Mathematics in Mesopotamla

Overview Mesopotamia.

+ Cuneiform and the beginning of
writing

+ Review of numbers

+ Areas

+ Plimpton 322
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- Calculation of areas

+ Solutions of Equations
- Reciprocals

+ Multiplication tables

Write down a brief
summary of your
topic, and the date
you are presenting.
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Civilizations 3000 years’ span

- Sumerian

- Babylonian
- Assyrian

- Akkadian

script.

Complicated, syllabic, wedge based or “cuneiform”

Trained scribes wrote in tablets.

Tablet Inscribed in Babylonian with a Ritual for the
Observances of Eclipses-The Morgan Library and Museum

* Hundreds of thousand have arrived to us.

* Most of these tablets are administrative records
(memos, receipts, wage records)

+ Some of these tablets are

* magical rituals,
 law codes,

+ vivid descriptions of military campaigns and

battles,

 great myths such as the Epic of Gilgamesh

Seven wonders of the Ancient World - Kandi, CC BY-SA 3.0

Robson, Eleanor. "Counting in Cuneiform." Mathematics in school 27.4 (1998): 2-9

hitp:

/3.0>, via Wikimedia Commons

Describe one or more mathematical
developments of the Mesopotamian culture

mentioned in this clip.
Ancient Mesopotamia 101- National Geographic
https://youtu.be/xVf5kZAOHtQ
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A praise poem of Sulgi

I am a king, offspring begotten by a king and borne by a
queen.

l, Sulgi the noble, have been blessed with a favourable
destiny right from the womb.

When | was small, | was at the academy, where | learned
the scribal art from the tablets of Sumer and Akkad.

None of the nobles could write on clay as | could.

There where people regularly went for tutelage in the scribal
art, | qualified fully in subtraction, addition, reckoning
and accounting.

The fair Nanibgal, Nisaba, provided me amply with
knowledge and comprehension.

| am an experienced scribe who does not neglect a thing.

Nanibgal, Nisaba, The patron goddess of the scribal art.



https://youtu.be/xVf5kZA0HtQ

- Each counter shape represented a specific quantity
of a specific commodity.

Cu neifo rm - Each category of items was counted W|th special
writing: origins,

numeratlons or number words Sp

decipherment and - W }
texts - The Mesopotamian accounting tokens were

found in present Iraq, and date from about 4000
BCE. The cone, spheres, and flat disc were
measures of cereals: smallest, larger, and
largest. The tetrahedron designated a unit of
work, perhaps one man-day, or the amount of

. of grain; the small cones designated
work performed by one man in one day. I £ arai ;
(Image by Denise Schmandt-Besserat and the University of Sltzll] MEERLES @F g, (Inzge D
Pennsylvania Museum of Archaeology and Anthropology, Schmandt-Besserat and Musée du Louvre,
University of Pennsylvania, Philadelphia.) Département des Antiquités Orientales, Paris.)

Envelope and contents from Susa, Iréﬁ,
circa 3300 BCE. For instance, the large
cone represented a very large measure

Behistun Inscription
-the “cuneiform Rosetta stone-

- According to Schmandt-Besserat, the
transformation of three-dimensional tokens to
two-dimensional signs to communicate
information was the beginning of writing in
the Mesopotamia.

Babylonian Rosetta =

New Data Deciphered From the
Monument of Darius the Great

On the face of precipitous Mount
Behistun in Iran is the 2,500-year-old
sculptured monument of Darius the
Great, which has been likened to the
famous Rosetta Stone of Egypt be-
cause it provides the key to the lan-
guages spoken in ancient Babylonia
and Elam. The same story is told in
three languages. One of these is an-
cient Persian, which was known. Hence
it was possible to decipher the athers.

The man who did the recent de-

Eventually, the tokens were replaced by signs
made by their impressions onto solid balls of
clay, or tablets

untranslated portion, a total of 323
lines running lengthwise for a distance

- The impressed signs evolved to become ho.has been anmual professor at he 5 o] Doine e e e
- .y . American School of Oriental Research - enemies,

cuneiform writing. Impressed tablets from, Iran, circa at Baghdad, To decipher the inscrip- : Dr. Cameron also found that the
’ A ; tion he had to make photographs and 7 Al ition o the original relet and that 15
3200 BCE. Each circular impression Blactic impressions while e was sus- W consiated of an' inset piece of stone,

stood for one large measure of grain; B PO et e e e 2 ) | he orrons: st
g 9 ; ment, which itself stands 225 feet - g 52 feet long by more than 20 fest high:
Wge . . . b the clent te reach its present site? Dr. Cameron
Writing seems to have been each wedge or conical impression Persin. to Babylonis, There were times found the remains of an ancent iair
designated a smaller measure of oy while smowstorms raged. " EheNew ork Bines i il it s o

. . cold, while snowstorms raged.

invented independently by at 9 ot e Naeh 27 1940 T Bariu wanted caravan voyagers to
. e grain.(image by by Denise Schmandt-Besserat View the great ek ot feared that
least by four societies: - : — Somty he Toew o s s rocoring
and Musée du Louvre, Département des Antiquités his deeds for posterity because & por-
. . Orientales, Paris.)) tion of the inscription says: “You who
Mesopotamia, Egypt, China, e 2 i it
Mesoamerica. https://www.bl.uk/history-of-writing/articles/where-did-writing-begini# See https:/archive.org/details/sculpturesinscri0Qbrituoft/page/n39/mode/2up Shalt live long, and thow shait Have

. . big family.”
for more information i



https://archive.org/details/sculpturesinscri00brituoft/page/n39/mode/2up

Code of Hammurabi about
1700 BC

Behistun Inscription
-the “cuneiform Rosetta stone-
written in three different cuneiform "an eye for an eye, a tooth
script languages: Old Persian, Elamite, for a tooth"
and Babylonian (a variety of Akkadian)
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By Unknown author - htpi/tusfidg1 uni-frankfurt de/cidact/dgran/apers/DB1 _1-15.GIF,
Public Domain, http: ikimedia. d=124383

s
Punishment of captured impostors and conspirators: Gaumta lies under the boot Nk
of Darius the Great.

