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Preface

This third edition is an introduction to partial differential equations for students
who have finished calculus through ordinary differential equations. The book
provides physical motivation, mathematical method, and physical application.
Although the first and last are the raison d’étre for the mathematics, I have
chosen to stress the systematic solution algorithms, based on the methods of
separation of variables and Fourier series and integrals. My goal is to achieve a
lucid and mathematically correct approach without becoming excessively involved
in analysis per se. For example, I have stressed the interpretation of various
solutions in terms of asymptotic behavior (for the heat equation) and geometry
(for the wave equation).

This new edition builds upon the solid strengths of the previous editions and
provides a more patient development of the core concepts. Chapters 0 and 1 have
been reorganized and refined to provide more complete examples that will help
students master the content. For example, the Sturm-Liouville theory has been
rewritten and placed at the end of Chapter 1 just before it is used in Chapter 2.
The coverage of infinite series and ordinary differential equations, formerly in
Chapter 0, has been moved to appendixes. In addition, we have integrated the
applications of Mathematica into the text because computer-assisted methods
have become increasingly important in recent years. The previous edition of this
text made Mathematica applications available for the first time in a book at this
level, and this edition continues this coverage. Each section of the book contains
numerous worked examples and a set of exercises. These exercises have been kept
to a uniform level of difficulty, and solutions to nearly 450 of the 700 exercises in
the text have been provided.

Chapter 0 is a brief introduction to the entire subject of partial differen-
tial equations and some technical material that is used frequently throughout
the book. Chapters 1 to 4 contain the basic material on Fourier series and
boundary-value problems in rectangular, cylindrical, and spherical coordinates.
Bessel and Legendre functions are developed in Chapters 3 and 4 for those in-
structors who want a self-contained development of this material. Instructors
who do not wish to use the material on boundary-value problems should cover
only Secs. 3.1 and 4.1 in Chapters 3 and 4. These sections contain several inter-
esting boundary-value problems that can be solved without the use of Bessel or
Legendre functions.

Chapter 5 develops Fourier transforms and applies them to solve problems in
unbounded regions. This material, which may be treated immediately following
Chapter 2 if desired, uses real-variable methods. The student is referred to a
subsequent course for complex-variable methods.

The student who has finished all the material through Chapter 5 will have
a good working knowledge of the classical methods of solution. To complement
these basic techniques, I have added chapters on asymptotic analysis (Chapter 6),
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numerical analysis (Chapter 7), and Green’s functions (Chapter 8) for instructors
who may have additional time or wish to omit some of the earlier material. The
accompanying flowchart plots various paths through the book.
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Logical Dependence of Chapters

A

Chapters 1 and 2 form the heart of the book. They begin with the theory
of Fourier series, including a complete discussion of convergence, Parseval’s the-
orem, and the Gibbs phenomenon. We work with the class of piecewise smooth
functions, which are infinitely differentiable except at a finite number of points,
where all derivatives have left and right limits. Despite the generous dose of the-
ory, it is expected that the student will learn to compute Fourier coefficients and
to use Parseval’s theorem to estimate the mean square error in approximating a
function by the partial sum of its Fourier series. Chapter 1 concludes with Sturm-
Liouville theory, which will be used in Chapter 2 and repeatedly throughout the
book.

Chapter 2 takes up the systematic study of the wave equation and the heat
equation. It begins with steady-state and time-periodic solutions of the heat
equation in Sec. 2.1, including applications to heat transfer and to geophysics,
and follows with the study of initial-value problems in Secs. 2.2 and 2.3, which
are treated by a five-stage method. This systematic breakdown allows the student
to separate the steady-state solution from the transient solution (found by the
separation-of-variables algorithm) and to verify the uniqueness and asymptotic
behavior of the solution as well as to compute the relaxation time. I have found
that students can easily appreciate and understand this method, which combines
mathematical precision and clear physical interpretation. The five-stage method
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is used throughout the book, in Secs. 2.5, 3.4, and 4.1. Chapter 2 also in-
cludes the wave equation for the vibrating string (Sec. 2.4), solved both by the
Fourier series and by the d’Alembert formula. Both methods have advantages
and disadvantages, which are discussed in detail. My derivations of both the wave
equation and the heat equation are from a three-dimensional viewpoint, which I
feel is less artificial and more elegant than many treatments that begin with a
one-dimensional formulation.

Following Chapter 2, there is a wide choice in the direction of the course.
Those instructors who wish to give a complete treatment of boundary-value prob-
lems in cylindrical and spherical coordinates, including Bessel and Legendre func-
tions, will want to cover all of Chapters 3 and 4. Other instructors may ignore
this material completely and proceed directly to Chapter 5, on Fourier trans-
forms. An intermediate path might be to cover Secs. 3.1 and/or 4.1, which treat
(respectively) Laplace’s equation in polar coordinates and spherically symmetric
solutions of the heat equation in three dimensions. Neither topic requires any
special functions beyond those encountered in trigonometric Fourier series.

Chapter 5 treats Fourier transforms using the complex exponential notation.
This is a natural extension of the complex form of the Fourier series, which is
covered in Sec. 1.5. Using the Fourier transform, I reduce the heat, Laplace,
wave, and telegraph equations to ordinary differential equations with constant
coefficients, which can be solved by elementary methods. In many cases, these
Fourier representations of the solutions can be rewritten as explicit representa-
tions (by what is usually known as the Green function method). The method of
images for solving problems on a semi-infinite axis is naturally developed here.
The Green functions methods are developed more systematically in Chapter 8.
After preparing the one-dimensional case, I give a self-contained treatment of the
explicit representation of the solution of Poisson’s equation in two and three di-
mensions. In addition to the traditional physical applications, the Black-Scholes
model of option pricing from financial mathematics is included.

Throughout the book I emphasize the asymptotic analysis of series solutions
of boundary-value problems. Chapter 6 gives an elementary account of asymp-
totic analysis of integrals, in particular the Fourier integral representations of
the solutions obtained in Chapter 5. The methods include integration by parts,
Laplace’s method, and the method of stationary phase. These culminate in an
asymptotic analysis of the telegraph equation, which illustrates the group velocity
of a wave packet.

No introduction to partial differential equations would be complete without
some discussion of approximate solutions and numerical methods. Chapter 7
gives the student some working knowledge of the finite difference solution of the
heat equation and Laplace’s equation in one and two space dimensions. The
material on variational methods first relates differential equations to variational
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problems and then outlines some direct methods that may be used to arrive at
approximate solutions, including the finite element method.

This book was developed from course notes for Mathematics C91-1 in the
Integrated Science Program at Northwestern University. The course has been
taught to college juniors since 1977; Chapters 1 to 5 are covered in a 10-week
quarter. I am indebted to my colleagues Leonard Evens, Robert Speed, Paul
Auvil, Gene Birchfield, and Mark Ratner for providing valuable suggestions on
the mathematics and its applications. The first draft was written in collaboration
with Michael Hopkins. The typing was done by Vicki Davis and Julie Mendel-
son. The solutions were compiled with the assistance of Mark Scherer. Valuable
technical advice was further provided by Edward Reiss and Stuart Antman.

In preparation of this new edition, I received valuable comments and sugges-
tions from Andrew Bernoff, Joseph B. Keller, Thaddeus Ladd, Jeff Miller, Carl
Prather, Robert Seeley, and Marshall Slemrod. I also acknowledge the reviewing
services of the following individuals: David Bao, University of Houston; William
O. Bray, University of Maine; Peter Colwell, Iowa State University; Kenneth A.
Heimes, Iowa State University; Yinxi Huang, University of Memphis; Mohammad
Kozemi, University of North Carolina-Charlotte; and William Mays, Gloucester
Community College (NJ).

In preparation of the past edition, I received valuable comments and sugges-
tions from James W. Brown, Charles Holland, Robert Pego, Mei-Chang Shen,
Clark Robinson, Nancy Stanton, Athanassios Tzavaras, David Kapov, and Den-
nis Kosterman. For the second edition, I also acknowledge the reviewing services
of the following individuals: William O. Bray, University of Maine; William E.
Fitzgibbon, University of Houston; Peter J. Gingo, University of Akron; Moham-
mad Kozemi, University of North Carolina-Charlotte; Gilbert N. Lewis, Michi-
gan Technical University; Geoffrey Martin, University of Toledo; Norman Mey-
ers, University of Minnesota~Minneapolis; Allen C. Pipkin, Brown University; R.
E. Showalter, University of Texas-Austin; and Grant V. Welland, University of
Missouri-St. Louis.

In the preparation of the first edition I was encouraged by John Corrigan
of the McGraw-Hill College Division. Preparing the second edition of this text,
I benefited from the editorial services of Karen M. Hughes and Richard Wallis.
Most recently, for this new edition with Waveland Press, it has been a pleasure to
work with Jan Fisher and the staff of Publication Services. The current printing
was completed with the editorial assistance of Miron Bekker, Harry R. Hughes,
Monica Sharpnack, Nancy Stanton, and Alphonse Sterling.

Mark A. Pinsky



Contents

Preface

Chapter 0. PRELIMINARIES

0.1. Partial Differential Equations
0.1.1. What is a partial differential equation?
0.1.2. Superposition principle and subtraction principle
0.1.3. Sources of PDEs in classical physics
0.1.4. The one-dimensional heat equation
0.1.5. Classification of second-order PDEs
0.2. Separation of Variables
0.2.1. What is a separated solution?
0.2.2. Separated solutions of Laplace’s equation
0.2.3. Real and complex separated solutions
0.2.4. Separated solutions with boundary conditions
0.3. Orthogonal Functions
0.3.1. Inner product space of functions
0.3.2. Projection of a function onto an orthogonal set
0.3.3. Orthonormal sets of functions
0.3.4. Parseval’s equality, completeness, and mean square convergence
0.3.5. Weighted inner product
0.3.6. Gram-Schmidt orthogonalization
0.3.7. Complex inner product

Chapter 1. FOURIER SERIES

1.1. Definitions and Examples
1.1.1.  Orthogonality relations
1.1.2. Definition of Fourier coefficients
1.1.3. Even functions and odd functions
1.1.4. Periodic functions
1.1.5. Implementation with Mathematica
1.1.6. Fourier sine and cosine series
1.2. Convergence of Fourier Series
1.2.1. Piecewise smooth functions
1.2.2. Dirichlet kernel
1.2.3. Proof of convergence
1.3. Uniform Convergence and the Gibbs Phenomenon
1.3.1. Example of Gibbs overshoot
1.3.2. Implementation with Mathematica
1.3.3. Uniform and nonuniform convergence
1.3.4. Two criteria for uniform convergence
1.3.5. Differentiation of Fourier series
1.3.6. Integration of Fourier series
1.3.7. A continuous function with a divergent Fourier series
1.4. Parseval’s Theorem and Mean Square Error
1.4.1. Statement and proof of Parseval’s theorem
1.4.2. Application to mean square error
1.4.3. Application to the isoperimetric theorem



x CONTENTS

1.5. Complex Form of Fourier Series 78
1.5.1. Fourier series and Fourier coefficients 78
1.5.2. Parseval’s theorem in complex form 79
1.5.3. Applications and examples 79
1.5.4. Fourier series of mass distributions 81

1.6. Sturm-Liouville Eigenvalue Problems 84
1.6.1. Examples of Sturm-Liouville eigenvalue problems 85
1.6.2. Some general properties of S-L eigenvalue problems 86
1.6.3. Example of transcendental eigenvalues 87
1.6.4. Further properties: completeness and positivity 89
1.6.5. General Sturm-Liouville problems 92
1.6.6. Complex-valued eigenfunctions and eigenvalues 95

Chapter 2. BOUNDARY-VALUE PROBLEMS IN
RECTANGULAR COORDINATES 99

2.1. The Heat Equation 99
2.1.1. Fourier’s law of heat conduction 99
2.1.2. Derivation of the heat equation 100
2.1.3. Boundary conditions 101
2.14. Steady-state solutions in a slab 102
2.1.5. Time-periodic solutions 103
2.1.6. Applications to geophysics 105
2.1.7. Implementation with Mathematica 106

2.2. Homogeneous Boundary Conditions on a Slab 110
2.2.1. Separated solutions with boundary conditions 110
2.2.2. Solution of the initial-value problem in a slab 112
2.2.3. Asymptotic behavior and relaxation time 113
2.2.4. Uniqueness of solutions 114
2.2.5. Examples of transcendental eigenvalues 116

2.3. Nonhomogeneous Boundary Conditions 121
2.3.1. Statement of problem 122
2.3.2. Five-stage method of solution 122
2.3.3. Temporally nonhomogeneous problems 130

2.4. The Vibrating String 134
2.4.1. Derivation of the equation 134
2.4.2. Linearized model 137
2.4.3. Motion of the plucked string 138
2.4.4. Acoustic interpretation 140
2.4.5. Explicit (d’Alembert) representation 141
2.4.6. Motion of the struck string 145
24.7. d’Alembert’s general solution 146
2.4.8. Vibrating string with external forcing 148

2.5. Applications of Multiple Fourier Series 152
2.5.1. The heat equation (homogeneous boundary conditions) 153
2.5.2. Laplace’s equation 155
2.5.3. The heat equation (nonhomogeneous boundary conditions) 157
2.5.4. The wave equation (nodal lines) 159
2.5.5. Multiplicities of the eigenvalues 162
2.5.6. Implementation with Mathematica 164

2.5.7. Application to Poisson’s equation 165



CONTENTS

Chapter 3. BOUNDARY-VALUE PROBLEMS IN

CYLINDRICAL COORDINATES

3.1. Laplace’s Equation and Applications

3.1.1.
3.1.2.
3.13.
3.14.
3.1.5.
3.1.6.
3.1.7.
3.1.8.
3.1.9.

Laplacian in cylindrical coordinates

Separated solutions of Laplace’s equation in p, ¢
Application to boundary-value problems
Regularity

Uniqueness of solutions

Exterior problems

Wedge domains

Neumann problems

Explicit representation by Poisson’s formula

3.2. Bessel Functions

3.2.1.
3.2.2.
3.2.3.
3.24.
3.2.5.
3.2.6.
3.2.7.
3.2.8.

Bessel’s equation

The power series solution of Bessel’s equation
Integral representation of Bessel functions

The second solution of Bessel’s equation

Zeros of the Bessel function Jp.

Asymptotic behavior and zeros of Bessel functions
Fourier-Bessel series

Implementation with Mathematica

3.3. The Vibrating Drumhead

3.3.1.
3.3.2.
3.3.3.

Wave equation in polar coordinates
Solution of initial-value problems
Implementation with Mathematica

3.4. Heat Flow in the Infinite Cylinder

34.1.
3.4.2.
343.
3.44.
3.4.5.

Separated solutions

Initial-value problems in a cylinder
Initial-value problems between two cylinders
Implementation with Mathematica
Time-periodic heat flow in the cylinder

3.5. Heat Flow in the Finite Cylinder

3.5.1.
3.5.2.
3.53.
3.54.

Chapter 4.

Separated solutions

Solution of Laplace’s equation

Solutions of the heat equation with zero boundary conditions
General initial-value problems for the heat equation

BOUNDARY-VALUE PROBLEMS IN
SPHERICAL COORDINATES

4.1. Spherically Symmetric Solutions

4.1.1.
4.1.2,
4.1.3.
4.14.
4.1.5.

Laplacian in spherical coordinates

Time-periodic heat flow: Applications to geophysics
Initial-value problem for heat flow in a sphere

The three-dimensional wave equation

Convergence of series in three dimensions

4.2. Legendre Functions and Spherical Bessel Functions

4.2.1.
422
4.23.

Separated solutions in spherical coordinates
Legendre polynomials
Legendre polynomial expansions

171

17
171
173
174
177
177
178
178
179
179
183
183
184
188
191
192
193
197
202
209
209
211
214
216
217
217
221
224
224
227
227
228
231
232

235

235
236
237
240
247
249
251
251
253
258



xii CONTENTS

4.2.4. Implementation with Mathematica
4.2.5. Associated Legendre functions
4.2.6. Spherical Bessel functions

4.3. Laplace’s Equation in Spherical Coordinates
4.3.1. Boundary-value problems in a sphere
4.3.2. Boundary-value problems exterior to a sphere
4.3.3. Applications to potential theory

Chapter 5. FOURIER TRANSFORMS AND APPLICATIONS

5.1. Basic Properties of the Fourier Transform
5.1.1. Passage from Fourier series to Fourier integrals
5.1.2. Definition and properties of the Fourier transform
5.1.3. Fourier sine and cosine transforms
5.1.4. Generalized h-transform
5.1.5. TFourier transforms in several variables
5.1.6. The uncertainty principle
5.1.7. Proof of convergence
5.2. Solution of the Heat Equation for an Infinite Rod
5.2.1. First method: Fourier series and passage to the limit
5.2.2. Second method: Direct solution by Fourier transform
5.2.3. Verification of the solution
5.2.4. Explicit representation by the Gauss-Weierstrass kernel
5.2.5. Some explicit formulas
5.2.6. Solutions on a half-line: The method of images
5.2.7. The Black-Scholes model
5.2.8. Hermite polynomials
5.3. Solutions of the Wave Equation and Laplace’s Equation
5.3.1. One-dimensional wave equation and d’Alembert’s formula
5.3.2. General solution of the wave equation
5.3.3. Three-dimensional wave equation and Huygens’ principle
5.3.4. Extended validity of the explicit representation
5.3.5. Application to one- and two-dimensional wave equations
5.3.6. Laplace’s equation in a half-space: Poisson’s formula
5.4. Solution of the Telegraph Equation
5.4.1. Fourier representation of the solution
5.4.2. Uniqueness of the solution
5.4.3. Time-periodic solutions of the telegraph equation

Chapter 6. ASYMPTOTIC ANALYSIS

6.1. Asymptotic Analysis of the Factorial Function
6.1.1. Geometric mean approximation: Analysis by logarithms
6.1.2. Refined method using functional equations
6.1.3. Stirling’s formula via an integral representation

6.2. Integration by Parts
6.2.1. Two applications

6.3. Laplace’s Method
6.3.1. Statement and proof of the result
6.3.2. Three applications to integrals
6.3.3. Applications to the heat equation
6.3.4. Improved error with gaussian approximation

259
261
263
267
268
269
272

277

277
277
279
285
287
288
289
291
294
294
295
296
297
300
303
310
314
318
318
321
323
327
329
332
335
336

339

345

345
346
347
348
350
351
354
354
357
358
359



CONTENTS

6.4. The Method of Stationary Phase
6.4.1. Statement of the result
6.4.2. Application to Bessel functions
6.4.3. Proof of the method of stationary phase
6.5. Asymptotic Expansions
6.5.1. Extension of integration by parts
6.5.2. Extension of Laplace’s method
6.6. Asymptotic Analysis of the Telegraph Equation
6.6.1. Asymptotic behavior in case a =0
6.6.2. Asymptotic behavior in case a > 0
6.6.3. Asymptotic behavior in case @ < 0

Chapter 7. NUMERICAL ANALYSIS

7.1. Numerical Analysis of Ordinary Differential Equations
7.1.1. The Euler method
7.1.2. The Heun method
7.1.3. Error analysis
7.2. The One-Dimensional Heat Equation
7.2.1. Formulation of a difference equation
7.2.2. Computational molecule
7.2.3. Examples and comparison with the Fourier method
7.24. Stability analysis
7.2.5. Other boundary conditions
7.3. Equations in Several Dimensions
7.3.1. Heat equation in a triangular region
7.3.2. Laplace’s equation in a triangular region
7.4. Variational Methods
7.4.1. Variational formulation of Poisson’s equation
7.4.2. More general variational problems
7.4.3. Variational formulation of eigenvalue probems
7.4.4. Variational problems, minimization, and critical points
7.5. Approximate Methods of Ritz and Kantorovich
7.5.1. The Ritz method: Rectangular regions
7.5.2. The Kantorovich method: Rectangular regions
7.6. Orthogonality Methods
7.6.1. The Galerkin method: Rectangular regions
7.6.2. Nonrectangular regions
7.6.3. The finite element method

Chapter 8. GREEN’S FUNCTIONS

8.1. Green’s Functions for Ordinary Differential Equations
8.1.1. An example
8.1.2. The generic case
8.1.3. The exceptional case: Modified Green’s function
8.1.4. The Fredholm alternative
8.2. The Three-Dimensional Poisson Equation
8.2.1. Newtonian potential kernel
8.2.2. Single- and double-layer potentials
8.2.3. Green’s function of a bounded region
8.2.4. Solution of the Dirichlet problem

xiii

362
363

364
368

369
371
372
372
374

379

379
380

387
393
393
394
395
398
399
403
404
405
409
409
411
411
412
415
416
417
420
420
422
425

427

427
427
429
431
432
433
434
436
437
440



xiv CONTENTS

8.3. Two-Dimensional Problems
8.3.1. The logarithmic potential
8.3.2. Green’s function of a bounded plane region
8.3.3. Solution of the Dirichlet problem
8.3.4. Green’s functions and separation of variables
8.4. Green’s Function for the Heat Equation
8.4.1. Nonhomogeneous heat equation
8.4.2. The one-dimensional heat kernel and the method of images
8.5. Green’s Function for the Wave Equation
8.5.1. Derivation of the retarded potential
8.5.2. Green’s function for the Helmholtz equation
8.5.3. Application to the telegraph equation

APPENDIXES

A.l. Review of Ordinary Differential Equations
A.1.1. First-order linear equations
A.1.2. Second-order linear equations
A.1.3. Second-order linear equations with constant coefficients
A.1.4. Euler’s equidimensional equation
A.1.5. Power series solutions
A.1.6. Steady state and relaxation time
A.2. Review of Infinite Series
A.2.1. Numerical series
A.2.2. Taylor’s theorem
A.2.3. Series of functions: Uniform convergence
A.24. Abel’s lemma
A.2.5. Double series
A.26. Big-O notation
A.3. Review of Vector Integral Calculus
A.3.1. Implementation with Mathematica
A.4. Using Mathematica
A.4.1. Introduction
A.4.2. The notebook front end
A.4.3. Textual interface: Direct access through a terminal window

A.4.4. Mathematica notation versus ordinary mathematical notation

A.4.5. Functional notation in Mathematica
ANSWERS TO SELECTED EXERCISES

INDEX
ABOUT THE AUTHOR

443
443
444
445
446
450
450
452
454
454
459
461

465

465
465
466
468
470
471
474
476
476
478
480

484
485
489
491
492
492
492
495
495
500

503
521
527



CHAPTER 0
PRELIMINARIES

INTRODUCTION

This chapter serves as an overview, with some motivation of the origins of
partial differential equations and some of the mathematical methods that will be
used repeatedly throughout the book. In particular, the technique of separation
of variables is introduced in Sec. 0.2, and the concept of orthogonal functions is
introduced in Sec. 0.3 and illustrated through relevant examples. Previous work
in vector calculus, infinite series, and ordinary differential equations is reviewed
in the appendixes.

0.1. Partial Differential Equations

In this section we introduce the notion of a partial differential equation and
llustrate it with various examples.

0.1.1. What is a partial differential equation? From the purely math-
ematical point of view, a partial differential equation (PDE) is an equation that
relates a function u of several variables z;,...,z, and its partial derivatives.
This is distinguished from an ordinary differential equation, which pertains to
functions of one wvariable. For example, if a function of two variables is denoted
u(z,y), then one may consider the following as examples of partial differential
equations:

2 2
% + % =0  (Laplace’s equation)
2
g}% - 'Z%; =0  (the wave equation)
u  Ou .
FroR 0  (the heat equation)
8y %u

57 T ke g(z,y)  (Poisson’s equation)
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In order to simplify the notation, we will often use subscripts to denote the
various partial derivatives, so that u, = Ou/dz, uz, = 8%u/0z?, and so forth. In
this notation, the above four examples are written, respectively,

Ugg + Uyy = 0, Ugg — Uyy = 0, Uzg — Uy = 0, Uz + Uy = ¢

The order of a PDE is indicated by the highest-order derivative that appears.
All of the above four examples are PDEs of second order.

In the case of a function of several variables u(z,...,z,), the most general
second-order partial differential equation can be written

F($1) e ’xm u) uIl) b ‘)uzmu:l::nuz]:p b ’uInIn) = 0

where the dots imply the other partial derivatives that may occur. In case n = 1
we obtain the second-order ordinary differential equation F'(z, u,u’,u”) = 0. The
necessary information on ordinary differential equations is reviewed in Appen-
dix A.1.

Another important concept pertaining to a PDE is that of linearity. This
is most easily described in the context of a differential operator £ applied to
a function u. Examples of differential operators are Lu = du/0z, Lu = 3u +
siny du/0z, and Lu = u %u/0z?. The operator is said to be linear if for any two
functions u, v and any constant c,

L(u+v)=Lu+ Lo, L(cu) = cLu
A PDE is said to be linear if it can be written in the form
(0.1.1) Lu=g

where £ is a linear differential operator and g is a given function. In case g = 0,
(0.1.1) is said to be homogeneous. For example, three of the above examples
(Laplace’s equation, the wave equation, and the heat equation) are linear homo-
geneous PDEs. The most general linear second-order PDE in two variables is
written

a(Z, Y)tzs + (T, Y)Usy + (T, Y)tuyy + d(z, Y)u: + e(z, Y)yy + f(z, y)u = g(z,v)

where the functions a, b, ¢, d, ¢, f, g are given.

EXERCISES 0.1.1

1. Write down the most general linear first-order PDE in two variables. How
many given functions are necessary to specify the PDE?

2. Write down the most general linear first-order PDE in three variables. How
many given functions are necessary to specify the PDE?

3. Write down the most general linear first-order homogeneous PDE in two
variables. How many given functions are necessary to specify the PDE?

4. Write down the most general linear first-order homogeneous PDE in three
variables. How many given functions are necessary to specify the PDE?
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5. Define the operator £ by the formula Lu(z,y) = d(z,y)u; + e(z,y)u, +
f(z,y)u. Show that L is a linear differential operator.

6. Define the operator £ by the formula Lu(z,y) = a(z, y)uzs + b(z, y)uzy +
¢(z, y)uyy. Show that L is a linear differential operator.

7. Suppose that £; and L, are linear differential operators. Show that £;+ L,
is also a linear differential operator.

0.1.2. Superposition principle and subtraction principle. In the study
of ordinary differential equations, it is often possible to write the general solution
in a closed form, in terms of arbitrary constants and a set of particular solutions.
This is not possible in the case of partial differential equations. To see this in more
detail, we cite the example of the second-order equation u, = 0 for the unknown
function u(z,y). Integrating once reveals that u,(z,y) = C(y), while a second
integration reveals that u(z,y) = zC(y) + D(y), where C and D are arbitrary
Sfunctions. Clearly, there are infinitely many different choices for each of C and D,
so that this solution cannot be specified in terms of a finite number of arbitrary
constants. Stated otherwise, the space of solutions is infinite-dimensional.

In order to work effectively with a linear PDE, we must develop rules for
combining known solutions. The following principle is basic to all of our future
work.

ProPosITION 0.1.1. (Superposition principle for homogeneous equa-
tions). Ifu,,...,un are solutions of the same linear homogeneous PDE Lu = 0,
and ci1,...,cy are constants (real or complez), then ciuy + --- + cyun s also a
solution of the PDE.

Proof. The proof of this depends on the property of linearity. Indeed, we
have L(u,) =0fori=1,...,n. Hence

L(c1u1 + +cNuN) = clﬂ(ul) +--- +CN£(UN) =0 e

For example, one may verify that for any constant k, the function u(z,y) =
€*® cos ky is a solution of Laplace’s equation u, + uy, = 0. Therefore, by the su-
perposition principle, the function u(z, y) = ™= cos y+2e~3% cos 3y — 5¢ ™ cos 7y
is also a solution of Laplace’s equation.

The superposition principle does not apply to nonhomogeneous equations. For
example, if u; and u, are solutions of the Poisson equation u; + uy,y = 1, then
the function u, + u; is the solution of a different equation, namely, 1, +uy, = 2.
Nevertheless, we have the following important general principle that allows one
to relate nonhomogeneous equations to homogeneous equations.

PROPOSITION 0.1.2. (Subtraction principle for nonhomogeneous equa-
tions). If u; and u, are solutions of the same linear nonhomogeneous equation
Lu = g, then the function u; — uy i3 a solution of the associated homogeneous
equation Lu = 0.
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Proof. We have
L(uy —ug)=Luy —Lupy=0 o

For example, if #; and u; are both solutions of the Poisson equation u;+u,, =
1, then u; — u; is a solution of Laplace’s equation 4., + u,, = 0.

The subtraction principle allows us to find the general solution of a nonhomo-
geneous equation Lu = g once we know a particular solution of the equation and
the general solution of the related homogeneous equation Lu = 0. The result is
expressed as follows.

Corollary. The general solution of the linear partial differential equation
Lu = g can be written in the form

u=U+v

where U is a particular solution of the equation LU = g and v is the general
solution of the related homogeneous equation Lv = 0.
We illustrate with an example.

EXAMPLE 0.1.1. Find the general solution u(z,y) of the equation u,, = 2.

Solution. It is immediately verified that the function u = z? is a solution
of the given equation. The general solution of the associated homogeneous equa-
tion uz; = 0 is u(z,y) = zg(y) + h(y). Therefore the general solution of the
nonhomogeneous equation is u(z,y) = 22 + zg(y) + h(y). o

EXERCISES 0.1.2

1. Show that for any constant k, the function u(z,y) = €** cos ky is a solution
of Laplace’s equation 4z + uyy = 0.

2. Show that for any constant k, the function u(z,y) = e**e¥"? is a solution
of the heat equation uz; — u, = 0.

3. Show that for any constant k, the function u(z,y) = e**e~*¥ is a solution
of the wave equation uz; — uy, = 0.

4. Show that for any constant k, the function u(z,y) = (k/2)z% + (1 — k)y?/2
is a solution of Poisson’s equation uz; + uy, = 1.

