QUASISYMMETRIC ROBUSTNESS OF THE COLLET-ECKMANN CONDITION IN THE
QUADRATIC FAMILY

ARTUR AVILA AND CARLOS GUSTAVO MOREIRA

ABSTRACT. We consider quasisymmetric reparametrizations of the parameter space of the quadratic family. We
prove that the set of quadratic maps which are either regular or Collet-Eckmann with polynomial recurrence of
the critical orbit has full Lebesgue measure, for any such reparametrization.

1. INTRODUCTION

Here we consider the quadratic family, f, = a—2?%, where —1/4 < a < 2 is the parameter. In [AM1], a thorough
understanding of the dynamics of typical (with respect to Lebesgue measure) quadratic maps was obtained. More
specifically, it was shown that a typical quadratic map is either regular (with a periodic attractor) or Collet-
Eckmann (positive Lyapunov exponent of the critical value) with polynomial recurrence of the critical orbit.
The first possibility corresponds to a hyperbolic deterministic setting, with the well known good properties of
hyperbolic systems. The second is a particularly well studied case of non-uniformly hyperbolic chaotic dynamics:
in the 90’s such maps were shown to possess many hyperbolic-like properties like stochastic stability, exponential
decay of correlations and others ([KN], [Y], [BV] and [BBM]). In particular it was possible to answer affirmatively
Palis Conjecture [Pa] for the quadratic family.

It was shown in [ALM] that the parameter space of general analytic families of unimodal maps (with negative
Schwarzian derivative) can be related to the parameter space of quadratic maps through a quasisymmetric
‘holonomy map’. It becomes then feasible to transfer results from the quadratic family to other families, but
there is one obstruction: quasisymmetric maps are not absolutely continuous.

Here we show that the set of “good” parameters has not only full Lebesgue measure, but is resistent to a
quasisymmetric reparametrization:

Theorem A. Consider a quasisymmetric reparametrization of the parameter space of the quadratic family.
The set of parameters which are either regular or Collet-Eckmann:
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has full Lebesgue measure.

Theorem B. Consider a quasisymmetric reparametrization of the parameter space of the quadratic family.
The set of parameters which are either regular or have polynomial recurrence of the critical orbit
In(f"(0)) —In(f"(0))
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has full Lebesgue measure.

In [AM2] those results are used to obtain a proof of the Palis Conjecture for unimodal maps with negative
Schwarzian derivative. Here we give a detailed proof of those results following essentially the sketch provided in
[AM2] (we simplified a couple of arguments), with all estimates worked out. We refer the reader to [AM2] and
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[AM3] for discussions on the heuristics of the approaches in this paper, as well as in the original argument of
[AM1].

2. BASIC BACKGROUND

This section will introduce the basic language of this paper, and corresponds essentially (with minor modifi-
cations) to sections §1 and §2 and parts of §3 of [AM1].

2.1. General definitions.

2.1.1. Maps of the interval. Let f : I — I be a C' map defined on some interval I C R. The orbit of a point
p € I is the sequence {f* ()} We say that p is recurrent if there exists a subsequence n; — oo such that
lim f"*(p) = p.

We say that p is a periodic point of period n of f if f*(p) = p, and n > 1 is minimal with this property. In this
case we say that p is hyperbolic if |Df™(p)| is not 0 or 1. Hyperbolic periodic orbits are attracting or repelling
according to |Df™(p)| < 1 or |Df™(p)| > 1.

We will often consider the restriction of iterates f™ to intervals 7' C I, such that f™|r is a diffeomorphism.
In this case we will be interested on the distortion of f™|r,
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This is always a number bigger than or equal to 1, we will say that it is small if it is close to 1.

2.1.2. Trees. We let € denote the set of finite sequences of non-zero integers (including the empty sequence).
Let Q denote Q without the empty sequence. For d € Q, d = (j1, ..., Jm), we let |d| = m denote its length.
We denote ot : Qg — Q by 0t (j1, -y 5m) = (J1, -+, Jm—1) and 6~ : Qo — Q by 07 (J1, -, Jm) = (J2, -y Jm)-
For the purposes of this paper, one should view €2 as a (directed) tree with root d = () and edges connecting
o7 (d) to d for each d € Q. We will use Q to label objects which are organized in a similar tree structure (for
instance, certain families of intervals ordered by inclusion).

2.2. Borel-Cantelli. We will repeatedly use the following version of the Borel-Cantelli Lemma (Lemma 4.1 of
[AM1]).

Lemma 2.1. Let X C R be a measurable set such that for each x € X is defined a sequence D, (x) of nested
intervals converging to x such that for all x1,z2 € X and any n, D,(z1) is either equal or disjoint to D, (x2).
Let QQp, be measurable subsets of R and qn(x) = |QnN Dy (x)|/|Dn(x)|. LetY be the set of all x € X which belong
to at most finitely many Qn. If Y qn(x) is finite for almost any x € X then |Y| = |X]|.

The following reformulation will be often convenient (Lemma 4.2 of [AM1]).

Lemma 2.2. In the same context as above, assume that we are given sequences Qn,m, m > n of measurable sets
and let Yy, be the set of x belonging to at most finitely many Qn.m. Let gn.m(T) = |Qnm N D (x)|/|Dm(z)|. Let
no(xz) € NU {oo} be such that > ~_ qn.m(x) < 0o for n > no(x). Then for almost every x € X, x € Y, for
n > no(x).

2.3. Quasisymmetric maps. Let k£ > 1 be given. We say that a homeomorphism f : R — R is quasisymmetric
with constant k if for all z and all h > 0

(2.2) 1 < flz+h) — flz) < k.

k= flz) = fle—=h) ~
The space of quasisymmetric maps is a group under composition, and the set of quasisymmetric maps with
constant k preserving a given interval is compact in the uniform topology of compact subsets of R. It also follows
that quasisymmetric maps are Holder.
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To describe further the properties of quasisymmetric maps, we need the concept of quasiconformal maps and
dilatation so we just mention a result of Ahlfors-Beurling which connects both concepts: any quasisymmetric
map extends to a quasiconformal real-symmetric map of C and, conversely, the restriction of a quasiconformal
real-symmetric map of C to R is quasisymmetric. Furthermore, it is possible to work out upper bounds on the
dilatation (of an optimal extension) depending only on k and conversely.

The constant k is awkward to work with: the inverse of a quasisymmetric map with constant k£ may have a
larger constant. We will therefore work with a less standard constant: we will say that h is y-quasisymmetric
(v-gs) if h admits a quasiconformal symmetric extension to C with dilatation bounded by «. This definition
behaves much better: if hy is y1-gs and hso is y2-gs then hs o by is y2y1-gs.

If X CRand h: X — R has a vy-quasisymmetric extension to R we will also say that h is y-gs.

Let QS(7) be the set of y-qs maps of R.

2.3.1. Capacities. If X C R is measurable, let us denote |X| its Lebesgue measure. Let us explicit the metric
properties of y-gs maps we will use.
To each ~, there exists a constant k > 1 such that for all f € QS(v), for all J C I intervals,

k 1/k
1
(2.3) 1 (M) < I (M) ,
kAN [£(D)] ]
Furthermore lim,_; k(y) = 1. So for each € > 0 there exists v > 1 such that k(2y — 1) < 1+ ¢/5. From now
on, once a given 7y close to 1 is chosen, ¢ will always denote a small number with this property.

2.3.2. Capacities and trees. The ~y-capacity of a set X in an interval I is defined as follows:

(WX N D)
(2.4) py(X|I)= sup ————
! he@s(y)  [h(I)]
This geometric quantity is well adapted to our context, since it is well behaved under tree decompositions of
sets. In other words, if I’ are disjoint subintervals of I and X C UI’ then

(2.5) py(X|1) SPW(UJ'IJH)SQPPV(XUj)-

2.4. The combinatorics of real quadratic maps.

2.4.1. Real quadratic maps. If a € R we let f, : R — R denote the quadratic map a — 2. If —1/4 < a < 2, there
exists an interval I, = [3, — ] with § = _1%‘/@ such that f,(I,) C I, and f,(0I,) C dI,. For such values of
the parameter a, the map f = f,|7, is unimodal, that is, it is a self map of I, with a unique turning point. To
simplify the notation, we will usually drop the dependence on the parameter and let I = I,,.

We will now introduce objects related to the dynamics of a fixed quadratic map f.

2.4.2. Return maps. Given an interval T' C I we define the first return map Ry : X — T where X C T is the
set of points = such that there exists n > 0 with f(z) € T, and Rr(z) = f™(z) for the minimal n with this

property.

2.4.3. Nice intervals. An interval T is nice if it is symmetric around 0 and the iterates of 0T never intersect int 7.
Given a nice interval T we notice that the domain of the first return map Rp decomposes in a union of intervals
T7, indexed by integer numbers (if there are only finitely many intervals, some indexes will be corresponded to
the empty set). If 0 belongs to the domain of R, we say that T is proper. In this case we reserve the index 0
to denote the component of the critical point: 0 € T°.