Mount Behistun, Public domain, via Wikimedia Commons Location of the Behistun complex

Epic of Gilgamesh

Neo-Assyrian clay tablet. Epic of Gilgamesh, Tablet 11: Story of the Flood. Known as
the "Flood Tablet" From the Library of Ashurbanipal, 7th century BC. British Museum

Mesopotamian

Mathematics in a
slide-nutshell

Ancient Assyrian statue currently in the Louvre, possibly representing
Gilgamesh




Overview of Mesopotamian
Mathematics

Cuneiform writing in clay tables.
Many (many many) of them
survived

Writing in Mesopotamia began about 3000
BCE (same as Egypt) with the needs of
accountancy. Cuneiform (wedge shaped)

Procedures to determine lengths,
areas and volumes of many kinds
of figures.

The defining component of an
equilateral triangle was a side
and 7/8 was the coefficient for
the height)

The defining component of the
circle was the circumference. The

Scribes used positional number system with base 60 for
computations(although they also used other number

systems). coefficients for
. . the diameter was
No 0 - sometimes used a word to distinguish between, for 1/3=(0;20)60

instance, (1)s0 and (1, O)eo. the area 1/12= (0;5)e0

Algorithms to determine square roots.

Solution of linear equations by false position (with one or { o - -

two unknowns) 0 A\ e %“ §$f EZZ

. . . X O = @ 3 W W s

Solution of certain quadratic equations (problems were 05 N 1—34‘, PR DS S

often related to architecture and building) ‘\’t\\ o G @ ";';;: %: -
{10 o W oo 40 s0

Educated guess: Answer one of the following:

what do you think it means

that

a. 7/8 is the coefficient for the height of an
equilateral triangle?

b. 1/3 was the coefficient for the diameter of a
circle?

c. 1/12 was the coefficient for the area of a
circle?

Procedures to determine lengths, areas and
volumes of many kinds of figures.

The defining component of an equilateral triangle
was a side and 7/8 was the coefficient for the
height)
The defining component of the circle was the
circumference. The coefficients for

the diameter was 1/3=(0;20)s0

the area 1/12= (0;5)s0

Example of uses of mathematics

It was an important task for the rulers of Mesopotamia to
dig canals and to maintain them, because canals were not
only necessary for irrigation but also useful for the transport
of goods and armies.

« The rulers or high government officials must have ordered
Babylonian mathematicians to calculate the number of
workers and days necessary for the building of a canal, and
to calculate the total expenses of wages of the workers.

* There are several Old Babylonian mathematical texts in
which various quantities concerning the digging of a
canal are asked for.

https://mathshistory.st-andrews.ac.uk/HistTopics/Babylonian _mathematics/
K Muroi, Small canal problems of Babylonian mathematics, Historia Sci. (2) 1 (3) (1992), 173-180.

Tables in Tablets

* One of the most amazing aspect of the
Babylonian's calculating skills was their
construction of tables to aid calculation.
Two tablets which date from 2000 BC. give
squares of the numbers up to 59 and
cubes of the numbers up to 32.

+ Babylonians used the formula

a.b = (1/2)((a+b)2 - a2 - b?)

to make multiplication easier.

+ The Babylonians did not have an algorithm
for long division. Instead they based their
method on the fact that

A%B = Ax(1/B)
and used tables of reciprocals.



https://mathshistory.st-andrews.ac.uk/HistTopics/Babylonian_mathematics/

Early Sumerian Numerals
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Later Sumerian Numerals

Base 60 was used in Mesopotamian
mathematics because...

1.The approximate duration of the year is 602
2.60 has many divisors (for instance, 2,3,4,5 and 6)
3.0f advantages for writing and calculating fractions
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There are many theories trying to explain base 60

« Theon of Alexandria (~300CE): 60 is, among all the numbers the most convenient, because,
being the smallest among all those which have the most divisors, it is the easiest to
handle.

Can you imagine the Sumerians creating a committee to decide on their number base?

« Neugebauer (~1950CE): a decimal counting system was modified to base 60 to allow for
dividing weights and measures into thirds.

« Several theories have been based on astronomical events.

+ 60 is the product of the number of months (moons) in the year with the number of
planets (Mercury, Venus, Mars, Jupiter, Saturn)

+ The year was thought to have 360 days was suggested as a reason for the number base
of 60. (However the Sumerians certainly knew that the year was longer than 360 days.)

+ The sun moves through its diameter 720 times during a day and, with 12 Sumerian
hours in a day. In that way, one can come up with 60.

+ Some theories are based on geometry.

