MAT127 Fall 2023
Practice Midterm 1
Time and location of the test:
Tue Oct 3 8:30-9:50 pm, Frey 100
Exam will cover sections 8.1-8.6 inclusive.

The actual test will contain 5 problems (some multipart)

Problem 1. Compute limits

Solution. (1) To find the limit

1
lim nln— = — lim nln(n) = — lim xIn(z)
n— 00 n n—oo T—00
z < zln(x) so 0o = limy_y00 & < limy—yoo z In(z) and lim,— nln% = —00

2
(2) To find the limit lim,,_,» "“Vn®, we can use the properties of limits and exponentials.
First, we rewrite the expression as:

lim eln( "f/nT)

n—oo
Next, we simplify by moving the exponent # inside the logarithm:

lim en% In(n?)
n—oo
1



()

(6)

(7)

1

Now, we have an indeterminate form - - oco. To evaluate this, we use L’Hpital’s

Rule:
1 5 1 5 ; In(z) : 1/x
lim en? ) — i 32 M=) = Slimemoe Tom _ Blimeseo 57 _ 0 g

2
So, lim,, oo V1P is equal to 1.
We compute lim, o m n even an odd and see that the limits agree: Even

case:

0 < limyso0 Tyrgyme = liMnosoo Ty < LMoo g = 0

Odd case: lim, oo W = limy, 0o ﬁ = — im0 qu We know
lim, y062-4" — 1 = 00 = lim,,_, ﬁ = 0. Both limits agree and equal to zero.
To find the limit lim,,_, %, we can use the concept of factorials and properties
of limits.

First, we can express the factorials as products of integers:

@2n)!  (2n)(2n—1)(2n —2)...(2)(1)

Bn)l Bn)Bn—1)(3n—2)...(2)(1)
Now, we simplify the expression by canceling out common factors in the numer-

ator and denominator:

2n)! 1 1 1 -
(B3n)!  3n 3n—-1 3n—2n—-1"

2n)!
3n)!

1
3n

—~

< g 0 < limy o0 5y < limy oo 5 = 0. So

By squeeze theorem since 0 < ( Gnn =

litn, 00 3y = 0.

sin() is a continuous function. lim, e 7+ 1 = 7. So limy, 00 sin(r+ 1) = sin(r) =
0.

|| has discontinuity only at integers. Thus lim,_, |7+ 1| = [7]. By continuity
of sin(x) limy, 0 sin(|7 4+ 1 ]) = sin([ )

Denote L = lim,, o a,,. Equation a,+1 = 7 !(a, + 72) implies that
L=l = lim (7! %) =
g, Gt = g ()

7t lim ((ap + 7)) =7 (lim ap)+7=71'L+7
n—00 n—oo



3

We conclude that L = 1_”? if we assume that the limit L exists. The sequence a,
is bounded: evidently a; =7 < == = (A4+rt4r24.). Ifa, < m(1+7 14+

24+ )=z ap =1 Yap+m) = lap+r <rmlr(l+n a2+ )4 =
m(l+7 1 +772+4...) = L. The sequence ay, is increasing: a; =7 < 7 la; +7 =
14+, an < any1 = 7 ta, + 1< 7r*1an+1 + 7T = ant1 < ant2. Thus the sequence
is increasing and bounded. From this we conclude that lima,, = L

0

Problem 2.
(1) Represent —4.555555. .. as a rational
(2) sn=">p_oak = gim Find aj and >"27 ax
(3) Compute if exists Y 00 ) 273", 5700 (T2t 57e0 (80T
(4) Compute if exists Y72 =—fym,
(5) Of the following series listed below, select ALL which are geometric series.
n—1
(a) 21010:1 FT
(b) o2, 2
() 2ot 3:’)1202;174
(d) Yonion 2
(€) Soprge 2t
Solution. (1) —4.555555--- = —4 — Y02 | 1or = —4 — f5 {5 = —41/9.

(2)

(3)

The absolute value sign is irrelevant since n > 0. aj is equal to s — sp_1 =
24k 24k—1 _ 24k 00 24k
> ko

B T 24n 1 2/n+1
3%k 3+k—1 — (31k)(21k)" Gk 2ER) = Ma—oo 31, = lineo 3707 = 1

on_gn _ on 3 _ 1 1
Dm0 T = Dane0 77— Yom—o 77 = o577 — =577 We use that 2/7,3/7 < 1.

n__on n n . . .
S, 3n2 =3 g—n - >l g—n The first series is divergent because r =

7/3 > 1. The second series is convergent r = 2/3. Overall the difference is diverg-
ing.

7n_on
3n

By the same reason y ., is diverging.



(4) We break >°°  — 1)nn into a pair sums according n is even or odd:

oo 1 [o.¢]
Z m(=1)rn Z )2”2n + Z 7(—1)27+1 (2n+1)
‘ 7
n—
oo 1 o0
Z 7% + Z 72n+1
n=0 n=0

The first is converging geometric series with r = 1/72 < 1. The second is diverging
geometric series with 7 = 72 > 1. Overall the series is diverging.
(5) (c) and (e) are the only geometric series in the list with r = % and r = e

respectively.

Problem 3. (1) S22 —L, = A. Estimate the error of approximation Ry = A —

n=—00 14+n?
N 1 —
ZTL:—N TFn2 for N = 10.
(2) >0, %. Determine whether the sum is convergent.
(3) Give an example of a divergent series > o b, an such that Y o b2 is convergent.

Explain briefly why your series satisfies these two conditions.

(4) Consider the sum ) > )+ +1)2 . We use the sum of the first 10 terms to approximate

the sum of this series. Estimate the error involved in this approximation.

