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154 Communications of the Moscow Mathematical Society

Some typical properties of the dynamics of rational maps

M.Yu. Lyubich

0. Notation.

The rational functions of fixed degree n form a complex manifold. We consider an arbitrary

connected submanifold M. Let M x P! be the direct product of M with the extended complex plane

P!, and 7: M x P! 5 M the natural projection. By X,,, we denote the analytic subset of M x p!

given by the equation fz =z and by Y, the closure of the set X\ dLIJ Xg. Let Ny, € M be the
m

branching set of the projection l1Y,,. If f € N,,, then f possesses 2 multiple periodic point (that is,
(™)' (z) = 1). Weput K = U Np,and 0 = M ( K. By P(f) we denote the closure of the set of

periodic points of f. We say that f € M is P-stable if f1P(f) and g|P(g) are topologically conjugate

for all g sufficiently close to f.

1. P-stability is typical.
Main Lemma. Let U be a simply-connected domain in M such that U 0 Np,, = @ for some
subsequence my — . Then
a) U N Ny, = @ for all m; any connected component of the surface Y, is given by an equation
z = ‘Pm,i(f)’ where g j: U — P! is a holomorphic function;
b) the closure ® of the family {®p,,; } has the following properties:
1) if o(fo) = ¥(fo), o, ¥ € ), then o = ¥;
2) the family @© is compact;
3) the family ® is invariant under the transformation Q: (Qe)(f) = fle(f));
) If (™ (pm, 1)) # consr, then I(fm)'(‘pmy,(f))l <Lor 1™ (e, N> 1in U;
d) the endomorphisms f and g of U are P-conjugate. The conjugating homeomorphism transforms
ol(f) into ¢(g).

Corollary 1. The set of P-stable endomorphisms coincides with the set o.
Corollary 2. If f € K, then there exists a sequence f,, — f such that f,, € Np,.

We say that A C M is a set of local uniqueness if A N U for any neighbourhood U intersecting A
is not contained in a non-trivial analytic set. A set of local uniqueness is perfect.

Corollary 3. K is a set of local uniqueness.
Corollary 4. If f €K, then there exists a sequence fp = fsuch that fp hasan attracting cycle of order p.
Corollary 5. The set K is nowhere dense.

Thus, P-stability is typical in any holomorphic family M of rational functions.

Corollary 6. We suppose that in the family M there is a function without neutral cycles. If fe M
has a neutral cycle, then f € K.

Lemma 1. Let o:U - Pl pea holomorphic function in U for which o(f) does not belong to the
orbits of critical points of . Then U C g.

We call a cycle {z; }(1]7'1 of fabsorbing if it is contained in the orbit of some critical point. By S

we denote the set of functions f € M that have (with respect to the parameter) a non-stable absorbing
repellent cycle.

Corollary 1. S is a dense subset of K.

2, Stability of the orbit of a critical point.

The results of this subsection are a development of a paper by G.M. Levin [1]. We consider a family
[y of rational functions holomorphically dependent on a point x of an analytic set Z. We consider a
sequence ¥, : Z — P! of holomorphic functions satisfying the equation Yo+1(z) = F (P, (2)). A
point x € Z is called regular (z € R) if the sequence {4, } is normal (that is, precompact) in some
neighbourhood of it. The study of our sequences is based on Montel’s criterion for normality, which
is stated as in the classical case. It is easy to show that if the orbit {#p,,(x)} converges to an
attracting cycle of f, then = € R,
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Lemma 2. Suppose that P, # Yy, for m + k. If the orbit {P;,(2)} is absorbed by a repellent cycle
(x € T) or a removable neutral cycle, then x € L = Z \_R.

We denote {{,,(z)} by w(x). By analogy with P-stability we define W-stability.
Proposition 1. For a typical regular value of the parameter z € R the function fy is ¥-stable.

Let us make Lemma 2 more precise.

Corollary 8. Let \y,, # Uy for m # k, let z be a removable neutral periodic point of fy, and
z € w(x). Then x € L.

From Montel’s theorem it follows that 7T is dense in L. Any holomorphic function ¢ (with
perhaps two exceptions) in a neighbourhood of x € L has a sequence x,,, — x such that y ,,,(x,;) =
= p(xy,). These simple facts are useful in the construction of examples (see Proposition 2 and the
example below). They also imply that L is a set of local uniqueness. By F(f) we denote the
Julia-Fatou set of f [2].

Proposition 2, For a typical irregular value of the parameter x & L (that is, outside a set of the first
category) the orbit {{y,(z)} is dense in F(fy).

The main special case is the set Z = C given in M x p! by the equation Df(c) = 0 and the
sequence V,,(f, ¢) = f™c on C. In this case N is dense in C (an application of Montel’s theorem to
the equations Y, (f, ¢) = ¢). The following result connects 1 and 2.

Proposition 3. For f to be P-stable it is necessary and sufficient that (x1Cy1f < H.
In conclusion we consider an example.

Example. It can be shown that in the one-parameter family f,(z) = 1+ w/z? for a typical irregular
value of the parameter w € K the 'atou-Julia set coincides with the whole sphere P!, Here
(Proposition 2) the critical points 0 and « move topologically transitively on the sphere. On the
other hand, there exist values of the parameter w € K for which F(f ) = Pl, while f,1w(0) (w(0) is
the limit set of the trajectory {f70}) is topologically conjugate to an arbitrary transitive shift on an
invariant subset of a one-sided TMC with the matrix (2 :) . We note that in all known examples
({2], [3]) the property F(f) = P! was associated with the absorbing of the orbits of critical points
by repellent cycles.

The main results of this paper were reported in December 1981 at the seminar on dynamical
systems conducted by Ya.G. Sinai. The author is grateful of V.Ya. Lin and M.V. Yakobson for useful
discussions.

Note added in proof. After this paper had gone to the printers the author received a preprint by
Manet, Sade, and Sullivan, in which they also show that P-stability is typical.
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