+ an equilateral triangle was considered the fundamental geometrical building block by the
Sumerians. Now an angle of an equilateral triangle is 60° so if this were divided into 10, an
angle of 6° would become the basic angular unit. Now there are sixty of these basic
units in a circle so again we have the proposed reason for choosing 60 as a base. (it
assumes 10 as the basic unit for division)

t-andrews.ac.uk/Hist ian_numerals/

There are many theories trying to explain base 60

* Sumerian civilization must have come about through the
joining of two peoples, one of whom had base 12 for their
counting and the other having base 5. ( 5 was used as a
number base among a few ancient civilizations). As the two
peoples mixed and the two systems of counting were used by
different members of the society trading with each other then
base 60 would arise naturally as the system everyone
understood.

+ One of the nicest things about these theories is that it may be

possible to find written evidence of the two mixing systems and
thereby give what would essentially amount to a proof of the
conjecture.

There are many theories trying to explain base 60

Sumerian civilization must have come about through the
joining of two peoples, one of whom had base 12 for their
counting and the other having base 5. ( 5 was used as a
number base among a few ancient civilizations). As the two
peoples mixed and the two systems of counting were used by
different members of the society trading with each other then
base 60 would arise naturally as the system everyone

understood.
Two peoples who mixed to produce the Sumerians
10 having 10 and 6 as their number bases. This version has
the advantage that there is a natural unit for 10 in the
Babylonian system which one could argue was a remnant of
the earlier decimal system.

E. F. Robertson Suggested: The reason has to involve the way that
counting arose in the Sumerian civilization (just as 10 became a base in
other civilizations who began counting on their fingers, and twenty became a
base for those who counted on both their fingers and toes.)

There are many theories trying to explain base 60

One can count up to 60 using

your two hands. On your left hand 3
there are three parts on each of 2
four fingers (excluding the thumb).

The parts are divided from each !
other by the joints in the fingers.

Now one can count up to 60 by

pointing at one of the twelve

parts of the fingers of the left

hand with one of the five

fingers of the right hand. This

gives a way of finger counting up

to 60 rather than to 10.

S ®
Nlu‘-
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i

E. F. Robertson Suggested: The reason has to involve the way that
counting arose in the Sumerian civilization (just as 10 became a base in
other civilizations who began counting on their fingers, and twenty became a
base for those who counted on both their fingers and toes.)




Assumein is 2.5cm (it is 2.54)

We could define a new unit

of measure a M336, of 0.5cm long. So
1in=5M336

1cm=2M336

A similar process could have
happened to the number system

Writing

cuneiform

Impression of cuneiform symbols on clay tablets. (Redrawn from Neugebauers

edge for
writing
verticals

/

edge for
writing
honizontals

http://writingcuneiform.blogspot.com/
2012/10/5-making-basic-wedges.html

Cuneiform writing

Clips from https://cuneiform.neocities.org/CWT/Figures/2_keilschrift_hwc.gif



https://www.history-of-mathematics.org/artifacts/babylonian-reciprocals-tablet
https://cnx.org/contents/WrA5pI4P@2/Chapter-01-Number-Systems-and-the-Invention-of-Positional-Notation#footnote3

Cuneiform writing: How it was done
https://cuneiform.neocities.org/CWT/Figures/2_keilschrift_hwc.gif

* Annotated bibliography due on 2/27.
* https://www.math.stonybrook.edu/~moira/courses/

mat336-sp2024/bib.html

* Abstract and outline of the paper. Advise: write an outline
for your presentation.

Fractions in
base 60 -

Review
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{10
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{12
47 13
@ 1
W 15
< 16
& v
& 18
5 19
« 20

Express numbers a. and b. in
Hindu-Arabic numerals

4

«r 21
«y 22
A 23
«P 2
«F 25
T 26
«F 2
«F 28
7 20
<« 30

«Y 1
«m 52
«m 33
« 34
«W s
R s
«&F 37
W 38
«FF o
« 40

Wy 4
<« 42
¢ 43

o
g
¥ o
€T s
q‘m 49
<« so

b.

%y 51
€ 52
<& 53
T
W s
R 56
T 7
€W 5
& s

r <

one ten

Recall that the symbol for

one and the symbol for
ten were combined to

make the symbols for all

numerals from one to
fifty-nine.

r T m i
one two three four
i F r
six seven eight
< « « &
ten twenty thirty forty

Some sexagesimal numerals

five

nine

fifty

Figures from Robson, Eleanor. "Counting in Cuneiform.” Mathematics in school 27.4 (1998): 2-9



https://www.math.stonybrook.edu/~moira/courses/mat336-sp2024/bib.html
https://www.math.stonybrook.edu/~moira/courses/mat336-sp2024/bib.html

What are the following numbers?

il

45/60 = /4 or 0,45 4 < <
4
45x60 = 2700 or 45 00 12 1002 1002
or 602 or 602
before after
i 4 1600BC 1600 BC

5/60 + 40/3600 0.944 or 0;05 40
5 +40/60 = 5 2/3 or 5;40
5x60 + 40 = 340 or 5 40

5x3600 + 40x60 = 20,400 or 5 40 00

Ways of making the medial zero across time

First and second numbers r .( r |} L i 3
one two three four five
fF

one ten F r i
six seven eight nine

Recall that the symbol for
one and the symbol for ten < <

were combined to make the 4 & £
symbols for all numerals
from one to fifty-nine. ten twenty thirty forty fifty

Some sexagesimal numerals

Figures from Robson, Eleanor. "Counting in Cuneiform.” Mathematics in school 27.4 (1998): 2-9

Express 1/20, 21/80
or 1/7 in cuneiform
(answer in
Wooclap in base

60)
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A school
exercise,
most likely.