If T is nice, it follows that for all j € Z, Rp(0T?) C OT. In particular, Rr|z; is a diffeomorphism onto T
unless 0 € 77 (and in particular j = 0 and T is proper). If T is proper, Rz |70 is symmetric (even) with a unique
critical point 0. As a consequence, T is also a nice interval. If R7(0) € T, we say that Ry is central. If T is
a proper interval then both Ry and Ryo are defined, and we say that Rro is the generalized renormalization of
Rrp.
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2.4.4. Landing maps. Given a proper interval T we define the landing map Lt : X — T° where X C T is the
set of points = such that there exists n > 0 with f*(z) € T°, and Ly (x) = f"(z) for the minimal n with this
property. We notice that Lp|po = id.

2.4.5. Trees. We will use € to label iterations of non-central branches of R, as well as their domains. If d € ),
we define T¢ inductively in the following way. We let T¢ = T if d is empty and if d = (ji,..., jm) we let
Te = (Rp|psn )N (T° @), We denote R% = R‘jg‘ |7a which is always a diffeomorphism onto 7.

Notice that the family of intervals T¢ is organized by inclusion in the same way as ) is organized by (right
side) truncation (the previously introduced tree structure).

If T is a proper interval, the first return map to T naturally relates to the first landing to 7°. Indeed, denoting
ce = (R%)’l(TO), the domain of the first landing map Lz is easily seen to coincide with the union of the C,
and furthermore Lp|ca = R%. Notice that this allows us to relate Ry and Ryo since Rpo = L1 o Ryp.

2.4.6. Renormalization. We say that f is renormalizable if there is an interval 0 € T and m > 1 such that
f™T) C T and f/(int T) Nint T = () for 1 < j < m. The maximal such interval is called the renormalization
interval of period m, it has the property that f™(0T) C OT.

The set of renormalization periods of f gives an increasing (possibly empty) sequence of numbers m;, ¢ =
1,2, ..., each related to a unique renormalization interval 7Y which form a nested sequence of intervals. We
include mg = 1, T® = T in the sequence to simplify the notation.

We say that f is finitely renormalizable if there is a smallest renormalization interval T*). We say that f € F
if f is finitely renormalizable and 0 is recurrent but not periodic. We let Fj, denote the set of maps f in F which
are exactly k times renormalizable.

2.4.7. Principal nest. Let Ay denote the set of all maps f which have (at least) k renormalizations and which
have an orientation reversing non-attracting periodic point of period my which we denote py (that is, py is the
fixed point of f™|pa with D f™k (px) < —1). For f € Ay, we denote Ték) = [—pk, pr]. We define by induction
a (possibly finite) sequence Ti(k), such that Tl(_f:)l is the component of the domain of R, containing 0. If this
sequence is infinite, then either it converges to a point or to an interval. '

If ﬂiTi(k) is a point, then f has a recurrent critical point which is not periodic, and it is possible to show that
f is not k + 1 times renormalizable. Obviously in this case we have f € Fj, and all maps in Fj, are obtained in
this way: if ﬁiTi(k) is an interval, it is possible to show that f is k + 1 times renormalizable.

We can of course write F as a disjoint union U2, F;. For a map f € Fj, we refer to the sequence {Ti(k)}fil
as the principal nest.

It is important to notice that the domain of the first return map to Ti(k) is always dense in Ti(k). Moreover,
the next result shows that, outside a very special case, the return map has a hyperbolic structure.

Lemma 2.3. Assume Ti(k) does not have a mon-hyperbolic periodic orbit in its boundary. For all Ti(k) there

exists C >0, A > 1 such that if x, f(z),..., f*"'(x) do not belong to Ti(k) then |Df"™(x)| > CA™.

This lemma is a simple consequence of a general theorem of Guckenheimer on hyperbolicity of maps of the
interval without critical points and non-hyperbolic periodic orbits (Guckenheimer considers unimodal maps with
negative Schwarzian derivative, so this applies directly to the case of quadratic maps, the general case is also true
by Mafié’s Theorem, see [MvS]). Notice that the existence of a non-hyperbolic periodic orbit in the boundary of
Ti(k) depends on a very special combinatorial setting, in particular, all Tj(k) must coincide (with [—py, pr]), and
the k-th renormalization of f is in fact renormalizable of period 2.

By Lemma 2.3, the maximal invariant of f| nr® is an expanding set, which admits a Markov partition (since

8Ti(k) is preperiodic, see also the proof of Lemma 6.1): it is easy to see that it is indeed a Cantor set! (except if

1Dynamically defined Cantor sets with such properties are usually called regular Cantor sets.
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i = 0 or in the special period 2 renormalization case just described). It follows that the geometry of this Cantor
set is well behaved: for instance, its image by any quasisymmetric map has zero Lebesgue measure.

In particular, one sees that the domain of the first return map to Ti(k) has infinitely many components (except
in the special case above or if i = 0) and that its complement has well behaved geometry.

2.4.8. Simple maps. A map f € Fy is called simple if the principal nest has only finitely many central returns,
that is, there are only finitely many 4 such that R|,.x) is central.

2.5. Parameter partition. Part of our work is to transfer information from the phase space of some map f € F
to a neighborhood of f in the parameter space. This is done in the following way. We consider the first landing
map L;: the complement of the domain of L, is a hyperbolic Cantor set K; = I; \ UC?. This Cantor set persists
in a small parameter neighborhood J; of f, changing in a continuous way. Thus, loosely speaking, the domain
of L; induces a persistent partition of the interval I;.

Along J;, the first landing map is topologically the same (in a way that will be clear soon). However the critical
value R;[g](0) moves relative to the partition (when g moves in J;). This allows us to partition the parameter
piece J; in smaller pieces, each corresponding to a region where R;(0) belongs to some fixed component of the
domain of the first landing map.

The relation between the partitions on the phase space and on the parameter space can be described, topo-
logically, as follows.

Theorem 2.4 (Topological Phase-Parameter relation). Let f € F,.. There is a sequence {J;};cn of nested
parameter intervals (the principal parapuzzle nest of f) with the following properties.

(1) J; is the mazimal interval containing f such that for all g € J; the interval I;41[g] = Ti(fi lg] is defined
and changes in a continuous way. (Since the first return map to R;[g] has a central domain, the landing
map L;[g] : UC?[g] — I;|g] is defined.)

(2) Ly[g] is topologically the same along J;: there exists homeomorphisms H;[g] : I; — IL;[g], such that
H; [g](Cii) = C’%[g]. The maps H;[g] may be chosen to change continuously.

(3) There exists a homeomorphism =; : I; — J; such that Ei(Cii) is the set of g such that R;[g](0) belongs
to C[g].

The formulation above is the same as Theorem 2.2 of [AM1] (the result itself was known much before).

The homeomorphisms H; and Z; are not uniquely defined, it is easy to see that we can modify them inside
each Cii window keeping the above properties. However, H; and Z; are well defined maps if restricted to K;.

With this result we can define for any f € F, intervals J/ = Z,;(I7) and Jid = Ei(Iii). From the description
we gave it immediately follows that two intervals J;, [f] and J;,[g] associated to maps f and g are either disjoint
or nested, and the same happens for intervals J? or Jg. Notice that if g € Ei(Cf) N F; then Ei(Cii) = Jitlg)-

We will concentrate on the analysis of the regularity of Z; for the special class of simple maps f: one of the
good properties of the class of simple maps is better control of the phase-parameter relation. Even for simple
maps, however, the regularity of =; is not great: there is too much dynamical information contained in it. A
solution to this problem is to forget some dynamical information.

2.5.1. Gape interval. If i > 1, we define the gape interval j:iJrl as follows.
We have that Rl = Li—l o Ri—l = R¢71 o Ri—l for some d, so that I¢+1 = (Ri—l

i 11.)’1((]1%1). We define
the gape interval I, = (Ri,1|11,)*1(Iii_1).

Iita

Notice that I;4+1 C I~¢+1 C I;. Furthermore, for each Iij , the gape interval I~¢+1 either contains or is disjoint
from I f .
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2.5.2. The Phase-Parameter relation. As we discussed before, the dynamical information contained in =; is
entirely given by Z;|k,: a map obtained by Z; by modification inside a C? window has still the same properties.
Therefore it makes sense to ask about the regularity of =;|k,. As we anticipated before we must erase some
information to obtain good results.

Let f € F, and let 7; be such that R;(0) € I". We define two Cantor sets, K] = K; N I]* which contains
refined information restricted to the I" window and K, = I, \ (UIij U I~i+1), which contains global information,
at the cost of erasing information inside each Iij window and in I~¢+1.

