DYNAMICS OF QUADRATIC POLYNOMIALS:
COMPLEX BOUNDS FOR REAL MAPS

MIKHAIL LYUBICH AND MICHAEL YAMPOLSKY

March 21, 1995

1. INTRODUCTION

Complex a priori bounds proved to be a key issue of the Renormalization Theory.
They lead to rigidity results, local connectivity of Julia sets and the Mandelbrot set,
and convergence of the renormalized maps (see [HJ, 1.3, McM1, MvS, R, S]).

By definition, this property means that the renormalized maps R"f have funda-
mental annuli with a definite modulus. For real infinitely renormalizable maps with
bounded combinatorics this property was proven by Sullivan ( see [S] and [MvS] ).
In [L3] complex bounds were proven for real quadratics of “essentially big type”.
The gap in between [S] and [L3] consists of maps with “essentially bounded type”.
Loosely speaking this means that a big period of renormalized maps is created only
by saddle-node behavior of the return maps. The goal of this paper is to analyze this
specific phenomenon.

Theorem 1.1. Real infinitely renormalizable quadratics with essentially bounded com-
binatorics have complexr a priori bounds.

This fills the above mentioned gap:

Corollary 1.2. ! All infinitely renormalizable real quadratics have complex a priori
bounds.

Let us mention here only one consequence of this result. By the result of Hu
and Jiang [HJ, J], complex a priori bounds and one extra combinatorial assumption
(see [McM2]) imply local connectivity of the Julia set J(f). On the other hand, the
Yoccoz Theorem gives local connectivity of J(f) for at most finitely renormalizable
quadratic maps (see [H], [L1] or [M1]). Thus we have

Corollary 1.3. The Julia set of any real quadratic map is locally connected.
This work was supported in part by Sloan Research Fellowship and NSF grants DMS-8920768
and DMS-9022140.

Levin and van Strien have independently obtained a different proof of this result [LS].
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Theorem 1.2 is closer to [S] rather than [L.3]. It turns out, however, that Sullivan’s
Sector Lemma (see [MvS]) is not valid for essentially bounded (but unbounded)
combinatorics: The pullback of the plane with two slits is not necessarily contained
in a definite sector. What turns out to be true instead is that the little Julia sets
J(R"f) are contained in a definite sector.

We derive this version of the Sector Lemma from the following quadratic estimate
for the renormalized maps:

(1.1) [R"f(2)] = ef=],

with an absolute ¢ > 0. The proof of (1.1) is the main technical concern of this work.
(By the way, this estimate immediately implies that the little Julia sets J(R" f) are
commensurable with the corresponding periodic intervals, which already yields local
connectivity of J(f) at the critical point.)

Let  mod (f) denote the supremum of the moduli of the fundamental annuli of f.
The work [L3] gives a criterion when mod (Rf) is big. Let us call the combinatorial
parameter responsible for this the essential period p.(f). Loosely speaking this is the
period of the corresponding periodic interval of f modulo the saddle-node cascades
(see §5 for the precise definition).

Corollary 1.4. There is an absolute constant v > 0 and two functions p(p) > v(p) >
v > 0 going to co as p — oo with the following property. Let f be an infinitely
renormalizable quadratic polynomial and p, = p.(R"f). Then

v(ps) < mod (R"f) < pu(p,).

Let us briefly outline the structure of the paper. §2 contains some background and
technical preliminaries. In §3 we state the main technical lemmas, and derive from
them our results. In §4 we give a quite simple proof of complex bounds in the case of
bounded combinatorics, which will model the following argument. In §5 essentially
bounded combinatorics is described. In the next section, §6, saddle-node cascades
are analyzed. The final section, §7, contains the proof of the main technical lemmas.

Remark 1. Theorem 1.1 allows a straightforward extension onto higher degree
unimodal polynomials.
2. This paper is a part of series of notes on dynamics of quadratic polynomials,

see [L4].

Acknowledgment. The authors thank MSRI where part of this work was done
for its hospitality.

2. PRELIMINARIES

2.1. General notations and terminology. We use |.J| for the length of an interval
J, dist and diam for the Euclidean distance and diameter in C. Notation [a, b] stands
for the (closed) interval with endpoints @ and b without specifying their order.
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Two sets X in Y in C are called K-commensurable or simply commensurable if
K7!' < diam X/diamY < K

with a constant K > 0 which may depend only on the specified combinatorial bounds.

We say that an annulus A has a definite modulusif mod A > 6 > 0, where 6 may
also depend only on the specified combinatorial bounds.

For a pair of intervals I C J we say that [ is contained well inside of J if for any
of the components L C J\ I, |L| > K|I| where the constant K > 0 may depend only
on the specified quantifiers.

A smooth interval map f : I — [ is called unimodal if it has a single critical point,
and this point is an extremum. A C® unimodal map is called quasi-quadratic if it has
negative Schwarzian derivative, and its critical point is non-degenerate.

Given a unimodal map f and a point x € I, ' will denote the dynamically sym-
metric point, that is, such that fa’ = fx. Notation w(z) means as usual the limit set
of the forward orbit {f"z}°2,.

2.2. Hyperbolic disks. Given an interval J C R, let C; = C\(R\J) denote the
plane slit along two rays. Let C; denote the completion of this domain in the path
metric in C; (which means that we add to C; the banks of the slits).

By symmetry, J is a hyperbolic geodesic in C;. The geodesic neighborhood of J of
radins r is the set of all points in C; whose hyperbolic distance to .J is less than r.
It is easy to see that such a neighborhood is the union of two R-symmetric segments
of Euclidean disks based on .J and having angle § = 6(r) with R. Such a hyperbolic
disk will be denoted by Dg(.J) (see Figure 1). Note, in particular, that the Euclidean
disk D(J) = D, /32(J) can also be interpreted as a hyperbolic disk.

These hyperbolic neighborhoods were introduced into the subject by Sullivan [S].
They are a key tool for getting complex bounds due to the following version of the
Schwarz Lemma:

Schwarz Lemma. Let us consider two intervals J' C J CR. Let ¢: C; — Cy be
an analytic map such that ¢(J) C J'. Then for any 6 € (0,7), ¢(Dg(J)) C Do(J").

—

Let J = [a,b]. For a point z € C;, the angle between z and J, (2,J) is the least
of the angles between the intervals [a, z], [b, z] and the corresponding rays (a, —oc],
[b, +00) of the real line, measured in the range 0 < 6 < 7.