1.What are the values of a, b and c?
2.What is do you think the purpose
of this tablet?

+ Appears to be a practice school exercise

- Contains not only a constructed illustration of a

- The value demonstrates one of the greatest

- It is believed that the tablet’s author copied

V2 tablet

- YBC 7289 is an Old Babylonian clay tablet (circa

1800-1600 BCE) from the Yale Babylonian
Collection.

undertaken by a novice scribe.
geometric square with intersecting diagonals, but

also, in its text, a numerical estimate of /2 correct
to three sexagesimal or six decimal places.

Picture from Yale Collection
Drawing by Eleanor Robson

known computational accuracy obtained
anywhere in the ancient world.

some of the results from an existing table of
values and did not compute them himself.

Adigital replica to hold in your digital hands

Babylonian approximation of the square root of a
number N, starting from a number a such that a2<N

.

. What is the

N = o+ 8=N-a > area of the
] yellow figure?

What is the

area of the
orange figure?
(Express both
areas in terms
of N, a, and B)

n

+
[l o

108

yellow orange

One starts with a rectangle of area N, with a
side of length a.

Babylonian approximation of the square root of a number N,
starting from a number a such that a2<N.
One starts with a rectangle of area N, with a side of length a.

o * The goal is to find a
N = +g.N-0 = +|&|B| square of area as
- a 2| 2| closeto N as possible,
so the side of this

square will be close to

a B/2a) JN.

* The orange square is

= what we found. Its area

yellow is larger than that of N.

« If (B/a)< a then B = N-
a2 > (B/(2a))?

The new approximation is
a’ =a+B/(2a) = a+(N-a2)/(2a)




Approximation [0 § | s s

(quess) Babylonian method
. to find square roots
N = eda = -8B !
a 1|2
New
Approximation
)
a @ [

'Lt‘ )
Ll

Given N and a such that:
*N>0, a>0
«a2>N

Following the figures, find a’ such
that (in terms of a and N) such
that (a’)2 is even closer N than a2
a2 is close to N (thus a is close (so a’is even closer than a to \/N)
to JN)

*Hint: Write s in terms of N and a

@ Lie Babylonian approximation of the square root of a number N
1 .= i “_‘.}
N=2 , guon a,=1 B SN [ when a2<N
- =\ | Al % 1.Find a such that a2 is close 6.The square root of the area
N- A«.q( + 3— Aree Yo [V |%e toNand a2 < N of the orange square is equal
- AR 2N=az+ (N-a?)=az+B to the length of its side.
oraN-c, | M| 3.N=a2 + B is area of the 7.The length of the side of the
s A /wﬁ “yellow’shape. orange square is a+B/(2a).
o O A < I = 4.Since a2 is close to N, the Thus, the a+B/(2a) is the new
) m*( - I]:I \ ® @ area of the yellow shape is approximation to YN.
- R close to the area of the .
asea. 0}'“ 4 20, o
. orange square. - L lond]- [ole
1 577 7 il 5. Hence, the square root of N 9 1|2
%; <1- 7 Z’&' = Z LI is close to the square root of
E I -6 th f th
2 e area of the orange
_41_3__,4/ :}_,__-L- 577 l Né-lo - Il
2 -z 2 12 Lebhe—=s|ze—7 ~ square. =| vyelloy orange
Y Foer ) 166569




Babylonian approximation of the square root of a number N
when az2> N

1.Find a such that a2 is close to
Nandaz>N

2N=az-(a2-N)=a2-B

3.N= a2 - B is area of the
“orange’shape.

4.The area of the orange shape
is close to the area of the pink
square (the difference is a
square smaller than B)

5. Hence, the square root of N
is close to the square root of
the area of the orange square.

The new approximation is
a’ =a-(a2-N)/(2a) = a+(N-a2)/(2a)

6.The square root of the area of
the pink square is equal to the
length of its side, a’ .

7.The length of the side of the
orange square is a-B/(2a).
Thus, the a-B/(2a) is the new
approximation to N.

Q s .8
N= a?)&‘-ﬁ It
o o @
i |
R .

Babylonian approximation of the square root of a number N

Given a guess a, one finds a new guess a’= a +(N-a2)/(2a).
In both cases (whether we start with a2>N or a2<N.

a a | s S

- +|gN-a| = +/8(B —ednl = -8B

N= LHeNd 232 N = JBed %-,-_
a o o

o
=| yelloy orange = L : j i
-+ -l

-

A number and its
reciprocal differ in 7.
What is the number?




A reciprocal exceeds its reciprocal by 7. A reciprocal exceeds its reciprocal by 7.

What are the reciprocal and its reciprocal? What are the reciprocal and its reciprocal?
1-You: break in haif the 7 by which the ., 1.You: break in half the 7 by which the
;e(':lilprocal exc):eeds its reciprocal, and 3;30 ‘llx NU:befzoare reciprocal exceeds its reciprocal, and 3;30
wil-come up). In base will come up).
2 Multiply 3;30 by 3;30 and 12;15 (will come | Ve 2(Mult|ply 3,3%)by 3;30 and get 12;15.
up). 7 3.Append [1 00, the area,] to the 12;15 which
3Append [1 00, the area,] to the 12,15 which 5 came up for you and (1 12:15 (WI" come Up)
came up for you and 1 12;15 (will come up). i 4 What is [the square-side of 1] 12;15? 8:30.
4 What is [the square-side of 1] 12;157? 8;30. 5.Put down [8,30 and] 8:30, its equivalent,
5.Put down [t8;30 and] 8;3(_)’ its equivalent, o and subtract 3;30, the takiltum-square, from
520, el s o s o s o
them). . 6.0ne is 12, the other is 5.
6.0ne is 1_2’ the 9ther i_s S. _ oo <! L0, 7 The reciprocal is 12, its reciprocal 5.
7.The reciprocal is 12, its reciprocal 5. _(%%% U=(3:30)=(1/2)(x-1/%) Vv2=1+U2
Then (339 052 = v=(8:30)=(1/2)(x+1/x) Answer v+1, v-1