0.1.3. Sources of PDEs in classical physics. Many laws of physics are
expressed mathematically as differential equations. The student of elementary
mechanics is familiar with Newton’s second law of motion, which expresses the
acceleration of a system in terms of the forces on the system. In the case of
one or more point particles, this translates into a system of ordinary differential
equations when the force law is known.

For example, a single spring with Hooke’s law of elastic restoration and no
frictional forces gives rise to the linear equation of the harmonic oscillator, which
is well studied in elementary courses. A system of particles that interact through
several springs gives rise to a second-order system of differential equations, which
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may be resolved into its normal modes-- each of which undergoes simple har-
monic motion. Newton'’s law of gravitational attraction gives rise to a more com-
plicated system of nonlinear ordinary differential equations. Generally speaking,
whenever we have a finite number of point particles, the mathematical model is a
system of ordinary differential equations, where time plays the role of independent
variable and the positions/velocities of the particles are the dependent variables.
In Chapter 2, we will give the complete derivation of the wave equation, which
governs the motion of a tightly streched vibrating string.

For time-dependent systems in one spatial dimension, we will use the notation
u(z; t) to denote the unknown function that is a solution of the PDE. In the case
of two or three spatial dimensions we will use the repective notations u(z,y;t)
and u(z,y, z;t) to denote the solution of the PDE.

In the following subsection we will give a simplified derivation of the one-
dimensional heat equation. The complete derivation of the heat equation as it
applies to three-dimensional systems is found in Chapter 2.

0.1.4. The one-dimensional heat equation. Consider a one-dimensional
rod that is capable of conducting heat, and for which we can measure the temper-
ature u(z;t) at the position z at time instant t. We assume that this function has
continuous partial derivatives of orders 1 and 2. In order to motivate the discus-
sion, we first consider a finite system of equally spaced points ; < 23 < «+- < zy.
We expect that the temperature will remain constant as a function of time if there
is a local equilibrium, meaning that the temperature u(z,; t) is equal to the average
of its neighbors; in symbols,

C:;t—u(:zc,;t) =0 if u(zst)= %u(a:,-l; t)+ %u(a:,ﬂ;t)
For example, if the point z, is at 50 degrees and the neighbor to the left is at
40 degrees while the neighbor to the right is at 60 degrees, then we expect no
change in temperature.

On the other hand, if this condition of local equilibrium is not satisfied, then
we may expect that the temperature will change, in relation to the amount of
disequilibrium. Certainly one expects the temperature to increase if both neigh-
bors are warmer, but also if the average is warmer; for example, if the point z,
is at 50 degrees while the left neighbor is at 45 degrees and the right neighbor is
at 65 degrees, then the average is 55 degrees—b5 degrees warmer than the home
temperature.

In order to quantify this, we postulate the following dynamical law.

The time rate of change of temperature at the point z; is proportional to the
difference between the temperature at z, and the average of the temperatures at
the two neighboring points z,_;, Ty,
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FIGURE 0.1.1 Three different configurations of heat flow dynamics

To translate this into a mathematical statement, we must introduce a constant
of proportionality k, which will depend on the properties of the medium. If
we have a “good conductor,” then k will be large, whereas if we have a “bad
conductor,” then k will be small. The desired mathematical statement then
reads

(0.1.2)

B wt) = b Hlulosnsi 0 + uloit) - u(eit)) =2,

LN -1

Figure 0.1.1 presents three different configurations of heat flow dynamics,
corresponding to local equilibrium (also called steady state), temperature increase,
and temperature decrease.

The above mathematical model of heat flow can be expected to be rigorously
valid for a finite system of equally spaced points z; < z, < -:- < zy. Equa-
tion (0.1.2) is a system of ordinary differential equations that can be solved by
algebraic methods, if necessary. If we now consider these points as an approxi-
mation to a continuum of points, then we can expect this model to be valid as a
first approximation when the spacing tends to zero. In order to obtain a partial
differential equation we apply Taylor’s theorem with remainder:

1

W(Toy15t) — w(Th; t) = (Tor — Ti)ua(T0t) + §(xi+1 ~ 2,)% Uza(z; 1)
1

u(Z-15t) — w(z; t) = (Tm) — T)u(z0t) + 5(%-1 — 1,) uge(zl52)

where the points z, z} satisfy z,-y < 2 < 2, < z, < z;41. Recalling that
the points are equally spaced, let Az = z,,; — 2, be the common spacing, and
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substitute into (0.1.2) to obtain

k(Az)?
B (a5 ) + el )
The final simplification is to assert that, if the spacing is very small, then the
values of the second partial derivative will vary very little from the nearby points
z,, T, , T, , and thus we can replace the two values of the second partial derivatives
by the value at the point z,. Defining K = k(Az)?/2, we obtain the heat equation
du
(0.1.4) 'Et— = Kuu
The constant K is called the diffusivity.
With no further information, the heat equation (0.1.4) will have infinitely
many solutions. In order to specify a solution of the heat equation, we consider
various boundary conditions and initial conditions. Assuming that the rod occu-
pies the interval 0 < z < L of the z-axis, we consider three types of boundary
conditions at the endpoint z = 0:

I: u(0;t)=Tp
IT : u,(0;¢) =0
11 : —uz(0;t) = h(Te — u(0;¢))  whereh >0

Boundary condition I signifies that the temperature at the end z = 0 is held
constant. In practice this could occur as the result of heating the end by means
of some device. Boundary condition II signifies that there is no heat flow at the
end z = 0. In practice this could occur by means of insulation, which prohibits
the flow of heat at this end. Boundary condition III is sometimes called Newton’s
law of cooling: the negative of the partial derivative is interpreted as the heat fluz,
i.e., the rate of heat flow out of the end z = 0, and is required to be proportional to
the difference between the outside temperature 7, and the endpoint temperature
u(0; t). If this difference is large, then we may expect heat to flow out of the rod
at a rapid rate. If 7, is less than the endpoint temperature, then u(0;t) > T, and
the rate will be negative, so that we may expect heat to flow into the rod from
the exterior. The concept of flux will be discussed in more detail in Chapter 2,
when we derive the three-dimensional heat equation.

Similarly, we can have each of the three boundary conditions present at the
end z = L; in detail,

I:u(l;t)=Th
II : u,(L;t)=0
I : uz(L;t) = h(Te —u(L;t))  whereh >0

The constants Ty, h, and T, may be the same as for the endpoint £ = 0 or may
have different values. The interpretations are exactly the same as for the endpoint

(0.1.3) %(:v,;t) =
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z = 0, with one small exception: in the third boundary condition (III), the heat
flux at the end z = L is written without the minus sign, since this measures the
rate of heat flow out of the end z = L. As before, we expect that if the external
temperature T, is much greater than the endpoint temperature u(L;t), then the
rate of heat flow out of the end will be large, whereas if the external temperature
is less than the endpoint temperature, then the heat flow out will be negative.

A typical boundary-value problem for the heat equation will have one bound-
ary condition for each end £ = 0 and z = L. Considering all possible cases, we
have nine different combinations, of which we list the first three below:

u(0;t) = Ty, u(L;t)=Tg
u(0;t) = To, ug(L;it)=0
w0;t) = To, uz(L;t) = h(Te — u(L;t))

The final piece of information used to specify the solution is the inital data.
This is simply written

u(z;0) = f(z), 0<z<lL

This signifies that the temperature is known at time ¢ = 0 and is given by the
function f(z),0 < z < L. Note that we do not insist that this agree with the
values of the solution at the endpoints z = 0, £ = L. Specification of boundary
conditions and initial conditions is known as the initial-boundary-value problem.
In Chapter 2 we will make a detailed study of this for the one-dimensional heat
equation.

In the remainder of this subsection we will determine the steady-state solutions
of the heat equation corresponding to the various boundary conditions. u is said
to be a steady-state solution if du/Jt = 0. Referring to the heat equation (0.1.4),
this is equivalent to the statement that u,, = 0.

EXAMPLE 0.1.2. Find the steady-state solution of the heat equation with the
boundary conditions u(0;t) = T, u(L;t) = Tp.

Solution. Since the solution is independent of time, we can write u = U(z),
with U”(z) = 0. The general solution of this is a linear function: U(z) = Az + B.
The boundary condition at £ = 0 gives B = T}, whereas the boundary condition
at £ = L gives AL + B=T,, A= (T> — T\)/L. The steady-state solution is

Bt onfen(i-7) -

EXAMPLE 0.1.3. Find the steady-state solution of the heat equation with the
boundary conditions u(0;t) = Ty, uz(L;t) = h(T. — u(L;t)).

Solution. Since the solution is independent of time, we can write u = U(z),
with U”(z) = 0. The general solution of this is a linear function: U(z) = Az + B.
The boundary condition at £ = 0 gives B = T}, whereas the boundary condition

Ulz) =T+



0.1. PARTIAL DIFFERENTIAL EQUATIONS 9

atz = L gives A = h(T.—AL-B), A = —h(T}-T.)/(1+hL) and the steady-state
solution :

U) =T, hz hz 1+ k(L —z)

__M pr_1)=
AL At ey

EXERCISES 0.1.4

1. Find the steady-state solution of the heat equation with the boundary
conditions u(0;t) = T, u,(L; t) = 0.

2. Find the steady-state solution of the heat equation with the boundary
conditions u;(0;t) = h(To — u(0;t)),u-(L;t) = ®, where h, Ty, ® are
positive constants.

3. Find the steady-state solution of the heat equation with the boundary
conditions —u,(0;t) = h(To — u(0;¢t)), ux(L; t) = h(T1 — u(L;t)) where
Ty, T, h are constants with h > 0.

0.1.5. Classification of second-order PDEs. It is impossible to formu-
late a general existence theorem that applies to all linear partial differential equa-
tions, even if we restrict attention to the important case of second-order equations.
Instead, it is more natural to specify a solution through a set of boundary con-
ditions or initial conditions related to the equation. For example, the solution
of the heat equation u; = Ku,, in the region 0 < z < L, 0 < ¢ < 00 may be
specified uniquely in terms of the initial conditions at ¢t = 0 and the boundary
conditions at £ = 0 and z = L. On the other hand, the solution of the wave
equation uy — cuz, = 0 in the region 0 < z < L, 0 < £ < oo is uniquely obtained
in terms of the boundary conditions at z = 0, z = L and two initial conditions,
pertaining to the solution u(x;0) and its time derivative 8u/8t(x;0). In order
to put this in a more general context, one may classify the second-order linear
partial differential equation as follows:

(0.1.5)
a(, Y)uzz + b(Z, Y)Uzy + (T, Y)uy, + d(z, y)u + ez, y)uy + f(z, y)u = g(z,y)

If 4ac — b? > 0, the PDE (0.1.5) is called elliptic.
If dac — % = 0, the PDE (0.1.5) is called parabolic.
If dac — b? < 0, the PDE (0.1.5) is called hyperbolic.

For example, Laplace’s equation and Poisson’s equation are both elliptic, while
the wave equation is hyperbolic. The heat equation is parabolic. General the-
orems about these classes of equations are stated and proved in more advanced
texts and reference books. Here we indicate the types of boundary conditions
that are natural for each of the three types of equations.

If the equation is elliptic, we may solve the Dirichlet problem, namely, in
a region D to find a solution of Lu = g that further satisfies the boundary
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condition that u = ¢(z,y) on the boundary of D. For example, the physical
problem of determining the electrostatic potential function u(z, y) in the interior
of the cylindrical region z2? 4% < R? when the charge density p(z,y) is specified
and the boundary is required to be an equipotential surface leads to the elliptic
boundary-value problem

Ugz + Uy = —p(T,7) ? + 1y < R?

u(z,y) = C 2 +y* = R?
If the equation is parabolic or hyperbolic, it is natural to solve the Ceauchy
problem, which amounts to specifying the solution and its time derivative on
the line £ = 0 as well as specifying the relevant boundary conditions. Here we

indicate the Cauchy problem for the equation of the vibrating string, which will
be derived in complete detail in Chapter 2:

Uy — gy = 0 t>0,0<z<lL
u(z;0) = fi(z) 0<z<L
w(z;0) = fo(x) 0<z<L

u(0;t) = 0, u(L;t) =0 ¢t>0

The initial conditions f;, f, represent the initial position and velocity of the
vibrating string. The boundary conditions at z = 0 and z = L signify that ends
of the string are fixed for all time at the position u = 0.

EXERCISES 0.1.5

Classify each of the following second-order equations as elliptic, parabolic, or
hyperbolic.

1. uzz + 3ugy + uyy +2u; —uy =0

2. Ugg + JUzy + Buyy + 2u; —uy =0

3. Ugg — 2Ugy + Uyy + 2u; —uy =0

4. Uzz + TUY, =0

0.2. Separation of Variables

0.2.1. What is a separated solution? A fundamental technique for ob-
taining solutions of linear partial differential equations is the method of separa-
tion of variables. This means that we look for particular solutions in the form
u(z,y) = X(z)Y(y) and try to obtain ordinary differential equations for X (z)
and Y(y). These equations will contain a parameter called the separation con-
stant. The function u(z,y) is called a separated solution. Then we can use the
superposition principle to obtain more general solutions of a linear homogeneous
PDE as sums of separated solutions.
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0.2.2. Separated solutions of Laplace’s equation. It is especially simple
to obtain separated solutions for Laplace’s equation, u,. + 1y, = 0.
If we let u(z,y) = X(z)Y (y) and substitute in Laplace’s equation, we obtain

X"(z)Y (y) + X (z)Y"(y) = 0
Dividing by X (z)Y (y) (assumed to be nonzero), we obtain
Xll(x) + Yll(y)

—¥ 0
X(z)  Y()

The first term depends only on z, while the second term depends only on y. The

sum can equal zero only if both terms are constants that sum to zero. In order

to express this in terms of a single parameter, we introduce the constant A and

obtain the system of two ordinary differential equations

X"(z) _ Y'y) _
X@z) 7 Y(y)

) is the separation constant. These equations may be written in the more standard
form

(0.2.1) X"z)-AX(z) = 0
(0.2.2) Y'"y)+AY(y) = 0
Both of these are second-order homogeneous linear ordinary differential equations,
which may be solved in terms of exponential functions, trigonometric functions,

or linear functions, depending on the sign of A.! To proceed further, we consider
separately the three cases A > 0, A =0, and A < 0.

Case 1. If A > 0, we write A = k2, where k£ > 0. The general solutions to
(0.2.1) and (0.2.2) are

X(z) = Ae* + Ae™**
Y(y) = Ajzcosky+ Assinky
where A;, A;, A3, A4 are arbitrary constants. These cannot be determined untii
we have imposed further conditions, which will be done later.
Case 2. If A = 0, we have the equations X" = 0, Y” = 0, for which the
general solutions to (0.2.1) and (0.2.2) are linear functions:
X(.’L’) = Aiz+ A,
Y(y) = Asy+ Aq

where A, A,, A3, A4 are arbitrary constants.

!For a review of ordinary differential equations, consult Appendix A.l.
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Case 3. If A < 0, we write A = —I?, where | > 0; the general solutions of
(0.2.1) and (0.2.2) are
X(z) = Ajcoslz + Azsinlz
Y(y) = Az + Age™
To summarize, we have found the following separated solutions of Laplace’s
equation:

(A1e*® + Aze **)(A3cosky + Aysinky) k>0
u(z,y) = ¢ (Ai1z+ A2)(Asy + Ad)
(A cosiz + Agsinlz)(Ase + Age™™) >0

We can also write the separated solutions of Laplace’s equation in terms of
hyperbolic functions. These are defined by the formulas

1 1
sinha = §(e° -e™%), cosha = E(e" +e7%)
From this it follows immediately that
e® = cosh a + sinh g, e % = cosha — sinha

Using this notation, we can write the separated solutions of Laplace’s equation
in the equivalent form

(A, sinh kz + A; cosh kz)(Ajcosky + Agsinky) k>0

u(z,y) = ¢ (Ai1z+ A2)(Asy + Ay)

(A coslz + A, sinlz)(Aszsinhly + Agcoshly) (>0
We emphasize that the constants A;, Aj, A3, A4 will change when we make this
change of notation. But the form of the solution remains unchanged; put other-
wise, the classes of separated solutions defined by the two sets of notations are
identical.

To derive these, we assumed that u(z,y) # 0. Having now obtained the

explicit forms, we can verify independently that in each case u(z,y) satisfies
Laplace’s equation.

ExAMPLE 0.2.1. Verify that the preceding separated solutions satisfy Laplace’s
equation.

Solution. In case A > 0, we have
u(z,y) = (A" + Are ™) (Asz cos ky + Aysin ky)
so that
uy = (kA" — kAze™%)(A3 cos ky + Aysin ky)
Uy = (k2A € + k2 Ase %) (A3 cos ky + Ay sin ky)
u, = (A" + Age™*)(—kA3sin ky + kA4 cos ky)

Uy = (A1€"® + Age™*®)(—k?Ascosky — k2 A, sin ky)
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The second and fourth terms are negatives of one another. Therefore uz; +uy, =
0, and we have verified Laplace’s equation in case A > 0.
In case A = 0 we have

Ay (A3y + A4)) Uzz =0
Uy (AIIL‘ + AQ)A;;, Uy =0

so that both of the partial derivatives u,, and u,, are zero and Laplace’s equation
is immediate in this case. The verification for A < 0 is left to the exercises. ®

EXERCISES 0.2.2

1. Verify that u(z, y) = (A; cos iz + A, sin lz)(Aze¥+ Ase~") satisfies Laplace’s
equation, for any I > 0.

2. Suppose that u(z,y) is a solution of Laplace’s equation. If 4 is a fixed real
number, define the function v(z,y) = u(z cosd — ysinf, T sin 8 + ycosb).
Show that v(z,y) is a solution of Laplace’s equation.

3. Apply the result of the previous exercise to the separated solutions of
Laplace’s equation of the form u(z,y) = (A;e¥* + Aze™**)(Azcosky +
Ay sinky), to obtain additional solutions of Laplace’s equation. Are these
new solutions separated?

4. From the definitions of the hyperbolic functions, prove the following prop-
erties:

(a) sinh0 =0, cosh0 =1

(b) (d/dz)(sinhz) = cosh z, (d/dz)(coshz) = sinhz
(c) coshz >1 for allz

(d) coshz > sinhz for allz

(e) sinh(z + y) = sinh z coshy + cosh zsinh y

(f) cosh(z + y) = coshz coshy + sinhzsinhy

Uz

0.2.3. Real and complex separated solutions. In the previous subsec-
tion we found all of the separated solutions of Laplace’s equation, in terms of
trigonometric functions, exponential functions, and linear functions using a real
separation constant.

In looking for separated solutions of a PDE, it is often convenient to allow
the functions X (z) and Y (y) to be complex-valued, corresponding to a complex
separation constant. The following proposition shows that the real and imaginary
parts of any complex-valued solution will again satisfy the PDE.

PROPOSITION 0.2.1. Let u(z,y) = v (z,y) + iv2(z,y) be a complez-valued
solution of the linear PDE
Lu = auzz + bugy + cuyy + duz +euy + fu=g

where a, b, c, d, e, f, g are real-valued functions of (z,y). Then v (z,y) =
Reu(z,y) satisfies the PDE Lu = g, and vo(z,y) = Imu(z,y) satisfies the asso-
ciated homogeneous PDE Lu = 0.
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Proof. The operation of partial differentiation is linear; thus

Uz = (v1)z +i(ve)s
Uzz = (vl):w + i(v2)z::
with similar expressions for u,, u,,, and u;;. Substituting these into the par-

tial differential equation and separating the real and imaginary parts yields the
result. o

We illustrate this technique with the example of Laplace’s equation. Letting
u(z,y) = X(z)Y (y), consider a purely imaginary separation constant in the form
A = 2ik2, where k > 0. This leads to the two ordinary differential equations

(0.2.3) X"(z) — 2ik*X(z) = 0
(0.2.4) Y"(y) + 2ik*Y (y) = 0

These can be solved in terms of the complex exponential function, using the
observation that {k(1 +1)]2 = 2ik?, [k(1 — ))2 = —2ik?®. Thus

X(z) = A+ 4 foekI+0z, Y (y) = Aze"1~ 4 A e~k0-0

Multiplying these, we obtain the complex separated solutions
eF(@+y) gik(z—y)
ek(@—1) gtk(z+y)
UTY) =\ Ghly-2)gik(z+y)
e—k(zty) gik(y—2)

When we take the real and imaginary parts, we obtain the following real-valued
solutions of Laplace’s equation:

esEt cosk(z —y), €EtWsink(z —y)
u(z,g) = @V eosk(z +y), e Vsink(z+y)
24 - cosk(z +y), €W Isink(z+y)

e k@) cos k(y — 1), e~ e+t¥) sink(y — 2)

When we consider more general linear PDEs, complex-valued separated so-
lutions may always be found if the functions a, b, ¢, d, e, f that occur in the
equation are independent of (z,y); in this case we speak of a PDE with constant
coefficients, whose solutions may be written as exponential functions.

PROPOSITION 0.2.2. Consider the linear homogeneous PDE
QUgg + DUgy + CUyy +duz +euy + fu=0

Suppose that a, b, ¢, d, e, f are real constants. Then there exist complex separated
solutions of the form
u(z,y) = e*“e?

Jor appropriate choices of the complez numbers a, §.
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Proof. We first note that the ordinary rules for differentiating e** are valid
for complex-valued functions. For example, if @ = a + b,

d az\ d az <
p (e*) o [€**(cos bz + isin bz)]

= ae* cosbz — be" sinbz
+ i(ae®* sin bz + be” cos bx)

= €*(a + tb)(cos bz + isin bzx)

= (a+ ib)el*®)=

= ae™
Similarly, (d?/dz?)(e°*) = a?e®*, with similar expressions for (d/dy) and (d?/dy?).
Applying this to u(z,y) = e*“ef¥, we have u, = au, u,; = o®u, u, = Pu,
Uyy = B*u, uzy = afu. Substituting these into the PDE, we must have

(aa? + baf + cB% + da + ef + fe*=ef? =0

But e*®ef¥ # 0; therefore we obtain a solution if and only if o, B satisfy the
quadratic equation

(0.2.5) [aa2 +baf+ch+da+ef+ f= (ﬂ

For a given value of 8, we may solve this equation for o to obtain in general two
roots oy, as. Alternatively, we may fix o and solve for 3 to obtain in general two
roots B, . This proves the proposition. e

In the case of Laplace’s equation, the quadratic equation (0.2.5) is a?+4% = 0.
If « is real, then § must be purely imaginary; conversely if 8 is real, then « is
purely imaginary. These two cases correspond to the separated solutions found in
the previous subsection by solving (0.2.1) and (0.2.2). The solutions originating
from (0.2.3) correspond to values of « for which o? is purely imaginary.

We now turn to some examples involving the heat equation, where complex
separated solutions are useful.

EXAMPLE 0.2.2. Find separated solutions of the PDE uy, — u, = 0 in the
Jorm u(z,t) = e¥eP*, with u real.

Solution. Substituting u(z,t) = e*%ef* in the PDE yields the quadratic
equation —u? — 8 = 0. Thus B = —u?, and we have the separated solutions

u(z,t) = erie H
= cospze ¥t +i(sin pz e~*"t)
Taking the real and imaginary parts, we obtain the real-valued separated solutions

u(z;t) = sin pz e~#, u(z;t) = cos pz e "t
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By taking linear combinations, we may write the general real-valued separated
solution as

u(z;t) = (Ay sin pz + A cos pz)e

where A,, A, are arbitrary constants. e

In the above example the solutions tend to zero when the time ¢ tends to
infinity. In some problems we may wish to obtain a solution that oscillates in
time, to represent a periodic disturbance.

EXAMPLE 0.2.3. Find separated solutions of the PDE u,, — uy = 0 in the
form u(z,t) = e*®e**, where w is real and positive.

Solution. Substituting u(z,t) = e*e** in the PDE u; — u,, = 0 yields the
quadratic equation o — iw = 0. This equation has two solutions, which may be
obtained as follows. Writing the complex number  in the polar form i = €**/2, we
have the two square roots ;1/2 = ¢4 = :I:(l +i)/+/2. Therefore the solutlons
of the quadratic equation are & = £(1 + ¢)4/w/2. The separated solutions are

explz(1 + i) /w/2] exp(iwt)
u(z, t) = = exp(z/w/2) expli(wt + z/w/2)]
’ exp[—z(1 + 1)/w/2] exp(iwt)
= exp[—z+/w/2) expli(wt — z+/w/2)]

Taking the real and imaginary parts, we have the real-valued solutions
>V cos(wt + z4/w/2)
VY% sin(wt + z4/w/2)
u(z,t) =
e VY2 cos(wt — z1/w/2)
e >V sin(wt — z1/w/2)
These real-valued solutions are no longer in the separated form X (z)T'(¢). But

because they arise as the real and imaginary parts of complex separated solutions,
we refer to them as quasi-separated solutions. o

If some of the coefficients a, b, ¢, d, e, f are not constant, we will no longer have
separated solutions in the form of exponential functions. Even worse, the equation
may not admit any nonconstant separated solutions, for example, uz+(z+y)u, =
0 (see the exercises). Nevertheless, various classes of equations can still be solved
by the separation of variables. For example, for any equation of the form

a(T)Uzz + c(y)uyy + d(z)uz +e(y)uy, =0
if we divide by X (z)Y (), we have

X"z . X'() Y, Y'()
9@ 5z T X(z)] * [“(y) Y TeW Y(y)]
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The term in the first set of brackets depends only on z, while the term in the
second set depends only on y; therefore both are constant and we have reduced the
problem to ordinary differential equations. Introducing the separation constant
A, we have in detail

a(z)X"(z) + d(z)X'(z) + A X(z) = 0
c)Y"(y) +e®)Y'(y) - AY(y) = 0

The following example gives a concrete illustration.

EXAMPLE 0.2.4. Find all of the real-valued separated solutions of the PDE
Uzz + YUy + yuy = 0 valid for y > 0.

Solution. We let u(z,y) = X(z)Y (y) and obtain the separated equations
(0.2.6) X"(z) + AX(z) = 0
(02.7) yY"(y) +yY'(y) —AY(y) = 0

Equation (0.2.6) has constant coefficients and was solved previously; equation
(0.2.7) is a form of Euler’s equidimensional equation, which can also be solved
explicitly. We consider separately the cases A > 0, A =0, and A < 0.

If A = k? > 0, then the general solution of (0.2.6) is X(z) = A;coskz +
Ajsinkz. Meanwhile (0.2.7) can be solved by a power Y (y) = y", where r(r —
1) + r — k? = 0; thus 7 = k and the general solution Y (y) = Asy* + Aqy~*.

If X = 0, then the general solution of (0.2.6) is X (z) = A; + Az z, while (0.2.7)
becomes y2Y" + y Y’ = 0, which has the general solution Y (y) = A; + Aslogy
valid for y > 0.

If A = —{2 < 0, then the general solution of (0.2.6) is X (z) = A;e'* + Aze",
while (0.2.7) becomes y?>Y” + yY’ + [2Y = 0, which has the general solution
Y (y) = Az cos(llogy) + Aysin(llogy).

Putting these together, we have the most general real-valued separated solu-
tion:

(A; coskz + Ay sin kz)(Asy* + Agy~*) k>0
u(x, y) = (A1 + Az x)(Aa + A4 lOg y) *
(A1€!® + Aze™'%)( A3 cos(llogy) + Agsin(llogy)) >0

EXERCISES 0.2.3

1. Find the separated equations satisfied by X(z), Y (y) for the following
partial differential equations:

(3) Uzz — 2uy, =0 (b) Uzz + uyy +2u; =0
(¢) 2%uzs — 2yuy, =0 (d) gz +ug +uy—u=0
2. Which of the following are solutions of Laplace’s equation?
(a) u(z,y) = e*cos 2y (b) u(z,y) = e®cosy + €Y cosz

(c) u(z,y) = e%e¥ (d) u(z,y) = (3z + 2)ev
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In Exercises 3-7, find the separated solutions of the indicated equations.

3. Uzz + 2u; + Uy =0

4. Uz +uy +3u=0

5. $2uzg + TUy + Uy =0

6. U — Uy +u=0

7. Uz +yuy +u=0

8. This exercise provides an example of a homogeneous linear partial differ-
ential equation with no separated solutions other than u(z,y) = constant.
Suppose that u(z,y) = X(z)Y(y) is a solution of the equation u, +
(z + y)uy, = 0. Show that X(z) and Y(y) are both constant. [Hint:
Show first that X'(z)/X (z) + (z + ¥)(Y'(y)/Y (y)) = 0 and deduce that
X'(z)/ X (z) = cz+d, Y'(y)/Y (y) = —c for suitable constants c, d. By solv-
ing these ordinary differential equations, show that the PDE is satisfied if
and only if c=0,d =10]

0.2.4. Separated solutions with boundary conditions. In many prob-
lems we need separated solutions that satisfy certain additional conditions, which
are suggested by the physics of the problem. They may be in the form of bound-
ary conditions or conditions of boundedness. We shall now illustrate these by
means of examples.