Theorem 2.5 (Phase-Parameter relation). Let f be a simple map. For all § > 0 there exists ig such that for all
1 > 19 we have

PhPal: Z;|kr ds 1+ d-gs,

PhPa2: EZ|I~( is 1+ J-gs,

PhPhl: H;lg||k, is 1+ d-qsif g € J]*,

2

PhPh2: the map H;[g]|, is 1+ 6-gs if g € J;.

This result is stated as Theorem 2.3 of [AM1], where a proof is sketched in the Appendix. A full proof is
given in a more general context in [AM4].

3. PRELIMINARY REDUCTIONS AND BASIC SCHEME

3.1. Reduction to the study of simple maps. In [L2] Lyubich has shown that almost every finitely renor-
malizable map is simple, and in [L3] he showed that infinitely renormalizable maps have zero Lebesgue measure.
In [ALM], it is remarked that the proofs of those results actually imply the following:

Theorem 3.1. Consider a quasisymmetric reparametrization of the parameter space of the quadratic family.
The set of parameters which are either reqular or simple has full Lebesgue measure.

Thus we can concentrate on the study of simple maps.

3.2. Language. We will now fix, once and for all, an arbitrary quasisymmetric reparametrization of the param-
eter space of the quadratic family. From now on, all mentions to the parameter space will take into account this
reparametrization (unless specified otherwise). For instance, the previous theorem would now be stated “The
set of parameters which are either regular or simple has full Lebesgue measure”, without any mention to the
reparametrization. Our aim is to replace “simple” by “Collet-Eckmann with polynomial recurrence of the critical
orbit” in this formulation.

The quasisymmetric constant of the fixed reparametrization will be denoted 4. We will fix an arbitrary v > 4.
We let a be a small positive constant only depending on + (it should be smaller than 1/20 of the Holder constant
of 2v-qs maps), and b= a~ 1.

We must change the statement of properties PhPal and PhPa2 of the Phase-Parameter relation (which was
stated with respect to the unreparametrized parameter space). Taking into account the reparametrization we
replace PhPal and PhPa2 by

PhPal’: Ei|K; is y-qgs,
PhPa2’: E|z is y-gs.

We shall fix also the renormalization level k, and consider only maps in A,. Whenever we say that some
property is valid “with total probability”, it will mean that it is satisfied for a set of maps in F, of full Lebesgue
measure. Since there are countably many levels, we can reformulate our aim as showing that the properties
“Collet-Eckmann” and “polynomial recurrence of the critical orbit” hold with total probability.

This will not be done at once: we will show in a sequence of steps that more and more properties are valid
with total probability. Sometimes when proving that a new property has total probability, we will only need
to use that this property is implied by properties that had previously been shown to have total probability.
Sometimes, we will need to use the previous “total probability” properties and still exclude some zero Lebesgue
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measure set of parameters. This will be done always via a Borel-Cantelli argument (either of Lemmas 2.1 or
2.2) coupled with the Phase-Parameter relation. The best way to introduce the argument is by going through
an explicit application.

3.2.1. Ezample: torrential decay of geometry. We will illustrate the use of Lemma 2.1 and the phase-parameter
relation with an estimate on the decay of geometry. More precisely, we will consider the scaling factor
|In+1|
3.1 Cp = .
The scaling factor is a particularly important parameter in the subsequent analysis: all statistical estimates that

follow will be related to ¢,. This variable of course changes inside each J» window, however, not by much.
From PhPh1, for instance, we get that with total probability

In(cp
(3.2) lim  sup In(enlg1])) =
N0 g1 ,92€ 000 ln(cn [92])

One initial information on the scaling factors is provided by the following result of Lyubich:
Theorem 3.2 (see [L1]). If f is simple then there exists C > 0, A < 1 such that ¢, < CA"™.

We will now show that, with total probability, the decay of ¢, is much faster than exponential. To express this
decay, let us consider the tower function defined by the recursion T'(1) = 2, T'(n+1) = 27" We will show that,
with total probability, the ¢, decrease torrentially to 0, that is, there exists & > 0 such that c;;* > T'(n — k) for
n big enough. More precisely, we will show that c;}rl is bounded from below by an exponential of a (bounded)

—1
power of ¢, .

(n)
We start with an estimate in phase space. For z € I, let d™ (z) € Q be defined by z € cd @),

Lemma 3.3. With total probability, for all n sufficiently big we have

(3.3) P (14" (@)] < k|Ly) < (k + 1),
(3.4) oy (14" (@)] > k|L,) < ek,
We also have

(3.5) 2, (14" (2)| < K| I7) < ke,
(3.6) Py (14" (@)] = K|I7) < ek,

Proof. Let us compute the first two estimates.
Since I? is in the middle of I,,, we have as a simple consequence of the Real Schwarz Lemma (see [L1] and
(4.3) in Lemma 4.1 below) that
d
cn  |Chl
3.7 — < — <cp.
(3.7) YT

n

As a consequence
(3.8) P2y (|4 (2)] = mlz € I,,) < (deg)'0".

We get the estimate (3.3) summing up on 0 < m < k.
For the same reason, we get that

Cn

(n) b/10 (n)
(3.9) P2y (4™ @) > mla € 1) < (1 - (%) )pmu (2)] = mlz € 1),
This implies

Cn

(3.10) o (|4 ()] > K|z € 1)) < (1 - (Z)bﬂO)k .
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Estimate (3.4) follows from

Cn b/10 k b/ k b/9\e—b/9\ b/ Leb/9
(3.11) 1- (I) < (1= /o) < (1= b/o)en"yher® < g=hell?
The two remaining estimates are analogous. O

Let us now transfer this result to the parameter. Let s, = |d™ (R,,(0))], so that R, 1(0) = R T1(0).
Lemma 3.4. With total probability, for n sufficiently big we have
(3.12) et < s, <c,b

Proof. For the moment we only know that simple maps have total probability. Thus, fix a simple map and
consider its principal nest J,. By the previous lemma, we have

(3.13) (14" ()] < %21 I) < e,

a/2 is at most cfb/Q. But

By PhPal’, the Lebesgue measure of the set of parameters in J, such that s, < n’
> ? < o (¢, decays exponentially by Theorem 3.2), so we can apply Lemma 2.1 to get that for almost every
simple map we have s, > ¢,* (in the notation of Lemma 2.1, we have taken X as the set of simple maps,
D,, = J™, and @Q,, as the set of parameters such that s, < c;%)2. This implies one of the estimates, the other

being analogous. O

From now on, whenever we need the parameter exclusion argument described above we will only say by PhPal’
or by PhPa2’, and be done with it.
We can now show torrential decay of geometry without any further parameter exclusion:

Lemma 3.5. With total probability, for n large we have

—a/2

(3.14) g > €
Proof. Tt is easy to see (using for instance the Real Schwarz Lemma, see [L1], see also item (4.4) in Lemma 4.1
below) that there exists a constant K > 0 (independent of n) such that for each d € Q, both components of
I{f@ \ I£ have size at least (ef — 1)|I%|. In particular, by induction, if R,(0) € C% we have that both gaps
of Iy \ C2 have size at least (effsn — 1)|C,%|. Taking the preimage by R, and using the Real Schwarz Lemma
again, we see that ¢, < Ce®*"/2 for some constant C' > 0 independent of n. We conclude that

In(c, K
(3.15) lim inf 2Cnt) o K
Sp, 2
and since ¢, — 0 as n — 00, the result follows from the previous lemma. ([

4. INITIAL ESTIMATES

4.1. Fine partitions. We use Cantor sets K,, and K, to partition the phase space. In many circumstances we
are directly concerned with intervals of this partition. However, sometimes we just want to exclude an interval of
given size (usually a neighborhood of 0). This size does not usually correspond to a union of gaps, so we instead
should consider in applications an interval which is union of gaps, with approximately the given size. The degree
of relative approximation will always be torrentially good (in n), so we usually won’t elaborate on this. In this
section we just give some results which will imply that the partition induced by the Cantor sets are fine enough
to allow torrentially good approximations.

The following lemma summarizes the situation. The proof is based on estimates of distortion using the Real
Schwarz Lemma and the Koebe Principle (see [L1]) and is very simple, so we just sketch the proof.

2We used implicitly the fact that for n large we have cn[g] ™% < c;3a/2, see (3.2).
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Lemma 4.1. The following estimates hold:

17
(4.1) % = O(y/en—1),
(42) B _ o e
. |IU+(4)| - Cn—-1),
cn _ |CH
I, .
(44) | |I+|1| _ O(e n—l).

Proof. (Sketch.) Since R has negative Schwarzian derivative, it immediately follows that the Koebe space® of
d. .1 ;d -1
Cy inside I, has at least order c;,

It is easy to see that R,,_1|s, can be written as ¢ o f where ¢ extends to a diffeomorphism onto I,,_o With
negative Schwarzian derivative and thus with very small distortion. Since R,,—1(I}) is contained on some C
we see that the Koebe space of I} in I,, is at least of order c,, / which 1mphes (4.1).

