math
+ Writing in your own voice
* Produce good work, and work that Al cannot do.

Some Weaknesses and Dangers of Al

* Flatness

* Homogenization

 Hallucinations

It promotes outsourcing thinking, which can make you
lose thinking capabilities.




This platform claims to use renewable energy https://
euria.infomaniak.com/

Some lIdeas to Improve Prompts

Prompt with detail: longer, specific, more detailed prompts work
better

Demand more: ask for 40 examples, require to triple-check, be
exhaustive. (You will have read more though)

Chat & iterate: refine rather than accept the first answer

Provide context: The more literal you can be about your
instructions, goals, audience, and output the better.

Specify expertise: respond as an experienced professor of X.
Search for ideas: ask for patterns, similarities and concepts.

Ask for insight: ask it to "show thinking”, it can mimic reflection.

Be aware that this is not magic, and it has limitations. Better prompts
can give you better results but not perfect, nor completely reliable
results.

|Based on https://teachingnaked.com/prompts/ |

| was preparing these slides, with Claude

* Moira: what about "Be aware that this is not magic, and it has
limitations. Better prompts can give you better results but not
perfect results. “

* Claude: Redundant — "not magic" and "has limitations" say the
same thing. Try: "Better prompts help, but Al always has
limitations."

* Moira: No, not the same thing.

* Claude: You're right — "not magic" addresses inflated
expectations, "has limitations" is more specific. Keep it

A bit too often Al says something like “I retract
everything and double down on the contrary.”

Indian Subcontinent - Rough Chronology
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Indus Valley (Harappan) civilization Jain mathematics Brgrl"l;::g::;lta
3300-1300 BCE ~500 BCE -200 CE ¢. 630 CE

Indian subcontinent

One of the Bakhshali manuscripts. 799 —
1102 CE

Image: "
Wikipedia  #E3 51 Lasas National Geographic, Public domain, via Wikimedia Commons



https://euria.infomaniak.com/
https://euria.infomaniak.com/
https://teachingnaked.com/prompts/

The Indus (or
Harappan) civilisation.

3300 BCE to
1300 BCE.

V,edas and the
Sulba Sutras
1500-500 BCE

The Indus (or Harappan) civilisation
» c¢. 3300-1300 BCE = tndus .

° Urban civilization in the Indus region
and neighboring areas

» Undeciphered script with several
hundred signs

» Strong evidence of standardized
weights and some standardized
measures

» Known for urban planning, craft
production, and long-distance trade

» The causes of its transformation and
decline are still debated

The study of mathematical astronomy in India goes
back to at least the third millennium BC and
mathematics and geometry must have existed to J
support this study in these ancient times. Tetacots Do (Harapan Cliztion)
www.harappa.com/blog/ancient-

Like the crest of a peacock, like the
gem on the head of a snake, so is
mathematics at the head of all

knowledge.
—\Vedanga Jyotisa (~ 500 BCE)



https://www.harappa.com/blog/ancient-indus-die
https://www.harappa.com/blog/ancient-indus-die
https://www.harappa.com/blog/ancient-indus-die

Vodas Vedas and Sulba sutras e ﬁ
* oldest scriptures of Hinduism, Vedas and Sulba Sutras : +
compiled oral wisdom starting I
around 1500 BCE. RN
- written in early Sanskrit e a9
* gave instructions for religious o '
purposes. yenact. Firt ayerofconstucion (afer
Baudhayana) - Mathematics in Ancient India by A. Dutta.
* veda means knowledge Sulba-siitra: (sutra = rule, $ulba = string or chord)
* main source of our knowledge of * Written mainly between 800 and 200 BCE.
early mathematics in India.
. . * Appendices to the Vedas
* most important for Math History:
* Explained how to construct sacrificial fire altars, with
* calendars
* Precise measurements.
° astronomy,
* Geometrical shapes of given areas.
* Sulba-Sutras.
T Aharvavea S secone oy Wil Doicn Wiy and Chares * Using stakes and marked cords to make right-angled triangles

Vedas and Sulba sutras

All known Vedic mathematics is in the Sulba Satras

* No proofs or formal explanations—focus on construction methods RO pe ACtiVity 1 :
Pythagorean

* Mathematics passed through families; texts copied across
generations

* Tradition likely disrupted during periods of political uncertainty

google. i from-th r%C4%81%E1%B9%87as/agHOhUtTSKriw?hi=en I h e o I e m



https://en.m.wikipedia.org/wiki/Hindu_texts
https://artsandculture.google.com/asset/literature-from-the-pur%C4%81%E1%B9%87as/agH9hUtiTSKriw?hl=en

Sulba sutras Activity 1

https://www.geogebra.org/m/gc5setrg

Activity 1: About a Sulba sutra

1. Construct a square (To do it, first click on the
Regular Polygon tool, then click twice on the plane
to create the endpoints of an edge of the square,
finally, click "ok" if the number of sides offered is
four, otherwise change it and then click OK)

2. Using the Regular Polygon tool again construct a
new square such that one of its sides is one of the
diagonals of the first square.

3. Using the area tool, compute the area of the two
squares.

4.What is the relation between the areas of the two
squares? If you have time, find an explanation for
your answer. (@answer in the platform)

BT

(Note: You can only move the first two points you
constructed, which originally are blue. The rest of
the construction depends on these two points).

Area of poly1 = 23.86

Area of poly2 = 47.72

The rope which is stretched across the diagonal of a
square produces an area double the size of the original
square.