ExXAMPLE 0.2.5. Find the separated solutions of Laplace’s equation u., +
Uyy = 0 in the region 0 < z < L, y > 0 that satisfy the boundary conditions
u(0,y) =0, u(L,y) =0, u(z,0)=0.

Solution. From the discussion in subsection 0.2.2 we have the separated
solutions of three types, depending on the separation constant.

(Aysinh kz + Az cosh kz)(Ascosky + Agsinky) k>0
u(z,y) = ¢ (Aiz + A2)(Asy + Ad)
(Ajcoslz + Aysinlz)(Assinhly + Agcoshly) [>0

In the first case, we must have 0 = u(0,y) = As(A;cosky + A;sinky), so
A, =0, while 0 = u(L,y) = A, sinh kL(A3 cos ky+ A4 sin ky) implies that A; = 0,
so this case does not produce any separated solutions that satisfy the boundary
conditions.

In the second case, we must have 0 = u(0, y) = A2(Asy + Aq), so A; =0, and
0 =u(L,y) = A L(Asy + A;), so A} = 0. Therefore this case does not produce
any separated solutions that satisfy the boundary conditions.

In the third case, we must have 0 = u(0,y) = A;(Assinhly + A4 coshly), so
that A, = 0; and 0 = u(L,y) = Azsin LI(Assinh ly + A4 cosh ly) has a nonzero
solution if and only if sin L! = 0, which is satisfied if and only if Ll = nx for some
n = 1,2,3,.... To satisfy the boundary condition u(z,0) = 0, we must have
A4 = 0. Writing A = Ay A3, we have obtained the following separated solutions
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of Laplace’s equation satisfying the boundary conditions:
nwy

u(:z:,y):Asinn—zxsinhT, n=1,2,... Py

The following example occurs repeatedly in the solution of the heat equation
in Chapter 2.

EXAMPLE 0.2.6. Find the separated solutions u(z;t) of the heat equation tu,,—
u; = 0 in the region 0 < z < L, t > 0 that satisfy the boundary conditions
u(0;t) =0, u(L;t) = 0.

Solution. In Example 0.2.2 we found the real-valued separated solutions
u(z;t) = (A;sin pz + A cos pz)e ™t

In order to satisfy the boundary condition at z = 0 we must have 0 = %(0;t) =
Age™#, which is satisfied if and only if A, = 0. In order to satisfy the boundary
condition at £ = L, we must have 0 = u(L;t) = A;(sin uL) e~#*t. This is satisfied

if and only if uL = nw for some n = 1,2,.... Therefore the separated solutions
satisfying the boundary conditions are of the form
u(z;t) = Arsin ?e“’”’“", n=12... e

The next example occurs repeatedly in the discussion of the vibrating string
in Chapter 2, Sec. 2.4.

ExAMPLE 0.2.7. Find the separated solutions of the wave equation uy—c*uz, =
0 that satisfy the boundary conditions u(0;t) = 0, u(L;t) = 0.

Solution. Assuming the separated form u(z;t) = X (z)T(t), it follows that
X(z)T"(t)-AX"(z)T(t) = 0. Thus X"(z)+AX(z) = 0, T"(t)+Ac*T(t) = 0. The
boundary conditions require X (0) = 0, X(L) = 0; thus X (z) = Azsin(nnz/L),
T(t) = A cos(nmet/L) + A sin(nmct/L) for constants A, Ay, Az. The required
separated solutions are

u(z;t) = (Arcos(nmet/L) + Az sin(nnct/L))sin(nrz/L) n=1,2,... e

In all of the preceding examples we used one or more boundary conditions
to pick out certain values of the separation constant that satisfy the boundary
conditions. This can also be carried out through conditions of boundedness as
indicated in the following examples. Physically these represent a stationary solu-
tion, corresponding to a system that has been in existence over a very long period
of time.

EXAMPLE 0.2.8. Find the complex separated solutions u(z;t) of the wave
equation uy — uz; = 0, which are bounded in the form |u(z;t)| < M for some
constant M and all t, ~0co < t < 00.
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Solution. Taking u(z;t) = e**** and substituting in the wave equation,
we have b2 — c2a® = 0; thus b = +ca. The separated solutions are of the form
u(z; t) = e®®e, e*®e~. This solution is bounded for all ¢ if and only if a is pure
imaginary, a = ik for k real. Thus the solutions are u(z;t) = e¥(z+et) giklz—ct)
The real (quasi-separated) solutions are cos k(z + ct), cos k(z — ct), sin k(z + ct),
sink(z — ct). o

The final example, concerning stationary solutions of the heat equation, will
be developed in more detail in Chapter 2, Sec. 2.1, in connection with heat flow
in the earth.

EXAMPLE 0.2.9. Find the complez separated solutions u(z;t) of the heat equa-
tion uy — g, = 0, which are bounded in the form |u(z;t)| < M for some constant
M and allt, —00 <t < 00.

Solution. Taking u(z;t) = €**** and substituting in the heat equation, we
have b — a® = 0. In order that this solution be bounded for all ¢, ~co < ¢ < o0,
it is necessary that the constant b be purely imaginary; otherwise the solution
would tend to +oo for large |¢| if b had a nonzero real part. Hence we set b = iw,
where w is real. Assuming w > 0, the equation @ = iw has two solutions,

a= \/;(1+z a———\/-(1+z)

leading to the separated solution

u(z;t) = et ( A eVol2(1+)z + Aze_,/u/z(m)x)

If w < 0, then the equation a? = iw has two solutions,

a=\/'-‘;i—'(1—z'), a= - Ma-i

leading to the separated solution
'U,(LL‘; t) = eiwt (Ale-\/|w|/2(l—-t)z + Aze—\/|wl/2(l—:)z) °

The alert reader will note that these separated solutions are closely related
to those found in Example 0.2.3, where we stipulated in advance that w be real
and positive. Now we have shown that the reality of w can be deduced from the
qualitative condition of boundedness of the solution for all time.

EXERCISES 0.2.4

1. Find the separated solutions u(z,y) of Laplace’s equation u,; + ty, = 0
in the region 0 < z < L, y > 0 that satisfy the boundary conditions
uz(O, y)=0, ux(La y) =0, u(xa 0) =0
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2. Find the separated solutions u(z,y) of Laplace’s equation uzz + uyy = 0
in the region 0 < z < L, y > 0, that satisfy the boundary conditions
u(0,y) = 0, u(L,y) = 0 and the boundedness condition [u(z,y)| < M for
y > 0, where M is a constant independent of (z,y).

3. Find the separated solutions u(z;t) of the heat equation u; —uz; = 0 in the
region 0 < z < L, t > 0, that satisfy the boundary conditions u(0;t) = 0,
u(L;t) =0.

4. Find the separated solutions u(z;t) of the heat equation u; —u;; = 0 in the
region 0 < z < L, t > 0, that satisfy the boundary conditions u(0;¢) = 0,
uz(L;t) =0.

5. Find the separated solutions u(z;t) of the heat equation us —u;; = 0 in the
region 0 < z < L, t > 0 that satisfy the boundary conditions u(0;t) = 0,
uz(L;t) = 0.

0.3. Orthogonal Functions

Separated solutions of linear partial differential equations with suitable bound-
ary conditions lead to systems of orthogonal functions, which are introduced in
this section. The most important system of orthogonal functions gives rise to
the trigonometric Fourier series, which will be discussed in Chapter 1, including
the more general Sturm-Liouville eigenvalue problem. In order to formulate the
property of orthogonality, we first introduce the general notion of inner product.

0.3.1. Inner product space of functions. The notions of dot product,
distance, orthogonality, and projection, which are familiar for vectors in three
dimensions, can also be formulated for real-valued functions on an interval a <
z < b. The basic notion is the inner product of two functions ¢(z), ¥(z) on the
interval ¢ < z < b. This is defined by the integral

(0.3.1) (0, %) = [2 p(@)¥(z) dz

For example, on the interval 0 < z < 1, we have (z,e*’) = fol ze® dz = %(e—l) =
0.86, to two decimal places.

The inner product defined by (0.3.1) has many properties in common with
the ordinary dot product of two vectors in three-dimensional space, defined by
v +-wW = yyw; + vows + vsws. The analogy between the inner product and the
three-dimensional dot product is intuitive if we think of the integral as a “con-
tinuous sum” of the pointwise products ¢(z)y(z), a generalization of the three-
dimensional dot product formula.
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The inner product is linear and homogeneous in both arguments. This means
that, for any functions ¢,, @s, 11, ¥2 and any real number g,

(1,91 +42) = (p1,%1) + (p1,%2)

(o1 + 02, %) = (o1, %) + (02, 11)
(ap1, 1) = a{p1, %)
(pr,at1) = afp1,¥1)

The proofs of these properties are left as exercises.

Definition Two functions ¢, ¥ are orthogonal on the interval ¢ < z < b if and
only if (p, %) = 0.

This definition requires some comment. It is formulated as a generalization
of the notion of perpendicularity for vectors in three-dimensional space, which
is expressed as the equation v - w = 0. In working with functions, it is difficult
to visualize the notion of orthogonality, as we are accustomed to for vectors in
two- and three-dimensional space. In particular, there is no suggestion that the
graphs of the two orthogonal functions intersect at 90 degrees.

A few examples may help to illustrate these concepts.

EXAMPLE 0.3.1. Show that the functions ¢(z) = sinz, ¥(z) = cosz are
orthogonal on the interval 0 < = < 7 but are not orthogonal on the interval
0<z<n/2

Solution. The inner product on the interval 0 < x < 7 is computed as the
integral

T
1, .
‘/0 sinz coszdr = E(smx)zu; =0

If we do the same computation on the interval 0 < z < 7/2, we obtain

/2 1 . 1
/ sinz coszdr = §(sin z)? 0/2= 2
0

Therefore we have orthogonality in the first case but not in the second case. ®

For more than two functions, we say that (¢;,...,¢n) are orthogonal if
(¢s, 0,) = 0 for i # j. This is illustrated by the next example.

EXAMPLE 0.3.2. Show that the set of functions sinz,sin 2z, . ..,sin Nz is or-
thogonal on the interval 0 < z < 7 for any N > 2.
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Solution. The inner product on the interval 0 < z < 7 is computed as the
integral

T
/ sinmz sinnz dr
0
We use the trigonometric identity
. . 1
sinmzsinnz = E[cos(m — n)z — cos(m + n)z]

If m # n, the integral of each cosine function is a sine function, which vanishes
at the endpoints £ = 0, £ = 7. Therefore each of the integrals is zero, and we
have proved orthogonality. e

The norm of a function is the nonnegative number ||¢|| that satisfies

llell® = (@, ¥)

For example, on the interval 0 < z < 7,

us T 1
|| sin z|[2 = / sin’ zdr = / l(1 —cos2z)dz = -7
0 0o 2 2

The distance between ¢ and ¢ is defined by d{p,¥) = |j¢ — ¥||. For example,
the distance between sin z and cosz on the interval 0 < z < 7 is obtained from

[d(sin z, cos z)]* = / (sinz — cosz)?dz = / (sin®z +cos’z)dr =7
0 0

so that the distance is given by d = /7 ~ 1.77 to two decimals. Since these
two functions are orthogonal, one may think of a “right triangle” in the space of
functions, for which we have computed the hypotenuse.

In order to formulate the notion of angle for functions on an interval, we
recall that for vectors in three-dimensional space we have the dot product formula
v -w = ||v]|||w]| cos8, where 6 is the angle between the vectors v and w and
[[vl], ||w]| are the lengths of the respective vectors. Hence the cosine of the angle
between the two vectors may be computed as the ratio of the dot product to the
product of the lengths. In order to extend this to functions on an interval, we
need to know that the corresponding ratio is not greater than 1 in absolute value.
This is known as the Schwarz inequality.

PROPOSITION 0.3.1. Suppose that ¢(z), ¥(z) are nonzero functions defined
on an interval a < £ < b. Then

(0.32) (0, 9)° < llelPlw1P]
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Proof. By the linearity and homogeneity of the inner product, we have, for
any real number ¢,

D(t) = |lp — t¥lI* = lloll® = 2t(p, 9} + ]Il ?
— ||’l/)||2 (t2 - 2t(‘p,¢) + ((P: 1/’)2)

Holl2 ||}
2 (Qoa ¢)2
+(”""” - wn?)
— 2 _ ((P, ¢> ? 2 _ (‘P; '/")2
‘”W“@ an)+(W” nwv)

From these transformations we see that this quadratic function of  is nonnegative
and has a global minimum at t = ¢y, where t, = (p,¥)/||%||? at this point the
value of the function is nonnegative and given explicitly by

= 2 _ (‘Pv 1/")2
mm-(wn pr)zo

which completes the proof of the Schwarz inequality. e

In case the equality sign holds in equation (0.3.2), we expect that the func-
tions ¢(z), ¥(z) will be proportional to one another, analogous to the case of
three-dimensional vectors that are colinear. This is rigorously true if both func-
tions ¢(z), Y(z) are continuous: from the above computations, the integral of the
nonnegative continuous function |¢(z) —to(z)|? is equal to zero. But this means
that the function must be identically zero, so that we conclude ¢(z) —ty3(z) = 0
for all z, a < z < b; thus we have established the desired proportionality, with the
proportionality constant ¢. If one of the functions fails to be continuous, we can-
not conclude that the integrand is zero everywhere, but only almost everywhere?
(for example, a finite set).

0.3.2. Projection of a function onto an orthogonal set. We now discuss
minimizing properties of orthogonal functions. This will motivate the definition
of Fourier coefficients in a general setting. Let (¢1,.. ., @n) be a set of orthogonal
functions with ||¢,|| # 0 for 1 < ¢ < N. If f is an arbitrary function, we compute
the minimum of

D(ciy- .- en) = If = (cror + -+ + enon) P

where (cy, .. .,cn) range over all real values. In other words, we are trying to find
the best “mean square approximation” of the given function f(z),a < z < b, by
means of linear combinations of the members of the orthogonal set.

2This means that the set of exceptional values can be included in a union of intervals whose
total length is arbitrarily small.
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PROPOSITION 0.3.2. The minimization problem has the following properties:
o The minimum s attained uniquely when

_{fo)

el

e The mintmum distance is given by

P = 1 - z ‘ﬁ’ ‘f,;z

e The Fourier coefficients é,,...,¢én satzsfy Bessel’s inequality

Ellagl® + - + evllonl® < 112

The function épy + « - + énpn 18 called the projection of f onto the or-
thogonal set (41, -..,¢n); & is called the ith Fourier coefficient of f.

Proof. The proof of these facts can be done by rewriting the formula for D.
We use the linearity and homogeneity of the inner product to write

Det,- .. en) = IIfIP - 2Zq<f, ) + Zc2||¢.||2
_ 2 _ <f’(pz) <f,(pi>2
= Z““"" ( 2 ol ||<p.-||‘)
2 _ (fv‘pt)
*Al Z ol
_ 2 (f <Pz) 2 (f:‘Pz
- ZII%II ( ’ "2) S - Z Lo
2 (f)(pz
> [IfII? - Z o

i=1

Clearly, the minimum is achieved when ¢; = & := (f, ¢;)/||;l|?, as required. The
value of the minimum is

(f, 1) -
D, ,én) = If|I* - Z oz = MIF = 2l

as required. Since this is nonnegatwe Bessel’s inequality is merely the statement
that D(c,, .. ,CN) >0.e

As a first example, we consider the orthogonal set consisting of the three functions
{sin z,sin 2z, sin 3z} on the interval 0 < z < 7.
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ExXAMPLE 0.3.3. Find the projection of the function f(z) = 1 onto the or-
thogonal set {sin z,sin 2z,sin 3z} on the interval 0 < z < 7 and compute dpig.

Solution. We first note that the norms are given by

m T
lomli? = /0 sin?mzdz = %/ (1 - cos2mz)dz =
0

ol

From Proposition 0.3.2, the Fourier coefficients are

. Jysinzdz  cosz[z=0 4

c = 3 = 9 = -
Jy sin®zdz n/ T

) Jysin2zdz  1cos2z|z=0

C = w73 =3 =0
Jysin’2zdz 2 x/2

. Jy sin3zdz  lcos3z[=0 4

C3 = = = —

T [Tsin’3zdz 3 /2 3
The projection is the function
4 4 |
s(z) = —sinz+ o—sin 3z
The minimum distance is obtained from

3
1712 = > &llel?
=1

2 T 2 ™
~(5) 6-G) 6
3.14 — (1.27)%(1.57) — (0.42)%(1.57)
= 0.33

d’l

'min

Il

to two decimal places. o

In the next example we consider an orthogonal set of three polynomial func-
tions on the interval —1 < z < 1. This is closely related to the Legendre polyno-
mial ezpansion, which will be considered in Chapter 4.

EXAMPLE 0.3.4. Find the projection of the function f(z) = cos(rz/2) on the

orthogonal set (1,z,2° — ) on the interval —1 < z < 1, and compute dmin.

Solution. The solution may be written in the form

. 1
s(z) =+ Gz + 6 (1'2 - §>
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where the Fourier coefficients &y, ¢, ¢é; are computed from the equations
1 1
. T
& / dr = / cos —dz
-1 a2
1 1
. T
cl/ z?dz = / T cos — dz
-1 -1 2

1 1)2 1 1 T
é -2} dz = / (z2 - -) cos — dz
2/:.1( 3 -1 3 2

The first of these is straightforward since

1
/ cosEd:r:=zsinH
-1 2 s 2

z=1

4 2
= —; thusé = -
i1 b

z=-~1

The next is also easy since the function z cos 7z/2 is odd; thus & = 0. To perform
the final integral, we write

1 1
2 WX 2 2, (. 1r:z:)
/:lx cos—2da: W/—lzd(sm—z

222 | qz| 4‘/l
= —sin—| —— | zsin—dz

™ 2 1 m™Ja

4 8 ! T
=-+= zd(cos—)

™ e -1
= 4+8 I COS 1 /lcosm:d
T w2 2|, Ja 2 ¢
_4 3
T r n

Combining this with the previous integral, we have

/' 2 1) e gy = 132 _ 4
_,z 3 2 T IT® 5

_ 8r?—96
T 33

But [! (22 - 1Y%z = ['(z* — 222+ })dz = 2 — (2)°+ 2 = &. Therefore

&y = (872 —96)/3n> = 15(n — 12)/n%. Thus the required orthogonal projection

is
2 15(x% — 12) s 1
@ =z+—m= = "3
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To compute dn;n, we have, to four decimals,

2 2
2 = - = (.
& = (ﬂ_) 0.4053

1
e = [ ao=>

2 = [15(7r -12)1? _ Los2
1| 22 4.2
2 _ 1 _ 2 _ 1 =2_2,4_
-3 f_l(a: 3) 5 9 9 0.1778
” 1 Lnx 1M
cos —" = cos’—dz== [ (l1+coswz)dz=1
-1 2 2

Thus, to four decimals,
d%,, = 1 - (0.4053)(2) — (1.0622)(0.1778) = 0.0004

min
and, to two decimals, dpi, = 0.02. @
It is instructive to compare the orthogonal projection with the corresponding
values of cos(rz/2) at some representative points. For example, to four decimal
places of accuracy, we have

5(0) = (0.6366) + 1(1.0306) = 0.9801
s(1) = (0.6366) — 2(1.0306) = 0.0505

s (;) (0.6366) + 5 (1.0306) = 0.7225

s (%) = (0.6366) + 2(1.0306) = 0.8656

s (%) = (0.6366) — 1(1.0306) = 0.5221

On the other hand, the corresponding values of cos(rz/2) are 1, 0, 0.7071, 0.8667,
0.5000.

0.3.3. Orthonormal sets of functions. The formulas for the Fourier co-
efficients and the minimum distance become especially simple when the func-
tions (g1, ..., pn) are orthonormal. This means that (y;, ¢,) = 0 for 7 # j and
{pi, ) =1,1 < i < N. Thus we have for orthonormal functions

(0.3.3) &=(fp) 1<i<N
(03’4) dmm = D(C‘, ’éN) = ”f”2 - (é? +-eet é)2V)
If (¢1,...,0nN) is an orthogonal set of functions, we obtain an orthonormal set

by replacing ¢, by @,/|l¢il|, 1 < i< N.
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EXAMPLE 0.3.5. Let o, =1, w9 = sinz, @3 =cosz for —m < z < . Verify
that this is an orthogonal set and find the corresponding orthonormal set.

Solution. Direct computation reveals that each of the inner products {(y;, ,)
is zero for ¢ # j. To find the orthonormal set, we compute

v
Il = [ dz=2r
)

lall? = f sinzds =
T

llsli? = / cos’zdr =7

-7

The orthonormal set is (1/v/2m, (sin)/y/7, (cosz)//T). ®

In many problems we are given an ¢nfinite orthonormal set

(Pn)n>1 = (e1,902,---)

To study such a set, we apply the above procedure to the finite orthonormal set
(¢1,---,9n). The Fourier coefficients are

which don’t depend on N. Furthermore we have Bessel’s inequality: for each N

N
&< N=12,...

1=1

This is valid for every N = 1,2,...; hence the infinite series 3 2, & converges
and we have

o0
(0.3.5) Y &<IfIP

i=1

This is formulated as follows.

PROPOSITION 0.3.3. Suppose that (@n)n>1 = (¢1,2,...) is an infinite or-

thonormal set of functions and that f is a function for which [, : |f(z)]?dz < o0.
Then the series of sums of squares of Fourier coefficients converges and satisfies
the Bessel inequality (0.3.5).

0.3.4. Parseval’s equality, completeness, and mean square conver-
gence. [f we have an infinite orthonormal set, it may happen that Bessel’s in-
equality (0.3.5) is an equality, namely

0

(0.3.6) Y &=/

1=1
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This is called Parseval’s equality. We will show that Parseval’s equality is equiv-
alent to the mean square convergence of the series 2:1 &y, which is defined by
the limiting statement

2

(0.3.7) lim =0

N—=oo

N
f - Z é;‘P:
i=1

The formal statement of equivalence follows.

PROPOSITION 0.3.4. Let (pn)n31 be an orthonormal set and f a function with
i) : f(z)?dz < co. Parseval’s equality is true if and only if we have mean square
convergence of the series Y o, &p;.

Proof. Let & = (f, ¢i) be the ith Fourier coefficient of f. Then by expanding
the inner product and using orthonormality on the left side, we have

N 2 N N
F=Y el = fIP-2) alfio)+ D &
i=1 =1

=1

N
IfIF=>"&
1=1

Letting N — oo, we see that the right side tends to zero if and only if Parseval’s
equality is valid. The left side tends to zero (by definition) if and only if we have
mean square convergence. Therefore the proposition is proved. e

It

One may note that Parseval’s equality is not true for an arbitrary function.
For example, the set of functions 7~/?(sin nz, cos NZ)n>1 is an orthonormal set
for - < z < . The function f(z) = 1 has all Fourier coefficients zero; indeed,
[Z sinnzdz =0= [T cosnzdz,n > 1. Yet |f|>= f" 1dz =2n. In this case
Bessel’s inequality is the statement that 0 = Y32, & < || f||* = 2.

If Parseval’s equality holds for all functions f with f: f(z)?dz < oo, then
we say that the orthonormal set is complete on the interval a < z < b. For
example, in Chapter 1 it will be shown that the trigonometric system consisting of

{1/v2x, (sinnz)/ /7, (cos nz) /\/T }n>1 is complete on the interval —7 < z < 7.

0.3.5. Weighted inner product. In many problems we are required to
deal with a weighted inner product with respect to a positive weight function
p(z),a < £ < b. This is defined by the integral

b
(o, )y = / o (2)p(z)p(z) dz

This has the same properties of linearity and homogeneity as the ordinary inner
product. We say that two functions g, 9 are orthogonal with respect to the weight
function p(z),a < z < b, if (g, ), = 0.
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Weighted orthogonality arises when we make a change of variable by means
of an increasing differentiable function £ = h(y). The ordinary inner product is
transformed as follows:

b d
[ e@w@ s = [ o)) dy

Therefore we see that if ¢(z), ¥(z) are orthogonal on the interval a < z < b, then
the functions ¢(h(y)), ¥ (h(y)) are orthogonal with respect to the weight function
h'(y) on the interval ¢ < y < d, where a = h(c), b = h(d).

ExXAMPLE 0.3.6. Given the orthogonal functions Py(z) = z, Py(z) = 3z% — 1
on the interval —1 < z < 1, find the weighted orthogonality relation on the
interval 0 < y < 7 under the transformation z = — cosy.

Solution. We have the transformed functions P;(h(y)) = —cosy, P(y) =
3cos?y — 1, with the weight function p(y) = #'(y) =siny. e

0.3.6. Gram-Schmidt orthogonalization. When we deal with separated
solutions of boundary-value problems in PDEs, the property of orthogonality is
often immediately verified. This will be discussed in more detail in the follow-
ing chapters. Nevertheless, it is interesting to know how we may manufacture
orthogonal sets of functions from arbitrary sets of functions, by the so-called
Gram-Schmidt procedure.® Suppose that (y,...,p,) is a given set of functions,
not necessarily orthogonal. Instead we suppose linear independence, i.e., that
there are no relations of the form ¢j¢; + - - - + ¢cppn = 0 among the (¢4, ..., ¥p),
other than the trivial relation where ¢; = 0,...,¢, = 0. In particular, @] # 0
for 1 < i < n. Then we define

h = ¢

— _ {2, %)
Ve = g gy

_ o enta)  {path)
Yo = 0= ) 2l )

) n-1
(ﬁonv ¢t)
wn = n ; < m/«':) 1/’:
The functions (¢4, ..., %) are orthogonal. These formulas may seem less myste-
rious if we note that in the ith formula we are subtracting from ¢, its projection

onto the orthogonal set ¥,..., 9.

3This material is not used in the subsequent chapters.
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The sets (¢1,...,¢n) and (¢¥1,...,%,) have the same linear span; i.e., any
function of the form f = ¢y, + : -+ + capn can be written in the form dy9; +
++++ dny, for appropriate (dy,...,dy), and the converse is also true.

EXAMPLE 0.3.7. Let o1 = 1, o =z, 3 = 22 for 0 < z < 1. Apply the
Gram-Schmidt procedure to find the orthogonal functions vy, ¥a, ¥s.

Solution. We have ¥ = ¢; =1, (9, %) = fol rzdz = %, (1,%1) = 1. Thus

¥2 = z — ;. The remaining inner products are

! 1 1 1/1 1
bouda) = /o = (x‘ﬁ) =z—§(§> =12
! 1\? 1 1 1
(¢2a¢2)=/0 (1:—-2-) dx=§—§+z=12
! 1
_ 2, _ 1
(¢31¢l)-£$d$—3

Thus 93 = 2% — (z — }) — 3 = 2> — £+ . The orthogonal functions are 1, z — 1,
?-z+30<z<1e

0.3.7. Complex inner product. In dealing with complex-valued functions,
it is necessary to modify the definition of inner product and orthogonality. The
guiding principle is that the norm of a function should be a nonnegative number.
With this in mind, we define the complex inner product and norm on the interval
a<z<bas

b -
(0.338) (o, 9) = f o(2)¥(z) dz
" (0.3.9) llell = Ve, ) 20

where the bar denotes the complex conjugate of a function, defined by ¥(z) =
f(z)—ig(z) when 9(z) = f(z)+ig(z). Orthogonality of complex-valued functions
is defined by the requirement that the complex inner product be zero: (p, ) = 0.

The properties of linearity and homogeneity of the complex inner product
are almost identical to those of the real inner product, with the exception that
we have (p,a¥) = a(p,9¥) for any complex constant. We record here the
appropriate statement of Schwarz’s inequality.

PROPOSITION 0.3.5. Suppose that p(z) and ¥(z), a < £ < b, are complez-
valued functions. Then |(p,¥)| < |l@ll 19|l If equality holds and both functions
are continuous, then the functions are proportional: Cip(z) = Cop(z) for some
complex constants Cy, Cs.

The proof is suggested as an optional exercise.
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EXERCISES 0.3

1.

10.

. Find the projection of the function f(z) = cos

Let ¢, =1, w2 = z, p3 = 22 on the interval 0 < z < 1. Find the following
inner products:

(a') (‘pla ‘P?) (b) ((pl, (p3)
(c) ller — @2ll? (d) llgr + 322

. Which of the following pairs of functions are orthogonal on the interval

0<z<L1?

1 =sin2rzx Y=z 3 = cos2mz Yy =1

. Let f = é101 + -+ + éapn be the projection of f on the orthogonal set

(¢1,..-,9n). Show that f — f is orthogonal to each of the functions
(P1s-- -+ @n)

. Find the projection of the function sin 7z on the orthogonal set (1,z — %)

on the interval 0 < z < 1 and compute the minimum distance dp;p.
2z on the orthogonal set
(1,cosz,cos 2z) on the interval -7 < < 7.

. Let ¢1(z) = 1, ¢2(a) = z/lz], pa(e) =22~ for -1 <z < 1.

(a) Show that (i1, @2, ¢3) form an orthogonal set.
(b) Find the projection of f(z) = z on this orthogonal set and compute
the minimum distance dp;y-

. Let (41, 2, p3) be an orthonormal set of functions on the interval —1 < z <

1, and let f be any function of the form f(z) = a;¢1(z) +a2p2(z) +azps(z).
(a) Show that [|f||?> = a? + a2 + a3.
(b) Show that (f, 1) = a1, {f,p2) = as, (f,¥3) = as.

. Let (i1, 2, p3) be an orthonormal set of functions on the interval —1 <

z < 1, and let f(z) = a1p1(Z) + a2pa(z) + azps(z), 9(z) = hpi(z) +
boo(z) + baps(z).