Let us now con81der an interval I%. Let IJ be such that R;, (d)( In) = I]. We can pullback the Koebe space
of I inside I,, by Rn @ 50 (4.1) implies (4.2). Moreover this shows by induction that the Koebe space of I2
inside I,, is at least of order ¢, l ‘/ . Since Ry,—1( n+1) - I _, with |d| = s,,—1, the Koebe space of In+1 in I, is
at least ¢, -l ‘/ , which implies (4.4).

It is easy to see that R%| 4 can be written as ¢ofoRy T ), where ¢ has small distortion. Due to (4.1),

0’+(d |
mn

|1
74 also has small distortion, so a direct computation with f (which is purely quadratic) gives (4.3). [

In other words, distances in I,, can be measured with precision /¢, _1|l,,| in the partition induced by K, due
0 (4.1) and (4.4) (since e™*"—! K ¢p_1).

Distances can be measured much more precisely with respect to the partition induced by K, in fact we have
good precision in each IZ scale. In other words, inside I2, the central gap Cx is of size O(cn|I,%|) (by (4.3)) and
the other gaps have size O(\/m|0%|) (by (4.2) and (4.3)).

4.2. Initial estimates on distortion. To deal with the distortion control we need some preliminary known
results. Those estimates are based on the Koebe Principle and the estimates of Lemma 4.1. All needed arguments
are already contained in the proof of Lemma 4.1, so we won’t get into details.
Proposition 4.2. The following estimates hold:

(1) For any j, if Rn|1£ = f*, dist(fk_1|f(1£)) =1+ 0(¢p-1),

(2) For any d, dist(Rf@h%) =14+ 0(/cn-1)-

We will use the following immediate consequence for the decomposition of certain branches.

Lemma 4.3. With total probability,

(1) Rnlro = ¢ o f where ¢ has torrentially small distortion,

d . . . T
(2) Ri = ¢ 0 fopy where ¢o and ¢y have torrentially small distortion and ¢1 = Ry, @

3The Koebe space of an interval T inside an interval T D T” is the minimum of |L|/|T”| and |R|/|T’| where L and R are the
components of T'\ T”. If the Koebe space of T” inside T is big, then the Koebe Principle states that a diffecomorphism onto T’ which
has an extension with negative Schwarzian derivative onto T has small distortion. In this case, it follows that the Koebe space of
the preimage of T" inside the preimage of T is also big.
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4.3. Estimating derivatives.

Lemma 4.4. With total probability, the distance between R, (0) and 91, U{0} is at least |I,|n~Y2. In particular
R, (0) ¢ I,41 for all n large enough.

Proof. This is a simple consequence of PhPa2’, using summability of n=2 (use (4.4) to get the last conclusion). [

Lemma 4.5. With total probability, for n big enough and j # 0
(4.5) dist(f];) < n"/?.

Proof. Denote by Pa |C,%|/nb/2 neighborhood of C2. Notice that the gaps of the Cantor set K, inside 12 which
are different from C2 are torrentially (in n) smaller then C%, so we can take P2 as a union of gaps of K, up to
torrentially small error.

It is clear that if h is a y-qs homeomorphism then

(4.6) [P\ O] < n?[R(C)]

Notice that if C2 is contained in I} with j # 7, then P2 does not intersect I7». Since the C2 are disjoint,
(4.7) py (L NU(PE\ CH|I) < n™?

which is summable.

Transferring this estimate to the parameter using PhPal’ we see that with total probability, if n is sufficiently
big, if R,,(0) does not belong to C2 then R,,(0) does not belong to P2 as well. In particular, if n is sufficiently
big, the critical point 0 will never be in a n=2|I7_ | | neighborhood of any I/ ,; with j # 0 (just take the inverse
image by Rn|1n+1)' i
Lemma 4.6. With total probability, for all n sufficiently big and for all d,

(4.8) dist(R%) < n® < 2™
In particular, for n big enough, |DR,(x)| > 2, © € Ujol}.

Proof. Lemmas 4.3 and Lemma 4.5 imply (4.8). If j # 0, by (4.1) of Lemma 4.1 we get that |R,(I3)|/|I}] =
|L.) /12| > e M3 so dist(R,[;; ) < 2" implies that for all z € I}, IDR,(z)| > AL SIS} O

n—1 > n—1

Lemma 4.7. With total probability, if n is sufficiently big and if x € I}, j # 0, and R”|If; = K then for
1<k <K, [(DfF(@))] > |ole)_y.

Proof. First notice that by Lemma 4.4 and Lemma 4.3, R, [0 = ¢ o f with |[D¢[ > 1, provided n is big enough
(since ¢ has small distortion and there is a big macroscopic expansion from f(I2) to R,,(I2)). Also, by Lemma 3.5,
|1, decays so fast that []'_, |I,] > ci/_Ql for n big enough. Finally, by Lemma 4.6, for n big enough, |DR,(z)| > 1
for x € I, j # 0. Let ng be so big that if n > ng, all the above properties hold.

From hyperbolicity of f restricted to the complement of I,,, (from Lemma 2.3), there exists a constant C' > 0
such that if sg is such that f*(z) ¢ I3, for every so < s < k then |DfF=%0(f%(z))| > C.

Let us now consider some n > ng. If k¥ = K, we have a full return and the result follows from Lemma 4.6.

Assume now k < K. Let us define d(s), 0 < s < k such that f*(x) € Iy \Ig(s) (if fo(x) ¢ In we set
d(s) = —1). Let m(s) = maxs<;<k d(t). Let us define a finite sequence {k,}._, as follows. We let ko = 0 and
supposing k. < k we let ky41 = max{k, < s < k|d(s) = m(s)}. Notice that d(k;) < n if ¢ > 1, since otherwise
f¥i(z) € I, so k = k; = K which contradicts our assumption.

The sequence 0 = ko < k1 < ... < k; = k satisfies n = d(ko) > d(k1) > ... > d(k;). Let 6 be maximal with
d(ke) > no. We have of course

(4.9) (DR (R (@))] > CIDF(f* ()],
so if @ = 0 then Df*(z) > |2Cxz| and we are done.
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Assume now 6 > 0. We have of course
(4.10) IDf*Fe(f*o ()| > CIDF(f* ()] > Cllary)+1]

For 1 < r < 6, the action of f* ~*r-1 near f*-1(z) is obtained by applying the central component of R, )
followed by several non-central components of Ry, ). Since d(k,) > no, we can estimate

(4.11) D frrke=t (fRr=1(@))| > [DRage,y (f*= (@) > [DF(fF ()]
For r = 1, this argument gives |Df* ()| > |Df(x)|, while for r > 1 we can estimate
(4.12) [DfF =R (fRr=r @) > (D @) > Hage, 4l
Combining it all we get
0 0
(4.13) [Df*(@)| = |DfF(@)|- DR (R @) [T 1D 2 (fF 2 @) > 22] - C - Hagegysa] [T Hage, )41l
r=2 r=2
(4 n
— 12Ca| [T ahy 1] = [2Cal TT 111 > lale? ..
r=1 r=0

5. SEQUENCE OF QUASISYMMETRIC CONSTANTS AND TREES

5.1. Preliminary estimates. From now on, we will need to consider not only +’-capacities with some ' >
fixed, but different constants for different levels of the principal nest. To do so, we will make use of sequences
of constants converging (decreasing) to . Let v, = "TH% Yn = 321%7 Notice that v, > 4, > Yn+1 and
lim~, =lim%y, = 7.

The generalized renormalization process relating R, to R,+1 has two phases, first we go from R, to L,
and then we go from L, to R,y1. The following remarks shows why it is useful to consider the sequence of

quasisymmetric constants due to losses related to distortion.

Remark 5.1. Let S be an interval contained in IZ. Using Lemma 4.3 we have R%| s = 1o o f o1y, where the
distortion of ¥ and 1); are torrentially small and 1 (S) is contained in some I/, j # 0. If S is contained in I
we may as well write R,,|s = ¢ o f, and the distortion of ¢ is also torrentially small.

In either case, if we decompose S in 2km intervals S; of equal length, where k is the distortion of either

R%|S or R,|s and m is subtorrentially big (say, m < 2"), the distortion obtained restricting to any interval
S; will be bounded by 1+ m~!. Indeed, in the case S C I?, we have dist(R,|s,) < dist(¢)dist(f|s,). Now
k = dist(R,|s) > dist(¢) ! dist(f|s). Since f is quadratic,

|5l
|5
Since dist(¢) — 1 is torrentially small, dist(f|s,) < 1+ (2/3)m~! and dist(R,|s;) < 1+ m~'. The case S C
IZ is entirely analogous, considering dist(R%| s5;) < dist(tp2) dist(f|y, (s,)) dist(z1), and using torrentially small
distortion of ¥ and 5. The estimate now becomes

|1 (S5)]
= 1629

and we conclude again that dist(R%| s,) <1+m™L

dist(¢) .