We will use the following observation to control the expansion of the inverse
branches.

Lemma 2.1. Under the circumstances of the Schwarz Lemma, let us consider a point

—

z € Cy such that dist(z,J) > |J| and (z,J) > €. Then

: , :
dist(¢z, J') < Cdlst(z, J)
/'] /]
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for some constant C' = C(¢)

D,(9)

Do(J)

Ficure 1

Proof. Let us normalize the situation in this way: J = J’ = [0, 1]. Notice that the
smallest (closed) geodesic neighborhood cl Dg(.J) enclosing z satisfies:
diam Dy (J) < C(e) dist(z,.J) (cf Fig. 1).

Indeed, if 8 > ¢/2 then diam Dy(J) < C(€), which is fine since dist(z,.J) > 1.
Otherwise the intervals [0, z] and [1, z] cut out sectors of angle size at least ¢/2 on
the circle dDgy(J). Hence the lengths of these intervals are commensurable with
diam Dg(J) (with a constant depending on €). Also, by elementary trigonometry
these lengths are at least v/2dist(z,.J), provided that dist(z,.J) > |.J|.

By Schwarz Lemma, dist(¢z,.JJ’) < diam(Dg(J")), and the claim follows. O

2.3. Square root. In the next lemma we collect for future reference some elemen-
tary properties of the square root map. Let ¢(z) = y/z be the branch of the square
root mapping the slit plane C\ R_ into itself.

Lemma 2.2. Let K > 1,6 >0, K'<a <K, T =[-a,1], T"=10,1]. Then:
e 0Dy(T) C Dg(T"), with 0" depending on 6 and K only.
o [fz € oD(T)\ D([-6,1+6]), then

—

(2, T") > e(K,8) >0 and C(K,8§)7 " <dist(z/,T') < C(K,9).
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Lemma 2.3. Let ( € C, J =[a,b] C [0,400). (' =¢((), J =[] = ¢J. Then:
o [fdist(¢,J) > 6|J| then

dist(J', (") _ oy dist(:0)
77| <@ |

o Let 0 denote the angle between [(,a] and the ray of the real line which does not
contain J; n' denote the angle between [(', V'] and the corresponding ray of the
real line. If 0 < /2 then n' > = /4.

(According to our convention, in the last statement we don’t assume that a < b.)

2.4. Branched coverings. Let 0 € U’ C U C C be two topological disks different
from the whole plane, and f : U’ — U be an analytic branched double covering map
with critical point at 0. Thinking of it as a dynamical system, one can naturally

define the filled Julia set K(f) and the Julia set J(f). Namely, the filled Julia set is

the set of non-escaping points,
K(fy=4{z:fr2€eU' ,n=0,1,...},

and J(f) = 0K (f). These sets are not necessarily compact.

If additionally clU’ C U then the map f is called quadratic-like. The Julia set of a
quadratic-like map is compact, and this is actually the criterion for being quadratic-
like (for appropriate choice of domains):

Lemma 2.4 (compare [McM2], Proposition 4.10). Let U’ C U be two topologi-
cal disks. and f : U — U be a double branched covering with non-escaping critical
point and compact Julia set. Then there are topological discs J(f) C V' C V. C U
such that the restriction g : V' — V is quadratic-like. Moreover, if mod (U\K(f) >
€>0 then mod (V\ V') > é(e) > 0.

Proof. Let us consider the topological annulus A = U\ K(g). Let ¢ : A — R =
{z : 1 < |z| < r} be its uniformization by a round annulus. It conjugates ¢ to a
map G : R — R where R’ is a subannulus of R with the same inner boundary, unit
circle S*. As ( is proper near the unit circle, it is continuously extended to it, and
then can be reflected to the symmetric annulus We obtain the double covering map
G : R — R of the symmetric annuli preserving the circle. Moreover R is a round
annulus of modulus at least 2e.

Let [ denote the hyperbolic length on R V denote the hyperbolic 1-neighborhood
of SV, and V' =G W CV. As G : S — ql is a double covering, we have:

- / IDF(2)lldl < max [ Df (=)[li(5"),

so that maxg: ||Df(z )|| > 2. As mod R > 2, I(S*) < L(e). Hence ||Df(2)] >

pe) > 1 for all z € V. It follows that V' is contained in (1/p(e€))-neighborhood of
S*. But then each component of V'\ V' is an annulus of modulus at least 6(¢) > 0.
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We obtain now the desired domains by going back to U: V = qb_lv, V=
oV O

et us supply the space B of double branched maps considered above with the
Caratheodory topology (see [McM1]). Convergence of a sequence f,, : U/ — U, in this

topology means Caratheodory convergence of (U,,0) and U],0), and compact-open
convergence of f,.

2.5. Epstein class. A double branched map f : U — U of class B belongs to

Epstein class if U = Cg, U’ is an R-symmetric domain meeting the real line along an

interval T' D T”, and the map f is R-symmetric. In this case its restriction f: 7" — T

is a unimodal map. We always normalize f in such a way that 0 is its critical point.
Given a A € (0,1), let &, denote the space of maps of Epstein class with

AT < |T) < AT,
modulo affine conjugacy (that is, rescaling of T').
Lemma 2.5. For each A € (0,1), the space E\ is compact.
Proof. Normality argnment. [
All maps in this paper will be assumed to belong to some Epstein class.

2.6. Renormalization. We assume that the reader is familiar with the notion of
renormalization in one-dimensional dynamics (see e.g., [MS]).

Let f be infinitely renormalizable. Let P* 3 0 be the central periodic interval
corresponding to the k-fold renormalization R*f of f, n; be its period: f, = R*f =
e Pk — Pk Set PF = fm Pk We say that the intervals P¥. i =0,1,... n, —1,
form the cycle of level k .

Note that the periodic interval P* is not canonically defined. The maximal choice
is P* = B* = [3,, 3] where j3; is the fixed point of f; with positive multiplier. The
minimal choice is P* = [£,,0, f20].

Let pr = np/n._y be relative periods. Combinatorics of [ is said to be bounded
if the sequence of relative periods is bounded. Let GF be the gaps of level k, that
is the components of P*=% \ UPF. Geometry of f is said to be bounded if there is
a A > 0 and a choice of periodic intervals P*, such that for any PF, G¥ C Pf_l,

|PFI/|PFY > A and |GF|/|PF~" > A. In other words, all intervals and gaps of level
k contained in some interval of level £ — 1 are commensurable with the latter.