(a) Show that (f, g) = a1b; + azb + azbs.

(b) Discuss the relation with the three-dimensional dot product for-
mula.

. Define the angle between two nonzero functions ¢, ¥ by the formula cos§ =

(e 9)/lelllvll, 0 <6 <.
(a) If ¢ and 9 are orthogonal, show that § = /2.

(b) If v and ¢ are proportional, show that § =0 or 8 = .

(c) If @ = 0 or =, does it follow that ¢ and 9 are necessarily propor-
tional? (Hint: Compute |l — cp||* and write it as a perfect square.)

(d) Compute 6 if p(z) =1, ¢(z) =z for0 <z < 1.
(a) Apply the Gram-Schmidt procedure to obtain orthogonal functions
beginning with the functions p; =1, ps =z, 3 =z? for -1 <z < 1.

(b) Find the orthonormal set corresponding to the orthogonal set found
in part (a).



11.
12.
13.

14.
15.
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Prove that the inner product defined by (0.3.1) satisfies (1,1 + ¥2)

= (p1,%1) + {1, ¥2).
Prove that the inner product defined by (0.3.1) satisfies (¢ + ©2,%1)

= (‘plv ¢l) + (‘P2a ¢1)'

Prove that the inner product defined by (0.3.1) satisfies (a1, ¥1) = a{p1,91).
Prove that the inner product defined by (0.3.1) satisfies (1, ay1) = a{py,%1).
Prove the complex form of Schwarz’s inequality. [Hint: Examine the non-
negative quadratic polynomial G(t,s) = ||t9 — spe~%||?, where the inner
product has the polar form {p,%) = Re". Check that the discriminant
= R? = [[plllI - (¢, )? 2 0]



CHAPTER 1

FOURIER SERIES

INTRODUCTION

Many of the classical partial differential equations with boundary conditions
have separated solutions that involve sums of trigonometric functions. This leads
to the theory of Fourier series, which is developed here in its own right. This
chapter explores the basic properties of Fourier series, including a discussion of
convergence and the closely related Sturm-Liouville eigenvalue problem. Basic
definitions and examples are given in Sec. 1.1; the next two sections treat more
theoretical material and can be omitted without loss of continuity. The basic
material resumes in Sec. 1.4 with Parseval’s theorem and its applications. The
complex Fourier series in Sec. 1.5 are not used until the discussion of Fourier
transforms in Chapter 5, but the Sturm-Liouville theory of Sec. 1.6 is used im-
mediately in Chapter 2.

1.1. Definitions and Examples

A trigonometric series is a function of the form

o0
nwrT . nAT
(1.1.1) f(x)—Ao+nz=:l(A,,cos—L—+anm —L-)
where Ag, Ay, By,... are constants. This is a series of sines and cosines whose

frequencies are multiples of a basic angular frequency 7/L and whose amplitudes
are arbitrary. In this chapter we will explore the possibility of expanding a large
class of functions f(z),—L < z < L, as trigonometric series. We first prove
directly that this set of functions is orthogonal on the interval =L < z < L.

1.1.1. Orthogonality relations. In the following discussion the indices
m,n assume the values 0,1,2,....

PROPOSITION 1.1.1. We have the orthogonality relations

L 0 n#m
(1.1.2) / cosn—;xcosﬂgfdz= L n=m#0
-L 2L n=m=0

35
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L 0 n#m
(1.1.3) / smzl?m %dx L n=m#0
-L 0 n=m=0
L' nrz  mmz
(1.1.4) / smTcos—L—dz 0 al mn
-L

Proof. We use the trigonometric identities
(1.1.5) cosacosf = %[cos(a — B) + cos(a + B)]
sinasinf = %[cos(a - B) — cos(a + B)]
sinacosf = %[sin(a - ) +sin(a + 8)]

Thus to prove (1.1.2), we have, for n # m,

L -
/ cos A cos m:Ed.«'v: / [cos z + cos (n+ I’J"' )wz] dz
-L

i

_ L [sin(n—m)rz/L)|* | sin(n+m)mz/L)
T 2r n—-m L n+m
=0

If n = m # 0, we have

L L
27z, 1 2nmz
/-Lcos Ldz—2/_L(1+cos 7 )dx

1 L | onmz |
—5(2L+%sm T _L)
=L

Finally, if n = m = 0, the integral is 2L. This completes the proof of (1.1.2).
The proofs of (1.1.3) and (1.1.4) are left as exercises. ®

Having established the orthogonality and performed the computation of these
integrals, we can now define the Fourier series of a function f(z), —L <z < L.

1.1.2. Definition of Fourier coefficients. In order to define the Fourier
series of a function, it suffices to define the Fourier coefficients A,,, B,,, which is
done as follows.
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Definition Let f(z), —L < z < L, be a real-valued function. The Fourier series
of f is the trigonometric series (1.1.1) where (A, B,) are defined by

L
(1.1.6) A = —1— / f(z)dz
(1.1.7) A, = / f@eos™Edr  n=12,...
(1.1.8) B, = Z/:Lf(x)sin—L—d:c n=1,2,...

These definitions were suggested in Chapter 0, where we showed that for any
orthogonal set (91, ..., @), the minimum of ||f — SN c,p,||? is determined by
choosing (cy,...,cy) as the Fourier coefficients (f, ¢n)/{(¢n, ¢n),1 < n < N.

1.1.3. Even functions and odd functions. In order to simplify the com-
putation of Fourier series of many functions encountered in practice, we of-
ten exploit symmetry arguments. A function f(z), —L < z < L, is even if
f(=z) = f(z), =L < z < L. A function f(z), -L < z < L, is odd if
f(-z) = —f(z), =L < z < L. For example, f(z) = z, f(z) = z*, and
f(z) = sinz are odd functions, whereas f(z) = z2, f(z) = %, and f(z) = cosz
are even functions. Of course, many functions are neither even nor odd, for ex-
ample, f(z) = = + z2. The product of two even functions is an even function,
the product of an odd function and an even function is an odd function, and the
product of two odd functions is an even function. These properties result from
the multiplication facts (+1)(+1) = +1, (-1)(+1) = —1, and (=1)(=1) = +1.
If f(z), ~L < z < L, is an odd function, the integral f. f(z)dz = 0. This may
be seen in detail by writing

0 0
/ f@)dz = - / f(-t)dt (z = ~t,dz = —dt)
=L L

freoe ([=-])

L
= - / f(t)dt  (oddness)
0
But ¢ is a dummy variable of integration; thus
L 0 L L L
dz = dz dr = — dz dz =
[ @z [ s@e+ [ f@is=- [ ja)as+ | f@yz =0

In a similar fashion it may be shown that if f(z), —L < z < L, is an even
function, then f flz)dz =2 j;, f(z)dz.
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ProrosiTiON 1.1.2. If f(z), =L < z < L, is an even function, then B, =0,
n=12.... If f(zx), =L < = < L, is an odd function, then A, = 0, n =
0,1,2,....

Proof. To prove these facts, we first note that sin(nwz/L) is an odd function
and cos(nmz/L) is an even function since sin(—8) = —sinf, cos(—8) = cosf.
Now, if f(z), —L < = < L, is an even function, the product f(z)sin(nrz/L) is
an odd function and we have B, = 0. If f(z), —L < = < L, is an odd function,
the product f(x)cos(nmz/L) is an odd function and we have A, = 0. e

ExAMPLE 1.1.1. Compute the Fourier series of f(z) =z, -L <z < L.

Solution. f(z), —L < z < L, is an odd function; therefore A, = 0. To
compute B,, we note that f(z) sm(mr:z:/L) is an even function; thus

. NI
B, = E[Lx31anz

= E/Lxsinnimdx
L 0 L

We integrate by parts with u = x, dv = sin(nwz/L) dz. Thus

The last integral is zero, and we have B, = —(2L/nr) cosnm = (2L/nm)(~1)"+1.
Therefore the Fourier series of f(z) =2, -L <z < L, is

2L = (1) | nmz
2L g (A
™ n

L

n=1
EXAMPLE 1.1.2. Compute the Fourier series of f(z) = |z|, —L <z < L.

Solution. f(z), —L < z < L, is an even function; therefore B, = 0. To
compute A,, we note that the product f(z)cos(nmz/L) is an even function;
thus, for n # 0,

L
(1.1.9) A, = lf (xlcosnﬂda:

(1.1.10) = L_/ zcosmdx

We integrate by parts with u = z, dv = cos(nmz/L)dz. Thus

L
L v nrx
- sin — dz
0 nmw 0 L

A —3 stinmrx
"L\ nr L
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The first term is zero at both endpoints £ = 0, z = L, while the integral can
be evaluated as j;," sin(nrz/L)dz = (L/nw)[1 — (—1)*]. Thus we have 4, =
—(2L/n?7?)[1 — (—1)"] for n # 0. For n = 0, we have Ay = (1/L) fol'zdz =L/2.
Therefore the Fourier series of f(z) = |z|, - L <z < L, is
L 2L 31— (-1 nnx
= cos

2 72 n? L
n=1

This may also be written as
(L/2) - (4L/7?) f: cos[(2m — 1)wz/L)/(2m — 1)?
m=1

by writing n = 2m—1 and noting that 1—(—1)* = 0ifnisevenand 1-(-1)" =
if nis odd. e

It will be shown in Sec. 1.2 that these Fourier series are convergent and that
the equation

nwT
f(z) = Ao+ ,,z_; (A cos 11 + B, sin T)
is valid for —L < z < L. We illustrate this graphically for the preceding two
examples. To do this, we define the partial sum of order N of a trigonometric
series as the function

fn(z) = AD+Z(A cos % L +B smzzz_z)

In Figs. 1.1.1 and 1.1.2 we give the partial sums for the Fourier series of the
preceding two examples.

The method of these two examples may be extended to compute the Fourier
series of any polynomial f(z) = cg+cz+- - - +cxz*. To do this, it is sufficient to
handle each term separately and integrate by parts. Thus we have the reduction
formulas

L
Lo . nmz Lz nrT Lk [* k-1 NTT
zsin — dr = ——— cos — — "' cos — dz
_L L nmw L|., nmJ_, L
L nmz Lzt . nmz|* Lk Y ,_, . nrz
z°cos —dr = — sin—| —— "7 sin —dzx
-L L nw L), nrJj_, L

Proceeding inductively, we can compute the necessary integrals.
If a function f(z), —L < z < L, can be written as a finite trigonometric
sum, then its Fourier series is that trigonometric sum. For example, the Fourier
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y

FIGURE 1.1.1 Graphs of the partial sums fy(z) for N = 1,2, 3 of the Fourier
series of f(z) =z, -t <z < 7.

o | x
(-”7 0) (or 0) (ﬂ, 0)

FIGURE 1.1.2 Graphs of the partial sums fy(z) for N =0, 1,2 of the Fourier
series of f(z) =|z], -1 <z < 7.

series of f(z) = sin®z, —7 < z < , can be obtained by observing that sin’z =
3(1 — cos2z); thus B, = 0 for all n, while Ay = 1, A2 = —1, and 4, =0 for
n = 1,3,4,5,.... It is not necessary to perform any integrations to find the
Fourier series in this case.
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1.1.4. Periodic functions. We now discuss Fourier series in the context of
periodic functions.

Definition A function f(z), —oo < z < 00, is 2L-periodic if
flz+2L) = f(z) —00<z <00

For example, sin(nwz/L) and cos(nwz/L) are 2L-periodic for n = 1,2,... since

sin %(a: +2L) = sin (m + 2n7r) = sin 22

L L
nw T nrz
cos T(a: +2L) = cos (T + 2n7r) = cos ——

The sum, difference, or product of any two 2L-periodic functions is again 2L-
periodic. Therefore any convergent trigonometric series defines a 2L-periodic
function f(z), —o0o < z < co. Conversely, we can speak of the Fourier series of
a 2L-periodic function f(z), —o0 < z < 00, by restricting z to ~L < z < L and
computing the Fourier series as we have just done.

ExaMPLE 1.1.3. Compute the Fourier series of the 2L-periodic function f(z)
=-1lif(2n—-1)L<z<2nL, f(z)=1i2nL <z < (2n+ 1)L, n =0, *1,
+2,....

Solution. f is an odd function, and thus A, = 0, B, = (2/L) [ sinnrz/Ldz
= (2/L)(L/nm)[1 — (~1)"]. The Fourier series is (2/m)3> > ,[1 — (-1)"]
x sin(nwz/L)/n.

1.1.5. Implementation with Mathematica. Let us redo Example 1.1.1
using Mathematica. The Fourier series of f(z) = z,—7 < z < 7, was found to
be

[»<] .
(-1)*¥*sin kz
2; ——

We first define a function of two variables,
Flz_,n_]:=2 Sum[(((-1)"(k+1))/k) Sin[k x], {k,1,n}]
and a plot-valued function by
Fln_]:=Plot[F[x,n],{x,-Pi,Pi}]
By typing Enter, we record the values of these functions. The correct input can
be verified by typing ?F. To verify the first three terms of the series, move the
cursor to a new cell and type F{x,3] followed by Enter. Mathematica should
respond with

Sin [2x] Sin[3x]
Out[2] =2(Sin[x]~ + )

2 3
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-3 -2 -1 1 2 3
-1

-2

-3

FIGURE 1.1.3 A three-term Fourier series.

To graph the function F{z, 3], type F[3] instead of F[x,3], and the result is as
shown in Fig. 1.1.3.

Mathematica can also be used to compute the Fourier coefficients of a piece-
wise smooth function f(z),—L < z < L. To do this, we make the following
commands:

AO[L_,f_1:=(1/(2Pi)) Integrate[f[x], {x,-L,L}]

Aln_,L_,f_]:=(1/(Pi)) Integrate[f[x] Cos[n x], {x,-L,L}]
Bln_,L_,f_]:=(1/(Pi)) Integrate[f[x] Sin[n x], {x,-L,L}]

Then we can define a function f(z) in Mathematica and use the above definitions
to compute the Fourier coeficients. For example, consider f(z) = e*,—L <z <
L. To enter this, we type

flx_]:=E"x

and then type

Aln,L,f]

which produces the output

n L
(-1 E
Out[2]= --——————-

1.1.6. Fourier sine and cosine series. Suppose we are given a function
f(z),0 < £ < L, and we desire a Fourier series representation. To get this, we
extend f to the interval —L < z < L and then compute the Fourier coefficients.



1.1. DEFINITIONS AND EXAMPLES 43

There are two natural ways of doing this, giving rise to the Fourier sine series
and the Fourier cosine series.
One way of extending f is to define 2 new function fo by

(=) O<z<L
(1.1.11) fo(z) = { -f(-z) -L<z<0
0 z=0

fo is called the odd eztension of f to (—L, L). It is an odd function, and therefore
its Fourier coefficients are given as follows:

(1.1.12) A, =0 n=0,1,...

1 L . T 2 (L . naT
(1.1.13) B, = -Z/_Lfo(z)sm—f—dz— Z/o f(:r,)sdea:
Therefore we have the Fourier sine series

EB smmrx 0<z<L

where
nL/f mﬂ%z
Another way of extending f to the interval ( L,L) is to define
flr) O0<z<lL
0

f(-z) -L<z<0
z=0

(1.1.14) felz) =

fE is called the even eztension of f to (—L, L). It is an even function defined on
the interval (—L, L). [Of course, we could define f£(0) = lim,_,o f(z), if this limit
exists. The definition fz(0) = 0 is completely arbitrary.] The Fourier coefficients
of fr are as follows:

(1115) B, =0 =n=12,...
L L
(L116) A4 = % /_ Je(a)ds = % /0 f(z)dz

1 L nrz 2 (L nrT
1.1. = — —dr == ===
(1.1.17) An L[Lfg(z)cos 7 dz L/o f(z)cos I dz

Therefore we have the Fourier cosine series

[o o]
Ao-l-ZA,,cosnLLZ 0<z<L

where

L
M=%£fmu
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and L
2 nwT
A"=f/0 f(z)cosde n=1,2,...

EXAMPLE 1.1.4. Compute the Fourier sine series of f(z) =1, 0< z < L.

Solution. We have
L

2t nrz 2L 2 n
Bn—z‘/o‘ Slﬂde——TwCOS—o—n'—W’[l—(—l)]
The Fourier sine series is

2 n1—(-1)" . nmz
—Z sin ®
T n L

n=1

We now give an alternative method for computing the Fourier sine series of
certain functions that satisfy boundary conditions. Let f(z), 0 < z < L, be a
function with f(0) =0, f(L) =0, and f"(z) continuous for 0 < z < L. Then

2 (L . NI
(1.1.18) B, = —L—/o f(z)sdex

2 nrz|® 2 L, nnT
= Ef(a:)cosTL+ /o f(a:)cos—L-—d:z:

nmw

The first term is zero, and the second term can be integrated again by parts, with

the result ) .
_ L\*2 wr N . T
B, = (nﬂ) L/o J"(z)sin T dz

Therefore the Fourier sine series of f(z), 0 < z < L, is obtained from the Fourier
sine series of f”(z), 0 < £ < L, by multiplication of the nth term of the series by
—(L/nx)?.

EXAMPLE 1.1.5. Find the Fourier sine series of f(z) = 28— L%z, 0 <z < L.

Solution. The function satisfies f(0) = 0, f(L) = 0 with f"(z) = 6z. The
Fourier sine series of 6z is (12L/7) Y °(—1)"*'sin(nmz/L)/n. Therefore the
Fourier sine series of f(z) is (12L%/#%) > {°(=1)"sin(nnz/L)/n3. @

EXERCISES 1.1

In Exercises 1 to 10, compute the Fourier series of the indicated functions.
1. fz)=2% -L<z<L
2. f(z)=12%,-L<z<L
3 flz)=|zP,-L<z<L
4. f(r)=e*,-L<z<L
5 f(z) =sin’2z, -t <z <7
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13.

14.

15.

16.

17.
18.

19.
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. f(z)=cos®z, ~m<z <7

.f(z)=0if -L<z<O0and f(z)=1if0<z<L

. f@)=0if —-L<z<0and f(z)=zif0<z< L

. f(z)=0if -7t <z <0and f(z) =sinzif0<z <~

. f(z) =sinhz = (e —e™%), -r<z <™

. Prove the orthogonality relations (1.1.3). [Hint: Use the trigonometric

identities (1.1.5).]

. Prove the orthogonality relations (1.1.4). [Hint: Use the trigonometric

identities (1.1.5).]
Prove the following facts about even and odd functions:
(2) The product of two even functions is even.
(b) The product of two odd functions is even.
(c) The product of an even function and an odd function is odd.
(d) Which of statements (a), (b), (c) remains true if the word “product”
is replaced by “sum”?
Let f be an arbitrary function. Show that there is an odd function f; and
an even function f; such that f = fi + f.
Which of the following functions are even, odd, or neither?
(a) f(z) =2°~ 3z (b) f(z) == +4
(c) f(z) = cos3z (d) f(z) = z® - 322
(e) f(z) =sinz — 3z° (f) f(z) = |z|sinz
(g) f(z) = 2% ~cosz (h)f(z) = cos’z
Find the Fourier sine series for the following functions:
(@) f(zx)=z,0<z<L (b)f(z)=12% 0<z<L
(€) flz)=e€* 0<z<L d) f(z)=2% 0<z<L
(e) f(z) =sinz, 0<z <L (f)f(z) =cosz, 0<z<L
Find the Fourier cosine series for the functions in Exercise 16.
Let f(z), —L < = < L, be an odd function that satisfies the symmetry
condition

f(L—z)= f(z)
Show that

A, =0 forall n
B, =0 forallevenn

Let f(z), —L < z < L, be an odd function that satisfies the symmetry
condition

f(L-1z)=—f(z)
Show that

A, =0 forall n
B, =0 forall oddn
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20. A function f(z),0 < z < 7/2, is to be expanded into a Fourier series

o0
flz) = Ao+ E(A,, cos nz + By sin nz)

n=1

By extending f to —7 < £ < 7 in four different ways, give four different
prescriptions for finding the Fourier coefficients {A,}%%,, {Bn},. (Hint:
There are two choices for extending f to 0 < £ < 7 and two more choices
for further extending f to —7v < z < m.)

21. Illustrate the expansions of Exercise 20 with f(z) =1, 0 < z < w/2. Find
the four different Fourier series.

For each of the functions in Exercises 22 to 29 state whether or not it is periodic
and find the smallest period.

22. f(z) =sinwz

23. f(z) =sin2z +sin3z

24. f(z) = sin4z + cos 6z

25. f(z) =sinz +sinwz

26. f(z) = = — [z] ([z] = integer part of z)

27. f(z) =tanz

28. f(z) = 22121(—1)"3?2"/ (2n)!

29. f(z) =sinz

30. Compute the Fourier sine series of f(z) = 2> — Lz,0<z < L.

31. Compute the Fourier sine series of f(z) = z* —2Lz® + L3z, 0 <z < L.

32. Let f(z), —L < z < L, be an even function. Show that

[ tae=2 [ siayas

33. Show that the derivative of an even function is an odd function.
34. Show that the derivative of an odd function is an even function.

1.2. Convergence of Fourier Series!

In this section we discuss the validity of the equation

o0
nnT . NTT
fz)= Ao+§ (AucosT +B"SmT)
where (A,, By,) are the Fourier coefficients of the function f(z), =L < z < L. For
simplicity in writing, we take L = 7 in the exposition; all results obtained can
be transformed to the interval —L < z < L by the change of variable z' = 7z /L.

1This section treats theoretical material and can be omitted without loss of continuity.
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1.2.1. Piecewise smooth functions. Recall that a function f is continuous
at z if limy,; f(y) = f(z). Not all Fourier series converge, even if we impose
the restriction that their functions are continuous. In fact, there exist continuous
functions on [—, 7] whose Fourier series diverge at an infinite number of points!
We therefore need to focus our attention on another class of functions, the so-
called piecewise smooth functions. We first define the concept of a piecewise
continuous function.

Definition A function f(z), @ < z < b, is piecewise continuous if there is a finite
set of points @ = 2y < T; < -+ < Tp < Tpy1 = b such that

(1.2.1) fiscontinuwousat z #z,, i=1,...,p
(1.2.2) lgrg f(z, +€)exists =0,...,p
(1.2.3) li_i%f(ﬂ?g —€)exists i=1,...,p+1

The limit (1.2.2) is denoted f(z;+0) and is called the right-hand limit. Likewise,
the limit (1.2.3) is denoted f(z; — 0) and is called the left-hand limit. These are
supposed to be finite.

Definition A function f(z), a < z < b, is said to be piecewise smooth if f and
all of its derivatives are piecewise continuous.

Of course, we assume that the subdivision points o < 7; < -+ < zp4; are the
same for f and all of its derivatives. With this definition, the derivative of a
piecewise smooth function is again piecewise smooth.

If f(z), a < z < b, is piecewise smooth, then f'(z) exists except for z =
Z1,...,%p. This is the piecewise derivative of f. Many of the usual operations
with ordinary derivatives are valid for piecewise derivatives; the sum, difference,
and product rules are valid except at the subdivision points (z,,...,%,). The
quotient rule is also valid unless the denominator is zero. The fundamental
theorem of calculus must be modified for piecewise smooth functions to the form

b p
16-0) = fa+0) = [ P&z + > f(ai+0) - f(z - 0)

Indeed, on each interval (z;, z,+1) we may apply the ordinary fundamental theo-
rem of calculus in the form

f@n =0 = fa+0) = [ " )da

Adding these equations for i = 0,1,...,p gives the result.
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If the piecewise smooth function f(z), a < z < b, is also continuous, then the
fundamental theorem of calculus may be applied in its usual form,

b
6-0-fa+0) = [ fa)ds
With these rules in mind, we may operate freely with piecewise smooth functions.

ExaMPLE 1.2.1.
f(z) = |=| —-T<z<T
We take zo = —7, 71 = 0, 2 = 7. Here f is continuous on the entire interval. f’
is piecewise continuous, with f'(0+0) = 1, f/(0—0) = —1. All higher derivatives
are zero; hence f(z), —m < z <, is piecewise smooth.

ExXAMPLE 1.2.2.
z? —-1<z<0
f(:v)—{ z2+1 0<z<m
In this example f is continuous, with the exception of the point z = 0, where
we have f(0+0) = 1 and f(0 — 0) = 0. All higher derivatives are piecewise
continuous on (—m,7), so f(z), —7 < z < , is piecewise smooth.

ExaMPLE 1.2.3.
f(z) = z|z| —-T<z<T
In this case f and f’ are continuous. f” is continuous everywhere except at z = 0,

where we have f”(0+0) = 2 and f”(0—0) = —2. All higher derivatives are zero;
thus f(z), -7 < z < =, is piecewise smooth.

ExaMPLE 1.2.4.

1
f($)=a:2sin; -r<z<mW

f is continuous on (—w, 7). f’is continuous on (—m,7) with the exception of the
point z = 0. However, f'(0+0) and f'(0 — 0) do not exist, so f(z),-7 <z <,
is piecewise continuous but is not piecewise smooth.

EXAMPLE 1.2.5.

1
f@)= 5= -m<z<m

In this case f(z),—#% < z < m, is continuous, but it is not piecewise continuous
since f(—m + 0) and f(m — 0) are not finite. In particular, f(z),—7 < z < =, is
not piecewise smooth.

When working with piecewise smooth functions, we may omit the definition
of f(x) at the subdivision points zo,z1,...,Zpy1. This causes no difficulty in
the discussion of Fourier series, since the Fourier coefficients A,, B, are defined
as integrals, which are insensitive to the value of f(z) at a finite number of
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ponnts More prec1sely, if fi(z) = fo(z), except for z = zg,Z1,...,Zp41, then
f fi(z)dz = f fo(z)dz. Therefore we see that the Fourier coeﬁ‘iczents do not
depend on any of the numbers f (xo), o F(Zp1)-

Suppose f(z),—m < z < 7, is piecewise smooth. We define the 2m-periodic
extension of f by setting

f(z+2nn) = f(z)  wherez € (—m,7)

and 7 is an integer (positive or negative).

It is left as an exercise to show that the 2w-periodic extension of f is piecewise
smooth on any open interval and that it is periodic with period 2. It is also left
as an exercise to show that

d b
/f(x)dz=ff(z)dz fd—~c=2r=b—a

where [ is any 2w-periodic function. _

Let f(z), —m < z < m, be a piecewise smooth function and let f(z), —oo <
T < 00, be the 27-periodic extension of f; f is a 2n-periodic function with
f(z) = f(z) for - <z <.

The following theorem relates the convergence of a Fourier series to the nor-
malized values of the function

THEOREM 1.1. (Convergence theorem). Let f(z),—m < z < m, be piecewise
smooth. Then the Fourier series of f converges for all z to the value Hf(z+0)+
f(z = 0)], where f is the 27-periodic extension of f.

From the periodicity, we see that the left-hand limit f(7 — 0) is equal to the
left-hand limit f(—m — 0), with a corresponding statement for the right-hand
limit. Therefore the average of the left- and right hand-limits at the endpoints
agrees with the common average of the function at the endpoints; in symbols,

S =0+ Flom+0) = Zlf(~m+0) + f(r —0))

S =0+ flx + 0] = 3{f(~7+0) + fa ~0)]

The restriction to the interval —m < z < = is of no significance. It has been
made here so that, instead of writing cos(mnz/L) and sin(mnz/L), we may
write cos mz and sinmz.

Before proceeding with the proof, we need two lemmas.

Lemma 1 (Riemann). If f and f’ are piecewise continuous on (a, b), then

llm ff(x)smAzdz 0
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Proof. First we write

/ f(z) sm)\:r:dx—X:/%+1 f(z)sin Az dz

1=0

It remains to show that
Ts41

dm ) 7 (z) sin Az dz = 0
For this we integrate by parts, with u = f(z), dv = sin Az dz. Thus
T141 - Tyl Zib1
f(z)sin g dg = =L@ s A™ 1
A DY A

Each of these tends to zero when A — 0o, completing the proof of Lemma 1. e

J'(z) cos Az dx

Zs

We wish to examine the limit as N — oo of

N
In(z)=A0 + }:(Am cosmz + By, sinmz)

m=1
Using the definitions of Ag, Ay, Bm given in Sec. 1.1, formulas (1.1.6), (1.1.7),
(1.1.8), we have

fn(z)

N
I 1 [7 . .
% /_ f(t)dt+§ 7—{ - f(t)(cos mt cos mz + sin mt sin mz)dt

=__/ f(®) dt+z /f (t) cosm(t — z)dt

m=1

= %/ﬁf [ +Zcosmt—x)] dt

- m=1

Clearly, it would be useful to be able to write
1 &
3t }:cosm(t - z)
m=1

in a more compact form. Therefore we formulate a second lemma.