Activity 2: Explain why the area of the rectangle
you constructed is the sum of the areas of the

“The rope which is stretched along the length of the diagonal
of a rectangle produces an area which the vertical and

horizontal sides make together.”
https://www.geogebra.org/m/ztcsgdum
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Area of pohy = 21.7

Euclid’s elements, ~300BCE
|(Interpreted by Oliver Byrne ~ 1850)

"The rope which is stretched along

the length of the diagonal of a
rectangle produces an area which
the vertical and horizontal sides
make together” !
Sulba Sutra-800BCE and 400BCE Puthegurer’s theorem

https://mathshistory.st-andrews.ac.uk/

HistTopics/Indian_sulbasutras/

b G 4 | [ &

%‘ AT \‘q

f\ i// ERVA Diagram proof of the Gou-Gu rule -
';k | é ¥ |Pythagorean Theorem - text compiled
% L‘ BN J/ between 100 BCE - 100 CE

' G O = Tl B

Diagram added by Zhao Shuang to the Zhoubi Suanjing that can be used to
prove the Pythagorean Theorem



https://www.geogebra.org/m/gc5setrq
https://www.geogebra.org/m/ztcsqdum

Rope Activity 2:
J2

The Katyayana Sulbasiitra gives the
following approximation to /2:

Increase a unit length by its third
and this third by its own fourth less
the thirty-fourth part of that fourth

How many digits after the decimal
point of this approximation match
the true value of /2?

The Katyayana Sulbasutra gives the
following approximation to ,/2:

Increase a unit length by its third
and this third by its own fourth less
the thirty-fourth part of that fourth

=1+1/3+1/(3%x4)—1/(3%x4%x34)=
577/408 ~ 1.4142156863

V2 =1.414213562 ...

How was the approximation of /2 found? A conjecture

Here is a possible explanation.

+ Start with two squares, each of area 1.
+ Goal: cut up and arrange one of the squares around the

other, to make a new “almost square”. The area of this
“almost-square” is 2.

1+1/3+1/(3%x4)—-1/(3x4x%x34)



https://mathshistory.st-andrews.ac.uk/HistTopics/Indian_sulbasutras/

How was the approximation of \/2 found? A conjecture

+ Area of missing little square (top right): (1/12)2

 Fill missing little square with strip of width x on the left

hand side and bottom. “CirCI i ng the

- Area of strip 2.x.(1+1/3+/12)= (1/12)2 .
- x = 1/(3x4x34)

square”

+ But...there is a little square of
side x overlapping, not
accounted for.

© 2x.(1+1/3+/12) - x2 = (1/12)2,

gives x = 17/12-\2
1/3x4x34~0.002451 i e e A Sl
litle square
:'titss://ma(hshjslon{.sl—andrews,ac.uk/ 1 7/ 1 2'-\/ 2"‘00024531

What is the value of “nt” in the
construction "circling the square”?

If it is desired to transform a square into a If it is desired to transform a square into a circle,

circle, [a cord of length] half the diagonal [of e [a cord of length] half the diagonal [of the square] is stretched from
the square] is stretched from the centre to the the centre to the east [a part of it lying outside the eastern side of the
east [a part of it lying outside the eastern side squarej;
of the square]; with one-third [of the part lying ) . . . .
outside] added to the remainder [of the half ewith one—%‘hlrd [of the part ly.mg OU.tSIde.] added to the remainder [of
diagonal], the [required] circle is drawn. the half diagonal], the [required] circle is drawn.
OE=08
f ® ce.i06
65'3
E

https://www.maa.org/press/periodicals/
convergence/more-classroom-activities-
based-on-ancient-indian-rope-

geometry-transforming-a-square-into-a-

circle
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https://www.maa.org/press/periodicals/convergence/more-classroom-activities-based-on-ancient-indian-rope-geometry-transforming-a-square-into-a-circle

What is the value of “it” in the construction "circling
the square”?

I A(s ):A(@)%en r.Lls

Jain Mathematics
(flourished c. 500

BCE - 200 CE)

Jainism Flourished between c. 500 BCE and 200 CE.

*Religious texts explored ideas of nothingness,
countability and infinity.

* Considered three classes of numbers: finite,
countably infinite, uncountably infinite

 Accepted emptiness and eternity as real categories.

Compare to Greek mathematics, which avoided “nothing,”
Jain philosophy treated sinya (void) as part of the
structure of reality — a legitimate object of reasoning.

Emptiness ,
precedes creation.

For the Jainism,
the universe was
born out of
nothingness.




Aryabhata ~500 CE A place should
be 10 times the
* Accurate value of 1T (as ratio 62,832/20,000) | previous place.

* Described decimal place-value system

Arya b h ata * Developed computational algorithms

(square roots and cube roots, areas and
volumes, equations, arithmetic and geometric
progressions)

* Sine table construction methods

~500C E * Alphanumeric notation system for
encoding large numbers

* Proposed earth's daily rotation

* Developed planetary motion

calculations

Greek . = . -
Trigonometry Early trigonometry in India: The Sine-Jya

trigopnon — triangle
The study of the metron — measure
relationships * Mainly used for astronomy, for computations to predict
between angles and e e positions of the planets.
lengths in triangles Geometry (arcs, chords) - Use of a function jya (similar to “our” sine) which related
and their connection v angular and linear measures.
to circles.

Indian astronomy « Acircle of fixed radius R = 3438 was considered.
Geometry using lengths, algebraic
computations (half-chords)

v jya(angle) = 3438 x sine(angle)

Islamic astronomy

Development of modern trigonometric functions Why 34387
(sine, cosine, tangent) for astronomy and

orientation How did the jya (sine) appeared?




Unit circle and
trigonometric functions.