Theorem A. Infinitely renormalizable maps with bounded combinatorics have bounded
geometry.

For a proof the reader is referred to [G, BL1, BL2, S, MvS].
Let S* O PF be the maximal symmetric interval around 0 such that the restriction
of fi to it is unimodal, and 7% = f.5*. Then P* C S* C T*, and there is a
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definite space in between any two of these intervals. In the case of bounded (and
essentially bounded) combinatorics all three intervals are commensurable. Moreover,
if f belongs to Epstein class, then the renormalizations f; are also maps of Epstein
class, with range Cypx.

Corollary B. If f is an infinitely renormalizable map of Epstein class with bounded
combinatorics, then all renormalizations R" f belong to some Epstein class £,. Hence
the sequence R" f is pre-compact.

3. OUTLINE OF THE PROOF

3.1. Main lemmas. Let P*, f, = R*f = f™ be as above.
Let us consider the decomposition:

(3.1) Je=vxo0f,

where 1)}, is a univalent map from a neighborhood of PF onto Crx.
At §5 we will define the essential period p.(f). For the time being the reader can
just replace this by the period p(f) = ny.

Lemma 3.1. Let f be a k times renormalizable quadratic map. Assume that p.(R'f) <
pforl=0,1,... k—1. Then there exist constants C, D, depending on p only, such
that ¥z € Cpx with dist(z, P*) > | P*| the following estimate holds:

dist(zp; 'z, PF) (dist(z,Pk))
3.9 <o (WS T)N L p
(3:2) I W

where Yy is the univalent map from 3.1

Thus the maps 9 ' have at most linear growth depending only on the combinatorial
bound p.

—

Note that if (z, P*¥) > € > 0, the inequality 3.2 follows directly from Lemma 2.1,
with the constants depending on e. Our strategy of proving Lemma 3.1 is to monitor
the inverse orbit of a point z together with the interval P* until they satisfy this
”good angle” condition.

Lemma 3.1 immediately yields the key quadratic estimate 1.1, which in turn im-
plies:

Corollary 3.2. The little Julia set J(R*f) is commensurable with the interval P*.
Carrying the argument for Lemma 3.1 further, we will prove the following result:

Lemma 3.3. Under the circumstances of the previous lemma, the little Julia set
J(R*f) is contained in the hyperbolic disk D.B*), where ¢ > 0 depends only on p.
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3.2. Proof of the main results. Proof of Theorem 1.1. It follows immediately from
Lemma 3.3 and Lemma 2.4. O

Proof of Corollary 1.2. By [L3], there is a p such that mod (Rf) > u > 0 for all
renormalizable maps f of Epstein class with p.(f) > p.

So given a quadratic polynomial, we have complex bounds for all renormalizations
R"*! f such that p.(R"f) > p. For all intermediate levels we have bounds by Theorem
1.1. O

By a puzzle piece we mean a topological disk bounded by rational external rays
and equipotentials (compare [H, L4, M1])

Proof of Corollary 1.3. By Corollary 3.2 the little Julia sets J( fi) shrink to the critical
point. By the Douady and Hubbard renormalization construction (see [D, L4, M2]),
each little Julia set is the intersection of a nest of puzzle pieces. As each of these
pieces contains a connected part of the Julia set, J(f) is locally connected at the
critical point.

Let us now prove local connectivity at any other point z € J(f) (by a standard
"spreading around” argument). Take a puzzle piece V 3 0. The set of points which
never visit V, Yy = {C: f"C ¢ V, n = 0,1,...}, is expanding. (Cover this set
by finitely many non-critical puzzle pieces, thicken them a bit, and use the fact the
branches of the inverse map are contracting with respect to the Poincaré metric in
these pieces). It follows that if z € Yy then there is a nest of puzzle pieces shrinking
to z, and we are done.

By Lemma 3.3, there is a nest of puzzle pieces V* O J(f;) contained in the Poincaré
disk Dg(B*), with § > 0 depending only on p. But because of bounded geometry
(or, more generally, "essentially bounded geometry”, see §5), there is a definite gap
between the interval B* and the rest of the postcritical set w(0). (That is, there is an
€ = €(p) > 0 such that the interval (1 + G)Bk \ B* does not intersect w(0).) Thus the
annuli R*F = Cltonr \ Dg(B*) don’t meet the postcritical set. Moreover, all these
annuli are similar and hence have the same moduli.

Assume now that f*z € V*. Then there exist single-valued inverse branches
Fle C4opr — C whose images contain z. By the Koebe theorem, they have a
bounded distortion on puzzle pieces V*. As U* = f=%V* cannot contain a disk of
a definite radius, we conclude that diam /¥ — 0. This is the desired nest of puzzle
pieces about z. O

Proof of Corollary 1.4. This result follows from Theorem D of [L3] and Theorem
1.1.0
4. BOUNDED COMBINATORICS

We first show the existence of the complex bounds in the case when the map f has
bounded combinatorics. The result is well-known in this case [MvS, S|, but we give a
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quite simple proof which will be then generalized for the case of essentially bounded
combinatorics.

4.1. The ¢-jumping points. Given an interval T' € R let f : U" — Cg be a map
of Epstein class.

For a point @ € RN U’ which is not critical for f7, let V,(x) = V,(«, f) denote
the maximal domain containing = which is univalently mapped by f™ onto Cr. Its
intersection with the real line is the monotonicity interval H,(z) = H,(x, f) of f"
containing x. Let f," : C;y — V, () denote the corresponding inverse branch of f="
(continuous up to the boundary of the slits, with different values on the different
banks). If J is an interval on which f™ is monotone, then the notations V,,(.J) and
H,(J)and f;" make an obvious sense.

Take an & € Rand a z € Cp. If we have a backward orbit of &+ = xg,x_1,...,x_; of
x which does not contain 0, the corresponding backward orbit z = z9,2_1,...,2_; 18
obtained by applying the appropriate branches of the inverse functions: z_, = f._ z.
The same terminology is applied when we have a monotone pullback J = Jy, ..., J_

of an interval J.