Lemma 2. For any areal,a # 0, £27,..., we have
1 sin(N + 1)a
—+cosa+v-v+cosNa=——(—,—l2)—
2 2sin g0

Proof. Setting S = % +cosa+ ---+ cos Na, we have

. 1. . .
Ssina = §sma+smacosa+ -+« +sinacos Na
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From the addition formulas

sin(a +b) = sinacosb+ cosasinb
sin(a — b) = sinacosb — cosasinb

we have
cosasinb = %[sin(a + b) — sin(a — b)]
so that
Ssina = %{sina+ sin2a —~ 0 +sin3a —sina
+ -+« +sin(N + 1)a — sin(N — 1)q]
= %[sin Na +sin(N + 1)a]
To complete the proof, we average the addition formula as follows:
%[Sin(a + b) + sin(a — b)) =sinacosb

Setting a + b= (N + 1)a, a — b = No, we take a = (N + )e, b = 1a, so that

1 1
%[sin Na + sin(N + 1)a] = sin (N + 5) @ cos sa

and
: 1 1
sin(N + 3)acos 3o
sina

S =

Substituting the identity sin o = 2sin Ja cos Jo completes the proof of Lemma 2.
(For a shorter proof of Lemma 2, using complex numbers, see Exercise 13 at the
end of this section.) e

In view of Lemma 2, we can write

e =1 [ 10

This form is preferable because it makes no mention of the Fourier coefficients

{An}, {Bn}.
1.2.2. Dirichlet kernel. To proceed further, we make the definition

Du(u) = sin(N + 1)u

and by continuity we define Dy(u) = (2N + 1)/27,u = 0,427, +4m, . ...

sin(N + 1)(t — z)

dt
2sini(t — z)

Txsmul? u# 0,42, +47, . ..



52 1. FOURIER SERIES

N_n.n N AN\ |
RIAAAVAS ARG

FIGURE 1.2.1 The Dirichlet kernel Dy(u) for N = 5.

Dy is the Dirichlet kernel, an even, 27r-periodic function. From Lemma 2 we
see that
1 0
/ Dy(u)du= - = | Dn(u)du
-

From Fig. 1.2.1 we see that DN(u) behaves roughly like a periodic function
with period 27 /N, except in the neighborhood of u = 0,+2m,..., where it is
peaked. The most important property of the Dirichlet kernel is that it provides
an explicit representation of the Fourier partial sum, through the formula

(1.2.4) fn(z) = _ﬂ f(t)Dn(t —z)dt

1.2.3. Proof of convergence. To complete the proof of Theorem 1.1, we
extend f to f, a 2m-periodic function. Therefore the product Dy(t — z)f(t) is
also a 2n-periodic function of ¢ for each z. We now write

fulz) = _" Ft)Dw(t - 2)dt

T—Z

f(z + u)Dy(u)du t—z=u

-n—z

f f(z + u) Dy (u)du periodicity

{f f} F(z +u) D (u)du
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We will analyze the two integrals separately and show that

(1.2.5) dim /“ f(z+ u)Dy(uv)du = %f(z +0)
—00 fg

(1.2.6) A}l_r’r;o ’ f(z + u)Dy(u)du = -;-f(x -0)

from which the result will follow. We carry out the analysis of only the first
integral in detail; the second is identical in every respect. Define

g(u) = [f(z +u) — fz +0)]/u
Then

fo"[f(x +u) — f(z +0)| Dy (v)du = % lgi_g:o/o"g(u)U(u) sin (N + %) udu

where

u
Ulw) = 2sinu/2

U@ =1
Using L’Hospital’s rule, we see that the function U(u) is continuous and has a
continuous derivative, —7 < u < #. Similarly, we can use L’Hospital’s rule to
compute the limits

(1.2.7) I'Hgg(u) = f(z+0)

u#0

(1.2.8) limg'(w) = % F'(z +0)

Therefore g(u) is piecewise continuous with a piecewise continuous derivative.
But U(u) has a continuous derivative, and therefore the product g(u)U(u) also
has a piecewise continuous derivative. Applying Lemma 1, we have proved that

N . 1
A}I—I»I;o/o g(u)U(u) sin (N + 5) udu=0
Writing this in terms of f, we have
. g rd rd : i 1 £
A}I_I)Igo‘/(; f(z + v)Dy(u)du = f(z + 0) "}1‘1’?”‘/0‘ Dy(u)du = §f(z +0)

which was to be proved. e

An examination of the graph of Dy(u) (Fig. 1.2.1) helps to give an intuitive
motivation of the proof. Since ffﬂ Dy (u)du = 1, the graph suggests that, as N
gets large, the area tends to concentrate around u = 0, so that [ f(u)Dy(u)du
tends to pick off the values of f(u) near u = 0. Thus
fim [ £(u)D(u)du = 51£0+0) + £(0 - 0)]
-T

N-ooo

for functions f(z) that are piecewise smooth.
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Having proved the convergence of the Fourier series, we can now obtain many
useful conclusions. Referring to the first two examples in Sec. 1.1, we have the
convergent Fourier series

o0
__ln+]
22(—)sinm:=a: —T<IT<LT
n=1 n
T 25‘:1—(—1)"
~— =Y ——="—cosnz = |z —T<z<7T
2 eyt n?

Both of these examples are continuous functions, for which f(z+0) = f(z—-0) =
f(z) for all z, —m < z < w. However, the periodic extension is not continuous in
the first case, where f(z) =z, -m <z <.

As an example of a discontinuous function, we have the convergent Fourier
series

© 4 1\n 1 O<z<m
zE:u-—isinm:= 0 z=0
m n -1 -7<z<0

n=1

These can also be used to obtain various numerical series. Taking z = 0 in
the Fourier series for |z|, we bave 0 = /2 — (2/m)2+ 2+ X +---), n%/8 =
1+ 3§+ % +---. Similarly, taking z = /2 in the third example, we obtain
mfd=1-3+%—---.

EXERCISES 1.2

1. Determine whether or not the indicated function is piecewise smooth.
(a) f(z) =z -2<z <2
(b) f(z) = [z] — z, 0 < z < 3 ([z) = integer part of z)
(¢) f(z) ==z*sin(l/z), -1<z <1
@) fz) =e W) 1<z <1
2. Let f(z) = z%sin(1/z).
(a) Show that lim;_,o f(z) = 0.
(b) Graph f(z),~-m <z <.
(c) Show that f'(0 + 0) does not exist by considering f'(h) as h — 0
through the values 1/2n7 and 1/(2n+ 1)r, n=1,2,....
3. Let f and g be piecewise smooth on (a, b).
(a) Show that f + g is piecewise smooth on (a, b).
(b) Show that f - g is piecewise smooth on (a, b).
(c) What restrictions must be made on g in order that f/g be piecewise
smooth on (a, b)?
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. Let f be the 27-periodic extension of the piecewise smooth function f(z),

—-r<zT <.
(a) Show that f(z),—00 < T < 00, is piecewise smooth.
(b) Show that f is 2m-periodic.
(c) Show that

/cdf(z)dx=Lbf(z)a fdec=2r=b—a

. Define U(0) =1 and

u
2sin(u/2)

Show that U(u) is continuous and has a continuous derivative for —7 <
u < . (Hint: Use L'Hospital’s rule.)

—-rt<u<s"m

U(u) =

. Let f(z), a < z < b, be a piecewise smooth function. Let g(u) = [f(z+u)—

f(z+0)]/u for u # 0. Show that g(0+0) = f'(z+0), g(0—0) = f'(z—0).
(Hint: Use L’Hospital’s rule.)

. Let g(u) be defined as in Exercise 6. Show that ¢g'(0 + 0) = 3f"(z + 0),

g(0-0)=3f"(z-0).

. Prove that Dy(u) is even and 2r-periodic.
. Use Lemma 1 and the properties of the Dirichlet kernel to compute the

following limits:
(2) limyoeo [7/7, Dy(w)de  (b) limu—oo fg/ Dy (u)du

(c) imosoo [76 Dn(u)du  (d) limy-soo f;), D (u)du
What is the maximum value of Dy(u), -7 < u < 7?
Find all solutions of the equation Dy(u) = 0.
Find all solutions of the equation D} (u) = 0.
There is another way of establishing Lemma 2. Recall that e** = cosz +
isinz.
(a) Show that
&% 4 iz &% _ it
ST = ———— sing = o
(b) Prove Lemma 2 using part (a) and the fact that for any complex
number 7 # 1,

n+1_1
l4r4egri="

r#1l

r—1
This exercise establishes the formula

/”sinzdzzz
0 T 2
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(a) Let
f(u)=(ginlu—/2"%) u#0  f(0)=0

Show that f, f’ are continuous on (0, 7). (The only trouble occurs at u = 0.
Use L’Hospital’s rule to show that the appropriate limits are finite.)
(b) Use Lemma 1 to conclude that

[ 1 17 . 1 3
}31_520 | [m u] sin(N + E)u du=0
(c) Hence show that
T % sin(N 1
lim Dy(u)du = lim / Mdu
N=oo Jy N=oo [y u

(d) Make the appropriate substitution in the second definite integral
and recall the appropriate facts about Dy(u) to conclude that
(N+1/2)m o o -

lim —dr = —
Noo Jg T 2

(e) If (N — 3)m < X < (N + 1), show that

X sing e /(N“/z)” sinz
0

—dz = —dz +ex

0o T z
where |ex| < 1/(N — 1). Conclude that the improper integral converges to
7/2 when X — oo.

15. (a) Set z = /2 in the Fourier series for f(z) = z, -7 < z < 7, to obtain
the formula 11 1

To1-C+ +
1T 737577

(b) Set z = m/4 in the series part (a) to obtain

T 1 1 1 1 1 1
fva(iedoloben) - (1m2eo )

1111 1 1 1

(d) If we set z = « in the series in (a), we find that the series sums to
zero. Why doesn’t this contradict f(z) = z?
16. (a) Show that
w2 4 4
1’ = — —4cosT +cos2z — ~cos3z + -+ + (—=1)"— cosmz + - - -
3 9 m?

for —r<z<m.
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(b) Setting z = 0 in (a), find the sum

[+ <]

1.1 1 ma1 1
R TR D
(c) What is
= 1
2 e
[Hint: Set z = 7 in part (a).]
(d) What is

1
2
modd

[Hint: Add (b) and (c).]
17. Let f(z) = =, —m < ¢ < 7. What is the sum of the Fourier series for

T=-m, =77
18. Let f(z) = €%, —m < £ < . What is the sum of the Fourier series for
=-T,z=77

19. Let f(x), (a:) be piecewise smooth functions for a < z < b. Show that

/ f(z)g'(z)dz + f'(-’b')y(x)dm = Z[f (z. +0)g(z: +0) — f(z, — 0)g(z, — 0)]

i=1

+ f(b—0)g(b—0) — f(a+0)g(a+0)

20. Use Exercise 19 to prove the following integration-by-parts formula for
piecewise smooth functions:

b b
/ f(2)g(z)dz = f(b—0)g(b~0) — f(a+0)gla+0) - / f'(@)g(z)dz

14
= 9z~ 0)[f(zi +0) - f(z. - 0))
=1

P
- fla = 0)g(=, +0) — g(z, - 0)]

=1

14
= D _[f(z: +0) = f(zi - 0)][g(z, +0) — g(z, — 0)]
=1
21. By examining the proof of Theorem 1.1, show that the conclusion is valid
if f, f', f" are piecewise continuous.
22. On the basis of Exercise 21, for which n > 1, can we assert that the Fourier
series of " sin 1/z is convergent for all z, —7 < z < 7?
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23. Let f(z), —m < = < m, be a piecewise smooth function with Fourier
coefficients An, Bn. Apply Exercise 20 with a = —7, b =7, ¢’(z) = cosnz
to find an asymptotic formula for Ay, B,, n — oo.

1.3. Uniform Convergence and the Gibbs Phenomenon?

We have seen that the Fourier series of a piecewise smooth function converges to
the function except at points of discontinuity, where it converges to the average
of the function’s left- and right-hand limits. Since we are interested in approx-
imating functions by partial sums of their Fourier series, it is of interest how
the Fourier series converge near a discontinuity, that is, how the partial sums of
Fourier series behave near discontinuities of their functions. We turn first to an
example.

1.3.1. Example of Gibbs overshoot. Consider the function

-1 - 7<z<0
f(“’)‘{l 0<z<m

The cosine coefficients are all zero (f is odd), and the sine coefficients are given
by

Bn=2f sinnzdx=£-[1—(—1)"] n=12,...
T Jo nmw

The partial sum of the Fourier series is therefore

— _ 47, sin 3z Sin(2n — l)x
fon (%) = fon-1(2) = - [sma:+ T ]

From the graph of Fig. 1.3.1 we see that, just before the discontinuity, the
partial sums overshoot the right- and left-hand limits and then slope rapidly
toward their mean. On the interval —7r < z < 7, f; has one maximum and one
minimum, f; has three maxima and three minima, fs has five maxima and five
minima, etc. We can actually calculate the overshoot by computing the derivative

(1.3.1) fona(2) = -;—t—[cosz + cos 3z + cos 5z + - - - + cos(2n — 1)z]

and solving the equation f},_,(z) = 0.
To solve this equation, we multiply (1.3.1) by sinz and use the identity

1
sinzcoskz = §[sin(k + 1)z — sin(k — 1)z}
and get

TSinT fon_;(2)

n-1

2 {sin 2z + Z[sin 2(k + 1)z — sin 2kz}}
k=1

= 2sin2nx

2This section treats theoretical material and can be omitted without loss of continuity.
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FIGURE 1.3.1 The Gibbs phenomenon for n = 10 and n = 50.

Therefore, the extrema occur at the points
2nz = +m, £2x,...,£2n7

These points are equally spaced in [—m,7]. It is the maximum closest to the
discontinuity (i.e., when z = 7/2n) that is of interest, so we wish to compute

f: ( )=é[sinl+lsin§7—r+---+ 1 sin(2n—l)w]
-1\2n T 2n 3 2n 2n—1 2n

for large n. The technique we will use for evaluating this sum consists of rewriting
the sum so that it looks like the approximating sum of a Riemann integral and
then evaluating the integral. Our answer will be exact when n 1 0o and so should
give a good approximation for large n.

The function whose integral we will approximate is g(z) = (sinz)/z. Consider
the partition of [0, 7], given by the points {z}}, where

k
.‘Itk=7r— k=1,...,n

n

A$k= E

n

If we choose the midpoints z}, of each of these intervals as our sampling points,
then we have

sin 7(/2n T sin(2n - )w/2n w sinz
Az, = oo IAER T =
Zg(zk) k= “w/2m n n 2n-1)/2n n - /0‘ z dz
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If we rearrange our sum, we see that it equals

2nw [, 7w  sin3n/2n sin(2n — 1)7/2n] = T
T n [sm mt 3 Tt 2n -1 T2 Janr (51_;)

Therefore the limit of the overshoot is given by
b 2 [Tsinz
li al—=}==] —
anIorcl)f?” ! (Zn) 1r/0 T de

We can approximate the integral numerically as follows:

5 7

. © ¥ z
sxnx=z—§+§—ﬁ-~
so
sing _ | _ 2 ot _af
T 3 5 7
and
2 {"sinz 2 [" 22 z! 2
;fo = &= ;;fo (“ﬁ*?ﬁ'ﬁ)dx*“'
_ 3(,,_”_3+”_5_ ud )+
T 18 600 35,280
R 76
=2-2 4

5 300 1760
= 2—1.11+0.33—0.04+---

1.18 to two decimal places

This means that if we stand at any one point, we will land on the graph of f(z)
in the limit n 1t co. However, if we ride the crest of the worst point possible
for each n, then we will never reach the graph of f(z). When n 1 oo, we will
be left dangling approximately 1.18 units above the origin. This behavior can
be described by saying that the partial sums do not converge uniformly to f(z)
(i.e., the entire curve is not arbitrarily close to the graph of f for sufficiently large
n). Rather, they converge to the graph indicated in Fig. 1.3.2. This is known
as the Gibbs phenomenon. Notice that the overshoot of 1.18 is 9 percent of the
jump made at the discontinuity. This is characteristic of the overshoot due to any
discontinuity in any piecewise smooth function f. In fact, we have the following
general fact, whose proof is omitted.

Let f be piecewise smooth on (—m,m). Then the amount of overshoot near a
discontinuity, due to the Gibbs phenomenon, is approzimately equal to

0.09]f(zo + 0) — f(zo — 0)|

for large n.
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(-, 1.18) (0, 1.18) (m, 1.18)
(m 0)

- 0) 0,0) (7. 0)

(-z,-1)
(-m-1.18)%  (0,-1.18)] (% —-1.18)

FIGURE 1.3.2 Limiting graph in Gibbs’ phenomenon.

1.3.2. Implementation with Mathematica. The graphs of the Gibbs
phenomenon can be easily produced using Mathematica. We will illustrate this
with the function

-1 -7<z<0

f(:z:):{ 1 O<z<m

To implement this in Mathematica, we first define a step function by means of
the “If’ function:

ula_,x_]:=If[a<x,1,0]
With this definition, the function f can be written
flx_]:=1 - 2ul-Pi,x]+2ul0,x]

To see this in more detail, note that the function If takes three arguments;
the first argument is a condition, the second argument is the value of the function
when the condition is satisfied, and the third argument is the value of the function
if the condition is not satisfied. In the case at hand, we see that if —7 < z < 0,
then the first condition is met but not the second, so that f(z) =1-2+0= -1.
If 0 < z < 7, then both conditions are satisfied, so that f(z) =1-2+2 =1,
as required. In case z = 0 only the first condition is satisfied, so that f(0) =
1 -2+ 0 = -1, as required.

This function can be plotted in Mathematica by means of the commmand

Ula_]:=Plot[ula,x],{x,a-1,a+1}]
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For example, the graph of u[2,x] can be obtained by typing U[2]:

0.8

0.6

0.4

0.21

1.5 2 25 3

If we want to graph the Fourier series of f using Mathematica, we first recall
the Fourier series representation for the partial sums:

f2n—l($) = 14_|'kz W

To implement this in Mathematica, we define a function of two variables as
follows:

fln_,x_]:=(4/Pi) Sum[(1/(2 k -1)) Sin[(2k-1) x]1,{k,1,n}]
For example, if we now type f[3,x], we obtain the output

sin[3x] Sin[bx]
4(Sin[x] + + )
3 5
Out [4] -
Pi

To graph the partial sum, we define a function as follows:

fgraph[n_] :=Plot[f[n,x],{x,-2Pi, 2Pi}]
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If we type fgraph([3], we obtain

whereas if we type fgraph([10] we obtain

—

0.51

-6 —4 ) 2 4 6

In order to display the two graphs simultaneously, we type

Plot[{f[3,x], £[10,x]},{x,-2Pi,2Pi}]
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to obtain

-6 -4

1.3.3. Uniform and nonuniform convergence. In many problems it is
important to avoid the Gibbs phenomenon—in other words, to be sure that the
function f(z) is well approximated by the partial sum f,(z) at all points of the
interval —L < z < L. Recall that a sequence of functions f,(z), ¢ < z < b,
converges uniformly to a limit function f(z),a <z < b, if

|fa(z) = f(z)| <€&x a<z<bn=12,...

where

lim e, =0
n—o0

This is clearly violated in the Gibbs phenomenon, for in the previous example
liMp—y 00| fon—1(7/2n) — f(x/2n)] = 0.18....

1.3.4. Two criteria for uniform convergence. We shall give two general
criteria for uniform convergence. The first of these can be tested on the series,
while the second can be tested on the function.

PRrRoOPOSITION 1.3.1. (First criterion for uniform convergence). Let
f(z), =L < < L, be a piecewise smooth function. Suppose that the Fourier
coefficients {A,}, {Bn} satisfy

=]

" (14al + Bal) < 00

n=1

Then the Fourier series converges uniformly.
00 . 2 . . . .
For example, Y .. | (sin nz)/n? is a uniformly convergent Fourier series.

PROPOSITION 1.3.2. (Second criterion for uniform convergence). Let
f(z), —L <z < L, be a piecewise smooth function. Suppose in addition that

f is continuous —L<z<Land f(-L+0)= f(L-0)

Then the Fourier series converges uniformly.
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For example, f(z) = |z| has a uniformly convergent Fourier series.

Within the class of piecewise smooth functions, these criteria are necessary
and sufficient: If the Fourier series of a piecewise smooth function converges
uniformly, then f is continuous, f(~L+0) = f(L—0), and > oo (|An|+ [Bn]) <
o0. Once we leave the domain of piecewise smooth functions, the theory becomes
much more complicated; for example, the Fourier series 3" ,(sin nz)/(nlogn)
is known to be uniformly convergent,® but it does not satisfy the first criterion.
Of course the sum of this series must be a continuous function by the general
properties of uniform convergence.

1.3.5. Differentiation of Fourier series. We now give a general criterion
for differentiating a Fourier series.

PRroPOSITION 1.3.3. Let f(z), —L < z < L, be a continuous piecewise
smooth function with f(L —0) = f(—L +0). Then

—[f'(x +0)+ f'(z-0)] = Z (B,,cos E%E — Apsin n;rlx)

n=1

Proof. It suffices to apply the convergence theorem to the piecewise smooth
function f'(z), —L < z < L. Its Fourier coefficients are given by

L
t = 57 [ 1@)ds =55 (HL-0) = f(-L+0)
4, = o / f/(z) cos(nrz/L) dz = =~ / / (z)sin(rna/L) dz = 27 B,

B, = 2L/ f'(z)sin(nrz/L)dz = ——/ f (z)cos(nmz/L)dz = —TWA,.

where we have integrated by parts and used the continuity of f(z),—L < z < L.
The result now foliows from Theorem 1.1. o

For example, suppose that we want to compute the Fourier series of f(z) = z2,
—L < z < L. The Fourier series of this even function is of the form Ay +
Y me, Ancosnz, where {A,} are to be determined. From Proposition 1.3.3 we
may write

o0
2T = —~ S nA,sinnz
n=1

But from Example 1.1.1, Sec. 1.1, we know that

[e o] .
97 = 4z:(_l),,“sm nz

n=1 n

3A. Zygmund, Trigonometrical Series, Dover Publications, New York, 1955, p. 108.
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Therefore A, = 4(—1)"/n? for n = 1,2,.... To compute Ay we must return to
the definition Ao = (1/2m) [7_z2dx = 7?/3. Therefore we have the Fourier series

[~
x2=1r2/3+4z:[(—1)"/n2]cosnz -T<zT<W

n=1

1.3.6. Integration of Fourier series. The following proposition shows that
a Fourier series may be integrated term by term under very general conditions.

PROPOSITION 1.3.4. Let f(z), -7 < £ < m, be a piecewise smooth function
with Fourier series

o0
Ao+ Z(A,, cosnz + By, sinnz)
n=1

If —m <zg <z <, then
/ flu)du = Ag(z — x)
Zo

~[An, . . B,
+ Z: [f(sm nz — sinnzg) + -n—(cos Mo — COS n:z:)]
Proof. Let F(z) = [ [f(u) — Aojdu. F is continuous and piecewise smooth

with F(—7) = F(w). Therefore by the basic convergence theorem (Theorem 1.1)
we have

F(z) =A0+Z(Ancosnx+3,,sinna:) —-r<z<mw

n=1

where (A,, B,) are the Fourier coefficients of F. To compute these, we have, for
n#0,

- 1 r7
A, = - F(z)cosnzdz

-

= :’_lr/" cosnx{ :r[f(u) - Ao]du} dz

-7

= 71—r _:[f(u) — Ao} (/:cosnxdx) du

sin nu
n

- -1 _"[f(u) ALY

B,

n
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In the same fashion, we have

B, = %/ F(z)sinnz dz

1 ”
= /: "[f (u) — Ao)[cos nu ~ cos nw)du
An
n
Recalling the definition of F(z), we have proved that
[ rwn = o+ + Ao

o
1 .
+Z;(A,,smn:z—B,,cosnz) —r<z<mw

n=1

67

If we replace z by o and subtract the result, then Ay cancels and we have proved

the stated result.

1.3.7. A continuous function with a divergent Fourier series. This
example is constructed by a particular grouping of the terms in a special trigono-

metric series. Explicitly, we define the finite trigonometric sums

(132)  Cula) = cos(y + o+ LDy Ol t )2

(1.33)  Dn(z) =cos(N, — 1)z + 2 Ma

and the function

(1.3.4) f(z) = Z Ca(z) ;an(z)
n=1

The integers N,, m, will be chosen so that

(1.3.5) [Ca(z) — Du(z)| < 8 -n<z<m n=1,2,...
(1.3.6) C"—(zo)—>oo DLgO-)'—)OO n — 0o
n n

(137) No+mp <Npyy—myppy n=1,2,...

cos(N, — 2)z ey cos(N, — my,)z
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To do this, we use the following two facts:

n
(1.3.8) Z% > logn n=12,...
k=1
. sinkz
(1.3.9) |Z = | <4 n=12,..., —-w<z<~T
k=1

To prove (1.3.5), we use the trigonometric identity

. a+b ., a-b
cosa — cosb = —2sin sin
2 2
to write
Cha(z) — Dy(z) = —2sin(N,x) (sinx + Sm22$ N smf::zuz)
n

From (1.3.9) the second factor is less than or equal to 4, and we have proved
(1.3.5).
To prove (1.3.6), we write

Ca(0) = Da(0) =1+ % 4ot mp > log(ma)

If we choose m,, = 2%, then log(m,) = n%log2, and thus C,(0)/n? and D, (0)/n?
tend to oo, as required.

To prove (1.3.7) we define N; = 3 and for n > 1, Ny — N, = 2my,y;. With
this choice, it immediately follows that N, — N, > my1 + my, as required.

Having defined N,, m,, it follows from (1.3.5) that the series (1.3.4) is uni-
formly convergent and therefore f(z),—m < z < , is a continuous function. It
remains to compute the Fourier series of f.

Since f(z), —m < = < =, is an even function, the Fourier sine coefficients B, =
0. To compute the Fourier cosine coefficients, we may multiply the uniformly
convergent series (1.3.4) by cosnz and integrate on —7 < z < 7. From (1.3.7)
there is exactly one nonzero term corresponding to each integer of the form n =
N, £1,..., Ny £ mi. These nonzero terms are of the form

A,.=:L-% it n=Nytj 1<j<ms

In particular, the partial sums at z = 0 satisfy
C(0) — Di(0
Frtm(0) = (C(0) = Dy(0) + -+ 2O DO
Cu(0) = Di(0) _ Dsa(0)
2 (k+1)?

ka+1(0) = (Cl(o) - Dl(O)) +-.--4

ka-i—mk (0) - ka+1 (0) = (Qk%
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If the sequence of partial sums f,(0) were convergent, it would follow that
lim(fn, +m, (0) — fN4.(0)) = 0, which contradicts (1.3.6). Therefore the Fourier
series diverges at £ = 0, which was to be proved.

EXERCISES 1.3

1.

[ 3

Let

fon-1(z) = % [sin:c + %sin3m +--- 4+ sin(2n — l)x]

2n—1
Show that

km 2 [*"sinz
Jan—1 (%)—);/0 Tdft k=1,2,...

[Hint: Write the sum for fyn_i(km/2n) as the approximating sum for an
appropriate Riemannian integral.]

. Estimate the integral fok”(sin z)/zdz for k = 2,3, 4.
. Let f(z), =L < z < L, be a piecewise smooth function. Show that the

first criterion for uniform convergence follows from the Weierstrass M-test
(Appendix A.2.).

. Let f(z), —L < z < L, be a piecewise smooth function. Show that A, =

O(1/n), B, = O(1/n) when n 1 oco.

. Let f(z), —L < z < L, be a piecewise smooth function. Let A], B!, be the

Fourier coefficients of f'.
1 L nnT
e _ 1 1 nmr
A, = L[Lf(z)cos 7 dz
1 fE nrT
B = - ' s UL
. L/_Lf(x)sde:c
If f is continuous and f(~L + 0) = f(L — 0), show that
nw

Mp, B.=-"Ta

=T n L

. Let f(z), =L < z < L, be a continuous piecewise smooth function with

F(=L +0) = f(L —0). Use Exercises 4 and 5 to show that A, = O(1/n?),
B, = O(1/n?) when n 1 .

. Let f(z), —L < z < L, be a continuous piecewise smooth function with

J(=L +0) = f(L —0). Use Exercise 6 to prove the second criterion for
uniform convergence (Proposition 1.3.2).

. Use Exercise 5 and the main convergence theorem (Theorem 1.1) to prove

the proposition on differentiating a Fourier series.
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10.

11.

12.

13.

14.

15.

1. FOURIER SERIES

. Let f(z) = 2, e~®* /L) sinnwz/L be the Fourier series of a piecewise

smooth function. Show that

00
(z) = Y ST em/8) g T2
f(z) 7 ¢ cos —

n=1

oo
1) = — 5 (P o-tntasr?) g PIE
Py = -5 ()
Consider the Fourier series of f(z) = z found in Example 1.1.1, Sec. 1.1.
By formally differentiating the series at z = 0, show that it is not valid to
differentiate a Fourier series term by term, even if the function is differen-
tiable.
Consider the Fourier series of f(z) = z found in Example 1.1.1, Sec. 1.1.
By integrating this series, find a series for z2.
Integrate the series of Exercise 11 and compare the result with Example
1.1.5.
Among the series for z, 22, and z® — L%z found in Exercises 10 to 12, which
are uniformly convergent?
Let f(z) = z, -7 < z < 7. Find the maximum of the partial sum fy(z)
and verify the presence of Gibb’s phenomenon.
This exercise provides the missing steps in the proof of (1.3.9).
(i) If 0 < z <, establish the identity

sin 2z sin nz
+...+

T
sinz + = / (cost +-- -+ cosnt) dt
0

_ f” sin(n + (1/2))t P
T Jo  2sin(t/2) 2
(ii) Rewrite the integral in (i) as

[ozsin(n+(1/2))t (m_ _1_) e /0 sin(n+t(1/2))t &

(iii) Use the inequalities |sin — 6| < °/6, sin@ > 20/x for 0 < 6 < 7 to
bound the first integral in the form

‘/:sin(n+(l/2))t( nt/2) t) dt‘ 48/ tdt =

(iv) Make the change of variable u = (n + 1/2)¢ in the second mtegral to
prove that

/’Mdt </ Y du = 1.852
0 ¢ 0 v

(v) Conclude that |sinz + - - + (sinnz)/n| <3.75for 0 <z < 7.
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1.4. Parseval’s Theorem and Mean Square Error

Having developed the convergence properties of Fourier series, we now turn to
some concrete computations that show how Fourier series may be used in various
problems.