Solution. (1)

Ly Ry=A -1
Zm— N = _ZN1+n2_

n=—oo n—-—

—N-1 o0 )

1 1 1 * d * d 2
Z 1—|—n2+ Z 1—|—n2:2 Z 1+n2§/ 1+xx2é/ gci?::N—Fl
n=-—00 n=N+1 n=N+1 N+1 N+1

(2) We want to compare the sequence a,, = % with b, = 1/n?. Both sequences

.. . . n2+4n)n? . 1+1/n
are pOSlthe hmn%oo (In/bn == hmn‘;m m = hmnﬁoo W = 1. The

sum Y o 1/n? is p = 2 series. It is convergent. So is > oo | ay,.
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(3) b, = 1/n leads to diverging harmonic series > >, 1/n. It is diverging because
SN 1/ > fN 4t — In(N) On the other hand b2 = 1/n? leads to converging

p =2 series > oo, 1/n?.
(4) The sequence b, = H% is decreasing. We can use alternating series test to show

="

convergence » 1 T

By the same test the error of approximation Ry < byy1.
We conclude that Rig < m

0

Theorem 0.1. (Root Test) Let lim, o0 |an|'/™ = L

(1) If L <1 then Y ;2 ay is convergent
(2) If L > 1 then Y2, ai is divergent.
(3) If L =1 then the Root Test is inconclusive.

Problem 4. Determine convergence:

(1) zoo cos(In(n))

n=1 n!

n2
2) T2, i

Solution. (1) 30 an = >0 cosnm)) - satisfies |an| < 1 = b,. By Ratio Test

n=1 n!
|b‘":‘1| 1/(1’;:!1)! — n+1 = lim,— oo | |Z+|1| =limy 00 1/(n+1)=0= > ,1/nlis

cos(lnl(n))

convergent = » >, ‘Cos(jlﬁ is convergent = > 7, is convergent abso-

lutely = >, 7605(15!(")) is convergent.
2
|n /n

2 n X
(2) S ian =07, (anﬁ’ lan| /" = (gcn)%/n = (‘;A)Q Fix z, set n = y. We ca use

I’Hpital’s Rule two times to compute the limit

1 |$!y In(z)|z[”
- m h _— =
4 y—oo 2 T4 y—00 2y

1 lim In(z)?|x|Y

4 y—oo 2

The limit is infinite if |z| > 1 and zero if |x| < 1. Thus the interval of convergence
of the series is |z| < 1.

O
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Definition: Series > 77, aj are conditionally convergent if it is convergent but

o0
> akl =
k=1

Problem 5. Determine whether the following series are absolutely convergent, condition-

ally convergent, or divergent:

9] n !
(1) Zn=1 (ngi)
(2) (-1 "

Solution. (1) % a, =3 (n+2)!

n=1 n=1 "nlgn >

_ (n)!(n+1)(n+2) _ (n+1)(n+2)
" nl5n "

lans1]  (n+1+1)(n+1+2)5-0F) 1(n+2)(n+3) 1n+3
lan| (n+1)(n+2)5" S5+ 1D)(n+2) Hn+1

Since lim 1 ‘”:‘1‘ lim = L ”*3 = 1/5 < 1 by Ratio Test the series is absolutely and

unconditionally convergent.

(2) Yool an = Yooty (<) % (1) = an where f(2) = 5. f'(x) = 555 is nega-
tive for x > 1 = f(x) is decreasing for x > 1. By Alternating Series test Y -~ a, is
convergent. However, the sum > %, |a,| =307 | 17+ is diverging. To see this we
compare it with harmonic series b, = 1/n. limp, o0 @n/bp = limy, 500 7 +n2 = 1By
the limit comparison test > > ; |ay| is diverging because harmonic series > > | b,

Thus > ° | a, is converging only conditionally.

Problem 6. Find the radius R and interval of convergence for the power series
00 n(z—2)3"
(1) 2XnZo mineT
9] nlx”
(2) 2onZo mrshitaron

. 00 00 n(z—2)°"
Solution. (1) S0 gan = Yol sy

(n+ 1))z — 2P+t (n 4+ 1)(n + 2)
n+14+1)(n+142)(n)z— 23"

lant1l/]an| =



(n+1)%(n+2)

= - 2’3(n+ 2)(n + 3)n

lim |ap11]/|an| = |x — 2|> The series is convergent if |z — 2| < 1. In other words if

x satisfies 1 < x < 3 = the series is convergent.

If z = 3 the series become Y >° n(3-2)%"

nzom = Z;O:O (n-i—].)nw We can use

b, = 1/n to show that lim a, /b, = 1. Since the harmonic series ) 1/n is diverging

=30 ey is diverging.

If z = 1 the series become Y > (172)371) =3 % f(x) =

n=0 (n+1)(n+2 n=0 (n+1)(

is decreasing for z > 2V/2 (f/(z) = (27:”2) We see that a,, =

z+1)2(z+2)

f(n) is a decreasing sequence with lima,, = 0. By the Alternating Series test

—1)" . . . .
> S G N convergent. The interval of convergence for our series is 1 <

n=0 (n-+1)(n+2)
T < 3.

(2) >0, (mixn.The solution to this problem closely mirrors the the previous

n+3)!(n+6)!
problem.

Recall that

2 3 o0 ol
T __ - _ v e — JE—
e =1+t ot o+ >
n=0
A - o0 220+l
sin(e) =z —gr 45+ _HZ:O(_) 2n+1)
I o0 g
cos(z) =1— §+E+ Z(—l) )l
n=0
22
—1n(1—x)_x+3+—+ Z—

Problem 7. Find a power series representation (at 0) of the function

(1) Oz sint(t)dt

(2) log 1+x

and compute its radius of convergence.