Let H D J be two intervals. Let Sy (H,J) denote the union of two 2e-wedges with
vertices at d.J (symmetric with respect to the real line) cut off by the neighborhood
Dy(H) (cf. Fig. 2). Let Q.(J) denote the complement of the above two wedges

= N

FIGURE 2

(that is, the set of points looking at .J at an angle at least ¢).

Lemma 4.1. Let f be a quadratic map. Let J = Jo,J_1,...,J_ = J be a monotone
pullback of an interval J, z = z9,2_1,... ,2_; = 2’ be the corresponding backward orbit
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of a point z € Cp. Then for all sufficiently small € > 0 (independent of f), either
z_p € Q(J_k) at some moment k <1, or z' € Sy (H,(J"), ') with § = x/2 —0(e).

If the first possibility of the lemma occurs we say that the backward orbit of z
7 e-jumps”.

Proof. Assume that the backward orbit of z does not “e-jump”, that is, z_; belongs
to an R-symmetric 2¢-wedge centered at a_j, € dJ_, k = 0,1...,[. By the second
statement of Lemma 2.3, fa_q1) = a—p. Let M_; = f=FH,(J"), and b_j be the
boundary point of M} on the same side of J_; as a_j. Let us take the moment &
when b_;, = 0. At this moment the point z_; belongs to a right triangle based upon
[a_g,b_g] with the e-angle at a_; and the right angle at b_;. Hence z_;, € Dg(M_y)
with § = 7 /2 — 0(¢). It follows by Schwarz Lemma that z' € Dg(H,(.J'),.J"), and we
are done. [

Let us state for the further reference in §7 a straightforward extension of the above
lemma onto maps of Epstein class:

Lemma 4.2. The conclusion of Lemma 4.1 still holds for all ¢ < €(X), provided
f:U" — Cris a map of Epstein class £\, U' C Cyr, and z € D(AT).

4.2. Proof of Lemma 3.1 (for bounded combinatorics). For technical reasons
we consider a new family of intervals S* and T*, for which P* ¢ S*¥ c S* c T* Cc T*,
each of the intervals is commensurable with the others and contained well inside the
next one, and f;(S*) = T*,

Let us fix a level k, and set n = ny,

(4.1) Jo= Py, J =P J (heny = P
Take now any point z9 € Cpx with dist(zq,Jo) > |Jo|, and let z_y,...  z_(,_1) be

its backward orbit corresponding to the above backward orbit of Jy. Our goal is to
prove that

(4.2) dist (2— =1y, J-(n-1)) <) dist(zo, JO)‘
[T (n-) |Jol

Take a big quantifier K > 0. Let is say that s is a "good” moment of time if .J_,
is K-commensurable with Jy. For example, let J_, C P' and s < niy1. In other
words, s is a moment of backward return to P! preceding the first return to P'*'. By
bounded geometry, this moment is good, provided K is selected sufficiently big.

Let us first consider the initial piece of the orbit, zg,...,z_,,, corresponding to
the renormalization cycle of level 1. By the first statement of Lemma 2.3, for all
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S € [O,TL] — 1],

dist(z_s, J_4) . dist(zg, Jo)
4.3 — (] _.
( ) |J—s| = 0(}7) |J0|

By Lemma 4.1, either
(4.4) Z_n € D(SY) C D(TY),

or there is a moment —s € [—ny, 0] when the backward orbit ¢-jumps: (Zﬁs) > €.
In the latter case the desired estimate (4.2) follows from (4.3) and Lemma 2.1. In
the former case we will proceed inductively:

Lemma 4.3. Let J = J_; and J' = J_(,4,,) be two consecutive returns of the back-
ward orbit (4.1) to a periodic interval P', | < k. Let z and 2’ be the corresponding
points of the backward orbit of zo. If = € D(TY) then dist(2',.J") < C(p)|T"]. More-

over, either z' € D(7~jl), or (2/,.J") > ¢(p) > 0.

_nl

D(T, ) o 8

FIGURE 3

Proof. Let us consider decomposition (3.1). The diffeomorphism t¢; maps some inter-
val Z' D fS' onto T'. Hence ¢; ! has a bounded distortion on T' Let Z' = ¢f1Tl C
A

By bounded geometry, the point f,0 divides 7" into commensurable parts. Hence
the critical value f0 = ;' (f,0) divides 7! into commensurable parts: Let A = A(p)
stand for a bound of the ration of these parts.

By the Schwarz lemma, domain V = ;/)l_l(D(Tl)) is contained in D(Zl). Hence
its pullback f~'V by the quadratic map is contained in a domain W = f_lD(Zl)
intersecting the real line by S, and having a bounded distortion about 0. Hence
diam W < C(p)S*, which proves the first statement.

Finally, it follows from Lemma 2.2, that W\ D(T") is contained in a sector Q.(5")
with an e depending only on A = A(p) (see Figure 3).

O

Let us now give a more precise statement:
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Lemma 4.4. Let J = J_; and J' = J_y be two returns of the backward orbit (4.1) to
P! where s' = s +tny. Let z and 2" be the corresponding points of the backward orbit
of zo. Assume z € D(T"). Then either for some 0 < i < t, a point Z_(s4iny) E-JUMPS
and |z2_(spiny)| < CTY|, or z_y € Do/(H'), where H' is the monotonicity interval of
fi™ containing J', and ' = 7 /2 — O(¢).

Proof. Assume that the above points do not ¢-jump. Then by Lemma 4.3 they belong
to the disk D(7"). As the map ;" from 3.1 has a bounded distortion, non of the
points z_,, é-jumps for s < m < s, where 6 = O(¢) as € — 0. Now the claim follows
from Lemma 4.1. O

The following lemma will allow us to make an inductive step:

Corollary 4.5. Let J = J_(,,), J' = J_,,,, and 2,2 be the corresponding points of
the backward orbit of zo. Assume z € D(Tl_1). Then either there is a good moment

—m € (—ny, —niy1) when the point z_,, e-jumps and |z_,| < C|T'|, or 2’ € D(T").