1.4.1. Statement and proof of Parseval’s theorem. The key to these
applications is Parseval’s theorem, a form of the pythagorean theorem that is
valid in the setting of Fourier series.

THEOREM 1.2. (Parseval’s theorem). Let f(z), —L < z < L, be a piecewise
smooth function with Fourier series

=)
nrx . nmx
Ao + ; (An cos T + Bn sin —L—)
Then
(1.4.1) ifL fa)ids = A2+ li(Aﬁ +BY)
o e 2L L 0 2 o n n

The left side represents the mean square of the function f(z), —L <z < L. The
right side represents the sum of the squares of the Fourier components in the
various coordinate directions cosnwz/L, sinnrz/L.

Proof. The proof of Parseval’s theorem is especially simple if the piecewise
smooth function is also continuous with f(—L + 0) = f(L — 0). In that case we
multiply the uniformly convergent Fourier series by f(z) to obtain

f()? = Aof(z) + f: [Anf(x) cos n_;rlq:_ + B, f(z)sin "Lﬁ

n=1

This series is also uniformly convergent,-and we may integrate term by term for
—L < z < L, with the result

L L
[_ flads = 4o / fe)z

+§ [An[Lf(m)COs?+Bn/_Lf(x)sin%]

On the right we recognize the integrals that define the Fourier coefficients Ay,
A,, B,. Dividing both sides by 2L, we obtain equation (1.4.1), the desired form
of Parseval’s theorem in this case. The proof in the general case is outlined in
the exercises. ®
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1.4.2. Application to mean square error. Our first application of Par-
seval’s theorem is to the mean square error 0%, defined by

(1.4.2) oh =5z [ @) - el

This number measures the average amount by which fy(z) differs from f(z).
The Fourier series of f(z) — fx(z) is

oo

,‘;NH (A cos L +B,, sin Zz)

and therefore, by Parseval’s theorem, we have

1 L 2 1 - 2 2
7 | @ - fn@Pas =5 > (42+BY)
-L n=N+1
and the formula ‘
. l 1 o
(1.4.3) - A2 + B?)
2 e

The mean square error is half the sum of the squares of the remaining Fourier
coefficients. This formula shows, in particular, that the mean square error tends
to zero when N tends to infinity.

EXAMPLE 1.4.1. Let f(z) = |z|, -7 < = < . Find the mean square error
and give an asymptotic estimate when N — 0.

Solution. We have By, =0, Ay = 0, Aoy = —4/7(2m — 1), so that

2 — g2 — 2
Oan-1 = 02N = Z: 4,

n_2N+1

=§ > [;@:_—WT

m—N+1
T
2 m=N+1 (2m l)

Although we cannot make a closed-form evaluation of this series, we can still
make a useful asymptotic estimate. To do this, we compare the sum with the
integral

.fi/“_l_dx_i_l__
72 Jy (Qz-1)1" "~ 372 (2N -1)3
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y=@(x)

N N+1 N+2 N+3

FIGURE 1.4.1 lllustrating the relation Y ov_y., ¢(m) < [ ¢(z)d

Figure 1.4.1 shows the comparison of a sum with an integral. This gives us the
useful asymptotic statement

0% =0(N3) N-ooo

EXAMPLE 1.4.2. Let f(z) = z, —7 < z < w. Find the mean square error
and give an asymptotic estimate when N — oo.

Solution. We have A4,, =0, B,, = (—-1)"" l(2/m) and therefore

o

1 4
o2 -
=g 2, 7a—2 Z
m=N+1 m-—N+l
To obtain a useful asymptotic estimate of this sum, we compare it with the
integral
/ Odi 2
2 ’—2 = -
N T N
so that

o =0(N7Y) N—ooco e
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1.4.3. Application to the isoperimetric theorem. We now give an ap-
plication of Fourier series to geometry, the so-called isoperimetric theorem.

THEOREM 1.3. Suppose that we have a smooth closed curve in the ry plane
that encloses an area A and has perimeter P. Then

P2 > 47A
with equality if and only if the curve is a circle.
Proof. Suppose that the curve is described by parametric equations z = z(t),
y = y(t) where =7 < t < m. The functions z(t), y(¢) are supposed smooth and

satisfy the normalization z(—n) = z(w), y(—7) = y(r) because the curve is
closed. From calculus, the perimeter and area are given by the formulas

p- / T PR Fy@Rd A= f " 2 (t)y'(t) dt

where z' = dz/dt, y = dy/dt. By reparametrizing the curve, we may suppose
that z'(¢)2 + y/(¢)? is constant (see Exercise 20); in fact, it must be

P2
() +y' (1) = 3

Now we introduce the convergent Fourier series

e <]

z(t) = ao+2(a,.cosnt+bnsinnt) —-n<t<w
n=1
oo

y(t) = c0+2(cncosnt+dnsinnt) -t <t<Tw
n=1

Since the functions z(t), y(t) are supposed smooth, we also have the convergent
Fourier series

o0

Z'(t) = Zn(—a,, sin nt + b, cosnt) ~-rT<t<mw
n=1
(s o]

y(t) = Zn(—cn sinnt + dy, cos nt) ~-r<t<mw

n=1
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Applying Parseval’s theorem, we have

2 ™ oo
% - / @)+ (Ot =73 (a2 + B + E + )
- n=1
A= / () (t)dt

= 1 [ ) +¥OF - 1) - v et

oo
= wZn(andn — bycn)
n=1

Performing the necessary algebraic steps, we have

P2 — - 2 2 2 2 2
5o = 2A =1 [n(an — dn)® + n(ba + ) +nln = 1)(a} + 5 + ¢, + 7))

n=1

The right side is a sum of squares with nonnegative coefficients; thus P2?/2m —
2A > 0. If the sum is zero, then all of the terms are zero; in particular, a2 + b2 +
c2+d2=0forn>1anda —d =0, b +c; =0. This means that

z(t) = ap+ ajcost — ¢y sint -r<t<n
y(t) = ¢g+ecicost+asint —w<t<7w

which is the equation of a circle of radius \/a? + ¢ with center at (ag,cy). The
proof is complete.

EXERCISES 1.4

Find the mean square errors for the Fourier series of the functions in Exercises 1
to 3.

.fzg)=1for0<z<m f(0)=0, and f(z)=-1for ~7r <z <0O.
. f@)=2% —n<z <7
. f(z) =sinl0z, -t <z <7
. Write out Parseval’s theorem for the Fourier series of Exercise 1.
. Write out Parseval’s theorem for the Fourier series of Exercise 2.
. Show that, in Exercise 1, 0% = O(N7!), N 1 0.
Show that, in Exercise 2, 0% = O(N~%), N 1 0.
. Let f(z) =z(r—z),0<z <.
(a) Compute the Fourier sine series of f.
(b) Compute the Fourier cosine series of f.
(c) Find the mean square error incurred by using N terms of each series
and find asymptotic estimates when N — oco.
(d) Which series gives a better mean square approximation of f?

0N O U LN
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9. Let f(z), g(z), —L < z < L, be piecewise smooth functions with Fourier

series
o0

flx) = Ao+;(A cos 2= L +B smn—Lf)

g(z) = Co + i (C,, €os —— L + D, sin _nL_a:)

n=1

Show that

1t 1
57 | 1@9(@)ds = AuCo+ 33 ~(4aCo + BoDy)

n=1

Note that this formula corresponds to the dot product formula

(@11 + b1j + c1k) - (a2i + boj + c2k) = a1az + b1by + c1c2

for vectors in the three-dimensional space R3.
10. Let f(z) = (cosaz/sinar), -7 <z <, where 0 < a < 3.
(a) Find the Fourier series of f.
(b) Give an asymptotic estimate for the mean square error incurred in
approximating f by the first IV terms of the Fourier series.
(c) Apply Parseval’s theorem to obtain the following integral formula:

Z (a2 —n?)2= —(asmmr) / cos? azx dz
n=-oo
(d) Prove that Y>> n~* = 74/90. [Hint: Make a three-term Taylor
expansion of part (c) in powers of @ and identify the coefficients.]
11. Let ¢(z) be defined for z > 0 with ¢(z) > 0, ¢'(z) < 0, and the integral
I o(z)dz convergent.
(a) Show that

[ eiss > o< [l
N+1 n=N+1 N
(b) Deduce from this that
o< Y vln)- [l <0
n=N+1 N

12. Let p(z) = 1/z° where s > 1.
(a) Use Exercise 11 to show that

- 1
"_ Z s—lN"-ISO
n=N+



13.

14.

15.

16.

17.
18.
19.

20.
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(b) Show that this may be written in the form

o0

1 1 1

11 1+0(—)] N oo
2w 1+0(x
Let 0% be the mean square error in the Fourier series of f(z) =z, -7 <
z < m. Use Exercise 12 to show that 0% = (1/N)[1 + O(1/N)}, N = oo.
Let o(z) = 1/P(z) where P(z) is a polynomial of degree s, s > 1. Modify
Exercise 11(b) to show that

i <P(n)=/:<p(x)d1: [1+O(jlv)] N = o0

n=N-1

Let 0% be the mean square error in the Fourier series of f(z) = |z], -7 <

z < m. Use Exercise 14 to find an asymptotic estimate of the form o% =

(C/N*)[1 4+ O(1/N)], N — oo for appropriate constants C, s.

Let ¢(z) = €%, £ > 0. Discuss the validity of the asymptotic estimate
e 00
S o(n) = / o(z)dz[l +O(1/N)] N = oo
n=N+1 N

Compute the ratio P2/A for an equilateral triangle.

Compute the ratio P?/A for a square.

Compute the ratio P?/A for a regular polygon of n sides and compare it
with the isoperimetric theorem in the limit when n — oo.

Let z(t), y(t) be smooth functions, —7r <t < m with (z) + (¥')? # 0.
Let s(t)—f_ V@) + @2, P = s(n), t = —m + (27s/P), #(t) = z(t)
§(f) = y(t). Show that —r < t <7 and ai:::/dt.)2 (dij/dt)? = P?/4n.

The following exercises are designed to lead to a proof of Parseval’s theorem for
piecewise smooth functions.

21.

22.

Let f(z),—L < z < L, be a piecewise smooth function. Show that for each
€ > 0, there is a continuous piecewise smooth function f*(z),—L <z < L,
with f*(—L +0) = f*(L — 0) such that (1/2L) [*,[f(z) — f*(z)]Pdz < e.
[Hint: Across each subdivision point replace f by a linear function on the
interval z, — h < £ < z, + h, where h is chosen in terms of ¢,p and the
maximum of |f(z)|,-L <z < L]

Let f(z),—L < z < L, be a piecewise smooth function and let f*(z), —L <
z < L, be the continuous function constructed in the previous exercise. Use
Proposition 0.3.2 to show that ||f — fx|| < ||f — fxll, where fy is the Nth
partial sum of the Fourier series for the function f(z), —L < z < L, and f}
is the Nth partial sum of the Fourier series for the function f*(z),—L <
z < L.
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23. Use the triangle inequality from Sec. 0.3 to prove the inequality ||f - f¥ || <
Lf = £+ 1f* = fxll

24. Show that there is an integer Ny so that for N > Ny we have |[f - fx|| <e.
[Hint: Combine Proposition 0.3.4 with the Parseval theorem already proved
for the function f*(z),—~L <z < L.]

25. Conclude the validity of Parseval’s theorem for the piecewise smooth func-
tion f(z),—L <z < L.

1.5. Complex Form of Fourier Series

1.5.1. Fourier series and Fourier coefficients. It is often useful to rewrite
the formulas of Fourier series using complex numbers. To do this, we begin with
Euler’s formula

(1.5.1) €% =cosf +isind
and the immediate consequences
1, . 1
cosf = 5(8'0 +e*) sinf= 2—i(e‘9 —e™)

We apply these to a Fourier series:

f(z) = Ao +i (A,.cos’—z?-i—aninEZ—x)

n=l

1
= d —3 nnz/L ; ~(nnz/L)
= A+ 5 2 [(An — iBg)e™™ /" + (Ap + iBy)e” """/ %))

n=1
Therefore we let an = 3(An — iBa), n = 1,2,...; o = $(A_n +iB_y), n =
—1,-2,...; and a9 = Ap. With this convention the Fourier series assumes the
form
o0
(1.5.2) f@) = apem/t
n=-00

To obtain integral formulas for the coefficients {a,}, we use (1.1.7) and (1.1.8),

L
2an = (Ap —iB,) = %/Lf(a:) X (cosﬁ'-}r‘E —isinzl%) dz

1 L
= Z/ f(z)e—(mwz/l,)dm
-L

with a corresponding formula for the plus sign. When n = 0, (1.1.6) shows that
oy is given appropriately. Thus we have

L
(153)  |an=p- / f@)e M gy n=0,41,42,...
-L
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1.5.2. Parseval’s theorem in complex form. Finally, we retrieve the ap-
propriate form of Parseval’s theorem. To do this, multiply (1.5.2) by f(z) and
integrate on (—L, L). The result is

I oo
(1.5.4) 2% f_ Lf(x)zdw= > loml?

n=-—00

1.5.3. Applications and examples. The functions e(""=/L) satisfy an or-
thogonality relation, which may be written in the form

L
/ e(inwz/ll)e—(imﬂz/[,)dx — { 0 n#Em
-L 2L n=m

These may be proved by using Euler’s formula and the orthogonality of the
trigonometric functions cos(nwz/L), sin(nwz/L). Knowing these orthogonality
relations, we can develop the complex form of Fourier series in its own right,
without reference to the original formulas of Sec. 1.1.

The theory of Fourier series may also be extended to complez-valued func-
tions f(z), —L < z < L. These are of the form f(z) = fi(z) + if2(z), where
fi, fo are real-valued functions. The Fourier coefficients are defined by the
same formulas a, = (1/2L) f_LL f(z)e=tnma/L)dy. If both f; and f, are piece-
wise smooth functions, then the complex Fourier series converges for all z to
1[f(z+0) + f(z —0)], where f is the periodic extension of the piecewise smooth
function f(z), —L < z < L. This convergence is understood as the limit of the
sum 3N, when N tends to infinity.

The Fourier coefficients of a real-valued function are characterized by the
relation

O_pn = Qn

where the bar indicates the complex conjugate of a complex number: if ¢ = a+1b,
then ¢ = a — ib.

To simplify the computation of complex Fourier series, we indicate some for-
mulas that are of frequent use. If ¢ = a+1b is a complex number, the exponential
function € = e e%* = **(cosbr + isinbz). From this we have (d/dz)e® =
ae®® cos bz —be®” sin bz +1(ae®” sin br+be®* cos bx) = (a-+ib)e*®(cos bz +isinbr) =
ce®. Hence the differentiation formula

is valid for any complex number c.

EXAMPLE 1.5.1. Compute the complez Fourier series of f(z) = e°*, —1 <
z < 7, where a is a real number.
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Solution. The Fourier coefficients are given by the formula
T v
ap = — eaze—inzdz - _];_ e(a—m)zdz
27 2m J_,

Noting that (d/dz)e®™*™* = (a — in)el®=*™= we have
1 1

27 a—in
1 1

27 a—1in

(e(a—m)ﬂ _ e(a—m)(—ﬂ))

Qp =

(1) — &)
(-1)*(a + in)
a? +n?

The complex Fourier series of f(z ) =e¥, —r<z<m,is

1
- smh am Z (= ‘32 S_z;:;m) e

1
= — sinh an
w

n=-—o0
As our next application of complex Fourier series, we compute the Fourier
series of
f(z) =cos™z —-r<z<T
If we were to use the real form of Fourier series, we would encounter many cum-
bersome trigonometric identities. With the complex approach, we avoid these.
We begin with the identity

CoST = %(e"z +e7%)

We expand the mth power, using the binomial theorem:

m
. m .
e 4 e-iT)m = ( ) )e:]ze-:(m—J)z
( =3 i

=0

= i(29—m)
cos™ = ng( )"’”

=0
This is the complex form of the Fourier series for cos™ z. As a by-product, we
can obtain some useful integrals. To do this, we multiply the previous equation
by e™*"* and integrate for —m < z < 7. By orthogonality all the integrals are
zero except when 25 — m —n =0, in which case the integral is 27. In particular,
m + n must be even. Therefore we have

1 [ ™ —inz 0 m+n odd
Z;/_"(c‘)“‘)e dz = #(7) 0<m+n=2<2m

The Fourier series for cos™ z can also be written in a real form, to obtain
familiar trigonometric identities. It is simpler to consider separately the cases m
even and m odd. Thus, if m = 2k + 1, we can group the terms of the Fourier

Therefore
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series in pairs: j = 0 with j = m and j =1 with j = m — 1, etc. To each pair,
we apply Euler’s formula, with the result

2%
2k+1
cos*H = (%) [cos(2k+ Dz+---+ ( k: ) cos:c]

In particular, this gives the identities

cos’z = %(cos 3z + 3coszx)

cos’z = i%(cos 5z + 5cos 3z + 10cos z)

If m is even, we group the term j = 0 with j = m, etc., as before and finish
with one ungrouped term in the middle. Applying Euler’s theorem again, we
have, with m = 2k,

1\ * 2k 2k
2k <
cos?*r = (2) [2cos2kx+ +2(k_ 1) cos 2z + (k)]

In particular, we retrieve the identities

1
cos’z = §(cos2:z +1)

1
cos*z = g(cos 4z + 4 cos2z + 3)

1.5.4. Fourier series of mass distributions. The theory of Fourier series
is especially natural in the case of a mass distribution. This is defined by a mass
distribution function F(z),—L < z < L, which can be any increasing function.
The left and right limits are denoted by F(z - 0) and F(z +0), respectively. The
mass of the interval a < z < b is defined by m(a,b) = F(b— 0) — F(a +0). The
mass of a point is defined by m({a}) = F(a +0) — F(a — 0).

For example, the Dirac § distribution of mass m at the point z; is defined by
setting Fi(z) = 0 for £ < z¢ and F(z) = m for ¢ > z,. At the other extreme,
a mass distribution with density f(z),—L < z < L, is defined by the mass
distribution function F(z) = f*, f(y) dy.

The Fourier coefficients of a mass distribution function are defined by the
integrals

1 L
o= — / e'"/LdF(z) n=0,%1,%2,...
2L J_,

For n = 0 this is the total mass per unit length: oy = [F(L~0)—F(—L+0)]/(2L).
The precise meaning for n # 0 can be defined by partial integration. If the mass
distribution consists of several point masses plus a density, then each of the terms
can be done separately.
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EXaMPLE 1.5.2. Find the Fourier coefficients of the mass distribulion that
congsists of a uniform distribution of mass M on the interval ~L < z < L,
together with a Dirac 6 distribution of mass m situated at the point z = 0.

Solution. The mass distribution function is linear with a jump at the point
z = 0. In detail, we have

M/2L)(z + L if —L 0
F(z) = { in-l{(ll}%L)(x)+ L) it 0 <§z§

The Fourier coefficients are obtained as
L
a = (1/2L)(m + M), an = (m/2L) + (M/2L) / e=mme/Ldy — (m/2L)
-L

since the last integral is zero for n # 0. e
The following theorem shows that the theory of Fourier inversion of mass
distributions is especially simple.

THEOREM 1.4. (Convergence theorem). Suppose that F(z),-L < z < L,
defines a mass distribution m with Fourier coefficients an,. Define the Fourier
partial sum by

N
fn@) =) ane™/t  —L<z<L, N=12,...

n=-N

Then if a < b, we have

b
dim [ i) do = mia) + gml{a}) + Gm()

Proof. We can repeat the steps of the proof of Fourier convergence, noting
that

uie) = [ Du(z - y)dF(y)

[ @i = [ ([ Date-vya) art

where Dy is the Dirichlet kernel introduced in Sec. 1.2. From the properties of
the Dirichlet kernel proved there, it follows that

b
lim/DN(x—y)dx=1 a<y<b
N=oo /.

b
lim/DN(:z:—y)da:= 1/2 y=a,b

N-oco

b
lim / Dy(z—y)dz = 0  otherwise
a

N=oo
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and that the integral is uniformly bounded by a constant. Therefore one may
take the limit inside the sign of integration to obtain the result. o

EXERCISES 1.5
1. Verify that the orthogonality relations hold, in the form

L .
/ "3/ Lg—maz/L g, 0 lf nFEmM
-L 2L ifn=m

2. Use the formulas in Exercise 1 to prove (1.5.3) from (1.5.2). You may
assume that the series (1.5.2) converges uniformly for —L < z < L.

. Use the complex form to find the Fourier series of f(z) = e*, —L <z < L.

.Let 0 < r <1, f(z) =1/(1 — re**), - < z < w. Find the Fourier series
of f. (Hint: First expand f as a power series in 7.)

5. Use Exercise 4 to derive the real formulas

> W

1—rcosz
14+7r2—2rcosz

[}
=1+Zr"cosm:, 0<r<l1
n=1

rsinz

00
—_— r*sinnz 0<r<l
14+72—2rcosz ; ! =

6. Show that the convergence theorem from Sec. 1.2 can be written in complex
form as

1z ] s > AT
@ +0)+ flz—0) = lim 3 ape™/

n=-N

7. Show that the unrestricted double limit

N
lim Z an emﬂ':t:/ L

M,N-oo
n=-M

does not exist in general. (Hint: Try Example 1.1.4 at £ = 0.)

In the following exercises, find the Fourier coefficients of the indicated mass dis-
tributions.

8. A mass m at the point z.
9. A row of three equally spaced masses of mass m/3 at the points £ =
-L/2,z=0,z=L/2.
10. A uniform distribution of mass M on the interval —L/2 < z < L/2.
11. A triangular mass distribution described by the density function f(z) =
M(L - |z])/L% ~L <z < L.
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12. Theorem 1.4 in the text gives no information in case a = b. Show that in
this case
fn(a)

{a}) N—)oo 2N +1

[Hint: Examine the behavior of Dy(z)/(2N + 1) when N is large.]
13. Show that the following analogue of Parseval’s identity is valid:

. 2n=—N lanl 2
N TON 1 Z m({a})

where the sum is over all of the point masses of the mass distribution.

14. A sequence of functions f,(z),—7 < = < m, is said to converge weakly
to the function f(z),—7 < z < , if for every piecewise smooth function
9(z), -7 < z < m, we have

lim [ fu(z) o(o) da = [ 199a) s

n—oo f_

Suppose that f(z),—7 < z <, is an arbitrary continuous function with
Fourier partial sum f,(z),—7 < £ < 7. Prove that f,(z),—-7 < z <,
converges weakly to f(z), —m < z < . [Hint: First establish the identity
[, fa(@)g(z) dz = [7_gn(z)f(x) where go(z),—7 < z < 7, is the Fourier
partlal sum of g(z), -7 <=z < .|

1.6. Sturm-Liouville Eigenvalue Problems

Fourier series may be formulated as the orthogonal expansion in terms of functions
#(z) that are solutions of the differential equation

(1.6.1) ¢"(z) + A(z) =
on the interval —L < £ < L and that satisfy the periodic boundary conditions
¢(-L)=¢(L) ¢'(-L)=4¢'(L)

Indeed, the functions ¢(z) = sin(nmz/L) and ¢(z) = cos(nmz/L) satisfy these
conditions with the value A = (nw/L)2

More generally, we can study the solutions of the differential equation (1.6.1)
that satisfy other sets of boundary conditions arising in problems of heat con-
duction and wave propagation. The general two-point boundary condition on the
interval a < = < b is written

(1.6.2) cosa¢(a) — Lsinad'(a) =0

(1.6.3) cos B p(b) + LsinB¢'(b) =0

where L = b — a and ¢, 3 are dimensionless parameters that may be assumed
to satisfy 0 < & < 7,0 £ 8 < 7. The number A is called an eigenvalue and
¢(z) is called an eigenfunction of the Sturm-Liouville (S-L) eigenvalue problem
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defined by (1.6.1), (1.6.2), and (1.6.3). Clearly, ¢(x) = 0 is always a solution of
the Sturm-Liouville eigenvalue problem, the so-called trivial solution. A solution
#(z) of (1.6.1), (1.6.2), and (1.6.3) that is not identically zero is called a nontrivial
solution.

1.6.1. Examples of Sturm-Liouville eigenvalue problems. Fourier sine
series and Fourier cosine series both arise from Sturm-Liouville problems with a
two-point boundary condition on the interval 0 < z < L. In the first case we
use a = 0, § = 0, corresponding to the boundary conditions ¢(0) = 0, #(L) = 0;
in the second case we use a = 7/2, 8 = w/2 corresponding to the boundary
conditions ¢'(0) = 0,¢'(L) = 0.

The following worked examples demonstrate that no other solutions exist. In
order to simplify the writing, we ignore arbitrary constants that may occur in
the nontrivial solutions.

EXAMPLE 1.6.1. (o = 0, B = 0) Find all nontrivial solutions of (1.6.1) on
the interval 0 < z < L satisfying the boundary conditions $(0) = 0,¢(L) = 0.

Solution. We consider separately the cases A =0, A <0, and A > 0.

In case A = 0, the general solution of (1.6.1) is ¢(z) = Az + B. The boundary
conditions further require that 0 = ¢(0) = B, 0 = ¢(L) = AL + B, which is
satisfied if and only if (4, B) = (0,0).

In case A = —u? < 0, the general solution of (1.6.1) is ¢(z) = Ae#® + Be™+2.
The boundary conditions further require that 0 = 4 + B, 0 = AetL + Be *L,
which is satisfied if and only if (4, B) = (0, 0).

In case A > 0, the general solution is ¢(z) = A cos(zv/A) + Bsin(zv/)). The
boundary conditions further require that 0 = A4, 0 = Acos(LV/A) + Bsin(LV)).
A nontrivial solution is obtained by taking B # 0, LvVA = nr, wheren = 1,2,....
Therefore we have found all of the eigenvalues and eigenfunctions, in the form

nm nnxT

An = (T)z, @n(z) = sin (T) n=12... e

EXAMPLE 1.6.2. (@ =7/2, 8 = n/2) Find all nonitrivial solutions of (1.6.1)
on the interval 0 < z < L satisfying the boundary conditions ¢'(0) = 0, ¢'(L) = 0.

Solution. We consider separately the cases A\=0, A <0, and A > 0.

In case A = 0, the general solution of (1.6.1) is ¢(z) = Az + B. The boundary
conditions further require that 0 = ¢'(0) = A4, 0 = ¢'(L) = A, which gives a
nontrivial solution if and only if A = 0 and B is nonzero.

In case A = —p? < 0, the general solution of (1.6.1) is ¢(z) = Ae*® + Be™#=,
The boundary conditions further require that 0 = uA—uB, 0 = Aue*l — Bue L,
which is satisfied if and only if (4, B) = (0,0).

In case A > 0, the general solution is ¢(z) = Acos(zvA) + Bsin(zv/)).
The boundary conditions further require that 0 = ¢/(0) = BVA, 0 = ¢/(L) =
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—AVAsin LVA + BVAcos(LV/}). A nontrivial solution is obtained by taking
B = 0, LVX = nm, where n = 1,2,.... Therefore we have found all of the
eigenvalues and eigenfunctions, in the form

nmw

o =0, do(z) =1 /\n=(—L—)2,¢n(z)=cos($) n=12.. e

1.6.2. Some general properties of S-L eigenvalue problems. The solu-
tions of Sturm-Liouville eigenvalue problems with two-point boundary conditions
have some general properties, which are summarized in the following theorem.

THEOREM 1.5. Consider the Sturm-Liouville eigenvalue problem represented
by (1.6.1), (1.6.2), and (1.6.3).

1. Suppose that ¢(z), P (z) are nontrivial solutions of (1.6.1)-(1.6.3) with the
same eigenvalue X\. Then there is a constant C # 0 such that

¢(z) = C(z)

2. Suppose that ¢,(x), #2(z) are nontrivial solutions of (1.6.1)-(1.6.3) with
different eigenvalues Ay # Xo. Then the eigenfunctions are orthogonal:

b
/ 61(z) dolz) dz = 0

Proof.

1. First consider the case a = 0, where the boundary condition at the left end
requires ¢(a) = 0, ¥(a) = 0. Both ¢(z) and 3(z) satisfy the same second-order
linear homogeneous differential equation, and so does any linear combination.
We set

f(z) = ¢ (a)¢(z) — ¢'(a)(z)
The function f(z),a < z < b, also satisfies (1.6.1) and the initial conditions
f(a) = 0,f'(a) = 0. This requires that f(z) = 0. But if ¢'(a) = 0 (resp.
¢'(a) = 0), then ¥(z) = 0 (resp. #(z) = 0), a contradiction, so that we have
proved (1) with the value C = ¢'(a)/¥/(a).

In the general case o # 0, we set

f(z) = ¥(a)é(z) — d(a)(z)
The function f(z),a < z < b, also satisfies (1.6.1) and the initial conditions
f(a) = 0, f'(a) = 0. This requires that f(z) = 0. But if ¢(a) = 0 (resp.
#(a) = 0), then from (1.6.2) it follows that ¢'(a) = 0 (resp. ¢'(a) = 0), so that
#(z) = 0 (resp. ¥(z) = 0), a contradiction. We have proved the theorem with
the value C = ¢(a)/v(a).