Early trigonometry in India: The Sine-Jya

Indian astronomers wanted angles and
arc lengths to share the same numerical
scale.

A full circle «» 360° < 21 600’ (arc-minutes).

The circumference was defined as 21 600
linear units (a numerical convention, not a
physical measure).

2mR = 21 600 therefore R = 3438.

1 radian = 3438’ — same as radius for Indian sine tables.

Early trigonometry in India: The Sine-Jya

Chord(B) = BE
Chord(2B) = BC

BD (the half-chord) is easier to compute.

chords.

Early trigonometry in India: The Sine-Jya

*Greek astronomers tabulated chords,

*Indian mathematicians simplified by working with half-

*These half-chords were called jya in Sanskrit.

BD=Rsinf
Chord(2pB) = BC =2-BD =2R sin B
Hence R sin 3 = %2 Chord(2p)

Jya(B) = 2 Chord(2p) (with R=3438)

Early trigonometry in India: The Sine-Jya

Jya(a) = half-chord of the double angle
+Greek method: geometric relations between chords.

*Indian method: expressed these relations algebraically —
computation replaced construction.

*Recurrence relations (Aryabhata, Bhaskara) became
algebraic.

+Only radius and one perpendicular needed — not both
chord endpoints.




Early trigonometry in India: The Sine-Jya

+ A“table” of Sine was in was usually
presented as a list in verse of
+ twenty-four Sines in the first

quadrant
+ atintervals of 3 3/4 - (225 minutes),
+ arule for linear interpolation to find

A radian is a unit for measuring angles.
Write a definition of one radian (see animation and figures below).

and arcs / [
( r
No explanation of how the \
Sine-Jya was derived W
v ieira - Own work, Public Domain, ikimedia. php?
Definition: A radian is the measure of a n THE SANSKRIT ALPHABET
N
central angle of a circle such that the : _
qumﬁm SANSKRTA-VARNA-MALA

corresponding arc length equals the radius.

r x0,

arc length = r x angle

(Angle in radians).

vowels (svara)
el - shors & ong
Ha Wx 31 1 Ju Fo Fr W
dpbcngs - b _ |
TUe Ta Ao ATav | HAam A |[FL F
| ot
consonants (vyafjana)
mutes or stops (sparsha)

[erp——
e g one e e o

wtmernts vt | 0 KA & KHA MTea FAcHA T sa

potatats -wiste | A €A T CHA A WoHa STRa
s

cmtess-rot | CTA O THA Bopa ToHA T Na
of s

dousbseen | ATA A THA Toa Toua Twa

[re— Tpa Frua FApa WeHa Hwma

semi-vowels (antastiha) - soft

T ya T RA Fa  dva
sibilants - A & pure aspieate - syt (dskman)
T sa 9 sa Hsa T HA

special conpunct comsomants 1 KSA T TRA T IRA




B R T i E wrt o ot e Complete the table -Teams of 3
T{ﬁa l{@’ ekl ?qﬁ; I Words from https://docs.google.com/spreadsheets/d/1m RaOfagWoNvBvIbHTtgDe66UCucl4lhmmyXSvWEVW8/
wdfe four g ufds fobar 1 12l § ot @ % © Far-3nf-Sary || Verse St - =
: consonants | = Open the link on the course o >
ghlaki U website or use QR code
. Kigra : o I ) o -
makhi . ake a copy o the spreadsheet
makhi bhakhi phakhi dhakhi nakhi nakhi . hakya . and share it with me. wimcimo s 205
fiakhi hasjha skaki kisga ghakhi kighva | bhakhi dhaki G = f :=.‘: :: :;‘9 ::
i ! T oL > aki Fill the gaps (in yellow)
ghlaki kigra hakya dhaki kica phakhi - Ki=t00 sas0 g 18
sga siha fiva kla pta pha cha . kica 8 =100 ) = 164
kala unl/}u j)'{i{x Il dhakhi sga 9 =100 ghazt la=s0 154
10
_nakh' . ) 1 Vowels ha=100 ya=30 ka=1 131
. tha_lhasa 12 dha=19 ki=ka x i=100 19
~nakhi "nva 13 1 :a:s‘;og n:s_g :
) "nakhi . 100 - e o
Aryabhata’s _ kla - 10002 g0 .
. haSlha s 10073 pa=21 ta=16 a7
poem-table of sines : pta . 10004 ,
skaki 100%5 e
. pha © 10076 Decomposition Computation
ki.sga cha :‘1’ 10087 ka 1 1
q 100"8 i
"Sghak| 2 kaxi 1x100 100
- gaxu 3x10000 30000
kighva 24 (g+na) x u (20+3)x10000 230000
25 (ghax.r) + (ya + kha) xu  (4x10073)+(30+2)x100”2 4,320,000
Aryabhata’s Encoded Sine Table — Math Detective Work ’ = A
v S e mer Aryabhata’s explanation of his
Each Sanskrit word in the green table encodes a number using consonant and vowel consonants Unclassified H
values (see the purple tables on the right). consonants SyStem for denOtIng numbers

Your task: decode the missing numbers in the yellow cells using the same logic

as in the completed examples. . -
+ The classified consonants [starting] from

k [are encoded] in the square [places],
+ the non-classified consonants, [starting
from] y which is [equal to] n'm, to the
0 non-square [places].
2 = - Nine vowels [are assigned] to the
square and non-square [places] in a
double nine-tuple of zeros, and [beyond]
the square [places] ending with nine.

Instructions
1. Work in teams of 2-3. List all team members in the "Team members:" section.