2m

(5.1) dist(f

(dist(f[s) — 1) < %(k dist(¢) — 1) <

- 2km

dist(¢p1)? dist (1))

2m

(st (lpucs) 1) < o) 1 iy () dist () — 1) <

Remark 5.2. We have the following estimate for the effect of the pullback of a subset of I,, by the central branch
Ry |10. With total probability, for all n sufficiently big, if X C I, satisfies

(5.3) ps, (X|I) <6 <n?
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then

(5.4) Prs (Bl 1) H(XO|L) < 67

Indeed, let V be a §'°|1,, 1| neighborhood of 0. Then Rul1,,,\v has distortion bounded by 26 10a,
Let W C I, be an interval of size A|I,|. Of course

(5.5) p5, (X N W|W) < §A~Y/15,

Let us decompose each side of I,,;1 \ V as a union of n/10§=5%/2 intervals of equal length. Let W be such an
interval. From Lemma 4.4, it is clear that the image of W covers at least 6°*n=2%|I,,|. It is clear then that
(5.6) D3 (X 0 Ry (W) R, (W) < §(8%n= )71 < 51/

(using that 6 < n~ ) So we conclude that (since the distortion of R,|w is bounded by 1+ n~2 by Remark 5.1)
(57) Prois (Bal1, ) THX) W) < 02
(
(5.

we use the fact that the composition of a 7,41-qs map with a map with small distortion in 4,-gs). Since

) Drypia (V|Iﬂ+1) < 510(1 )

we get the required estimate.
5.2. More on trees. Let us see an application of the above remarks.

Lemma 5.1. With total probability, for all n sufficiently big
(5.9) P, (B) "M X)) < 27, (X |Ln).

ln(n)

Proof. Decompose I in n!n(™ intervals of equal length, say, {W; Then by Lemma 4.6, |R%(W1)| >

n=2m7 [ |, so we get

(5.10) Do (RE(W;) N X |RE(W;)) < n* M p. (X|I,).
Applying Remark 5.1, we see that
(5.11) Py, (B2 ™H(X) N Wi W) < n* ™ Mp,, (X |1,),
(we use the fact that the composition of a 4,-qs map with a map with small distortion is v,-gs) which implies
the desired estimate. U

By induction we get:

Lemma 5.2. With total probability, for n is big enough, if X1,..., Xm C Z\ {0}

(5.12) P50 (@7 (2) = (1, coes Gims s G (a)))+ Ji € Xiy 1 < i < milI,) 2’”"Hp i (z) € Xi|1,).

The following is an obvious variation of the previous lemma fixing the start of the sequence.

Lemma 5.3. With total probability, for n is big enough, if X1, ..., Xm C Z\ {0}, and if d = (41, ..., jr) we have
(5.13) 5, (A" (2) = (j1s coes Jos woos s oo Jjam (2)))» Jitk € Xiy 1 <0 < m|IZ) < 2mn Hp (G (z) € X;i|I,).
In particular, with d = (1),

(5.14)  p5, (d™ (@) = Ty 1, woes Gims coos o) () ) Ji € Xin 1 < i < m|I7) anHp ) € Xi|L).

The last part of the above lemma will be often necessary in order to apply PhPal’.
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Lemma 5.4. Let Q C Z\{0}. Let Q(m, k) denote the set of d = (j1, ..., jm) such that #{1 < i <m, j; € Q} > k.

Define qn(m, k) = p3, (Ugeqn. It Tn). Let gn = ps, (UjeqIi|In).-
With total probability, for n large enough,

(.15 ) < () @)

Proof. We have the following recursive estimates for g, (m, k):
(1) ¢n(1,0) =1, go(1,1) < gy < 2™qyp, and ¢,(m +1,0) < 1 for m > 1,
(2) gn(m+1,k+1) < gn(m,k+ 1)+ 2"q,q,(m, k).
Indeed, (1) is completely obvious and if (j1, ..., jm+1) € Q(m + 1,k + 1) then either (j1,...,7m) € Q(m,k+ 1)
or (41, Jm) € Q(m, k) and jm4+1 € @, so (2) follows from Lemma 5.1. It is clear that (1) and (2) imply by
induction (5.15). O

We recall that by Stirling Formula,

(2= ()

So we can get the following estimate. For ¢ > g,
1 (6-2")gm
(.17 nlins (- am) < (3)

6. ESTIMATES ON TIME

Our aim in this section is to estimate the distribution of return times to I,,: they are concentrated around
—1 up to an exponent in a bounded range.
The basic estimate is a large deviation estimate and is proven in the next subsection (Corollary 6.5) and states

that for k > 1 the set of branches with time larger then kc2® has capacity less then e~*.

C

6.1. A Large Deviation lemma for times. Let r,(j) be such that R,[; = ). We will also use the

notation 7, (x) = ,(j™ (z)), the n-th return time of = (there should be no confusion for the reader, since we
consistently use j for an integer index and z for a point in the phase space).
Let

(61) An(k) = Py, (7’”(3)) > k‘|$ S In)

Since f restricted to the complement of I,,11 is hyperbolic, from Lemma 2.3, it is clear that A, (k) decays
exponentially with k:

Lemma 6.1. With total probability, for all n > 0, there exists C > 0, A > 1 such that A, (k) < C\*.

Proof. Consider a Markov partition for f|p;, ., that is, a finite union of intervals Mj, ..., My, such that Ui, M; =
I\ L,y1, f|um; is a diffeomorphism for 1 < i < m, and f(U™,0M;) C U™ ,0M;. It is easy to see that such a
Markov partition also satisfies: For every 1 < i < m, either

(6.2) fMy= |J M o f(M)=I..u |J M.

M; C f(M;) M;C f(M;)

(To construct such Markov partition, notice first that the boundary of I, is preperiodic to a periodic orbit ¢
(of period p). In particular we have f*(9I,4+1) = ¢ for some integer s > p. Let K be the (finite) set of all z
which never enter int I,,1; and such that f7 (z) = g for some j < s. Since I,41 is nice, 9,41 C K, and since
s > p, the orbit of ¢ is contained in K. In particular K is forward invariant. It is easy to see that the connected
components of I\ (K U T,41) form a Markov partition of T\ T,,41.)



14 ARTUR AVILA AND CARLOS GUSTAVO MOREIRA

It follows that if f7(z) € U™, int M;, 0 < j < k then there exists a unique interval z € MP¥(z) such that
S¥|arr(z) is a diffeomorphism onto some M;. Notice that if k > 1, f(M*(z)) = M*1(f(z)).

By Lemma 2.3, if y € M*(z), |Df*(y)| is exponentially big in k. In particular, E?;g |fI(M*(x))| < C" for
some constant ¢’ > 0 independent of M*(x). Since f is C?, dist(f|ark(z)) is uniformly bounded in k. Notice
that the bounds on distortion depend on n. (An alternative to this classical argument is to obtain the bounded
distortion from the negative Schwarzian derivative).

By Lemma 2.3 again, the set of points x € I which never enter I,41 has empty interior: for every T" C I
there is an iterate f"(T") which intersects I,,+1 (otherwise the exponentially growing intervals f"(T) C I would
eventually become bigger than I). So there exists r > 0 such that, for every M, there exists x € M; and t; <r
with f% (z) € int ,,11. It follows that there exists an interval E; C M; such that f% (E;) C int [,41.

Fixing some M"(z) with f*(M*(z)) = Mj, let E¥(z) = (f*|am)) ' (E;). By bounded distortion, it

follows that ‘IAJZZ((a;))Il is uniformly bounded from below independently of M¥*(z). In particular, pa,(M*(z) \

Ek(x)|M*(x)) < X for some constant A < 1.

Let M* be the union of the M*(x) and E* be the union of the E*(z). Then M*+" N E¥ = (). In particular,
P2y (M) < Apoy (MP7T).

We conclude that pa, (MF*|I,,) < CAF/" for some constant C' > 0. If k& > r,,(0), then M* N I,, contains the set
of points = € I,, such that f/(x) ¢ I,, 1 < j <k, that is, all points = € I, with r,,(z) > k. Adjusting C and \ if
necessary, we have A, (k) < CAF. O

Let ¢, be the maximum ¢ < ¢,_ such that for all £ > ¢~! we have
(6.3) Ap(k) < e ¢k

and finally let o, = minj<pm<n Gm.
Let l,,(d) be such that L[4 = Fi(@ . We will also use the notation I, (z) = I,,(d™ (). Let us define

(6.4) B (k) = ps, (In(x) > k|1,,).

(6.5) By (k) = p5, (In(z) >k +rn(70) [ 17").
Lemma 6.2. If k > c;b/Qa;b/Q then

(6.6) Bn(k) < e=ci>ou%k,

(6.7) BT (k) < e "al k.