2. To prove the orthogonality, we write (1.6.1) for ¢;(z):
(1.6.4) 1(z) + Mg (z) =0
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Multiply (1.6.4) by ¢»(z) and integrate on the interval a < z < b

b b
f b2(2)6!(z) dz + A / 61(2)da(z) dz = 0

The first integral can be integrated by parts, to obtain
b b
h@# @D - [ @+ [ aE)nE) d=0

Now we interchange the roles of (¢, A;) and (¢9, A2) to obtain

b b
bu(2) (D)= — f $3(2)6 () dz + Do / $2(z)(z) dz = 0

When we subtract these two equations, the first integrals cancel, and we are left
with

b
(62(2)8,(z) — 1(2)85()) 2= + (1 = Ao) / $1(2)$2(z) dz = 0

From the boundary conditions, we conclude that the endpoint terms contribute
zero, so we are left with the statement

b
(A = Ag) / 61(2)da(z) dz = 0

But we have assumed that A; — A2 # 0; hence we conclude the required orthogo-
nality. e

1.6.3. Example of transcendental eigenvalues. The next example illus-
trates the possibility of numerical/graphical determination of the eigenvalues.

ExAMPLE 1.6.3. (a =0, 0 < 8 < n/2) Find all nontrivial solutions of (1.6.1)
on the interval 0 < z < L satisfying the boundary conditions ¢(0) = 0, h ¢(L) +
¢'(L) =0, where h > 0.

Solution. In case A = 0, the general solution of (1.6.1) is ¢(z) = Az + B.
The boundary conditions further require that 0 = ¢(0) = B, 0= h ¢(L)+¢'(L) =
h(AL + B) + A = A(1 + hL), which requires that A = 0, B = 0—hence a trivial
solution.

In case A = —u? < 0, the general solution of (1.6.1) is ¢(z) = Ae’* + Be™#=,
The boundary conditions further require that 0 = A+ B, 0 = h(A4e*t + Be~#L) +
(Ape*t — Bue~#%), which is satisfied if and only if (4, B) = (0,0).

In case A > 0, the general solution is ¢(z) = A cos(zv/A) + Bsin(zv/A). The
boundary conditions further require that 0 = ¢(0) = A, 0 = h¢(L) + ¢'(L) =
hBsin(LvX) + BV Acos(LvV). Clearly, neither term can be zero, so we can
divide and obtain a nontrivial solution if and only if A satisfies the equation

(16.5) cob(LVA) = —% - —Lh—jx
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y=cotx

0.0

x=INA

(LNZ) s cot LVZ})

FIGURE 1.6.1 Graphical solution of cot(Lv/X) = —h/V/X.

Therefore we have found all eigenfunctions in the form

$a(z) =sin(z/Ay)  n=12,...

where the eigenvalues ), are determined by solving (1.6.5). e
From the graph of the cotangent function (Fig. 1.6.1), it is seen that the
eigenvalues satisfy the inequalities

—<L\/_<1r, <L\/_<21r L\/)\_,, (n—-)w—)O,n—)oo

It is possible to make a more refined asymptotic analysis of the eigenvalues as
follows. Writing Lv/A = (n— (1/2))7 + €4, we invoke the Taylor expansion of the
cotangent function about the point (n — (1/2)):

cot((n—(1/2))m+€)=—€e+O0O() €—0
Substituting in (1.6.5), we find that
hL
(n=(1/2))m +e,

from which we conclude that e, = —hL/nm+O(1/n?) and we get the asymptotic
formula

—€n +O(%) = —

LV = (n—(1/2)n ———+0(1/2) n— oo
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1.6.4. Further properties: completeness and positivity. By analogy
with Fourier series, we may expect to be able to expand a piecewise smooth
function in a series of Sturm-Liouville eigenfunctions in the form

(1.6.6) f@) ~ D Anga(x)
n=1
where the Fourier coefficients are defined by
b
(1.6.7) e O COL
fa ¢n(2)?dz

The following theorem shows that we may always expect a complete set of
eigenfunctions for the Sturm-Liouville eigenvalue problem.

THEOREM 1.6. There ezist an infinite sequence of solutions A,, ¢n(z) of the
Sturm-Liouville eigenvalue problem defined by (1.6.1)-(1.6.3) that possess the
following properties.

e Vi =V 2 7/L, no oo

e If f(z),a < z < b, is a piecewise smooth function, the series (1.6.6) con-

verges to f(z+0)/2+ f(z—0)/2,a <z < b.

e Parseval’s relation holds, in the form

) b b
A [ ¢a(e)de= [ f(z)ds
D4 [ eran= [ s

The proof will not be given here, but can be found in more advanced texts of
analysis.?

A final point of detail regarding Sturm-Liouville eigenvalue problems is the
question of positivity of the eigenvalues. From the previous theorem, we see that
we must have A, > 0 for all large n, but it may happen that in some cases
A1 < 0—for example, A; = 0 in case a = 7/2, 8 = n/2. The following sufficient
condition is easily proved.

THEOREM 1.7. Suppose that the parameters o, B satisfy the inequalities 0 <

a<7w/2 0<f < x/2. Then all eigenvalues of the Sturm-Liouville eigenvalue
problem (1.6.1) with the boundary conditions (1.6.2),(1.6.3) satisfy Ap, > 0.

Proof. Suppose that ¢(z) is a nontrivial solution of the Sturm-Liouville
problem (1.6.1)—(1.6.3). We multiply (1.6.1) by ¢(z) and integrate on the interval
a<z<b:

b b
/ &(z)d"(z) dz + /\/ #(z)?dz =0

4See, e.g., G. Birkhoff and G. C. Rota, Ordinary Differential Equations, Ginn, Lexington,
MA, 1962.
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o

FIGURE 1.6.2 Regions of positive and negative eigenvalues.

The first integral can be integrated by parts, which leads to the identity

b b
A / é(2)’ do = f #(2) dz + d(a)d (a) — (D)¢'(5)

The new integral on the right-hand side is strictly positive, since otherwise ¢(x)
would be a constant function, which is possible if and only if @ = 7/2, f = 7/2,
which is excluded. On the other hand, we can rewrite the boundary conditions
in the form ¢(a) = L tana ¢'(a), ¢(b) = —L tan 5 ¢'(b), which leads to

b
/\/ é(z)*dz > L¢'(a)? tan o + L' (b)*tan 3 > 0

since a and 3 both lie in the first quadrant 0 < o, 3 < 7/2. @

We emphasize that the previous theorem only provides a sufficient condition
for the positivity of the eigenvalues. In order to obtain more precise results,
we can plot the set of points (e, 3) for which \; > 0. Figure 1.6.2 shows that
this region contains the square 0 < @, # < 7/2 and is bounded by a curve whose
equation is sin(a+3)+cos acos f = 0. This curve passes through the three points
(a, B) = (37/4,0), (7/2,7/2), and (0,37 /4). The complete analysis of negative
eigenvalues is described next. Further details are described in the exercises.

We now present the complete analysis of the existence of negative eigenvalues
for the Sturm-Liouville eigenvalue problem (1.6.1)-(1.6.3). If A\ = —p> < 0 is a
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negative eigenvalue, then the corresponding eigenfunction must be of the form
é(z) = Asinh uz + B cosh uz

We may assume, without loss of generality, that x4 > 0. Applying the boundary
conditions (1.6.2), (1.6.3) yields the two simultaneous linear equations

cos o (Asinh pa + B cosh pa) — Lsina (Aucosh pa + Bpsinhpa) = 0
cos 3 (A sinh pub + B cosh ub) + Lsin 3 (Ap cosh b + Bpsinh ub) = 0
For a nontrivial solution we must have (4, B) # (0,0), which can happen if and
only if the determinant of the coefficients is zero. After some algebra, this is
written
tanh pl sin(a + 3)

(1.6.8) pL  ~  cosacosf+ (Lp)?sinasin B

We consider four separate cases:
(i) 0<a<w/2,0<pB<7f2
(ii) 0O<a<7w/2<f<m
(ii)0<f<rf2<a<rm
(ivyt/2<a<mr/2<f<T

In case (i), the left side of (1.6.8) is positive, while the right side is negative
for u > 0; hence there are no solutions—in accord with Theorem 1.7.
In case (ii), the denominator of the right side of (1.6.8) is zero when puL =
| cot e cot B, yielding a vertical asymptote, to the right of which the right side
of (1.6.8) is negative. The number of solutions to (1.6.8) depends on the initial
value of the right side at x = 0, which is seen to be

_sin(a + )

(1.69) cos ccos

We consider two subcases:

(iia) sin(a + B) + cosacos B >0

(iib) sin(a + B) + cosacos § < 0
In subcase (iia) the initial value (1.6.9) is greater than 1 and the right side
of (1.6.8) increases to infinity, whereas the left side remains less than 1 and
tends to zero. Hence the graphs do not intersect, and we have no solution. In
subcase (iib) the initial value (1.6.9) is less than 1 and the right side of (1.6.8)
increases to infinity, so that the graphs must intersect at some point to the left of
the vertical asymptote. Hence there exists exactly one solution u, that satisfies

0 < uL < y/|cotacot g

Case (iii) is identical to (ii) with the roles of @ and S interchanged; hence the
analysis is identical.
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For case (iv) we rewrite (1.6.8) in the form

Av
B+ Cv?

Note that the function v — Av/(B+ Cv?) begins from the origin; it rises steadily
to a maximum value, strictly larger than 1, at v = /B/C = /| cot acot ], and
then steadily decreases to zero. The number of solutions depends on the slope at
v = 0, leading again to the consideration of subcases:

(iva) sin(a + §) + cosacos f < 0

(ivb) sin(a + ) + cosacos 3 > 0
In subcase (iva) the slope of the right side of (1.6.10) at » = 0 is greater than
1, the slope of the hyperbolic tangent; hence we have no intersection to the left
of the maximum. To the right of the maximum the right side of (1.6.10) tends
to zero; hence there is exactly one intersection with the graph of the hyperbolic
tangent.

In subcase (ivb) the slope of the right side of (1.6.10) at » = 0 is less than
the slope of the hyperbolic tangent; therefore initially it lies below the hyperbolic
tangent. But at the maximum the order is reversed; hence there is precisely one
solution to the lef. of the maximum. To the right of the maximum the right
side of (1.6.10) tends steadily to zero, whereas the hyperbolic tangent tends to 1;
hence there is another solution to the right.

Summarizing the preceding analysis, we have the following breakdown:

(1.6.10) tanhy = v=_Lp

e There are no negative eigenvalues if either 0 < o < 7/2 and
sin(a+pB)+cosacosf >0 or0 < B < 7/2 and sin(a+ ) +cosacos 8 > 0.
e There is precisely one negative eigenvalue if sin(a + ) + cosacos § < 0.
This is in the interval 0 < Lv/=X < /| cot acot f].
e There are precisely two negative eigenvalues if r/2 < a <m, 7/2< g < m,
and sin(a + B) + cosacosf > 0. The first one satisfies 0 < Ly/—A; <
| cot @ cot B while the second one satisfies Lv/—X; > /] cot a cot ).

In other words, the equation sin(a + ) + cos a cos f = 0 defines two curves that
divide the square 0 < & < 7, 0 < § < 7 into three regions, corresponding to
two, one, or zero negative eigenvalues. This is depicted in Fig. 1.6.2, where the
unshaded region corresponds to no negative eigenvalues, the darker shaded region
corresponds to one negative eigenvalue, and the lighter shaded region corresponds
to two negative eigenvalues.

1.6.5. General Sturm-Liouville problems. Many of the properties of the
eigenfunctions of the simple differential equation ¢"(z) + A¢(z) = 0 are shared
by the eigenfunctions of the more general equation

(1.6.11) [s(z)¢' ()] + [Molz) — q(2)lg(z) =0 a<z<b
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where s(z), p(z), g(z) are given functions on the interval a < z < b with p(z) > 0.
We have already studied the special case s(z) = 1, p(z) = 1, g(z) = 0. The
new feature here is that the eigenfunctions will satisfy a property of weighted
orthogonality with respect to the weight function p(z),a < z < b. «

As before, we also need to consider boundary conditions at the endpoints
z = a, £ = b. These are written in the form (1.6.2)-(1.6.3), exactly as in the
previous cases. We state and prove the corresponding orthogonality properties
of the Sturm-Liouville eigenfunctions.

THEOREM 1.8. Consider the Sturm-Liouville problem (1.6.11),(1.6.2)-(1.6.3).
Suppose that ¢1(z), #2(z) are nontrivial solutions with different eigenvalues A, #
X2. Then the eigenfunctions are orthogonal with respect to the weight function
p(z),a <z < b:

b
/ ¢1(z) ¢2(z)p(z) dz = 0

If the two eigenfunctions belong to the same eigenvalue A, = A,, then the eigen-
functions must be proportional: ¢o(z) = Cy(z) for some constant C.

Proof. Write the Sturm-Liouville equation satisfied by ¢;:
[s1] + (Mp— )1 =0

Multiply this equation by ¢, and integrate the resulting equation on the interval
a<z<b

b b
/ $2(2) (56} (<))’ dz + / $2(2)Mip(2) — ¢(2)) i () dz = 0

The first integral can be integrated by parts to yield
(1.6.12)

b b
$2(2)s(2)8 ()]} - / 6,(2)5(z), (<) do + / $2(2)(Mp() ~ q())éh(z) d = 0

Now we interchange the roles of ¢,(z) and ¢2(z) to yield
(1.6.13)

b b
¢$1(z)s(z)¢a(2)a — / ¢1(z)s(z)¢5(z) dz + / ¢1(z)(A2p(z) ~ ¢(2))$2(z) dz =0

When we subtract (1.6.12) and (1.6.13) and apply the boundary conditions, all
of the terms cancel except for the final integrals. This yields the statement that
(A1 = A2) f: &1(z)pe(z)p(z) dz = 0; if A; — Ay # 0, it follows that ¢; and ¢, must
be orthogonal with respect to the weight function p, which was to be proved. e

EXAMPLE 1.6.4. Find the orthogonality relation for eigenfunctions of the Bessel
equation of order zero: (z¢')' + Az¢ = 0.
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Solution. In this case we have s(z) = z, p(z) = z, g(z) = 0. If ¢i(z)
and ¢;(z) both satisfy the same two-point boundary conditions with differ-
ent eigenvalues A; # JAg, then we must have the orthogonality in the form
I $1(@)a(z) zdz = 0. o

EXAMPLE 1.6.5. Find the orthogonality relation for eigenfunctions of the Bessel
equation of order m: (z¢')’ + (A\z ~ m*/z)¢ = 0.

Solution. In this case we have s(z) = z, p(z) = z, ¢q(z) = m?*/z. If
&1(z) and ¢o(z) both satisfy the same two-point boundary conditions with dif-
ferent eigenvalues A\; # Ap, then we must have the orthogonality in the form
[ o1(z)p2(z) zdz = 0. o

The orthogonality asserted in Theorem 1.8 also applies in the case of other
types of boundary conditions, specifically

Periodic boundary conditions: s(a) = s(b), ¢(a) = ¢(b), ¢'(a) = ¢'(b)
Singular Sturm-Liouville problems: s(a) = 0, s(b) =0

In each of these cases we simply need to verify that the boundary term is zero.
In detail,

5(2) (1(2)¢3(z) — ¢1(z)¢2(2)) [o = 0

EXAMPLE 1.6.6. Verify the orthogonality of eigenfunctions for the Legendre
equation [(1 — z2)¢'[ + A\p = 0, where -1 <z < 1.

Solution. This is a singular Sturm-Liouville problem with s(z) = (1 — z2),
p(z) =1, g(z) = 0, since s(1) = 0, s(—1) = 0. The weight function is p(z) = 1,
so that the orthogonality relation is f_ll $1(z)p2(z)dz = 0. @

In some cases we may have a singular Sturm-Liouville problem with respect
to one end. In that case we require only that the boundary condition be satisfied
at the nonsingular end, where s(z) # 0. The Bessel equation on the interval
0 < z < b provides an example of this type.

EXAMPLE 1.6.7. Find the orthogonality relation for eigenfunctions of the Bessel
equation of order m: (z¢')' + (A\z — m?/z)¢ = 0 on the interval 0 < z < b.

Solution. In this case we have s(z) = z, p(z) = 7, ¢(z) = m?/z. If ¢,(z)
and ¢,(z) both satisfy the same separable boundary conditions at z = b with
different eigenvalues A, # )\, then we must have the orthogonality in the form
j;,b A (T)pe(z)zdz =0. @

The case of periodic boundary conditions can be applied to give a new proof
of the orthogonality of sin(nrz/L), cos(nnz/L) as follows.
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EXAMPLE 1.6.8. Constder the Sturm-Liouville eigenvalue problem for the equa-
tion ¢" + A\ = 0 on the interval —L < x < L with the periodic boundary condi-
tions ¢(—L) = ¢(L), ¢'(—L) = ¢'(L). and the eigenfunctions and the associated
orthogonality relation for A > 0.

Solution. The general solution of the equation ¢” + A\¢ = 0 with A > 0 is
#(z) = AcoszVA + BsinzvA. The periodic boundary conditions translate into
the following system of two simultaneous linear equations:

Acos LV — Bsin LV = Acos LV + Bsin LVA
~VAAcos LV — VABsin LVX = —Acos LVA + Bsin LV/\
This system has a nontrivial solution if and only if sin Lv/A = 0, namely, LvX =

nm. The eigenfunctions are of the form ¢,(z) = Acos(nmz/L) + Bsin(nnz/L),
and the orthogonality relation is f_ L Om(T)Pn(z)dz =0if m#n. e

1.6.6. Complex-valued eigenfunctions and eigenvalues. In the above
discussion of Sturm-Liouville eigenvalue problems, it has been tacitly assumed

that both the eigenvalue and eigenfunction are real-valued. We now demonstrate
that this leads to no loss of generality.

PROPOSITION 1.6.1. Suppose that ¢(z) is a complez-valued function and ) is
a (possibly) complez number that satisfies the Sturm-Liouville equation (1.6.11)
where s(z), p(z), q(z) are real-valued functions. Suppose further that ¢(z) satisfies
one of the above boundary conditions. Then A is a real number, and both the real
and imaginary parts of ¢(x) are eigenfunctions of the Sturm-Liouville eigenvalue
problem.

Proof. We multiply the Sturm-Liouville equation (1.6.11) by the complex
conjugate of ¢(z) and integrate over the basic interval:

/ 3(@)[s(2)¢ ()] dz + / o(z) ~ a(=))B(@)$(z) dz = 0

Similarly,

/ #(z)[s(z)d'(z) ]’da:+/ [Mo(z) - g(z)]o(z)p(z)dz =0

We subtract these and apply integration by parts on each of the first terms as
follows:

[ (i@ @l - des(ab@) ds = s@F@E) - Sk

But the boundary conditions imply that this term is zero. When we subtract the
second terms, the result is

b
(=3 [ o) ds =0
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which proves that the imaginary part of A is zero; in other words, A must be a
real number. Writing ¢(z) = u(z) +4v(z), we see that both u(z) and v(z) satisfy
the same Sturm-Liouville equation that was satisfied by the complex function
#(z), which was to be proved. e

EXAMPLE 1.6.9. Consider the Sturm-Liouville eigenvalue problem for the equa-
tion ¢"(z) + Ap(z) = 0. Find the complez-valued eigenfunctions satisfying the
periodic boundary conditions ¢(—L) = ¢(L), ¢'(—L) = ¢'(L).

Solution. From the previous work, all of the real-valued solutions are written
sin(nmz/L), cos(nnz/L) with the eigenvalue A = (nm/L)?, where n =0,1,2....
The corresponding complex-valued functions may be written

¢($) — eimm/L ¢($) = e—z’mm:/L °

By contrast, it should be noted that in the case of two-point boundary con-
ditions, Theorem 1.5 implies that the real and imaginary parts of a complex
eigenfunction must be proportional to one another; put differently, any complex
eigenfunction is a complex multiple of a real-valued eigenfunction.

EXERCISES 1.6

In Exercises 1-6, find the eigenvalues and eigenfunctions of the Sturm-Liouville

eigenvalue problem (1.6.1).

. $(0)=0,¢'(L)=0

- ¢'(0) - he(0) = 0,¢'(L) + h¢(L) =0, A >0

-9'(0)=0,4(L)=0

- #(0) = ¢(L), ¢'(0) = ¢'(L)

- $(0) =0,¢'(L) — ¢(L) =0

- ¢'(0) — #(0) =0,¢'(L) =0

. Show that A = 0 is an eigenvalue of the Sturm-Liouville problem defined

by (1.6.1)-(1.6.3) if and only if the parameters a, 3 satisfy the relation
sin(a+6)+cos a cos § = 0, which can be written in the form tan a+tan § =
—1 when a # 7/2,8 # n/2.

8. Suppose the boundary conditions (1.6.2), (1.6.3) are written in the form
h1#(0) — ¢'(0) = 0, hod(L) + ¢'(L) = 0. Show that A = 0 is an eigenvalue
of the Sturm-Liouville problem if and only if the parameters h,, ho satisfy
the equation of the two-sheeted hyperbola: h; + hy + Lhyhy = 0.

9. On the basis of the results in this section, how many negative eigenvalues
exist for the Sturm-Liouville problem (1.6.1)-(1.6.3) in the following cases?

(8) a=m/4,f=m/2
(b) a=n/4,8=23r/4
() a=7n/8,8="1Tr/8

~N Oy OV LN



10.

11.

12.

13.

14.
15.
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Suppose & = 0 and 0 < F < 3w/4. Show directly that all eigenvalues of
the Sturm-Liouville eigenvalue problem (1.6.1)-(1.6.3) satisfy A, > 0,n =
1,2,.... [Hint: If ¢(z) = Asinh(u(z — a)) is an eigenfunction satisfying
the boundary condition at z = g, find a transcendental equation for u and
show that it has no solution. Also check A = 0 separately.]
Suppose that § = 0 and 0 < & < 37/4. Show directly that all eigenvalues of
the Sturm-Liouville eigenvalue problem (1.6.1)-(1.6.3) satisfy A, > 0,n =
1,2,.... [Hint: Use instead ¢(z) = Asinh(u(z—b)) to find the appropriate
transcendental equation.)
Show that the Sturm-Liouville eigenvalue problem (1.6.1)-(1.6.3) has a neg-
ative eigenvalue if and only if the the parameters o, 3 satisfy the inequality
sin(a + B) + cosacos f < 0. [Hint: If ¢(z) = Asinh(uz) + Bcosh(uz) is
an eigenfunction, show that p must be a solution of the transcendental
equation

sin(a + )
cosacos B+ (Lu)?sinasin 8
and that this equation will have a nonzero solution if and only if the slope
at u = 0 is larger than 1.]
With reference to the generalized Sturm-Liouville problem, let L be the
linear differential operator defined by Ly = (s¢')’ —g¢. Prove the Lagrange
identity oo Loy — @1 Lps = (s(pip2 — ¢195)), where @1, ¢, are twice-
differentiable functions.
Use the Lagrange identity to give an alternative proof of Theorem 1.8.
Show that if s(z) > 0, g(z) > 0, then all eigenvalues of the generalized
Sturm-Liouville problem with the two-point boundary conditions ¢(a) = 0,
w(b) = 0 satisfy A, > 0. [Hint: Apply the Lagrange identity with @, = 1.]

tanh(puL) = —Lu







CHAPTER 2

BOUNDARY-VALUE PROBLEMS IN
RECTANGULAR COORDINATES

INTRODUCTION

In this chapter we will derive the general form of the heat equation and the
wave equation for the vibrating string. These PDEs will eventually be solved in
regions with rectangular, cylindrical, and spherical boundaries. In this chapter we
focus attention on the case of rectangular boundaries, where we can use the usual
cartesian coordinates (z,y, z), coupled with trigonometric Fourier series, which
were introduced in Chapter 1. Regions with cylindrical or spherical boundaries
will be treated in Chapter 3 and Chapter 4, respectively.

2.1. The Heat Equation

In this and the next two sections we will apply Fourier series to some typical prob-
lems of heat conduction. These are concerned with the flow of heat—specifically,
with representing changes in temperature as a function of space and time. We
denote by u(z, y, z; t) the temperature measured at the point (z,y, z) at the time
instant t. We suppose that u is a smooth function of (z,y, 2;¢) and will proceed
to determine a partial differential equation for u.

2.1.1. Fourier’s law of heat conduction. We consider a solid material
that occupies a portion of three-dimensional space. A basic quantity of impor-
tance is the heat current density q(x;t). This vector quantity represents the rate
of heat flow at the point x = (z,y, 2). If n is any unit vector, the scalar quantity
q - n is called the heat flur in the direction n. It measures the rate of heat flow
per unit time per unit area across a plane with normal vector n. Fourier’s law
states that

q=—kgradu

where k is the thermal conductivity of the material. From calculus we know
that grad u points in the direction of the maximum increase of u. Since heat
is expected to flow from warmer to cooler regions, we insert the minus sign in
Fourier’s law. Thus q points in the direction of maximum decrease of u and |q|
is the rate of heat flow in that direction.

99
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2.1.2. Derivation of the heat equation. During a small time interval
(t,t+ At) heat flows through the material and may also be generated by internal
sources, at a rate s(x, t). Therefore the amount of heat that enters any region R
of the material within the time interval (¢,¢ + At) is, to first order in At, given

b,
’ Q= (_//akq.nder/ffdev) At + O(|At?)

where n is the outward-pointing normal vector, SR denotes the boundary of R,
and the minus sign is in front of the surface integral because q-n dS is the density
of heat flowing out of the surface element dS per unit time.

On the other hand, this heat @ has the effect of raising the temperature by
the amount u¢ At, to first order in At. Therefore we can write

Q=///’;cpungAt+0(]Atlz)

where ¢ is the heat capacity per unit mass and p is the mass density of the
material. Equating these, dividing by At¢, and letting At — 0, we have the
continuity equation

[[[jomav=-[[ anss [[[ sav

This equation is valid for any region, no matter how large or small. In particular,
we take a small spherical region R about the point (z, y, z), divide by the volume,
and take the limit when the diameter of the sphere tends to zero. The surface
integral can be handled using the divergence theorem,

//akq-nd3=///n(divq)dv

and we obtain the differential form of the continuity equation:
cpuy = div(k gradu) + s

This is the general form of the heat equation.
In most problems k is independent of x, and we can bring it outside and thus
obtain the heat equation in the form

(2.1.1) u = K div(gradu) +r = KV?u + 1|

where K = k/cp and r = s/cp are the renormalized conductivity and source
terms, respectively. K is called the thermal diffusivity of the material. The
Laplacian of a function u is defined by

V2u = div(grad u) = gy + gy + Uy,

Remark. We can derive the heat equation without using the divergence theorem,
by the following direct argument. Let R be the rectangular box defined by the
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inequalities 71 < z < 22, Y1 L ¥ < 2, 21 < 2 < 22, and let ¢%, ¢¥, ¢* be the
components of the heat current density vector. Then

22 [y
// q-ndS = / / [0°(z2, 9, 2) — ¢* (21,9, 2)|dy dz
OR 21 n

22 X9
+/ / [¢¥(z,y2, 2) — ¢*(z, 31, 2)]dz d2
1 . I;z
+f [¢*(z,y, 22) — ¢*(z,y, z1)]dz dy
n z

1
We must show that

(12—3’1)(3/211/1)(22—.21) /‘/(mq-nds

tends to div q = (g7 + ¢y + ¢;)(z1,%1,21) when 22 = ), Yo > y1, 22 = 2. To
do this, we consider each of the three integrals separately. For the first integral
we have to examine

z2 Y2 T _
1 / / q (x21y1 Z) qz(xla Y, Z) dydz
(v2 —n)(22 - z)) 21 Iy Iz — I

When z2 — z, the integrand tends to ¢Z(z1, ¥, z), a continuous function. When
Y2 — Y1, 22 — z1, the resulting integral tends to ¢Z(z1, %, 21). The same result is
obtained if we first let y2 — y1, 22 = 2;. The second integral, where ¢* is replaced
by ¢¥, tends to gJ(z1,1,21) when z2 - z1, y2 = 31, 22 = 2 in any order, and
similarly for the third integral. This proves that [ [, q-ndS, divided by the
volume of the box R, tends to div q when the sides tend to zero, in any order.
Referring to the continuity equation and letting z, = z,, y2 — 1, 22 = 2, we
have proved that cou(zy, v, 2) = ~divq(z1, 1, 21) + 8(z1, %1, 21), which was to
be shown.

2.1.3. Boundary conditions. The heat equation describes the flow of heat
within the solid material. To completely determine the time evolution of temper-
ature, we must also consider boundary conditions of various forms. For example,
if the material is in contact with an ice-water bath, it is natural to suppose that
v = 32°F on the boundary. Alternatively, we can imagine that the heat flux
across the boundary is given; therefore by Fourier’s law the appropriate bound-
ary condition is of the type Vu -n = a, a given function on the boundary. For
example, an insulated surface would necessitate Vu - n = 0 on the boundary. A
third type of boundary condition results from Newton’s law of cooling, written
in the form

q-n=h(u-T)
The heat flux across the boundary is proportional to the difference between the
temperature u of the body and the temperature T of the surrounding medium.
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2.1.4. Steady-state solutions in a slab. An important class of solutions
of the heat equation are the steady-state solutions. This means that du/8t = 0 or
that u is a function of (z,y, 2), independent of t. Thus we must have KV2u+71 =
0, a form of Poisson’s equation. If in addition there are no internal sources of
heat, then we have 7 = 0 and u satisfies Laplace’s equation V2u = 0. We restate
this as follows.