2. Open the file (you have view-only access).

© ©® NG AWN =

3. Go to File = Make a copy.
4. Share one copy per group with me (as Editor).

5. Use the purple tables to find letter values and figure out how they combine.
(The pattern appears in the already filled rows.) .

6.  When you finish, type “done” in Wooclap.

7. Have math fun!

H?HH:I«.......I

winlanl 2l el leoiah 33

25 Mathematics in India by Kim Plofker



https://docs.google.com/spreadsheets/d/1m_RaOfagWoNvBvlbHTtqDe66UCucl4lhmmyXSvWFVW8/

Poem Total

Numb  from Why Aryabhata Listed Sine

7 9 wfa ufe v Sfe s s Wie fewr mfé féwa | er poem .
e by grr ufe fba ¥ @A § 9@ W B B Pen-d-Ag | | Differences
makhi
S Exact method unknown, but likely recursive.
o = 125‘ phakhi
- dhakhi y| Differences reflect how the table was
Stanza I, 10. The twenty-four sine [differ- nakhi generated.
ences] reckoned in minutes of arc are 225, ~nakhi 1350| 210 1315 Suggests an algorithmic mindset: each
224, 222, 219, 215, 210, 205, 199, 191, 183, "nakhi 1575 205 1520| value derived from the previous.
174, 1p4, 154, 143, 131, 119, 106, 93, 79, .
v G| 18000 199 AT19) ) ater texts show similar finite-difference

65, 51)\37, 22, 7.

skaki 2025 191 1910

methods linking geometry and algebra.

Lo

2250 183 2093
2475 174 2267

ki.sga

A

Aph

"sghaki
kighva 2700 164 2431

ghlaki 2925 154 2585

kigra 3150 143 2728
2278 4124 QR0
"sghaki -0.0000978
Poem Total Total for A'ctual Af:tual RIS -0.0000425
Numb from poem/ sine Sine-
er poem 3438 Ariabhata ghlaki -0.0001062 Number Actual sine Difference

Sine

kigra -0.0001897 fro m verse

0.00000| 0.00000| 0.0000000
hakya -0.0001798
225 225| 0.06545| 0.06540| -0.0000467 o 0.0002397
224 449| 0.13060| 0.13053| -0.0000826 e T
222 671| 0.19517| 0.19509| -0.0000957 sga -0.0002723 0'00000 0'0000000
219 890 0.25887| 0.25882| -0.0000715 "sjha -0.0002019 225 0.06540 -0.0000467
215/ 1105/ 0.32141| 0.32144| 0.0000080 "nva -0.0001139
210 1315 0.38249| 0.38268| 0.0001654 kla -0.0000898 224 0.13053 -0.0000826
205|  1520| 0.44212| 0.44229| 0.0001386 pta gl0C01950 222 0.19509 -0.0000957
i pha -0.0001785
o IS oo oo oo e B 219 0.25882 -0.0000715
183|  2003| 0.60878| 0.60876| -0.0000676 Error 215 0.32144 0.0000080
174|  2267| 0.65939 0.65935| -0.0000978 210 0.38268 0.0001654
164|  2431| 0.70710| 0.70711| -0.0000425
154|  2585| 0.75189| 0.75184| -0.0001062 205 0.44229 0.0001386
143 2728| 0.79348| 0.79335| -0.0001897 199 0.50000 '0.0000368




Aryabhata “sine” table

Word from  Number Number Angle (in  Angle (in  Angle (in  Total from Total for Total/(180*60/ Actual sin(real)-(Number/
verse from verse from minutes)  degrees) radians) verse verse/3438 Pi) sine (180*60/Pi)-sin
formula
o o ] 0.000 ] 0.00000 0.00000 0.00000 0.0000000
225 225.00 225 4 0.065 225 0.06545 0.06545 0.06540 -0.0000467
224 224.00 450 8 0.131 449 0.13060 0.13061 0.13053 -0.0000826
222 222.00 675 1 0.196 671 0.19517 0.19519 0.19509 -0.0000957
219 219.02 900 15 0.262 890 0.25887 0.25889 0.25882 -0.0000715
215 215.07 1125 19 0.327 1105 0.32141 0.32143 0.32144 0.0000080
210 210.16 1350 23 0.393 1315 0.38249 0.38252 0.38268 0.0001654
205 204.31 1575 26 0.458 1520 0.44212 0.44215 0.44229 0.0001386
199 197.56 1800 30 0.524 1719 0.50000 0.50004 0.50000 -0.0000368
191 189.92 2025 34 0.589 1910 0.55556 0.55560 0.55557 -0.0000262
183 181.45 2250 38 0.654 2093 0.60878 0.60883 0.60876 -0.0000676
174 17217 2475 M 0.720 2267 0.65939 0.65944 0.65935 -0.0000978
164 162.12 2700 45 0.785 2431 0.70710 0.70715 0.70711 -0.0000425
154 151.35 2925 49 0.851 2585 0.75189 0.75195 0.75184 -0.0001062
143 139.91 3150 53 0.916 2728 0.79348 0.79354 0.79335 -0.0001897
131 127.85 3375 56 0.982 2859 0.83159 0.83165 0.83147 -0.0001798
119 115.22 3600 60 1.047 2978 0.86620 0.86627 0.86603 -0.0002397
106 102.07 3825 64 1.113 3084 0.89703 0.89710 0.89687 -0.0002265
93 88.48 4050 68 1.178 3177 0.92408 0.92415 0.92388 -0.0002723
79 74.49 4275 kal 1.244 3256 0.94706 0.94713 0.94693 -0.0002019
65 60.17 4500 75 1.309 3321 0.96597 0.96604 0.96593 -0.0001139
51 45.58 4725 79 1.374 3372 0.98080 0.98088 0.98079 -0.0000898
37 30.79 4950 83 1.440 3409 0.99156 0.99164 0.99144 -0.0001930
22 15.86 5175 86 1.505 3431 0.99796 0.99804 0.99786 -0.0001785
7 0.86 5400 920 1.571 3438 1.00000 1.00007 1.00000 -0.0000737
5625 94 1.636 3438 1.00000 1.00007 0.99786 -0.0022147