Proof. Let us first show (6.6), the proof of estimate (6.7) being analogous.

Let k > ¢x”2a5,%? be fixed. Let mo = o2/ k.

Notice that by Lemma 3.3

(6.8) 5, (1™ (2)] > molx € I,) < e~en "ol k.
Fix now m < myg. Let us estimate
(6.9) 5. (Id™ (2)] = m, 1 (2) > klz € I,,).

For each d = (j1, ..., jm) associated to a point in this set, we can associate a sequence of m positive integers
r; such that r; < r,(j;) and > r; = k. The average value of r; is at least k/m so we conclude that

(6.10) > o> k2
r;>k/2m
Recall also that
k 1 1
(6.11) — > ———>aq,
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Given a sequence of m positive integers r; as above we can do the following estimate using Lemma 5.2

(6.12) p5, (d™ (@) = (1, oer dim)s T (Gi) = 7il L) < 27 [] Py (@) 2 15010) <27 [ Py (rn(@) > 75|10)
Jj=1 T >an?t
< gmn H e~ anTj < 2mne—ank/2.
rj>k/2m
The number of sequences of m positive integers r; with sum k is

(6.13) (k;ndl> gﬁ(wrm—l)m*lg%(/wm)mg (%)m

Notice that (since z'/% is decreasing for = > e)
m n+3 - Zl+3 k2nt? n+3 7213 k2nts n+3\ Mo
() ()
m m mo ozn/
So we can finally estimate
2ek\™ -
(6.15) s, (147 ()] = m, 1o (2) > K|z € I,) < 2™ (i) emonk/2 < (el VT = g)ank,
m

. . In(m
Summing up on m we get (since (k o) < <)

(6.16)  ps, (|d™ (@)] < mo, l(x) > klz € I,) < moelon’ ™ =2)ank < (ol el VT —g)ank < o—ank/3,
As a direct consequence we get

(6.17) Bo(k) < e—onk/3 1 g=elta/?h o o—ei/?al%k

concluding the proof of (6.6). O
Let v, = r,(0) be the return time of the critical point.

Lemma 6.3. With total probability, for n large enough,

(6.18) Ungr < €3/ 3/4,

Proof. By the definition of «,, and PhPa2’, it follows that with total probability, for n large enough,
(6.19) ra(ma) < epliagt.

Recall that d™ (0) is such that R, (0) € C%(")(O). Using Lemma 6.2, more precisely estimate (6.7), together
with PhPal’, we get with total probability, for n large enough,

(6.20) Lo(d™(0)) = 10 (1) < na /2304,
and thus
(6.21) Upg1 < n 4 et yant +nag e 3 <y, a3 e 30 4

Notice that «,, decreases monotonically, thus for ng big enough and for n > ny,

n—1
(6.22) On < g+ 3 0y A 4 < vy + a3,
k=no

which for n big enough implies v, 1 < CZBbMa;SbM,

Lemma 6.4. With total probability, for n large enough,

(6.23) any1 > min{a?? 2},

noyn
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Proof. Let k > max{a;?®,c;2*}. From Lemma 6.3 one immediately sees that if r,,41(j) > k then Rn(IZH) is

n
contained on some C’% with 1,(d) > k/2 > aﬁb/chLb/z.
Applying Lemma 6.2 we have By, (k/2) < e e/ *h/2,
Applying Remark 5.2 we get A,,41(k) < e—kar/?ei/?a?/2 o o—kmin{alcl'} O
Since ¢,, decreases torrentially, we get

Corollary 6.5. With total probability, for n large enough o1 > c2°.

6.2. Consequences. The lemma below contains the basic estimates on return times that we will need (and also
contains estimates already proved).

Lemma 6.6. With total probability, for all n sufficiently large we have

(6.24) i (ln(z) < ¢ %|lz € I) < CE_S, with s > 0,
(6.25) i (ln(z) < ¢ %lx € IT™) < CE_S, with s > 0,
(6.26) Pin (Un(z) > ¢, %z € 1) < efcl;l_s, with s > b,
(6.27) DPin (Un(z) > ¢, %le € IT) < e*cz_s, with s > b,
(6.28) Py (rn(@) > ;% w € I,) < et with s > 2b.
Moreover we also have

(6.29) ra(ma) < .2,

(6.30) <, < c;fblm,

(6.31) c;f/lz <In(c;t) <.

Proof. The estimate from above in (6.30) is given by Corollary 6.5 together with Lemma 6.3, while the estimate
from below is contained in Lemma 3.4 (since v, > s,_1). Estimate (6.28) is Corollary 6.5.

Estimates (6.24) and (6.25) are contained in Lemma 3.3 (it is enough to use that I, (z) > |d™ (z)]).

Estimate (6.26) follow from Lemma 6.2 and Corollary 6.5.

Estimate (6.28) implies (6.29) by application of PhPal’. Using also the estimate from above in (6.29) one also
gets estimate (6.27).

The estimate from below on (6.31) is given by Lemma 3.5. Notice that |R,, (I4+1)| > 27"|I,,| (by Lemma 4.4),
and since |Df]| is bounded (by 4) this implies 4|, 41| > 27"|I,,| which gives ¢, > 27747~ So the estimate
from above in (6.31) follows from the estimate from above in (6.30). O

7. SOME KINDS OF BRANCHES AND LANDINGS

7.1. Standard and fast landings. Let us define the set of standard landings at time n, LS(n) C €2 as the set
of all d = (j1, ..., jm) satisfying the following:
LS1: c;a4/2 <m< c;2b4,
LS2: r,(j;) < C;Eb; for all 4.
We also define the set of fast landings at time n, LEF(n) C Q by the following conditions
LF1: m§c5a4/2. .
LF2: (=LS2): 7,(ji) < ;%4 for all i.
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Lemma 7.1. With total probability, for all n sufficiently big,

(7.1) ps, (d™ (2) ¢ LS(n)|x € 1,) < ¢4 /3 /2,
(7.2) (d(”> (x) ¢ LS(n)ULF(n)lz € I,) < c32/2,
(7.3) 5, (A (2) ¢ LS(n)|w € I7) < ¢ /*/2,
(7.4) p%( d™(z) ¢ LS(n) U LF(n)|z € I'") < ™ /2.

Proof. Let us start with the first two estimates.

(LS1) A simple application of (6.24) and (6.26) allows to estimate ps, (|d™ (x )| > 2" or [d™ (z)] < cZ4/2|In)
and shows that the set of landings violating LS1 has #,-capacity bounded by cQa / 5
(LS1+LF1) An application of (6.26) allows to estimate p%(|d(")( )| > c%b |In) and shows that the set of

landings violating both LS1 and LF1 has 4,-capacity bounded by 6"2 /10.
ol

(LS2=LF2) An application of (6.28) gives ps, (rn(x) > 073b |1,) < e Cnlt Using Lemma 5.1, this implies
that the set of landings violating LS2 and satisfying either LS1 or LF1 (so that |d| < ¢, 26" has ,-capacity
bounded by 2"c;2b4p% (rn(x) > 6736 |I,) < 622/10.

Putting those estimates together gives the first two estimates. To get the last two estimates, we proceed in
the same way for estimating LS1 and LS14+LF1. The estimate of LS2=LF2 follows the same lines with one
extra ingredient: we have to be careful since if r,(7,) is very large then automatically LS2 is violated for every
d which starts by 7,,. But this was taken care by estimate (6.29), and with this observation the estimates are
the same. (]

7.2. Very good returns, bad returns and excellent landings. For ng,n € N such that n > ng, define
the set of very good returns, VG(ng,n) C Z \ {0} and the set of bad returns, B(ng,n) C Z \ {0}, by induction
as follows. We let VG(ng,no) = Z \ {0},B(ng,no) = 0§ and supposing VG(ng,n) and B(ng,n) defined, we
then define the set of excellent landings LE(ng,n) C LS(n) as the set of all standard landings d = (41, ..., jm)
satisfying the following extra assumptions

LE1: Forall ¢;20 <k <m, #{1 <i<k, ji ¢ VG(no,n)} < (6-2")ca" |k,

LE2: For all ¢, /™ < k <m, #{1 <i <k, j; € B(ng,n)} < (6-2")c"_,k.

We then define VG (ng,n+ 1) as the set of j € Z\ {0} such that R, ( n+1) C2 with d € LE(ng,n) and such

that:

VG: The distance of IJJrl to 0 is bigger than ¢ |I,,41].
And we define B(ng,n + 1) as the set of j ¢ VG(ng,n + 1) such that R, ( n+1) C% with d ¢ LF(n).