Proof. Note that by bounded geometry all the moments
_nl7 _(nl —I_ nl—1)7 _(nl —I_ 2nl—1)7 cee _nl-|—17

when the intervals of (4.1) return to P'=! before the first return to P'*1 are good
(provided the quantifier K is selected sufficiently big). Hence by Lemma 4.4 either
the first possibility of the claim occurs, or 2/ € Dy (L'), where L is the monotonicity
interval of f™+177" containing J', and 6 = 7/2 — O(e). As nygy —ng > ny, L
is contained in 5!, which is well inside T'. Thus Dg(L') C D(T"), provided e is

sufficiently small. O

We are ready to carry out the inductive proof of (4.2). Set j = 0 if zy & D(TO).
Otherwise let j be the smallest level for which

(4.5) 20 € D(TY).

By the considerations in the beginning of the proof (if 7 = 0) or by Lemma 4.3
(for j > 0), either z_,, € D(17), or z_,, e-jumps. Moreover, in the latter case
|2_p,] < Oz, so that (4.2) follows.

In the former case we will proceed inductively. Assume that either z_,,, € D(Tl_l),
or z_; e-jumps at some good moment —t > s. If the latter happens, we are done. If
the former happens, we pass to [ + 1 by Corollary 4.5. Lemma 3.1 is proven.
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4.3. Proof of Lemma 3.3 (for bounded combinatorics). By Corollary 3.2,
diam J(fy) < C|T*|, with a C = C(p). Hence J(fi) C D(T"), where | > k — N(p).
Let ¢" € J(fx), ¢ = fx(’, and ¢ = (o, (-1,... ,(—r, = (' be the corresponding backward
orbit under iterates of f;.

By Lemma 4.3, either (_; e-jumps at some moment, or ¢’ € D(T*). If the former
happens then (_; € Dy(J_;,,), where 8 = 6(e) > 0, and J_,, are the intervals from
4.1. But then by the Schwarz Lemma ¢’ € Dy (P*) with some # depending on p only.
Thus J(f) C Dgi(P*) U D(Tk), and we are done.

Remark 4.1. The above proof of the main lemmas for the case of bounded combina-
torics illustrates the ideas involved in treating the general essentially bounded case.
A complication arises however because of the possibility that a jump in the orbit
occurs at a "bad” moment when the corresponding iterate of the periodic interval is
not commensurable with its original size.

5. ESSENTIALLY BOUNDED COMBINATORICS AND (GEOMETRY

Let f be a renormalizable quasi-quadratic map.

We use the standard notations  and « for the fixed points of f with positive and
negative multipliers correspondingly. Let B = B(f) = [4,7], A = A(f) = [a, /] C
B.

The map f is called immediately renormalizable if the interval A is periodic with
period 2. If f is not immediately renormalizable, let us consider the principal nest
A=1°=1°%f) D I' = I'(f) D ... of intervals of f (see [L2]). It is defined
in the following way. Let t(m) be the first return time of the orbit of 0 back to
I"™=Y Then I™ is defined as the component of f~4™ "= containing 0. Moreover
N 1™ = B(Rf).

For m > 1, let

Gm U]Zm Y

be the generalized renormalization of f on the interval /™1, that is, the first return
map restricted onto the intervals intersecting the postcritical set (here I = [J").
Note that g, = fi : 1™ — ™' is unimodal with ¢,,(81™) C AI™"", while
Gm I — I™ " is a diffeomorphism for all 7 # 0.

Let us consider the following set of levels:

X=X({f)y={m:t(m)>t(m—1)}U{0} ={m(0) <m(l) <m(2) <---<m(x)}.

A level m = m(k) belongs to X iff the return to level m — 1 is non-central, that is
9,0 € I™™\I™. For such a moment the map ¢,,41 is essentially different from g¢,,
(that is not just the restriction of g,, to a smaller domain). Let us use the notation
hi = gmky+1, k = 1,...x. The number y = x(f) is called the height of f ( In the
immediately renormalizable case set y = —1).

The nest of intervals
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(5.1) [ o Rtz o o el

is called a central cascade. The length [} of the cascade is defined as m(k+1) —m(k).
Note that a cascade of length 1 corresponds to a non-central return to level m(k).
A cascade 5.1 is called saddle-node if h,I™*)+" 5 0 (see Fig. 4). Otherwise it is
called Ulam-Neumann. For a long saddle-node cascade the map hy is combinatorially
close to z — 2% + 1/4. For a long Ulam-Neumann cascade it is close to z +— P

I —

m(k) m(k)+1
| | |

7N

FIGURE 4. A long saddle-node cascade

Given a cascade (5.1), let
(5.2) KO o ety e (k4 1) — (k) — 1

denote the pull-back of ]]m(k)—l_1 under A" = g;—(}c)ﬂ. Clearly, K]m(k)—l_i—l_l are mapped
by hj onto K]m(k)“, i =1,...,m(k+ 1) —m(k) — 1, while K]m(k)—l_l = ]]m(k)—l_1 are
mapped onto the whole 7). This family of intervals is called the Markov family

associated with the central cascade.

Let € w(0) N (I8 \ [0+ " hye € [P\ [P+ Set
d(x) = min{j —m(k),m(k+1) — j}.

This parameter shows how deep the orbit of x lands inside the cascade. Let us now
define dj, as the maximum of d(x) over all x € w(0) N (I™H)\ [7FR)+1),

Given a saddle-node cascade (5.1), let us call all levels m(k)+d;, <1 < m(k+1)—dy
neglectable.

Let us now define the essential period p. = p.(f). Let p be the period of the
periodic interval J = B(Rf). Let us remove from the orbit {f*J}2_! all intervals
whose first return to some "% helongs to a neglectable level. The essential period
is the number of the intervals which are left.

We say that an infinitely renormalizable map f has essentially bounded combina-
tories if sup, p.(R"f) < 0.

Let o(f) = |B(Rf)|/|B(f)|- Let us say that f has essentially bounded geometry if
inf,, o(R™) > 0.
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Theorem 5.1. [L3, Theorem D] Let f be a quasi-quadratic map of Epstein class.
There are functions 6(p) > €(p) > 0, such that 6(p) — 0 as p — oo, with the following

properties. If p.(f) < p then o(f) > e(p). Vice versa, if p.(f) > p then o(f) < 6(p).
Thus geometry of [ is essentially bounded if and only if its combinatorics is.

From now on we will work only with maps having essentially bounded combina-
torics, and p will stand for a bound of the essential period. By the gaps G’ of level
m we mean the components of I™~!\ UIT". We say that a level m is deep inside the
cascade if m(k)+p < m <m(k+1)— p. Let us finish this section with a lemma on
geometry of maps with essentially bounded combinatorics.