Note:
Suppose x and y are reciprocal pairs
(that is, x.y=1) and set
a=1
b=1+((x-y)/2)2

Draw a

c=1+((x+y)/2)2
Then a, b and c are a Pythagorean
triple, that is

triangle

a2+b2=c2.




*Draw a triangle and your first name, and take a
photo.

*Drag the photo to https://www.yogile.com/
mat336/upload (the QR code is for that website)
or mat336@yogqgile.com

*Note: You do not need to sign in to Yogile.

List features common to most drawings (besides the obvious
fact that they are triangles)

NOME

'A
S EEEED
S - . ' uSA _
N j |A1
| 1 !% =

z
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EEE HE
N = L . B
= ‘Bl
EN/ DEE

List features common to most drawings (besides the obvious
fact that they are triangles)



https://www.yogile.com/mat336/upload
https://www.yogile.com/mat336/upload
https://www.yogile.com/336/upload#

A Babylonian typical triangle

Plimpton 322

M 29-15-709 (obverse). Drawing by the Eleanor Robson - Words and Pictures: New Light on Plimpton 322
- The American Mathematical Monthly , Feb., 2002, Vol. 109, No. 2 (Feb., 2002), pp. 105-120

htt_ps:llwww.nytimes.com/20_10/11/23/
sclence/23abylon himI?smid=url-share ta-kli -il-ti si-li-ip - tim |ib-sis sag |ib-sig si-li-ip-tim | mu-bi-im
$al in] -na-as-sd-hu-i-ma sag i-il-lu-ui
1 59 15 1 59 2 49 Ki 1
1 56 56 58 14 56 15 56 7 3 12 1 Ki 2
1 55 7 41 15 33 45 1 .16 41 1 50 49 ki 3
. 1 53 10 29 32 52 16 3 31 49 5 9 1 ki 4
Pllmpton 322 148 54 1 40 1.5 137 ki 5
147 6 41 4 5 19 8 1 ki 6
1 43 11 56 28 26 40 38 11 59 1 Ki 7
141 33 59 3 45 13 19 20 49 ki 8
1 38 33 36 36 9 1 12 49 ki 9
1 35 10 2 28 27 24 26 40 122 & 2 16 1 ki 10
1 33 45 45 1 15 ki 1
An Exhibition That Gets to the (Square) Root of Sumerian Math - NYTimes - Nov 22, 2010 1 29 21 54 2 15 27 59 48 49 k| 12
« First Western owner, George A. Plimpton bequeathed to Columbia 127 3 45 Z 12 1 4 49 ki 13
University in the mid-1930s. : g :: f; 432 . ";: 31] :: = :: ::
- Surviving correspondence shows that he bought the tablet for $10 from a
dealer called Edgar J. Banks. B e o o o St
. BankS told hlm It came from an archaeological Site Ca”ed Senkereh in Source: Archive for History of Exact Sciences , September 2011, Vol. 65, No. 5 (September 2011), pp. 519-566
southern Iraq, whose ancient name was Larsa I o gy, unienciamie mumbers.
+ Approximate date of the tablet: 1800 BCE.




Plimpton 322 in “our” number system

(d/)~2 or (s/ Short side Diagonal Row
~2 s d
(1).9834028 119 169 1
(1).9491586 3367 4825 2
(1).9188021 4601 6649 3
(1).8862479 12709 18541 4
(1).8150077 65 97 5
(1).7851929 319 481 6
(1).7199837 2291 3541 7
(1).6927094 799 1249 8
(1).6426694 481 769 9
(1).5861226 4961 8161 10
(1).5625 45 75 11
(1).4894168 1679 2929 12
(1).4500174 161 289 13
(1).4302388 1771 3229 14
(1).3871605 56 106 15

Plimpton 322 in “our” number system. Do you see pattern in

the numbers of the last column?
(d/1)2 or (s/1)2 Short Diagonal Row

sides d
(1).9834028 119 169 1 14400
(1).9491586 3367 4825 2 11943936
(1).9188021 4601 6649 3 23040000
(1).8862479 12709 18541 4182250000
(1).8150077 65 97 5 5184
(1).7851929 319 481 6 129600
(1).7199837 2291 3541 7 7290000
(1).6927094 799 1249 8 921600
(1).6426694 481 769 9 360000
(1).5861226 4961 8161 10| 41990400
(1).5625 45 75 11 3600
(1).4894168 1679 2929 12| 5760000
(1).4500174 161 289 13 57600
(1).4302388 1771 3229 14 7290000
(1).3871605 56 106 15 8100