Aryabhata sine table

TThtee nlecpeelatio  gameaTreamatie afted frftanig |
o5 sowemiiddte  dufr 0 gz

e T ——
g P, ', 4t b, Wb b St v e

oL - 225’ n=\,2,...24
R ai58

ey 2o - Slw)
g

An,ﬁ S 5..5.;--<~S- nyz

(Note di-dy = 2 Reinw U-we))

Aoponedtly Arya blabe dd nt vee Ko oum culy ! 3 is anpecknd
W‘) *\?v&n,‘,&,&lﬁ owm Phelomy,

Ak ke
Extra, extra! probably he did not copy from Ptolemy

Large numbers and verses

* Indian mathematicians transmitted knowledge
orally, often in Sanskrit verse.

* As in Ptolemaic astronomy, early Indian astronomy
began by finding the mean position of celestial
bodies at a given time.

« These mean position were expressed as ratios of
large integers—numbers of cycles completed over
fixed intervals.

* Hence, they needed a method to encode very
large numbers (often 10+ digits) within verse.

Mathematics in India by Kim Plofker

Origin of the word “sine”

jya &I The mathematical technical term jya™ (bowstring)

appears originally to have meant “chord.”

ardhajya Later the term ardhajya “half-chord,” denoted the
Sine.

jya People dropped the “ardha” and kept “jya.”

jiba When Arabic writers translated his works

from Sanskrit into Arabic, they referred it as jiba.

jb Since in Arabic writings, vowels are omitted, it was
abbreviated as jb.

jaib Later writers substituted jb with “jaib”, meaning "pocket"
“bay” or "fold (in a garment)”.

sinus Later in the 12th century, these writings were
translated from Arabic into Latin, the Arabic jaib was
replaced with its Latin counterpart, sinus, which means
"cove" or “bay” which is the word that arrived to us.




Bakhshali Manuscript
799 -1102 CE
Earliest extant Indian

mathematical manuscript.

Bodleian Libraries

UNIVERSITY OF OXFORD

[

https://youtu.be/pV_gXGTuWxY

1. Why is the appearance of zero as a numeral (or
placeholder) in the Bakhshali manuscript important? 2.
According to carbon dating, what is the approximate
date of the Bakhshali manuscript?

One of the Bakhshali manuscripts.

Bakhshali manuscript -possibly 799-1102 CE

* Mathematical manuscript

* Written on birch bark

* Found near present-day Pakistan

* Written mainly in Sanskrit. Commang. 21 Fuhecomai, i Winedia

* Sometimes described as containing one of the earliest known
written uses of a zero symbol as a placeholder

* Oldest extant manuscript of Indian mathematics.

* Contains rules and worked examples in arithmetic, algebra,
geometry, and mensuration

* Composed by different folios that may date from different
centuries.

* The mathematical content itself may be older than the manuscript.

* Radiocarbon dating places the sampled folios in 799-1102 CE,
but the manuscript’s date remains debated.

https://ora.ox.ac. j i 1dd7-20c-4209-adb6-3:

Zero in Gwalior
+ Gwalior, India: Medieval fort located south of Delhi, near Agra
+ Inside the fort, a temple tablet dates to the 9th century CE

+ This tablet records the oldest definitively dated zero in India:
the inscription reads 876 CE

d in a temple in Gwalior.
(Plofker, Mathematics in India) 1 .

https://www.ams.org/publicoutreach/feature-column/fcarc-india-zero



https://www.youtube.com/watch?v=pV_gXGTuWxY
https://youtu.be/pV_gXGTuWxY
https://ora.ox.ac.uk/objects/uuid:5a6d1dd7-f20c-4209-adb6-33849f5b08f4

Zero as a numeral Y

[l

0in Mesopotamia

The number 605 in Khmer numerals,
(a date that corresponds to AD 683)

one of the earliest known uses of zero . \ B '3 st (0]
as a numeral < s 73 0 as
E 2] e
8
https://commons.wikimedia.orgiwiki/ -
File:Khmer_Numerals_-
—605_from_the_Sambor_inseriptions.jpg 3 2 To O fo 2x 3 4ax S Bax Ta B S 10 M 12x 13
R
< @+ o o0 o
Babylonia Maya India China Arabia  Europe

From A BRIEF HISTORY OF ZERO by Kristen McQuillin, July 1997 (revised January 2004)

https://mt. i i 1.htm!

Development of Place-Value (positional)
Number System and Zero in India

*Brahmi numerals (3rd c. BCE) — Written additive/
multiplicative system; separate symbols for 1-9, tens,
hundreds; non-positional: no 7ern

- ==T4 P3P 7997

-Bhuta-sankhya system (3rd-5th c. CE) — Verbal place-
value system using object-words; earliest positional
concept; no zero

‘Inscriptions (mid-1st millennium CE) — Written
positional decimal notation appears; spreads to
Southeast Asia; no found zero initially.

Development of Place-Value (positional)
Number System and Zero in India

- Bakhshali Manuscript (5th-7th c. CE)
— Earliest written zero symbol (dot) as
p|aceho|der in positiona| System One of the Bakhshali manuscripts.