Lemma 5.2. [L3, Lemma 17] Let f be a quasi-quadratic map with essentially bounded
combinatorics. Then for any m, the non-central intervals 17", ¢ # 0, and the gaps
G7 of level m are C(p)-commensurable with I"™~' \ I™. Moreover, this is also true
for the central interval If*, provided m is not deep inside the cascade.

Note that the last statement of the lemma is definitely false when m is deep inside
the cascade: then I™ occupies almost the whole of I™~!. So we observe commensu-
rable intervals in the beginning and in the end of the cascade, but not in the middle.
This is the saddle-node phenomenon which is in the focus of this work.

6. SADDLE-NODE CASCADES

Let f € &£, be a map of Epstein class.
Let us note first for a long saddle-node cascade 5.1, the map Ay, : [+ — (k)
is a small perturbation of a map with a parabolic fixed point.

Lemma 6.1. [L3] Let hy be a sequence of maps of Epstein class £, having saddle-
node cascades of length l;, — co. Then any limit point f : 1" — I of this sequense (in
the Caratheodory topology) has on the real line topological type of z +— z* +1/4, and
thus has a parabolic fixed point.

Proof. 1t takes I, iterates for the critical point to escape I"®+! under iterates of
hy. Hence the critical point does not escape I' under iterates of f. By the kneeding
theory [MT] f has on the real line topological type of 2%+ ¢ with —2 < ¢ < 1/4. Since
small perturbations of f have escaping critical point, the choice for ¢ boils down to
only two boundary parameter values, 1/4 and —2. Since the cascades of h; are of
saddle-node type, fI’ # 0, which rules out ¢ = —2.

O

Remark 6.1. Thus the plane dynamics of hj with a long saddle node cascade resem-
bles the dynamics of a map with a parabolic fixed point: the orbits follow horocycles

(cf. Fig. 5).
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o

| | ‘\\\>\ M\ | | |

M) N
I I I I T I I I I /N I

FiGURE 5. The backward trajectory of a point corresponding to a
saddle-node cascade

Lemma 6.2. Let us consider a saddle-node cascade 5.1 generated by a return map
hy. Let us aslo consider a backward orbit of an interval E C I™F) \ IR+ ynder
iterates of hy,:

E=Ey, F_yc m®Hty prh+2 g o= g Bt it

where m(k)+j54+1 <m(k+1). Let z = 29,21, 2-9,...,2-; = 2’ be the corresponding
backward orbit of a point = € D(I™W). If the length of the cascade is sufficiently big,

—

then either 2 € D(I™W), or (2/,J') > ¢ and dist(#,J') < C(p)| ™"

Proof. To be definite, let us assume that the intervals F_; lie on the left of 0 (see
Figure 4). Without loss of generality, we can assume that z € H. Let ¢ = hi' be
the inverse branch of hy, for which ¢E_; = F_(;11). As ¢ is orientation preserving on
(—o0, 0], it maps the upper half-plane H into itself: ¢(H) C {z = r*?| r > 0, 7 >
0> x/2}.

By Lemma 6.1, if the cascade 5.1 is sufficiently long, the map ¢ has an attracting
fixed point 5, € HN D(I™M+2) (which is a perturbation of the parabolic point for
some map of type z? + 1/4). By the Denjoy-Wolf Theorem, ¢"(() — s for any

— 00

( € H, uniformly on compact subsets of H. Thus for a given compact set K & H,
there exists N = N(K, ¢) such that ¢"(K) C D(I™*+1), By a normality argument,
the choice of N is actually independent of a particular ¢ under consideration.
Suppose z_, ¢ D(I™"). By Lemma 2.2 the set K = D(I™®)\ ¢(D(I™P)) N H
is compactly contained in H, and diam K < C|I™®|. For N as above we have
2 € UM (K) U D(I™) and the lemma is proved.
O
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7. PROOFS OF THE MAIN LEMMAS

7.1. Proof of Lemma 3.1. Let us start with a little lemma;:

Lemma 7.1. Let [ € &\ be a map of Epstein class without attracting fized points.
Then both components of B\ A contain an f-preimage of 0 which divides them into
C(X)-commensurable parts.

Proof. The interval [a, #'] is mapped by f onto [3,a] 3 0. Denote by n = f~1(0) N
[, 3']. Under our assumption this point is clearly different from « and ’. As the
space of maps of Epstein class £, with no attracting fixed points is compact, 5 divides
[ar, 3] into C'(X)-commensurable parts. The analogous statement is certainly true for
the symmetric point ' € [3,a/]. O

As in §4, let us fix a level 7, let n = n., and set
(7.1) Jo=P, =P _ ... J oy = P
For any point z € Cp- with dist(z, .Jy) > |.Jo|, we denote by
(7.2) 2= 20, 710525 s B (n1)
the backward orbit of z corresponding to the orbit (7.1). We should prove that

dist(z_(n-1), J-(n-1)) . dist(zg, Jo)

< C(p
W P17

Let A = A(f) and B = B(f) be the intervals defined in §5, Hy(xz) be the mono-

tonicity intervals as defined in §4.1.

(7.3)

Lemma 7.2 (First return to A). Let J_; be the first return of the orbit (7.1) to
the interval A. There is an € = €(p) > 0 such that either z_, € D(B), or there is
a moment —i € [—s,0] when the backward orbit (7.2) e-jumps: (z_;,J_;) > € and
moreover

dist(z_;, J_;) dist(zo, Jo)

7.4 < Co(p
Proof. By definition of the essential period, s < p.(f) < p. Hence (7.4) holds for all
t=0,1,...,s by the first statement of Lemma 2.3.

Further, by Lemma 7.1 each component of B \ A contains a preimage of 0, and
it divides B into K(p)-commensurable intervals. Hence, the monotonicity interval
H = H,(J_;) is well inside of B, and the conclusion follows from Lemma 4.1. O

If the second possibility of Lemma 7.2 occurs then (7.3) follows from Lemma 2.1.
If the first one happens, we proceed inductively along the principal nest. Namely,
in the following series of lemmas we will show that the backward z-orbit (7.2) either
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e-jumps at some good moment, or follows the backward J-orbit (7.1) with at most
one level delay.
In the following lemmas we work with a fixed renormalization level [ and skip index

[ in the notations: f = f; = R'(fo), A= A", B = B'. We will use notations of §5 for

different combinatorial objects.