PROPOSITION 2.1.1. Steady-state solulions of the heat equation, with no in-
ternal heat sources, are solutions of Laplace’s equation.

Thus, Laplace’s equation is a special case of the heat equation.

In the next three sections we will make a detailed study of the heat equation
in a slab, defined by the inequalities 0 < z < L, —00 < z < 00, —00 < ¢ < 00.
This mathematical model is appropriate for a wall of thickness L, where we ignore
the variations of temperature in the z,y directions. The boundary conditions at
the surfaces z = 0 and z = L reflect the thermal properties of the inside (resp.
outside) of the wall.

EXAMPLE 2.1.1. Find the steady-state solution of the heat equation u, =
KV?u in the slab 0 < z < L satisfying the boundary conditions u(z,y,0) = T,
(Ou/0z + hu)(z,y,L) = 0, where T\ and h are positive constants.

Solution. Steady-state solutions of the heat equation are solutions of Laplace’s
equation, uy; + uyy + u,, = 0. Since the boundary conditions are independent
of (x,y), we look for the solution in the form u(z,y, z) = U(z), independent of
(z,y). Thus U must satisfy U”(z) = 0, whose general solution is U(z) = A+ Bz.
The boundary condition at z = 0 requires 7 = A, while the boundary condition
at z = L requires B+ h(A+ BL) = 0. Thus B(1+hL) = —hA = —hT}, and the
solution is U(z) =T — hT12/(1+ hL). e

In many problems it is important to compute the flux through the faces of the
slab. From our earlier discussion, the flux is given by —kVu - n; here n = (0,0,1)
for the upper face and n = (0,0, —1) for the lower face. Thus in Example 2.1.1,
the flux from the upper face is —k0U /0z = khT,/(1 + hL), while the flux from
the lower face is kOU /0z = —khT1/(1 + hL). o

We now consider an example with internal heat sources.

EXAMPLE 2.1.2. Find the steady-state solution of the heat equation uy =
KV2u+r in the slab 0 < z < L satisfying the boundary conditions u(z,y,0) = T},
(0u/0z + hu)(z,y, L) = 0, where r, K, h, and T} are positive constants. Find
the fluz through the upper and lower faces.

Solution. The boundary conditions are independent of (z,y); hence we look
for the solution in the form u(z,y, 2) = U(z), independent of (z,y). Thus U must
satisfty KU"(z) + r = 0, whose general solution is U(z) = —r2%/2K + A + Bz.
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The boundary condition at 2 = 0 requires T} = A, while the boundary condition
at z = L requires —rL/K + B+ h(-rL%?/2K + A+ BL) = 0. Thus B(hL +1) =
rL/K + hrL?/2K — hT,. The solution is U(z) = —r2%/2K + T + Bz, where
B(1+b) = (rL/K)(1 + 3b) ~ AT} and the Biot modulus b is defined as b = hL.
The flux through the upper face is —kU’(L) = krL/K — kB. The flux through
the lower face is kU'(0) = kB. o

In some cases the steady-state solution is not uniquely determined by the
boundary conditions. For example, the heat equation u, = K'V?u with the
boundary conditions u,(z,y,0) = 0, u,(z,y,L) = 0 has the solution U(z) = A
for any constant A. This phenomenon of nonuniqueness is equivalent to the
statement that A = 0 is an eigenvalue of the Sturm-Liouville problem with the
associated homogeneous boundary conditions. Indeed, if we have two different
steady-state solutions U;(z), Uz(z) with the same nonhomogeneous boundary
conditions, then the difference U(z) = U;(z) —~ Uz(z) is a nonzero solution of
the homogeneous equation U”(z) = 0, satisfying the homogeneous boundary
conditions. This is exactly the statement that A = 0 is an eigenvalue of the
Sturm-Liouville problem with these homogeneous boundary conditions. We will
come back to this point in Sec. 2.3.

2.1.5. Time-periodic solutions. Another important class of solutions of
the heat equation are the periodic solutions. These correspond to a stationary
regime, where the solution exists for all time, —00 < ¢t < co. Typically the
solution is specified by a boundary condition of boundedness. We illustrate with
the following problem from geophysics.

The temperature at the surface of the earth is a given periodic function of
time, and we seek the temperature z units below the surface. We assume that
there are no internal heat sources and the thermal diffusivity is constant through-
out the earth.

To formulate this problem, we suppose that the earth is flat and that the
surface is given by the equation z = 0. (In Chapter 4 we show that the flat earth
is a valid approximation for shallow depths.) The temperature on the surface is
independent of location and depends only on time. Therefore we must solve the
problem

u = Ku,, z2>0, —co<t<
u(0;t) = uo(t) —oc0<t<oo
where ug(t) is periodic with period 7. In addition we require that the temperature
be bounded,
lu(z;t)] < M

since we do not expect that the temperature variations within the earth will
exceed the variations on the surface.
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To solve this problem, we first look for complex separated solutions, of the
form
u(z;t) = Z(2)T(t)
Since the heat equation has real coefficients, the real and imaginary parts of a
complex-valued solution are again solutions. Thus we may allow Z(z), T(t) to
be complex-valued. Substituting into the heat equation, we have
KZ"(z) T'(t)
Z(z) T
Both sides must be a constant, which we call —A. Thus we have the ordinary
differential equations

T'(t) + AT(2) = 0
Z"(2) + %Z(z) =0

The first equation has the solution T'(t) = e~*. Since we require bounded solu-
tions for —o0 < t < 00, A must be pure imaginary, A = ¢ with § real. To solve
the second equation, we try Z(z) = e?*. Thus we must have y2¢"*+(\/K)e?* = 0,
yielding the quadratic equation

2 B _
7+ = 0
In the case where 8 > 0, this has two solutions:
N[ B
= 4(—1 il
7 (=1+9) 2K

Since we require bounded solutions for z > 0, we must take the solution with
Rev < 0, that is, the plus sign. Therefore we have the complez separated solutions

e-iﬁte(—1+z)z\/ﬂ/2}(
Taking the real and imaginary parts, we have the real solutions

e~ cos(ft — cz), e~ sin(ft — c2), c=+vVB/2K
(If B < 0, it can be shown that no new solutions are obtained.) We refer to these
as the quasi-separated solutions.
To solve the original problem, we suppose that the boundary temperature has
been expanded as a Fourier series.

kel onmt . 2nmt
up(t) = Ag + Z A, cos - + B, smT

n=1

We take B, = 2n7/7, ¢a = \/nm/KT in the quasi-separated solutions just devel-
oped to obtain the solution in the form

u(z;t) = Ao + Ze“""[A,, €0S(Bnt — €nz) + By sin(fnt — ¢n2)]

n=1
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To verify that this is indeed a rigorous solution to the original problem, we may
suppose that A,, B, are bounded by some constant. Then it may be shown that
the formal series for u., u,,, u, converge uniformly, and hence u indeed satisfies
the heat equation.

EXAMPLE 2.1.3. Solve the heat egquation u; = Ku,, for z > 0, —0co < t < 00,
with the boundary condition

2
u(0;t) = Ap + A, cos —:E

where Ay, Ay, and T are positive constants. Graph the solution as a function of
t for z\/n/KT=0,7/2, 7, 37/2,2n and 0 < ¢t < T.

Solution. Referring to the general solution just obtained, we let B, = 0 for
n >1and A, =0 for n > 2. The solution is

u(z;t) = Ag + A1e7* cos (? - zy / %)

In Fig. 2.1.1 we plot the temperature as a function of time for the depths indi-
cated.

2.1.6. Applications to geophysics. This theory can be used to study the
seasonal variations of temperature within the earth. For z = 0, the maximum
of u(z;t) is attained at t = 0,+7,+27,.... For z = VwKT, u(z;t) attains its
minimum value for the same times, ¢t = 0, &7, £27,.... Stated differently, when
it is summer on the earth’s surface, it is winter at a depth of z = V7K.

EXAMPLE 2.1.4. Suppose that K = 2 x 10~3cm?/s, 7 = 3.15 x 107s. Find the
depth necessary for a change from summer lo winter.

Solution. We have V7 K7 = 4.45 x 102 cm. Therefore when it is summer on
the earth’s surface, it is winter at a depth of 4.4 meters.

This theory can also be used to estimate the thermal diffusivity of the earth.
To do this, we define the amplitude variation of the solution u(z;t) as
Al = _pax w0 - g v=1)

By measuring A(z) at different depths, we may determine the diffusivity K.
Indeed, using the solution obtained in Example 2.1.3, we have max u(z;t) =
Ao+ A1e™®* min u(z;t) = Ag— A1e~%%, and thus A(z) = 24,e7%, A(2)/A(0) =
e™%*. Let z, be the depth for which e=* = J. Since ¢; = /m/KT, we have

Vr/K7zy =In2, K = nz}[7(In2)%.

EXAMPLE 2.1.5. Estimate the thermal diffusivity of the earth if the summer-
winter amplitude variation decreases by a factor of 2 at a depth of 1.8 meters.
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u(z;1)

z2=0
L t
[ o= 4VeRT
1 \-l/' t
- 2=VnKT
/m\ t
N z=%~f1t_KT—
] I/T\.I .
=L =31 = 2= 2VRKT.
~ [l P
- \/

FIGURE 2.1.1 Temperature as a function of time at different depths.

Solution. We take 7 = (365)(24)(3600) = 3.15 x 10”s, z; = 1.3 m. Thus

K=

(3.15 x 107)(0.69)2

=35x10""m?/s e

2.1.7. Implementation with Mathematica. We can use Mathematica to
do a three-dimensional plot of the bounded function u(z;t) that satisfies the heat
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equation
uy = K u,,, z2>0,—c0<t< o0
with the boundary condition
27t

u(0; t) = cos T

From Example 2.1.3, the solution is

ulzt) = ¢ g8 @—cv oy =il o
P E S I L T VKT

This function can be defined in Mathematica using the command
ulz_,t_,K_,T_]:=E"(-z Sqrt[Pi/(KT)])*Cos[2 Pi t/T - z Sqrt[Pi/(KT)]]

In the following graph we have chosen the parameter values ' = K = 2; the
independent variables range over the intervals 0 < z <2, 0 <t < 5. The plot is
realized by typing

Plot3D[ulz,t,2,2],{t,0,5},{z,0,2},PlotPoints->40,PlotRange->{-1,1}]

to yield
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At the front of this graph, moving from left to right, we see the change of
seasons at the surface of the earth, while at the back of the graph, moving from
left to right, we see the change of seasons at a depth of 2 feet.

EXERCISES 2.1

1.

10.

Find the steady-state solution of the heat equation u, = KV2u in the slab
0 < z < L, satisfying the boundary conditions u(z,y,0) = Ti, u(z,y,L) =
T, where Ty and T; are positive constants.

. For the solution found in Exercise 1, find the flux through the upper face

z=0L.

. Find the steady-state solution of the heat equation u; = KV?2u in the

slab 0 < z < L, satisfying the boundary conditions (0u/0z)(z,y,0) = &,
u(z,y, L) = Ty, where ® and T are positive constants.

. Find the steady-state solution of the heat equation u, = K'V?u in the slab

0 < z < L, satisfying the following boundary conditions: [k(du/0z)—h(u—
Tv))(z,y,0) = 0, [k(8u/8z) + h(u — Th)){(z,y, L) = 0.

. Find the steady-state solution of the heat equation u; = KV?u— §(u—T3)

in the slab 0 < 2z < L, satisfying the boundary conditions u(z,y,0) = T3,
u(z,y, L) = T; where T1, T5, T3, and f are positive constants.

. Find the steady-state solution of the heat equation u; = KV2u + 7 in the

slab 0 < z < L, satisfying the boundary conditions (0u/8z)(z,y,0) = 0,
u(z,y,L) = T; where K, r, and T7 are positive constants. Find the flux
through the face z = L.

. Find the steady-state solution of the heat equation u, = KV?u + r in

the slab 0 < z < L, satisfying the boundary conditions u(z,y,0) = Tj,
u(z,y, L) = T, where K, r, T1, and T; are positive constants. If T} = T3,
show that the flux across the plane z = 1L is zero.

. Find the steady-state solution of the heat equation u; = KV?u + r(2)

in the slab 0 < z < L, satisfying the boundary condition u(z,y,0) = 0,
u(z,y,L) = 0, where r(z) = ro for L/3 < z < 2L/3, r(2) = 0 for 0 <
z< L/3 and 2L/3 < z < L, and ry and K are positive constants. (Hini:
Although u is not smooth, it may be supposed that v and u, are both
continuous.)

. A wall of thickness 25 cm has outside temperature —10°C and inside tem-

perature 18°C. The conductivity is £k = 0.0016 cal/s-cm-°C and there are
no internal heat sources. Find the steady-state heat flux through the outer
wall, per unit area.

Find the solution of the heat equation u, = K'V?u in the half-space z > 0
for —oo < t < oo satisfying the conditions |u(z;t)| < M, u(0;t) = Ag +
A; cos2mt/T) + Azcos2wt/T,, where Ag, A;, Ay, 71, and T, are positive
constants.
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Lef: u(z;t) = e~ cos(Bt — cz), where 3 and ¢ are constants. Show that
satisfies the heat equation u; = Ku,, if and only if ¢? = 8/2K.

Exercises 12 to 14 require the solution of the heat equation in the slab 0 < z < L,
where one face is maintained at temperature zero. Thus we have the boundary—
value problem

12.

13.

14.

15.

16.

17.

18.

19.

20.

21

u; = Ku,, O<z2<L,-c0o<t<oo
u(0;t) = Ag + A cos(2nt/T) ~00 <t <00
u(L;t) =0 -0 <t <00

Find all complex separated solutions satisfying the heat equation that are
of the form u(z;t) = €7?e'?, where S is positive.

By taking the real and imaginary parts of the complex-valued solutions
found in Exercise 12, show that we have the quasi-separated solutions

u(z;t) = €% cos(Bt + cz) u(z;t) = e~ cos(ft — cz)
u(z;t) = e®sin(fBt + cz) u(z; t) = e~**sin(Bt — cz)

where ¢ = \/3/2K.

By taking suitable linear combinations of the quasi-separated solutions
found in Exercise 12 and steady-state solutions, solve the boundary-
value problem in the slab 0 < 2 < L.

Suppose that the daily temperature variation at the earth’s surface is a
periodic function ¢(f) = A + A, cos(27t/7). Find the depth necessary
for a change from maximum to minimum daily temperature if K = 2 x
1073 cm?/s and 7 = 24 x 3600 s.

Find the bounded solution of the heat equation u, = Ku,, for z > 0,
—00 < t < 00, satisfying the boundary conditions #(0;¢) =1 for 0 < ¢ <
37, u(0;2) = —~1 for i1 < t < 7, where u(0;¢) is periodic with period 7.
Find the bounded solution of the heat equation u, = Ku,, for z > 0,
—~00 < t < 00, satisfying the boundary condition u,(0;t) = A cosfSt,
where 8 and A; are positive constants.

Find the bounded solution of the heat equation u; = Ku,, for z > 0, —00 <
t < oo, satisfying the boundary condition u,(0;t) — hu(0;t) = A, cos ft,
where h, B, and A, are positive constants.

For the solution found in Exercise 14, find the limit of u(2;t) when L — oo
and compare it with the solution for Example 2.1.3.

Find the steady-state solution of the heat equation u, = KV?u + r in the
slab 0 < z < L satisfying the boundary conditions u,(0; t) = h[u(0;t) —T],
u,(L;t) = —h{u(L;t) — T3], where r, h, T}, and T are positive constants.
For which values of the constants K, r, ®;, and ®, does there exist a steady-
state solution of the equation u, = KVZ2u + r satisfying the boundary

conditions u,(z,y,0;t) = @1, u,(z,y, L; t) = B2?
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2.2. Homogeneous Boundary Conditions on a Slab

Many problems in mathematical physics and engineering involve a partial differ-
ential equation with initial conditions and boundary conditions. In this section
we consider the case of homogeneous boundary conditions for the heat equation
in the slab 0 < z < L. In Sec. 2.3 we will consider the general nonhomogeneous
boundary condition.

A homogeneous boundary condition at z = 0 has one of the following forms:

u(0;t) =0 or wu,(0;¢)=0 or wu,(0;t)=hu(0;t)

where h is a nonzero constant that has the dimension of length~!. All three of
these may be included in the following succinct form:

(2.2.1) cosau(0;t) — L sinau,(0;t) =0

where the dimensionless parameter o satisfies 0 < o < 7. When a = 0 we have
the first boundary condition, u(0;t) = 0; when a = /2 we have the second
boundary condition, u,(0;¢) = 0; and when cot @ = hL we have the third bound-
ary condition, u,(0;t) = hu(0;t). Similarly, the general homogeneous boundary
condition at z = L is written in the form

(2.2.2) cos Bu(L;t) + L sin fu,(L;t) =0
where 0 < # < w. The constant § is not related to @, in general.

2.2.1. Separated solutions with boundary conditions. We now discuss
separated solutions of the heat equation u; = Ku,, with the homogeneous bound-
ary conditions (2.2.1) and (2.2.2). A separated solution of the heat equation is
written

u(z;t) = ¢(2)T(2)

Substituting in the heat equation u, = Ku,,, we obtain
$(2)T'(t) = K¢"(2)T(t)

Dividing by K¢(z)T(t), we obtain T'(t)/KT(t) = ¢"(z)/#(z). The left side
depends on ¢ alone, and the right side depends on z alone; therefore each is a
constant, which we call —). Thus we have the ordinary differential equations

(2.2.3) T'(t) + AKT(t) = 0

(2.2.4) #"(z) + M(2) = 0

Equation (2.2.3) has the solution T'(t) = e~*K!, which is never zero. To the
second equation, (2.2.4), we must add the boundary conditions (2.2.1) and (2.2.2).
The product u(z;t) = ¢(2)T(t) satisfies (2.2.1) if and only if ¢(2) satisfies the
boundary condition cos a¢(0) — L sin a¢’(0) = 0. Similarly, u(z;t) satisfies (2.2.2)
if and only if ¢(2) satisfies the boundary condition cos B¢(L) + L sin 8¢'(L) = 0.
This leads us to the following proposition.
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PROPOSITION 2.2.1. The separated solutions of the heat equation u, = Ku,,
with the boundary conditions (2.2.1) and (2.2.2) are of the form un(z;t) =
e Kty (2) where )\, is an eigenvalue and ¢,(z) is an eigenfunction of the
Sturm-Liouville eigenvalue problem ¢"(z) + Ap(z) = 0 with the boundary con-
ditions cosa ¢(0) — L sina¢’(0) = 0, cosf¢(L) + LsinB¢' (L) = 0. These
eigenfunctions salisfy the orthogonality relation j:’ &n(2)Pm(2)dz = 0 for m # n.

Our first example corresponds to a slab with both faces maintained at tem-
perature zero.

EXAMPLE 2.2.1. Find all the separated solutions of the heat equation u, =
Ku,, for 0 < z < L satisfying the boundary conditions u(0;t) = 0, u(L;t) = 0.

Solution. The associated Sturm-Liouville problem is ¢"(2) + A¢(z) = 0 with
the boundary conditions ¢(0) = 0, ¢(L) = 0. In Sec. 1.6, we found that the
solutions are ¢,(z) = sin(nmwz/L), A\, = (nw/L)%.. Thus we have the separated
solutions

—(n‘n’/L)’Kt’ n= 1’2’“. °

up(z;t) =sin(nwz/L)e
The next example corresponds to a slab with one face insulated and the other
face maintained at temperature zero.

EXAMPLE 2.2.2. Find all the separated solutions of the heat equation u, =
Ku,, for 0 < z < L satisfying the boundary conditions u(0;t) = 0, u,(L;t) = 0.

Solution. The associated Sturm-Liouville problem is ¢"(2) + A¢(z) = 0 with
the boundary conditions ¢(0) = 0, ¢'(L) = 0. For A = 0 the general solution of
the differential equation is ¢(z) = Az + B. The first boundary condition requires
B = 0, while the second boundary condition requires A = 0. Hence A = 0 is not
an eigenvalue. For A = —u? < 0 the general solution satisfying the first boundary
condition is ¢(z) = Asinh(uz), but this satisfies the second boundary condition if
and only if A = 0; hence A < 0 is not a possible eigenvalue. For A > 0 the general
solution of the differential equation is ¢(z) = Asinzv/A + Bcoszv/A. The first
boundary condition requires that B = 0, while the second boundary condition
requires that AcosLvA = 0. For a nonzero solution we must take Lv =
(n - 3)m, n = 1,2,.... Therefore the solutions are ¢,(z) = sin(n — 3)rz/L,
An = (n — 1)?n2/L2 The separated solutions of the heat equation are

) 1\ 7z 1\? Kt
un(z;t)=sm((n——2-)f)exp[—(n—§) Wﬁ-], n=12,... e
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2.2.2. Solution of the initial-value problem in a slab. Having obtained
the separated solutions of the heat equation with homogeneous boundary condi-
tions, we can solve the following initial-value problem:

u; = Ku,, t>0,0<z<L
cosau(0;t) — L sinau,(0;t) = 0 t>0
cos Bu(L;t) + L sinBu,(L;t) = 0 t>0
u(z;0) = f(2) 0<z<L
where f(2),0 < z < L, is a piecewise smooth function.

To solve this initial-value problem, we first expand f(z) in a series of eigen-
functions of the Sturm-Liouville problem, in the form

=ZA,.¢,.(z) 0<z<L
n=1

(If £ is discontinuous at z, the series converges to 1f(z + 0) + 3f(z — 0).] The
formal solution of the initial-value problem is given by the series

(2.2.5) u(z;t) = i Andn(z)e 2Kt

n=1

The solution has been written as a superposition of separated solutions of the heat
equation satisfying the indicated homogeneous boundary conditions. The Fourier
coefficients A, are obtained from the orthogonality relations by the formulas

L L
/ f(z)pn(2)dz = An/ bn(z)’dz n=12,...
0 0

To prove that the formal solution (2.2.5) is a rigorous solution of the heat equa-
tion, we must check that, for each t > 0, the series for u, u,, u,,, and u, are
uniformly convergent for 0 < z < L. This can be shown for each type of bound-
ary condition we consider.

EXAMPLE 2.2.3. Solve the initial-value problem u; = Ku,, fort >0,0< z <
L, with the boundary conditions u(0;t) = 0, u(L;t) = 0 and the initial condition
u(2;0) = 1.

Solution. The separated solutions of the heat equation satisfying the bound-
ary conditions are sin(nmz/L)e~("/L*Kt n = 1,2 ... To satisfy the initial
condition, we must expand the function f(z) = 1 in a Fourier sine series. The
Fourier coefficients are given by

A, / sin —dz—/ sdez—;L—[l— (-1)"]
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Thus Ap = (2/nm)[1 — (—1)"] and the solution is
2=1—(-1)"  nmz _
u(z;t) = ;;——( ) sin——e (/L) Kt

Fort > 0 and 0 < z < L, this series converges uniformly, owing to the exponential
factor. Likewise, the series for u;, u;;, and u; converge uniformly for 0 <2< L
and each ¢t > 0. Thus u is a rigorous solution of the heat equation. e

2.2.3. Asymptotic behavior and relaxation time. In Example 2.2.3 we
obtained a transient solution of the heat equation, meaning that u(z;t) tends to
zero when t tends to infinity. To analyze this more generally, we assume that
the boundary conditions are u(0;¢) = 0, u(L;t) = 0 and the initial condition is
u(2;0) = f(2), a piecewise smooth function. The solution is

o]
nnz 2
A A, sin —— —(nn/L)?Kt
u(z;t) ,,2;1 nsin——e

where A, are the Fourier sine coefficients of the piecewise smooth function f(z),
0< z< L. Thus

L

A, = % / f(2)sin(nnz/L)dz and |An| < 2M
0

where M is the maximum of |f(2)|, 0 < z < L. Writing a = n2K/L? and noting
that |sinnrz/L| < 1, we have

o]
lu(z; )] < 2MZe"‘2°‘
n=1

But n2 > n for n > 1, and thus e "% < g~ = (e~9)" Hence

lu(z8)] < 2M Y (e
n=1
e-at
1—eat

where we have used the formula for the sum of a geometric series ) .. " =
v/(1-7%),0< vy < 1. Whent — oo, e* — 0, and we have shown that

u(z;t) =0(™) t—oo00

= 2M

In particular u(z;¢) — 0 when ¢ — oco, which means that u(z;t) is a transient
solution.
We define the relazation time 7 by the formula
1

1
; = _tllgloz In JU(Z, t)l
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provided that the limit exists and is independent of z, 0 < 2 < L. For transient
solutions of the heat equation, the relaxation time can be computed explicitly
from the first nonzero term of the series solution. The following theorem extends
the previous example to the general set of homogeneous boundary conditions.

THEOREM 2.1. For the heat equation u, = Ku,, with the boundary condi-
tions (2.2.1) and (2.2.2), suppose that all eigenvalues A, are positive. Then
u(z;t) = 30, Andn(z)e 2Kt is a transient solution of the heat equation, and
the relazation time is given by 7 = 1/\ K if A, #0.

EXAMPLE 2.2.4. Compute the relazation time for the solution

]
u(z;t) = Y Ansin(nmz/L) e/ DKE

n=1

Solution. We write

o0
L Tz _ . Tz _
u(z;t) = A, sin e (v/L)?Kt 4 E A,.smTe (na/L)? Kt

n=2

From the preceding analysis the last series is O(e~“""Kt/L*)) when t — oc. If
A; # 0, we may write

u(zt) = Aysin e /IR 4 OO RYEN))
In|u(z;t)| = In|A,| +Insin lLf — (n/L)2Kt + O(e~Bm*Kt/17))

Thus lim;,e ¢! Inju(z;t)] = —n2K/L?. We have proved that 7 = L?/n’K
provided that A; #0. e

This analysis of relaxation time shows that, for large ¢, the solution u(z;t) is
well approximated by the first term of the series. This can also be seen graphically,
by plotting the function z — u(z;t) for various values of t. When ¢ is small, the
solution is close to the initial function f(z). As t increases, the solution tends
to zero and assumes the shape of a sine curve, corresponding to the first term of
the series solution. The graphs in Fig. 2.2.1 plot the solution of the initial-value
problem u; = 2u,, for 0 < z < =, with the boundary conditions u(z;0) = 0,
u(m;0) = 0 and the initial conditions u(z;0) = 2z for the times ¢ = 0, 0.005, 0.01,
0.05, 0.1, 0.2, 0.3, 0.5, 0.7, and 0.8.

2.2.4. Uniqueness of solutions. We now discuss the uniqueness of the
solution of the initial-value problem. We have found a solution as a series of
separated solutions, but it is conceivable that by another method we might pro-
duce a distinct solution of the heat equation with the same initial conditions and
boundary conditions. We shall prove that this is impossible. To be specific, we
take the boundary conditions »(0;t) = 0, u(L;t) = 0.
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u(zt) u(zit)

t=0
1 ] i z
1 2 3
t=001
1 | i z
1 2 3
t=0.1 t=02
! 1 1 1 1 ] z
1 2 1 2 3
t=0.3 t=05
| i) 1 i z
1 2 3 1 2 3
t=0.7 t=0.8
] ] z
1 2 3 1 2 3

FIGURE 2.2.1 Solution of the heat equation at 10 different times.

For this purpose, suppose that 4, and u, are two solutions with the same
initial and boundary conditions, and set © = u; — u. Then u satisfies the heat
equation with zero boundary conditions and zero initial conditions. Let

w(t) = -;—/L u(z;t)%dz
0
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Then
L
(2.2.6) w(t) = / u(z; t)ue(z; t)dz
0
L
(2.2.7) = K/ u(z; t)u,,(2;t)dz
0
L
(2.2.8) = Ku(z; t)u,(z;t)l{,‘—-K/ u.(2;t)%dz
0

where we have used the heat equation to obtain (2.2.7) and integration by parts
to obtain (2.2.8). Using the boundary conditions, we see that the first term in
(2.2.8) is zero. Therefore we must have

L
w'(t) = —K/o u,(z;t)%dz

But K is a positive constant and u,(z;t)? > 0, since squares of real numbers are
greater than or equal to zero. Thus we have both

w'(t) <0 and w(t) >0

But u(z;0) = 0, which means that w(0) = 0. To complete the proof, we use the
fundamental theorem of calculus:

w(t) = w(0) + /: w'(s)ds <0

Since w(t) > 0, we are forced to conclude that w(t) = 0, which means that
u(z;t) = 0 for each ¢, that is, u)(2;t) = ua(2;t). Hence we have proved uniqueness
of the solution.

The careful reader will notice that we have used the boundary conditions
only to show that uu, [f = 0. Hence our proof applies also to other boundary
conditions, for example, u,(0) =0, u,(L) = 0.

2.2.5. Examples of transcendental eigenvalues. In certain cases we must
solve the heat equation with the homogeneous boundary conditions

(2.2.9) u(0;8) =0,  u,(L,t)+hu(L;t) =0

where h is a positive constant. We will see that the eigenvalues are obtained by
solving a transcendental equation. The separated solutions of the problem are
of the form u(z;t) = ¢(2)T(t), where T(t) = e *X?, ) is an eigenvalue, and ¢(z)
is an eigenfunction of the Sturm-Liouville problem ¢”(z) + A¢(z) = 0 with the
boundary conditions ¢(0) = 0, ¢'(L) + h#(L) = 0. This was solved as Example
1.6.3 in Sec. 1.6, where we found the solutions ¢(z) = Bsin(zv/A), where X is
determined as a solution of the transcendental equation

(2.2.10) VX cos(LVA) + h sin(LVA) =0
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