National Geographic, Public domain, via Wikimedia Commons

-Zero as a number (7th c. CE) —
Brahmagupta defines arithmetic rules;
zero becomes operational, not just
notation

Title When (first) Type Zero Place Notes

Brahmt 3rd century Written | No zero India Separate signs for 1-9, tens, 100,

numerals BCE additive/ 1000; non-positional.
multiplicativ
e system
Bhita- 3rd-5th Verbal No zero| India Object-words encode numbers in
sankhya centuries | positional place-value order; earliest clear place-
system CE decimal value concept.
G EN  Mid-1st Written  |No zero| India and | Derived from Brahmt scripts; earliest
millennium | positional Southeast | epigraphic evidence of decimal place-
CE decimal Asia value; Possible Influences -not widely
accepted: Chinese counting rods,
Mesopotamian, hieratic Egyptian,
Aramaic)
FELGELED Original: Written | Zero as | Northwest | Earliest known use of written zero
VELUEa8 Likely 5th— | positional |numera India symbol in Indian manuscripts.
7th decimal | (dot)

centuries | system with
CE. Copy zero
8th—12th
centuries
CE

rA--HE R 7th century | Written [ Zero as India | Zero used in arithmetic operations and
number CE math text | number algebra (Brahmagupta).




The ingenious method of expressing every possible
number using a set of ten symbols (each symbol having a
place value and an absolute value) emerged in India. The

idea seems so simple nowadays that its significance and S a n S krit Poetry
Throughout

profound importance is no longer appreciated. Its
simplicity lies in the way it facilitated calculation and
placed arithmetic foremost amongst useful inventions. the

importance of this invention is more readily appreciated C
when one considers that it was beyond the two greatest 500_1 200 E
men of Antiquity, Archimedes and Apollonius.
Pierre-Simon Laplace~1800

65

Still with Sanskrit Between 600 and 800 CE, in India, a poet named Virahanka gave a
rule for counting certain variations in a given rhythm of Sanskrit

poetry.

The basic units in Sanskrit poetry are mora or “syllabic

O bt KT X A o B B2 YT B ¥ A 05 Y H o S oMo QRO 8 3 655 5= p oS instant” which can be either
T EN G @P.,.glg;5@)&\;@1@@3%&@3&&@3&0@5acs.mga:)gg;’g ¥ Y5E o VY I H S ar fo o .

¥ BRIYE D0 Uyt Feo@o momo RSB 500 8 T Eod oo ¥ 3 8 T8 H1 50 § 0ok B0 ¥ et St DIy 53 8 * Short, lasting 1 beat, denoted by S.
570 F TugE FoH Bl Ho AW S PHOK 3 H & [0 FP I F B0 Ho OX TN ES YA FIOR RO Fe oo ¥
203§ 53 Y5 B0 Y TVFVIY Jo B0 1) 0 Ty $ & ¥ 0%y it @I Bamm iy 7o OW S ¥ v e * Long, lasting 2 beats, denoted by L.
20 FTIH TS LI TINE K DD LoD F Pr R WAL - S 3 TZ IZoIS YR P YP F 0 TRID
aa—aaoﬁmwwg;ﬁq&'_é;w:%sm%&oa:mb5;5-;:b@&&_@ﬂwsob’u‘wwm@Uo:'m@ma&nibe ThUS we have
B oo HYITIDHTONRTow F BT T0o T AY RS P SV T 0o ¥ B d P F oo ¥ PH e TS E™ '

2B:0H W PV WSV TR 84T B FFPOXB P T2 8 B VOB OXrHR M o oo Fro HoP B .
o = ; SN exactly one verse type lasting one beat - S

By Ms Sarah Welch - Own work, CC BY-SA 4.0, ikimedia. i php?curid=73907104 exa Ctly tWO Ve rseS types Iasti ng tWo beatS _ SS a nd L

exactly three verses types lasting three beats: SSS, SL
and LS



https://commons.wikimedia.org/w/index.php?curid=73907104

Let’s write down verses (in English!)
reinterpreting the rules as follows:
Each

* mora (or “syllabic instant”) is a word,

* beat is a syllable of the word

Each of the words we use is:

« Short, lasting 1 syllable (one beat),
denoted by S. (for instance: “green”)

* Long, lasting 2 syllables (2 beats),
denoted by b. (for instance,’purple”)

Math is great

Math (1) — S
is(1)—S
great (1) —S

Total: 1+ 1+ 1= 3 syllables
Type: SSS

SSS(1+1+1)

Cats eat cake.

Bees narrow.

. Fish love jazz. LS (2 +1)

* Dogs chase cars. e Purple cat.

. Bees make tea. e Orange dog.

*  Pigs play chess. o  Silly pig.
SL(1+2) e Happy frog.

»  Cats follow. *  Yellow bee.

. Dogs quibble.

. Kids gallop.

»  Fishripple. -

Find verses of 3 syllables state their type.
Example: Math is great- SSS

Let’s write down verses (in English!)
reinterpreting the rules as follows:
Each

*mora (or “syllabic instant”) is a word,

*beat is a syllable of the word The kitten sleeps

Each word is either: The (1) —S

« Short, lasting 1 syllable (one kit-ten (2) —L
beat), denoted by S. (for sleeps (1) — S

instance: “green”)
Total: 1+ 2 + 1 =4 syllables

* Long, lasting 2 syllables (2
: e ( Type: SLS

beats), denoted by L. (for
instance,’purple”)

Find verses of 4 syllables and state their type.
Example: The kitten sleeps - SLS

SSSS(1+1+1+1)

. Cats eat cold pie.