Lemma 7.3 (Further returns to A). Let £ = Ey, E_y,...,E_, = E' be the con-
secutive returns of the backward orbit (7.1) to B, between two consecutive returns
to A. Let ( = (o,(_1,...(_s = (" be the corresponding points of the backward orbit
(7.2). Assume ( € D(B). Then either (' € D(B), or ((—;, F_;) > €(p) > 0 and
dist((_;, EF_;) < C(p)|B| for some 0 < ¢ < s.

Proof. Take an ¢ > 0. By definition of the essential period, s < p. By the Schwarz
lemma and Lemma 2.2, (_; € D,(B) for « = 0,1...s, with ¢ = o(p). Hence
dist(¢—;, E_;) < C(p)|B|. If for some i € [0, s], (C_/Z,F_Z) > ¢, we are done.

By Lemma 7.1 each component of B\ A contains an f-preimage of 0 which divides
B into K-commensurable intervals, with K = K(p). Hence the monotonicity interval
of f, H = H,(E_;), is well inside of B. As f: B — B has an extension of Epstein
class &, (see §2.6), we can apply Lemma 4.2. It follows that if none of the points (_;
e-jumps, then (_; € Dg(H), 0 > —i > —s, with § = 7/2 — O(e). Thus (_, € D(B)
for sufficiently small € < €(p), and the proof is completed. O

We say that a point/interval is deep inside of the cascade (5.1) if it belongs to
B4\ [r+1)=p - (In the case of essentially bounded combinatorics such a cascade
must be of saddle node type). Recall that a moment —i is called “good” if the
interval J_; is commensurable with J,. Because of the essentially bounded geometry,
this happens, e.g., when for some k, the interval J_; lies in 1)\ 1™+ hut is not
deep inside the corresponding cascade.

Lemma 7.4 (First return to I™"). Assume that f is not immediately renormal-
izable. Let I} = Fo, E_q,..., E_, = FE' be the consecutive returns of the back-
ward orbit (7.1) to A until the first return to 1™, Let ( € C4 N D(B), and let
(= (o, (q...(_s = (" be the corresponding points in the backward orbit of (5. Then
either ' € D(A), or (C—i, E_;) > €(p) > 0 and dist({—,;, F_;) < C(p)|B| at some good

moment 0 > —1 > —s.

Proof. Let H = H,(E_;).

As f is not immediately renormalizable, we have the interval I' = [p,p/]. Let
p be chosen on the same side of 0 as a. Then f*[a,p] D [a,a']. Denote by 7
the f2-preimage of 0 in [a,p]. Since f is quadratic up to bounded distortion, the
map f?|[ap] Is quasi-symmetric (that is, maps commensurable adjacent intervals onto
commensurable ones). It follows that n divides [a, p], and hence A, into K = K(p)-
commensurable parts. Hence H C [, 7] is well inside A.
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By Lemma 4.2 and Lemma 7.3, either (' € Dyg(H) with § = 7/2 — O(¢), or there

is a moment 7 < s such that

(7.5) (B> and dist(C_i, E_;) < C(p)|B].

In the former case we are done as Dy(H) C D(A) for sufficiently small e.

Let the latter case occur. Then we are done if the moment —¢ is good. Otherwise
E_; is deep inside the cascade A = [° D ' D --- D ™), Consider the largest r
such that E_i1g) C I\ I'"" for all 0 < ¢ < r. Note that by essentially bounded
combinatorics, the moment —j = —(¢ 4+ r) has to be good. By Lemma 6.2, either
(7.5) occurs for (_;, and we are done or C_]‘ € D(A).

In the latter case let K C [™(D-" \]m be the interval containing K_(,_y) which is
homeomorphically mapped under 75"~ 7 onto A (to see that such an interval exists,
consider the Markov scheme described in §5). By the Schwarz lemma (_,_1) €

D(K) C D(A). Now the claim follows from Lemma 2.2. O

Now we are in a position to proceed inductively along the principal nest: Note that
the assumption of the following lemma is checked for £ =1 in Lemma 7.4.

Lemma 7.5 (Further returns to I™"). Let I and E' be two conseculive returns
of the backward orbit (7.1) to the interval I™") . Let ¢ and (' be the corresponding
points of the backward orbil of z,. Assume that ( € D(I™*=V). Then, either (' €

D™, or (¢, E") > ¢(p) > 0, and dist(¢", E') < C(p)| I,

Proof. Denote by E the last interval in the backward orbit (7.1) between E and £,
which visits I™*=1 before returning to I™*). Then hy ' = E and h}’E = E for an
appropriate j.

The Markov scheme (5.2) provides us with an interval K C I™*=D\ [™*) con-
taining F which is homeomorphically mapped under hk] onto [™¥ 1). By essen-
tlally bounded geometry and distortion control along the cascade, K is well inside

~1\ [*) | and the critical value of hy divides K into commensurable parts.

Let K'D E’ be the pull-back of K by hy|I™*), Tt follows that K’ is contained well
inside ]Nm(k).

Let ¢ = hg(" be the point of the orbit (7.2) corresponding to E. By the Schwarz
lemma ( e D(K). By the previous remarks and Lemma 2.2, ¢! € D(I™®), or

(C’ E") > €(p) and dist((’, E') < (}5)|]m<k—1)|. O

Lemma 7.5 is not enough for making inductive step since the jump can occur at a
bad moment. The following lemma takes care of this possibility in the way similar
to Lemma 7.4.

Lemma 7.6 (First return to I™"+tY) k> 1). Let E = Ey, E_y,...,E_, = E' be
the consecutive returns of the orbit (7.1) to I"™") wuntil the first return to [™*+1),
Let { = (o, (_1...,(_s = (" be the corresponding points in the backward orbit of (.
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Assume that (_y € Cpmgen 0O D(I™F)Y. Then either ¢ € D(I™R), or (C/Z,\_Z) >
e(p) > 0 and dist(¢_;, E_;) < C(p)[I™M)| at some good moment —1 > —i > —s.

Proof. Let H D E' be the maximal interval on which f2° is monotone. Note, that
both components of I\ [™(*F)+1 contain pre-critical values of by, which divide [™®)
into K (p)-commensurable parts. Hence, H is well inside of ™),

By Lemma 4.2, either (' € Dyg(H) with § = 7/2 — O(¢), or there is a moment
1 < < s such that

(7.6) (o Eo)>e¢ and  dist(C_y, B_) < C(p)| "W).