Plimpton 322 in “our” number system

(d/1)2 or (s/1)2 Short side Diagonal Row d2-s2  (d2-s2)1/2
s d

(1).9834028 119 169 1 14400 120
(1).9491586 3367 4825 2| 11943936 3456
(1).9188021 4601 6649 3| 23040000 4800
(1).8862479 12709 18541 4| 182250000 13500
(1).8150077 65 97 5 5184 72
(1).7851929 319 481 6 129600 360
(1).7199837 2291 3541 7| 7290000 2700
(1).6927094 799 1249 8 921600 960
(1).6426694 481 769 9 360000 600
(1).5861226 4961 8161 10, 41990400 6480
(1).5625 45 75 11 3600 60
(1).4894168 1679 2929 12| 5760000 2400
(1).4500174 161 289 13 57600 240
(1).4302388 1771 3229 14| 7290000 2700

(1).3871605 56 106 15 8100 90

Plimpton 322 in “our” number system

(d/1)2or (s/1)2 Short side Diagonal Row d2-s2  (d2-s2)1/2
3 d

(1).9834028 119 169 1 14400 120
(1).9491586 3367 4825 2 11943936 3456
(1).9188021 4601 6640 2| 23040000 4800
(1).8862479 182250000 13500
(1).8150077 d 5184 72
(1).7851929 § 129600 360
(1).7199837 7290000 2700
(1).6927094 921600 960
(1).6426694 — 360000 600
(1).5861226 d=H 41990400 6480
(1).5625 . 3600 60
(1).4894168 d%6% isam inteae? 5760000 2400
(1).4500174 161 289 13 57600 240
(1).4302388 1771 3229 14| 7290000 2700
(1).3871605 56 106 15 8100 90




What do you think Plimpton 322 is about and why?

Three interpretations by scholars. .

Trigonometric table and
pythagorean triples
interpretations

line « P q

1 44.76° 12 5
44.25° 104 27

3 43.79° 115 32
4 43.27° 205 54
5 42.08° 9 4
6 41.54° 20 9
7 40.32° 54 25
8 39.77° 32 15
9 38.72° 25 12
10 37.44° 121 40
11 36.87° 2 1
12 34.98° 48 25
13 33.86° 15 8
14 33.26° 50 27
15 31.89° 9 5

Eleanor Robson, Words and Pictures: New Light
on Plimpton 322, The American Mathematical
Monthly , Feb., 2002, Vol. 109, No. 2 (Feb., 2002),
pp. 105-120

TABLE 6
From Reciprocal Pairs to Plimpton 322 Entries

Short Long

x 1/x (x—1/x)/2 (x+1/x)/2 {(x + 1/x)/2) side Diagonal side Line
224 0;25 0;59 30 1,24 30 1;59 00 15 159 249 2 00 1
2;22 13 20 0;25 18 45 0;58 27 17 30 1;23 46 02 30 1;56 56 58 14 50 06 15 56 07 12025 57 36 2
2;20 37 30 0525 36 0;57 30 45 1,23 06 45 1;55 07 41 15 33 45 116 41 150 49 120 00 3
218 53 20 0;25 55 12 0;56 29 04 1;22 24 16 1;53 10 29 32 52 16 33149 509 01 3 45 00 4
215 0;26 40 0;54 10 1;20 50 1;48 54 01 40 105 137 112 5
213 20 0,27 0;53 10 1;20 10 1:47 06 41 40 519 8 01 6 00 6
2:09 36 0;27 46 40 0;50 54 40 1;18 41 20 1:43 11 56 28 26 40 38 11 59 01 45 00 7
2,08 0;28 07 30 0:49 56 15 1;18 03 45 1;41 33 45 14 03 45 13 19 20 49 16 00 8
2,05 0;28 48 0;48 06 1,16 54 1;38 33 36 36 8 01 12 49 10 00 9
2:01 30 0;29 37 46 40 0:45 56 06 40 1;15 33 53 20 1;35 10 02 28 27 24 26 40 12241 216 01 148 00 10
2 0;30 0;45 15 1;33 45 45 115 100 11
1;55 12 0;31 15 0;41 58 30 1;13 13 30 1;29 21 54 02 15 27 59 48 49 40 00 12
1:52 30 0;32 0:40 15 112 15 1;27 00 03 45 241 449 4 00 13
1;51 06 40 0;32 24 0;39 21 20 111 45 20 1;25 48 51 35 06 40 29 31 53 49 45 00 14
1;48 0;33 20 0;33 20 1;10 40 1,23 13 46 40 28 53 45 15

Eleanor Robson, New light on Plimpton

On balance, then, Plimpton 322 was probably (but not certainly!) a good copy of a
teachers’list, with two or three columns, now missing, containing starting parameters
for a set of problems, one or two columns with intermediate results (Column | and
perhaps a missing column to its left), and two columns with final results (lI-1ll). All that
remains is for us to decide what the problem type might have been.Eleanor Robson

NOSHOY JONVHTH

Robson’s reasons for stating that the
numbers in Plimpton 322 were not
thought as Pythagorean triples

+ Use of reciprocals

+ Use of regular numbers

+ Study of mistakes in the table
+ Place of the table

* No similar table.

* No notion of angle




Ancient mathematical texts and
artefacts, if we are to
understand them fully, must be
viewed in the light of their
mathematico-historical context,
and not treated as artificial, self-
contained creations in the style

of detective stories.
Eleanor Robson

https://www.nytimes.com/2010/11/23/
science/23babylon.html?smid=url-share

Plimpton 322

An Extibion That Gets o the (Square) Root of Sumerian Math - NYTimes - Nov 22, 2010

 First Western owner, George A. Plimpton bequeathed to Columbia
University in the mid-1930s.

« Surviving correspondence shows that he bought the tablet for $10 from a
dealer called Edgar J. Banks.