. Dogs jump high
cliffs.

. Bees hum near
ponds.

. Fish swim past
rocks.

. Pigs bake soft
bread.

SSL1+1+2)
. Cats eat butter.

. Dogs chase
teacher.

. Pigs love drama.

. Bees make
honey.

. Fish hug water.

SLS(1+2+1)

. Cats follow rules.

. Dogs gallop fast.

. Bees quibble
less.

. Kids ripple
songs.

0 Pigs narrow
minds.

LSS@2+1+1)
. Purple cats run.

. Orange pigs eat.

. Silly bees hum.
. Happy dogs nap.

. Yellow frogs
jump.

LL (2 + 2)

. Purple teacher.
. Orange kitten.
. Silly water.

. Happy maple.

. Narrow drama.




Let’s write down verses (in English!)
reinterpreting the rules as follows:
Each

mora (or “syllabic instant”) is a word,

beat is a syllable of the word My students are smart

Each word is either: My (1) —S
. stu-dents (2) — L
. Short, (Ijastmgd1 t;s,yIISabI]:a (one SIS
eat), denoted by S. (for e

instance: “green”)
Total: 1+ 2 + 1+ 1=5syllables
Type: SLSS

* Long, lasting 2 syllables (2
beats), denoted by L. (for
instance,”purple”)

Find verses of 5 syllables and state their
type. Example: My students are smart -

SLSS

SSSSS(1+1+1+1+1)

. Cats eat cake at
noon.

. Dogs run past the
lake.

. Pigs dig holes for
fun.

. Bees buzz near the
barn.

. Fish jump over
logs.

SSSL(1+1+1+2)

. Cats eat cake
slowly.

. Dogs chase pigs
loudly.

. Bees hum songs
softly.

. Fish swim fast
always.

. Kids draw clouds
purple.

SLL1+2+2)

. Cats follow
teacher.

. Dogs quibble
drama.

. Bees ripple water.

. Kids gallop
orange.

. Pigs narrow maple.

LSSS2+1+1+1)

. Purple cats eat pie.

. Orange dogs run
far.

. Silly frogs jump
high.

. Happy bees make
tea.

. Yellow pigs wear
hats.

LLS 2 +2 + 1)
. Purple butter cat.
. Orange drama pig.
. Silly water bee.
. Happy maple dog.

o Yellow teacher ant.

How many types of verses of
one syllable are there? How
many of two? three? four? five?

Let’s write down verses (in English!) reinterpreting the
rules as follows: Each

mora (or “syllabic instant”) is a word,
beat is a syllable of the word
Each word is either:

* Short, lasting 1 syllable (one beat), denoted by S. (for
instance: “green”)

* Long, lasting 2 syllables (2 beats), denoted by L. (for
instance,”’purple”)

Between 600 and 800 CE, in India, a poet named Virahanka gave a
rule for counting certain variations in a given rhythm of Sanskrit

poetry.

The basic units in Sanskrit poetry are mora or “syllabic
instant” which can be either

» Short, lasting 1 beat, denoted by S.
* Long, lasting 2 beats, denoted by L.

Thus, we have

_exactly one verse type lasting one beat - S

_exactly two verses types lasting two beats - SS and L

_exactly three verses types lasting three beats: SSS, SL

and LS




# of Rythms of N

Types of words we can use for
verses

syllables composed by
short and long words.

* Short, lasting 1 syllable,
denoted by |. (for instance:
“green”)

Table 1-2

* Long, lasting 2 syllables,
denoted by S. (for instance,”
purple”)

Number How
of many
syllables

List of types

# of Rythms of N

syllables composed by
short and long words.

Number

of

How
many

syllables

Types of words we can use for
verses

* Short, lasting 1 syllable,
denoted by . (for instance:
“green”)

Table 1-2

* Long, lasting 2 syllables,
denoted by S. (for instance,”
purple”)

List of types

1 s 1 s
2 ss,L 2 ss; L
3 SSs, SL, LS 3 SSS; SL; LS
5 SSSS, LL, SLS, SSL, LSS, 5 SSSS; LL; SLS; SSL; LSS
8 SSSSS, LLS, 8 SSSSS; LLS; LSL; SLL; LSSS;
SLSS; SSLS; SSL
13 13 | SSSSSS; LLL; LSSS; SLSSS; SSLS;
SSSL; LSSL; LSLS; SLLS; LLSS;
SSLL; SLSL; LSL
_ _ YR Pingala’s
Why the Fibonacci numbers count the number of rhythms of n Chandahséastra

syllables?

All types of length
n+1

Length n+1, ends
with => get all
those of length n-1

Length n+1,
ends with S-get
all of length n

Prakit Pingala Prastara; Raghunath Temple, Jammu,J&K;

Indian treatise
on prosody and
combinatorics).

o
-~ Content origin: ~3rd

~ BCE-2nd BCE

diYantrani7:

mode/2up

5 . e -

(Recent copy)



https://archive.org/details/PrakritPingalaPrastaraVarnaMatraPatakadiYantrani775GhaAlm4Shlf3DevanagariAlankarShastra/page/n3/mode/2up
https://archive.org/details/PrakritPingalaPrastaraVarnaMatraPatakadiYantrani775GhaAlm4Shlf3DevanagariAlankarShastra/page/n3/mode/2up

Fibonacci numbers also appear in the Pascal Triangle and were found by

Sanskrit scholars. Fibonacci numbers in the Liber Abaci (1202)

1 ﬂ-b&x—st—y\

A certain man put a pair of rabbits in a place surrounded on all sides
by a wall. How many pairs of rabbits can be produced from that pair
in a year if it is supposed that every month each pair begets a new
pair which from the second month on becomes productive?