In the former case we are done as Dg(H) C D(I"™®) if ¢ is sufficiently small.

Let the latter case occur. Then we are done if the moment —: is good. Otherwise
E_; is deep inside the cascade I™F) o [+ 5 ... o b+ Consider the largest
r such that F_ 4, C [kttt prik)tita for all qg <. Note that by essentially
bounded combinatorics, the moment —j = —(¢ + r) has to be good. By Lemma 6.2,
either (7.6) occurs for (_;, and we are done, or (_; € D(I™"),

In the latter case, the Markov scheme (5.2) provides us with an interval K C
[k D=1\ k1) containing E_(5—1y which is mapped homeomorphically onto 175)
by hz_l_j. By the Schwarz Lemma (_(;_1) € D(K) C D(I"™®). The claim now

follows from Lemma 2.2. O

The following lemma will allow us to pass to the nest renormalization level. It is
similar to Lemma 7.3 except that we deal with a map of Epstein class rather than a
quadratic map. Let us restore now label [ for the renormalization level.

Lemma 7.7 (To the next renormalization level: period > 2 case). Assume

that fi is not immediately renormalizable. Let B = E_4,... . E_, = E' ... | E_(15 =
E" be the returns of the backward orbit (7.1) to B, and let E', E" be two con-
secutive returns to AT, Let ( = (_q,...,(,.. s C—(r4s5) = (" be the corresponding
points of the backward orbit (7.2), and suppose ¢ € DIV where x = x(fi)

is the height of fi.  Then either (" € D(B™Y, or ((_;, F_;) > e(p) > 0 and
dist(C_;, E_;) < C(p)|B™"| for some 1 <i <r+s. Moreover, all these moments are
good.

Proof. First, r4+s < 2p by definition of the essential period p, and the last statement
follows. o

By Lemma 7.5, either (C_q, E_3) > ¢, dist(( o, F_3) < C(p)|B™*'|, or (., €
D17,

By the Schwarz lemma and Lemma 2.2, if (_; € D(]m )), then either (—(i+1) €
D(I™0), or dist(C_ i) E-gian) < CB) B and (i) E-iyny) > €(p) > 0. In

the latter case we are done.
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If the former case occurs for all ¢ < r + s then by Lemma 4.2, (" € Dy(H), where
H = H, s 1(E" fiy1) and 0 = 7/2 — O(c). By Lemma 7.1, H is well inside B'*!,
and hence Dy(H) C D(B'!) for sufficiently small ¢ > 0. O

Our last lemma takes care of the case when the map f; is immediately renormal-
izable.

Lemma 7.8 (To the next renormalization level: period 2 case). Assume that

fi is immediately renormalizable, so that A' = B, Let E C BY', E=Fy, F_4,... . F_,=
E' be the consecutive returns of the backward orbit (7.1) to B', until the first return

to ATV Let ( = (y,..., (L, = (" be the corresponding points of the backward orbit
(7.2). Assume also that ( € C4u N D(B'). Then either (' € D(B™), or

—

((_i, F_i) > € and  dist(C_;, F_) < C(p)| B
for some 0 > —t > —s. Moreover, all these moments are good.

Proof. By essentially bounded combinatorics, s < 2p which yields the last statement.
Further, by Lemma 7.1, the monotonicity interval Hy(F_,, f;) is contained well

inside of B*', and the claim follows from Lemma 4.2. [

Let us now summarize the above information. When f,_; is immediately renor-
malizable, set V. = B771. Otherwise let V, = ]m(x_l)_l(qu) where v = x(f,_1) is
the height of f._;.

Lemma 7.9. Let f, = R7f. Let us consider the backward orbit (7.1) of an interval
J and the corresponding orbit (7.2) of a point z. Then there exist € = €(p) > 0 such
that either one of the points z_, e-jumps at some good moment, or z_g,_yy € D(V;).

Proof of Lemma 3.1. If the former possibility of Lemma 7.9 occurs than Lemma 2.1
yields (7.3). In the latter possibility happens then
dist(z_(n_1), J_(n _
18 (Z (n—-1) ( 1)) < C(p)
(1)

by essentially bounded geometry, and we are done again.
Lemma 3.1 is proved. O

Proof of Lemma 3.3 Let us first show that J(f,) C Dg(S*) with a 8 = (p) (recall
that S* 3 0 is the maximal interval on which f, is unimodal).

By Corollary 3.2, diam J(f,) < C(p)|B7|. Take (" € J(f.). Let (' = f(("), ¢ =
("), and ¢ = (o, C1ye-y (o = (oo (_2n = (" be the corresponding backward
orbit.

Let the first possibility of Lemma 7.9 occur and (_; e-jumps at a good moment
for s < n—1. Then (s, € Ds(J_;) with 6 = 6(p) > 0, since dist((_s, J_;) is
commensurable. But then by the Schwarz lemma and Lemma 2.2, and (" € Qg(5;)
with a § = §(p) > 0,.
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Let the second possibility of Lemma 7.9 occur.

Let us first consider the case when f._; is not immediately renormalizable. Then
¢ € DI 6Y) By Lemma 7.6, ¢ € D7) ¢ D(S7). Thus J(f,) C
Q(S,), and we are done.

In the case when f,_; is immediately renormalizable (' € D(B™!). Consider the
interval of monotonicity of f,_1, H = H»(¢") C 5;. By Lemma 4.2, (" € Dy(H ) with
6 = r/2 — O(e), and the claim follows.

Let us now show how to replace S™ by B7. By essentially bounded geometry, the
space ST\ B7 is commensurable with |B7|. Also, S7 is well inside T7 = f.57. Tt
follows that for any 6 > 0, there is an N = N(p,6) such that the N-fold pull-back
of S by f. is contained in (1 4+ 6)B”. By the Schwarz lemma and Lemma 2.2,
J(F2) C D,((1+8)B"), with a p = p(,p).

But for some 6 > 0 (independent of 7) the map f, is linearizable in the 6| B"|-
neighborhood of the fixed point 3,. In the corresponding local chart the Julia set
J(f-) is invariant with respect to f2(/3;)-dilation. Hence further pull-backs will keep
it within a definite sector. O
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