Lemma 7.2. With total probability, for all ng sufficiently big,

(7.5) P (G (@) ¢ VG(no,n)|a € I,) < &,

(7.6) P, () (2) € B(no,n)|z € I,) < 2",

(7.7) P, (d™(z) ¢ LE(no,n)|z € L,) < 2*'/°,

(7.8) 5, (d"™ (z) ¢ LE(no,n) U LF(n)|z € I,,) < ci
(7.9) ps, (d™ () ¢ LE(ng,n)|x € IT") < 2'/5.

Proof. The argument is by induction: if for a given value of n we have (7.5) and (7.6) (this holds trivially for
n = ng), we will show that we also have (7.7), (7.8) and (7.9), and this in turn implies that (7.5) and (7.6) hold
for n + 1.
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Assuming the validity for a given value of n of (7.5) and (7.6) we can estimate the 4,-capacity of the set of
landings which fail LE1 or LE2 using the techniques of §5.2 as follows:

(LE1) We use estimate (5.17). Setting ¢ = ¢2° | we see that the set of landings which fail LE1 for a specific
value of k > ¢2’| is bounded by 2-(¢2")9%  Summing up on k > ¢2’, we get the upper bound ¢ /10.

(LE2) We use estimate (5.17) again, setting this time ¢ = ¢'_;. The upper bound we get using the same
argument as before is ka;l/n 2~ (6:2M)ak < cﬁ2/10.

Those estimates imply (7.7) and (7.8) (it is enough to use (7.1) and (7.2)). An analogous argument shows
that (7.5) and (7.6) imply (7.9).

To see that the validity of (7.7) and (7.8) for n implies the validity of (7.5) and (7.6) for n+ 1 is just a matter
of applying Remark 5.2 (notice that condition VG is quite weak: it excludes a set of branches of 7,,41-capacity

2
at most ¢y, /a). O
This translates immediately (using the measure-theoretical argument of Lemma 2.2) to a parameter estimate
using PhPa2’:
Lemma 7.3. With total probability, for all ny big enough, for all n big enough, 1, € VG(ng,n).

Lemma 7.4. With total probability, for all ng big enough and for all n > ng, if j € VG(ng,n + 1) then

4p* —2p* —4b*
S Cn cnfl ’

(7.10) 05“4/2 <m < rpy1(j) < me,,

n—1

where as usual, m is such that Rn(IZH) =C% andd = (J1s ey Jm)-

Proof. We have c;a4/2 <m< c;2b4 by LS1, while m < r,,41(j) is obvious. We get r,41(j) < mc;fb; from LS2
and (6.30). O

Lemma 7.5. With total probability for all ny sufficiently big, if n > ng, and if j ¢ VG(ng,n) U B(ng,n) then
(i) < ey ey
Proof. Indeed, if j ¢ VG(ng,n) U B(ng,n) then R,,_1(IJ) € LF(ng,n — 1). The estimate follows since a branch
in LF(ng,n — 1) has time bounded by c;fi/zcgfb; (using LF1 and LF2) and v, < 05342 (using (6.30)). O
Lemma 7.6. With total probability, for all ng big enough and for all n > ng, the following holds.

Let j € VG(no,n+ 1), as usual let Rn(IZH) CcClandd= (J1, s Jm)- Let my be biggest possible with

mp
(7.11) vn+ > (i) <k
=1

(the amount of full returns to level n before time k) and let

(7.12) Be= Y. (i)

1<i<my,
Ji€VG(nog,n)

a®/3 Zf

(the total time spent in full returns to level n which are very good before time k). Then 1 — B—k’“ < c,q

k> 052/".

Proof. Let us estimate first the time 75 which is not spent on non-critical full returns:
M

(7.13) ik =k—=>_ ra(j)-
j=1

This corresponds exactly to v, plus some incomplete part of the return j,,_ ,. This part can be bounded by

cgi + c,_ﬁbf (use (6.30) to estimate v, and LS2 to estimate the incomplete part).



QUASISYMMETRIC ROBUSTNESS OF COLLET-ECKMANN 19

Using LS2 we conclude now that

(7.14) my > (k—c; ) > e t/m
so my is not too small.
Let us now estimate the contribution hj from bad full returns j;. The number of such returns must be less
4
than cn/zlmk by LE2 and the estimate on my. By LS2 their total time is at most c(”/ = e < .
The non very good full returns on the other hand can be estimated by LE1 (ubmg (7.14)): they are at

8
most cia 1/ *my. So we can estimate the total time I; of non very good or bad full returns (with time less then
c;a1/2 746 by Lemma 7.5) by
8 4
(7.15) cia_l/?’c;alﬂc%b;mk,

while B can be estimated from below by

4
(7.16) 11— {3)c;f1/2mk.
It is easy to see then that iy /8r < Cn 1, hi/Br < c . We also have é" < 2ca /2 So “‘Jrgi"*l’“ is less then
cnfl.Slncezk+hk+lk+ﬁk:kwehavel—@<““+2‘7’“+l"< 2/13 O

7.3. Cool landings. Let us define the set of cool landings LC(ng,n) C LE(ng,n), no,n € N, n > ng as the set
of all excellent landings d = (j1, ..., jm ) satisfying

LC1: j, € VG(ng,n), 1 <i<c¢, a/2
LC2: Forall ¢, /% < k <m, #{1 <i<k, jid VG(no,n)} < (6-27)c 2k,
LC3: For ¢, "3 <k <m, #{1 <i<k, j; € Blng,n)} < (6-2")c"/" k,
LC4: j; ¢ B(ng,n), 1 <i<c, "
As usual we obtain:
Lemma 7.7. With total probability, for all ng sufficiently big and all n > ng,
aB
(7.17) Py, (" (@) ¢ LO(no, n)l € L)) < )}
and for all n big enough
(7.18) ps, (A (2) & LC(no,n)|w € I70) < /2.

Proof. We follow the ideas of the proof of Lemma 7.1. Let us start with the first estimate. Notice that by

Lemma 7.2 we can estimate the 7,,-capacity of the complement of excellent landings by 2 e

below indicate what is lost going from excellent to cool due to each item of the definition:
(LC1) This is a direct estimate analogous to LS2. By Lemma 7.2, the ~,-capacity of the complement of very

. The computations

good branches is bounded by cfls_l, so an upper bound for the 7,- capacity of the set of landings which do not

8
start with ¢, 1/ 2 very good branches is given by 2"cff, o / t / 3,

(LC2) In order to estimate the set of landings Violating LC2 we use the ideas of §5.2. The relevant estimate
8

is (5.17): setting ¢ = ¢/ / 13 and using Lemma 7.2, we see that the 4,-capacity of the set of landings violating

8

/2

¢ /% is bounded by 27(62")9% and summing up on k we get the upper bound

LC2 for a specific value of k > ¢
Ek> —(18/2 2-(6:2")ak Ca /3

(LC3) The same argument of LC2 (setting ¢ = ¢/% ) gives the upper bound D kse —n/a 2-(6:2")ak o (n*

(LC4) An argument analogous to LC1 gives the upper bound 2" n"{QCQn <L ep_ .
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Those imply the first estimate. To get the second estimate we argue in the same way: we only need to use
Lemma 7.3 to guarantee that 7,, € VG(ng,n) (this avoid problems with LC1 and LC4). O
Using PhPal’ we get
Lemma 7.8. With total probability, for all ny big enough, for all n big enough we have R, (0) € LC(ng,n).

Lemma 7.9. With total probability, for all ng big enough, for all n > ng, d = (j1,...,Jm) € LC(ng,n), and
1 < s <m we have

(7.19) S ml) = -2 Y.

1<i<s,

jiEVG(’I’LQ,n)
Proof. From LC1, LC2 and Lemma 7.5 we have
(7:20) ST ral) <620 st Pty < el et s,

1<i<s,
Ji€V G(no,n)UB(no,n)
and from LC3, LC4 and LS2 we have
. ™ (7:) < (6- sc o7 <s,
(7.21) D i) < (6-2Me Gse,
1<i<s,

Ji€B(no,n)
while from LC1, LC2 and Lemma 7.4 we have
(7.22) ST ) = (=626 Dse, ) = 2ot s,

1<i<s,
Ji€VG(no,n)

and the result follows from (7.20), (7.21) and (7.22). O

8. PROOF OF THEOREM B

We must obtain, with total probability, upper and lower (polynomial) bounds for the recurrence of the critical
orbit. It will be easier to first study the recurrence with respect to iterates of return branches, and then estimate
the total time of those iterates.

Lemma 8.1. With total probability, for n big enough and for 1 < i < sy,
In |R? (0)] 3 In(%)

8.1 D e 1+ —— .

®.1) In(cp—1) 1n(c;i1)

Proof. From Lemma 4.4, we have

In|Ra(0)] _ In(27"|1n])

Inc,_1 Inc,_1

<2

(8.2)

and the result follows for ¢ = 1. Let X C I, be a cbB 1 neighborhood of 0. For n big, we can estimate % < cflg:f.