+ Banks told him it came from an archaeological site called Senkereh in
southern Iraq, whose ancient name was Larsa

+ Approximate date of the tablet: 1800 BCE.

Plimpton 322 in “our” number system

(d/1)2 or (s/1)2 Short side Diagonal Row d2-s2
s d
(1).9834028 119 169 1 14400
(1).9491586 3367 4825 2| 11943936
(1).9188021 4601 6649 3 23040000
(1).8862479 182250000
(1).8150077 d 5184
(1).7851929 129600
(1).7199837 7290000
(1).6927094 921600
(1).6426694 2 2 360000
(1).5861226 d=b 41990400
(1).5625 . 3600
(1).4894168 d%5% isan intene 5760000
(1).4500174 161 289 13 57600
(1).4302388 1771 3229 14, 7290000

(1).3871605 56 106 15 8100

(d2-s2)1/2

120
3456
4800

13500
72

360
2700

960

600
6480

60
2400

240

2700
90

Calculation of

Areas




What are the value!
ofa,band c?
What do these
numbers
represent?

What is the
purpose of this
tablet?

Hint: To find the
purpose, consider
the arrangement of
the numbers with
respect to the

Picture from Yale Collection
Drawing by Eleanor Robson The American Mathematical Monthly , Feb., 2002, Cil‘Cle

Vol. 109, No. 2 (Feb., 2002), pp. 105-120)

Recall

The formula for the area A of a
circle in terms of the radius r is
m.r2,

The formula for the
circumference c of a circle in
terms of the radius r is 2.11.r.

Find the formula of the area of
the circle in terms of the
circumference and .

3
9
~ -
Picture from Yale Collectio Procedures to determine lengths, areas and
Drawing by Eleanor Robson volumes of many kinds of figures.

The defining component of an equilateral triangle
was a side and 7/8 was the coefficient for the
height)
The defining component of the circle was the
circumference. The coefficients for

the diameter was 1/3=(0;20)s0

the area 1/12= (0;5)s0




How to find (or approximate) 1t
in a desert island.

Solutions of
equations

A trapezoid

Write an equation whose
solution will be the answer to
the problem below

Do you think this is an actual
practical problem? Have you
seen aa problem like this
before? Can you suggest
what the tablet might have
been for?

22[im-3u nas(?)

22 sections (on stones)

Colophon of Tablet C4: end of the reverse (Neugebauer/Sachs 1945, Plate 13)

| found a stone, (but) did not weigh it; The origin(al weight)]
of the stone was 1

(after) | subtracted one-seventh, :
ma-na, 9%z gin, (and)
added one-eleventh, 21 se.
(and) subtracted one-thir[teenth], _
| weighed (it): 1 ma-na. * 60gin =1ma-na

What was the origin(al weight) of the stone?| * 180 se =1 gin




Educated guess: This problem is giving the How wam thie gormule Sound?
g P g g Co::‘ 6“*"": %o::\,a.}‘ug‘rh Savant

instructions to solve a certain kind of equations. Which 1. I summed the area and my square-side'so
kind? (Linear, quadratic cubic... one unknown, two that it was 0:45. — X
three...) . 2. You put down 1, the projection. X
Numbers are in base 60
. 3. You break off half of 1. —
1. I summed the area and my square-side so ,
. 4. You combine (;30 and 0;3Q. A
that it was 0;45. .
5. You add 0;15 to 0:45. —h—

You put down 1, the projection.

You break off half of 1.

You combine 0;30 and 0;30.

You add 0;15 to 0;45.

1 squares 1.

You take away 0;30 which you combined

from inside 1 so that the square-side is 0;30.
Translation by Eleanor Robson PrObIem from a tablet

6. 1 squares 1.

7. You take away 0;30 which you combined

from inside 1 so that the square-side is 0;30.

St w- Dingh of B side o T e

N oo s W

Write down u, vand w in terms of B and C

1.I'summed B2and my B times | I'summed the area and

square-side so that it was C. my square-side so that it
0;45.
2.You put down B, the projection. 2“\23 ut down 1. the
3.You break off half of B. o '
projection.

4. You combine (B/2) and (B/2). . .
5 You add (B/2)2 to C. * You'break off half of 1. Tablets in Cuneiform

4V ine 0;
6.V((B/2)2+C) squares (B/2)2+C. ou combine 0;30 and

7.You take falway u \{vhich 52;:8-add 0:15 to 0:45. D.eCi.pheri ng a-nd
you combined from inside ... flndlng meanlng

V... so that the square-side is —B— o-Uisquares 1.
w q ‘L1 7 You take away 0;30 which

~w3~  you combined from inside
Translation by Eleanor Robson ] 1 so that the square-side
— is 0;30.

Translation by Eleanor Robson




Photographs by Bill
Casselman, Peter Damerow,
Joran Friberg.

Deciphering and finding
meaning. What s this table
about?