43 31
S 6 A1
8

b 3 .
35 10 10 5 1
A 6152015 6 1
21 s - 21 _35 35 _21 7 1
34 T8 28 56 70 56 28 8 1
55 9 36 84 126126 84 36 9 1
89 110 45 120 210 252 210 120 45 10 1

By RDBury - Own work, CC BY-SA 3.0, https://commons.wikimedia.org/w/
index.php?curid=15045063

Yang Hui's triangle in Jade Mirror
of the Four Unknowns, a
mathematical work by Zhu Shijie,
dated 1303.

AV A VAV A

Yk
VA je- - These are very special rabbits:

Pingala binomial icients triangle. ! i i ’JZ g : They never dle,
s e arbcge Urverty Lot *They “make” a new pair of rabbits exactly once every month

Pingala (~250 BCE) classifying poetic meters of long and short syllables, precggﬁgg:fﬁ%)zﬁount Meru . q fAn A

(known now as Pascal Triangle) This pair is always composed of male and female.
Fibonacci numbers in the Liber Abaci (1202) Fibonacci numbers in the Liber Abaci (1202)
A certain man put a pair of rabbits in a place surrounded on all sides

A certain man put a pair of rabbits in a place surrounded on all sides
by a wall. How many pairs of rabbits can be produced from that pair
in a year if it is supposed that every month each pair begets a new
pair which from the second month on becomes productive?

by a wall. How many pairs of rabbits can be produced from that pair
in a year if it is supposed that every month each pair begets a new
pair which from the second month on becomes productive?

1. In the first month, how many pairs do we have? Are they
able to produce offspring in this first month?

2. In second month, can our original pair produce offspring?
How many pairs total?

—
;,IL‘
—

3.In the third month how many pairs can produce offspring?
Why can't the pair born in month 2 reproduce yet?

4.The fourth month how many pairs can produce offspring?
What is the total number of rabbits?

These arevery special rabbits:
* They never die,

& v

L/

FJj
V-

+They “make” a new pair of rabbits exactly once every month
+ This pair is always composed of male and female. i




Fibonacci numbers in the Liber Abaci (1202)

A certain man put a pair of rabbits in a place surrounded on all sides
by a wall. How many pairs of rabbits can be produced from that pair
in a year if it is supposed that every month each pair begets a new
pair which from the second month on becomes productive?

. Start with 1 newborn pair. In month n

*  Month 1: that pair matures (no *  Mn-Mature pairs
birth yet). *  Bn=Baby pairs

0 Month 2: the mature pair . Total: To- Mn+ Bn
produces 1 baby pair. In month n+1 we have

0 Pairs we have 1 mature + 1 . B M
baby. 2] S DAl

. Each later month: * Mns1= M+ Bn

. Th+1:= Mns1 + Bt
° Every mature pair produces

1 baby pair. In month n+2 we have
° Every baby pair becomes . Bn:2 = Mns1.
mature. ° Mn+2 = Mn+1 + Bnsi

U Thi2 = Mni2 + Bni2 = Thi1 + Th

Fibonacci numbers appear
when Nature tries to pack
things in an efficient way.

Liber Abaci (1202)

“A certain man put a pair of rabbits in a place surrounded on all sides by
a wall. How many pairs of rabbits can be produced from that pair in a
year if it is supposed that every month each pair begets a new pair which
from the second month on becomes productive?”

The Liber Abaci, authored by
Fibonacci, played a crucial role
in introducing the positional
number system, which utilizes
Hindu-Arabic numerals, to
Europe. This is the same
number system that we use
today.

aﬁMLleLJﬂnﬂJnﬁhmﬁL‘t\Vw The numerals appeared in
gl i ol Europe by the 900s, but

j ""rl“ 1...‘,4 = entered daily mathematical life
[l ﬁ*ﬁ"rmmh : only after Liber Abaci in the
17.81L\J ?%TI 1200s.

The first Arabic extant numerals
in a Western manuscript, AD 976

Liber AbaC| (1202)
The Liber Abaci, authored by
Fibonacci, played a crucial role
in introducing the positional
number system, which utilizes
Hindu-Arabic numerals, to
Europe. This is the same
number system that we use “ - j

today.

o

PRt




The ingenious method of expressing every possible

number using a set of ten symbols (each symbol Brah mag u pta —

having a place value and an absolute value)
emerged in India. The idea seems so simple . C
nowadays that its significance and profound 598 668 E

importance is no longer appreciated. Its simplicity

lies in the waly it facilitated calculation and placed
arithmetic foremost amongst useful inventions. the equations; geometry of cyclic quadrilaterals.
importance of this invention is more readily
appreciated when one considers that it was beyond
the two greatest men of Antiquity, Archimedes and

Apollonius
Laplace

India: Bhaskara — negative roots
for quadratic equations but...

Bhaskaral — c.
The second value is in this case not to be
taken, for it is inadequate; people do not
approve of negative roots" —
— Approximation formulas for

» A debt minus zero is a debt; an asset minus zero sine; commentary on

600 C.E., India: o an asset Aryabhata.
Brahmagupta — rules for |+ Zero minus zero is zero.

operations with negative | ;. s a debt is an asset. Zero minus an
numbers. asset is a debt.

» The product (quotient) of a debt and an asset is a

Negatlve numbers debt, of two debts or of two assets is an asset.

in intermediate _ .
. » The product of zero with an asset, a debt or with
compUtatlons Zero is zero.