Let us show that R (0) ¢ X for 2 <i < ¢, ?,. This requirement can be translated on R,,(0) not belonging to a
certain set Y C I,, such that

(8.3) y= | ®Hx).
1<|d|<e, 4

It is clear that

(8.4) py(Y]I7) < ¢, BT/ < '3

Cp—1-
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Applying PhPal’, the probability that for some 2 < i < c 2, we have |R? (0)] < cb is at most ¢ 3, which is

summable. This implies the result in the range 2 < < ¢

n— 1’
n— 1

For j > 0, let X; C I,, be a ¢&"""” neighborhood of 0. Let K be maximal with Xx O I41. Let Y; C I,, be
such that

(8.5) Y= U (R)~H(X;).

7b47 71,4(_7‘*'1)

Cn—1 <‘d|<

By Lemma 4.4, it is clear that no X intersects I]». Thus we can estimate

Tn _pt+D) b4(7+2) 2 pa+1)
(86) pV(}/;|In )— Cn—1 Cn—1 < Cn—1
and
K 00 "
j
(8.7) p(UYI) <Yty <2enn
§=0 J=0

Applying PhPal’, with total probability, the critical point does not belong to Uf( oYj. This means that for

0<j <K and forc bl <i<c? (” ) , Ri(0) ¢ X;, which implies |R? (0)| > ¢ b4(J+ ' This concludes the proof
of the result in the range ¢, %, < i < c,:b41(K+1).

To conclude the result in the remaining case ¢, b4(K Y < s, we notice that |R: (0)| > |1,]/2 > | Xk11]/2,
0
(8.8) In |R;,(0)] < In | Xpiq]/2 < BAE3) < 1n(_z'1)
In(cp-1) Inc,_1 In(c, ')
which gives the required estimate. U

For 1 <i < s,, let k; such that Rl |, ., = f*.

Lemma 8.2. With total probability, for n big enough and for 1 <i < s,,

ln(k ) a* In(7)
o ) 3 (1 " i n) |

Proof. Let us first assume that c;ll < i< sp,. By Lemma 7.8, R,,(0) belongs to a cool landing, and by LC2 we
get

(8.10) ki ot

which clearly implies the required estimate.
Using (6.30), we see that k; > v, > ¢, *,. Thus for 1 <i < ¢, ', we have

In k; a* In<
8.11 >a>— |1+ ;
(8.11) Inc, ', ~ 3 < lncn11>

which gives the result. O

Considering |R,(0)| = |f"~(0)|] < ¢n—1 and using v,, < b we get
n—1

(8.12) lim inf 2O S

n— o0 n n) -
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Let now v, < k < vppr. If [£5(0)| < k32" we have f*(0) € I, and so k = k; for some i. It follows from
Lemmas 8.1 and 8.2 that |f*(0)| > k30" Thus

(8.13) tim sup — O g2

n—00 In(n)
9. HYPERBOLICITY
For j # 0, we define

Lemma 9.1. With total probability, for all n sufficiently big, A, > 0.

. Ap = inf A\, (7).
inf (J)

Proof. By Lemma 2.3, there exists a constant A > 0 such that each peridic orbit p of f whose orbit is entirely
contained in the complement of I,,y; must satisfy In|Df™(p)| > A,m, where m is the period of p. On the
other hand, each non-central branch R,|[;; has a fixed point. By Lemma 4.6, dist(R,[;;) < 2" and of course

limj_o 7n(j) = 00, so we have liminf; ..o A\n(j) > MAn. On the other hand, for any j # 0, A\,(j) > 0 by

Lemma 4.6, so \,, > 0. O
Lemma 9.2. With total probability, for ng big enough, we have:
14 2non
(9.2) If n > ng and j € VG(ng,n) then A\, (j) > )\no%,
=2 In(|Df* 14 2no—nts 2
(9.3) If n>ng, j € VG(no,n) and ¢\" " <k <r,(j) then i;ljf n( kf D > Ang + 5 - R

Proof. Let us prove that if (9.2) holds for a certain value of n > ng then (9.3) and (9.2) hold for n + 1. This
implies the result by induction, since the definition of A, implies that (9.2) holds for ng. Fix j € VG(ng,n+1)
and define
In|Df*
(9.4) ay = inf M’
z€l} k

and let us consider values of k in the range <k < rn+1(4) (notice that r,11(5) > en?/™ by Lemma 7.4).

We let Rn(IZH) cCld= (j1, .- jm)- Notice that by (6.30), v, < cgi < k. Let us say that j; was
completed before k if v, + r,,(j1) + ... + . (Ji) < k. Define
(9.5) qr = inf In|DfE" o f7(z)]

chC%

where r = vy, + 1, (j1) + ... + 7 (Jm,,) With jp,, the last complete return. By Lemma 4.7 we have

5
—qr _ —Incye,

1 2/n
(9.6) RS o </

Let us show that |DR,(x)| > 622 ifz e IfLH. Indeed, by Lemma 4.3, DR, |;,,, = ¢ o f, where ¢ has small
distortion, so by Lemma 4.4,
| Ry (In+1)| 27" (1|

while by VG, |Df(z)] = |22] > ¢ |Iit1|, so [DR,(2)| > ¢’
Notice also that using Lemma 4.6, for any mo < m, the derivative of R in C2 is at least 2™0. So for
4 .
mo = c,2 we have that the derivative of R™*! in I’ is at least 1. Moreover, still by Lemma 4.6 any

complete return (even if not very good) brings in some expansion.
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Notice that from LS2
mo
. —2p* —3p*
(9.8) ko = Zrn(]z‘) <c,tieny <k,
i=1

so we can use Lemma 7.6 and get

B = ko Ang (L4207 =g _ Anp (L4277 —gy

k 2 k.~ 2 k-
This and (9.6) give (9.3) for n + 1. If ¥ = ry,11(J), gx = 0 which gives (9.2) for n + 1. O

(9.9) agp >

10. PROOF OF THEOREM A

We must show that with total probability, f is Collet-Eckmann. The argument given here is slightly different
from the one in [AM1] and the one sketched in [AM2] (here we use Theorem B to get some estimates, which
makes the argument slightly shorter). Let

_ In|DA(f(0))]
B .
Let d™ (R, (0)) = (ji, ..., js, ). By Lemma 9.2, each very good return has a definite hyperbolicity by (9.2),
while, by Lemma 4.6, each return which is not very good brings some (possibly weak) expansion. Thus, for
1 < s < s, and for n large, Lemma 7.9 implies

(10.1) ag

In|DR: (R, (0))] 9 14 2m0—m 1+ 2mo—n-1
10.2 — il S (1 - 272, " :
(10.2) S Gio) ( )Ang—— o 5
In particular,
v, — 1 1 4 2no—n—1 Un+1 — Un
10.3 i1 2 Ay, 1 ———— + Ap .
(10:3) Gonpr=1 2 Gun =13, T T AT Un1 — 1
Iterating (10.3) implies that for n large we have
1 27L0—TL—1
(10.4) Ay, —1 > )\no%.
Ifv,—1<k<vy+1 —1,let 0 < myg < s, be maximal such that
mp
(10.5) th=vn— 14> (i) <k.
i=1
By (10.2) and (10.4) we have
Dft -1 In|DR™ (R, T 7 (i 14 2no-n=1
00 SO =1, WIDRI(RLO)| S ) | 1 |
Uk e > ici rn(di) Uk 2
Notice that if £ > 272" then k—t;, > cr_:/f (since k > vp,—1 > ¢, %1 —1), 80 70 (Jmp+1) > k—ti > c;fic;fb;,

and we have jm,4+1 € VG(ng,n) U B(ng,n) by Lemma 7.5. This in turn implies that jn,,,+1 € VG(no,n):
since k — tr < rp(Jmpt1) < C;Eb; (by LS2), if jm,+1 € B(no,n) then by LC4, k > mp +1 > c;f{z
—k*kt’“ < 7T"(]’Zk+l) < 02/731 < 2727 a contradiction.
Define g = In |D fF=t(f+1(0))|. By Lemma 4.7 and by Theorem B, we have
—aqr _ —In(If*TH0)]e; 1) _

(10.7) — < - <,
since | ft<+1(0)| > k= for some C' > 0. Thus, if 2% < 272" we have by (10.6)
B o)

2 k— 27

, SO

t
(10.8) ak = 7 Ang
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If £tk > 2727 we have ji,+1 € VG(ng,n), so we can apply (9.3) and conclude that

qk 1+ 2n07n+% 2/(n—1) )\no

10. > A — > 2o

( 0 9) k _ tk — 0 2 C’I’L*l — 2
which implies, using (10.6) again,

tr 1+ 2no—n—1 k—tr qx An

10.10 > =\ > 20

(10.10) =TT g k k—t,— 2
Thus a; > )‘% for v, — 1 <k < v,41 — 1, for all n sufficiently large, which implies that f is Collet-Eckmann.
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