C T <
Ask for help if you need it Mo

Please do not use any other tools
(except your mind and writing
instruments)

A
ERREEREE LR
AR ASEESRR

A

SAAATEEFHTY I
A

E

SAAATEERTIIA

Decipher tablet T T
el < &
The first line (partially E f(gi rrF
illegible here) reads Tl <BF m
—rati Ml <HFE <
10 a-ra(times) 1 10. Ml < Mrec
From line 2 on, in this ey <« [P
format, the multiplier is left IS % fif
. e F
out:
ara2 20
a-ra3 30...

http://www.ams.org/publicoutreach/feature-column/fc-2012-05

Tablet 13901
LU\ TS Ll ; British Museum
; 7z complete the square problems




P 1n
2 0.5 Describe the numbers n 22 0.0454545454545455
3 0.333333333333333 . .
. e such the 1/n has a finite 23 0.0434782608605652
: . 24 0.0416666666666667
: e decimal development o5 004
6  0.166666666666667 (here you have some PR y——
7 0.142857142857143 approx|mat|ons that 27 0.037037037037037
- 8 0.12 might help.) 28 0.0357142857142857
a y O n Ia n 91| 0111111144411 29 0.0344827586206897
10 0.1 30 0.0333333333333333
11 0.0909090909090909
31 0.032258064516129
I a b I e of ‘ ?‘ ? 12 0.0833333333333333 = Y
= = 13 | 0.0769230769230769 33 0.0303030303030303
14 0.0714285714285714 34 0.0294117647058824
15 0.0666666666666667 35 0.0285714285714286
16 0.0625 36 0.0277777777777778
17 0.0588235294117647
37 0.027027027027027
18 0.0555555555555556 38 0.0263157894736842
19 | 0.0526315789473684 39 0.0256410256410256
20 0.05
40 0.025
21 0.0476190476190476 o e s
Consider the numbers n such 5 30 What do you think this
2 05 22 0.0454545454545455 the 1/n has a finite decimal 27 2,13,20 table is about?
3 0.333333333333333 23  0.0434782608695652 development. 3 20 30 2 able _IS about:
4 0.25 24 0.0416666666666667 4 15 32 15230 Can you find a pattern?
5 0.2 25 0.04 y— = Notation:
= 1/n with integer . . . :
6  0.166666666666667 26 0.0384615384615385 mction Separatgor 5 12 36 1,40 the value within each sexagesimal
7 0.142857142857143 27 0.037037037037037 removed 6 10 40 1,30 SECD ISIEEREL N allne
8 0.125 28 0.0357142857142857 2 05 5 Bl (o) ks sl
8 7,30 45 1,20 - places are separated by commas
9 0.411111111111111 29 0.0344827586206897 4 025 25
o i 7 <
10 0.1 30 0.0333333333333333 5 02 2 9 6,40 48 1,15 T Eil I e
~A L [F AT <« [F™
11 0.0909090909090909 31  0.032258064516129 8 0125 125 10 6 50 1,12 e m ™ <
12 0.0833333333333333 32 0.03125 10 0.1 1 €F ar
12 5 54 1,6,40 |er o<
13 0.0769230769230769 33 0.0303030303030303 16  0.0625 625 em g i
14  0.0714285714285714 34 0.0294117647058824 20  0.05 5 15 4 1 1 pprralii LA
15 0.0666666666666667 35 0.0285714285714286 25  0.04 4 16 3.45 1,4 56,15 (& Hif nam
16 0.0625 36 0.0277777777777778 32 0.03125 3125 112 50 STl "
17  0.0588235294117647 37  0.027027027027027 40  0.025 25 18 3,20 : & T TG
{iiis RIE
18 0.0555555555555556 38 0.0263157894736842 50  0.02 2 20 3 1,15 48 f< T T
19 0.0526315789473684 39 0.0256410256410256 o4 530 1,20 45
20 0.05 40 0.025 Integer fraction separator ’ 121 44.26.40 Please do not use any other tools
21 0.0476190476190476 41 0.024390243902439 is the decimal point 25 2,24 J et (except your minq, writing instrumfents
and a calculator if you really need it)




https://docs.google.com/spreadsheets/d/1i50ZZAiIXEUIHJgR098cY5ItHyl_dpidTIx1IPt9eXTg/edit?usp=sharing A B Ie1 Bin AB
" " : Dec. Dec
B=1/n in sexagesimal with B decimal
integer-fraction separator 2 30 2 30 60
removed
2 30 2 30 60 1 3 20 3 20 60
3 20 3 20 60 4 15 4 15 60
4 15 4 15 0 60 5 12 5 12 60
5 12 5 12 60 3600 6 10 6 10 60
6 10 6 10 60 8/7,30 8 450 3600
8 730 8 450 3600 216000 916,40 9 400 3600
9 6,40 9 400 3600 112960000 i & i & o0
10 6 10 6 60 12 > 12 > 60 60
12 5 12 5 60 n 1/n  C(n) n*C(n) 15 4 15 4 60
= 7 E 7 w5 2 05 5 10 16/3,45 16 225/ 3600 3600
. > '? 18/3,20 18 2000 3600
16 3,45 16 225 3600 5 02 2 10 ’ 216000
18 3,20 18 200 3600 8 0125 125 1000 20 3 20 3 60
20 3 20 3 60 10 041 1 10 242,30 24 150 3600 12960000
16 00625 625 10000 25(2,24 25 144 3600
= 290 2 190 2600 e 5 1 27/2,13,20 27| 8000| 216000
25 2,24 25 144 3600 25 004 4 100 ==
27 2,13,20 27 8000 216000 30 2 30 2 60
30 2 30 2 60 32/1,52,30 32 6750| 216000
32 1,52,30 32 6750 216000 36/1,40 36 100 3600
36 1,40 36 100 3600 <0 2L el 20 2000
451,20 45 80 3600
4811.15 48 75 3600

Fragment of a circular clay tablet with depictions of constellations
(planisphere). Neo-Assyrian. - British Museum

Calendar




Impact
Every culture has mathematics, but some have more




