MATS544 Fall 2009

Homework 10

Problem 1 Using results of HW9 prove that

1. All norms [|x|l, = /27, [xilP, p > 1 and ||xllc = max;=1__, |x;| are equivalent on
R™.
2. Define I, as a space of sequences x = (Xi,...,X,,...) such that 3, [x,[” <

oo, p > 1. Prove that [, is a Banach space with respect to [, norm

Il = o[> 1l
n>1

3. Show thatif 1/p + 1/g = 1 then the pairing [, X I, — R defined by the formula

(xl,...,xn,..-)X(yl,...,yn,--.)—>anyn

n>1

is well defined and continuous in both arguments.

Problem 2 Let E;,i > 1 be a collection of subsets of a set X. Define
mEl = ﬂ U E,
o i>1 n>i

and

tim, = [ )£,

i>1 n>i

This you probably already know from HW9, but still:
Prove that

1. EE, = {x € X|x contains in infinitely many E;}

1—00

2. limE; = {x € X|x contains in all E; starting with some iy}

1—00

3. ll_IIlE, C EE,
i—00 =00



Problem 3 Let (X, M, i) be a measure space. A set E C X is called locally measurable
if ENA c Mforall A € Msuch that u(A) < co. Let M be the collection of all locally
measurable sets. Clearly M c M; if M = M, then  is called saturated.

a If p is o-finite, then y is saturated. (Recall if X = (J E; where E; € M and
H(E;) < oo forall j, uis called o-finite.)

b Misa o-algebra.

¢ Define fi on Mby A(E) = u(E) if E € Mand i(E) = oo otherwise. Then i is a

saturated measure on M, called the saturation of u.
d If u is complete, so is fi .

e Suppose that y is semifinite. For E € ]\Z define u(E) = sup{u(A)|A € M and
A C E}. Then u is a saturated measure on M that extends u. (Recall if for each
E € M with u(E) = oo there exists F € Mwith F C E and 0 < u(F) < oo, u is

called semifinite.)

f Let X1, X> be disjoint uncountable sets, X = X; U X;, and M the o-algebra of
countable or co-countable sets in X. Let yy be counting measure on £(X;), and
define u on M by u(E) = po(E N X;). Then u is a measure on M, M = P(X),

and in the notation of parts (c) and (e), i # H.

Problem 4 Let A c P(X) be an algebra, A, be a collection of countable unions of
sets in A, and A, be a collection of countable intersections of sets in A,. Let gy be a

premeasure on A and u* be the induced outer measure on £(X). Prove that
1. Forany E C X and € > O there is A € A, with E C A and u*(A) < u*(E) + €

2. If u*(E) < oo, then E is u*-measurable iff there exists B € A,s with E C B and
M*(B\E) = O(Hint: for B take the intersection of sets from the first part of the

problem. Use that B is measurable (proven in class)).

Problem 5 Let u4* be an outer measure on X induced from a finite premeasure pg. If

E C X, define an inner measure u,(E) to be i, (E) = po(X) — u*(E). Prove that E is



measurable iff " (E) = u.(E). (Hint: use the result of the second part of the previous

problem. )

Problem 6 Let A be the collection of finite unions of sets of the form (a, b] N Q where

—0<a<b<o.
a Ais an algebra on Q.
b The o-algebra generated by A is P(Q).

¢ Define py on A by pp(0) = 0 and pp(A) = oo for A # 0. Then y is a premeasure

on A, and there is more than one measure on £(Q) whose restriction to A is yy.

Problem 7 Let m denote Lebesgue measure. Let E c [0, 1], and let E be the closure
of E. Show that m(E) = 0 iff for every € > 0 there is a finite disjoint collection of open

intervals I; C R with E C Ul; and with 3 m(/;) < e.

Problem 8 A linear map T : E| — E, between two Banach spaces is called bounded
if it satisfies ||7(x)|l» < K]||x||;, where K > 0. A trivial example of bounded map is a

map proportional to identity map.

a Give a nontrivial example of a bounded map 7T : [, — [, with no kernel and find

the constant K.

b Find a bounded T : I, — I, with dense image ImT c I, such that ImT # [,



