UNIQUE ERGODICITY OF HARMONIC CURRENTS ON
SINGULAR FOLIATIONS OF P?

ABSTRACT. Let F be a holomorphic foliation of P2 by Riemann surfaces. As-
sume all the singular points of F are hyperbolic. If F has no algebraic leaf,
then there is a unique positive harmonic (1, 1) current 7" of mass one, directed
by F. This implies strong ergodic properties for the foliation F. We also study
the harmonic flow associated to the current T

John Erik Fornzess® and Nessim Sibony

1. INTRODUCTION

Let F be a holomorphic foliation of the complex projective space P2. Our purpose
is to study the ergodic properties of F, using the theory of harmonic currents as
developed by the authors in [8].

We first recall a few facts. Let m : C3 — P? denote the canonical projection. The
foliation 7*F can be defined in C3 by a global 1—form wg = ay (z)dz1 + az(x)dzs +
as(z)dxs where the a;j(z) are homogeneous polynomials of the same degree ¢ > 1
without common factors. Moreover since every line through the origin is in the
kernel of wy, they satisfy the condition > x;a;(z) =0

The degree of F is by definition deg F = d :=deg d — 1. It represents the number
of tangencies of a generic line L, with F. Let Fol(d) denote the space of foliations
of degree d. The space of coefficients of 1 forms of degree § is a projective space.
The subspace given by > x;a; = 0 is a linear subspace, so also a projective space.
The subspace of 1 forms of degree § of the form H\ where H is a homogenous
polynomial of degree 0 < ¢’ < § and X is a 1— form of degree 6 — §’ is an algebraic
subvariety. So together this gives that Fol(d) is the complement of an algebraic
subvariety of some PV. It follows from the Bézout theorem that the foliation F
has a finite number of singularities bounded uniformly by some function of the
degree. If in a coordinate chart U, F is defined by w1 = a(z, w)dz+ (2, w)dw, then
sing(F)NU = {a = 3 = 0}. We can assume that all the singular points are in the

same C?, {p; = (o, Bj)}<n-

Definition 1. Suppose there is a change of coordinates around p; sending p; to
0 and such that wo(z,w) = zdw — Awdz + O(z,w)? where A\ = a + ib and b is a
nonzero number. We say in this case that the singularity is hyperbolic and that we
are in the Poincaré domain. If A is real we say that the singularity is in the Siegel
domain.

The following is a classical fact due to Poincaré, see [5].
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Theorem 1. Suppose that the singular point is hyperbolic. Then there is a local
biholomorphic change of coordinates so that the form wq in these coordinates can be
written wo = zdw — Awdz (with the same \).

We remark that the form wy is invariant under scaling except for multiplication
by a constant which of course does not affect the zero set. Hence we can assume
that the linearization is valid in a fixed large ball, in particular in a neighborhood
of the unit bidisc.

The following result is due to Lins Neto, Soares [11] (we give only the two di-
mensional version, their result is also valid in P¥).

Theorem 2. There exists a real Zariski open subset H(d) C Fol(d) such that any
F C 'H satisfies:

i) F has ezactly (dQTj)! hyperbolic singularities and no other singular points.

it) F has no invariant algebraic curve.

The global behavior of foliations is not well understood. It is unknown whether
every leaf of a given foliation F, clusters at a singular point. This problem, known
as the problem of existence of a minimal exceptional set is discussed in [6] and [2] for
example. It is conjectured in [10] that a generic holomorphic foliation by Riemann
surfaces in P has dense leaves. Recently Loray and Rebelo [12] have constructed
non empty open sets of holomorphic foliations by Riemann surfaces in P* such that
every leaf is dense.

L. Garnett [9] has introduced the notion of harmonic measure for smooth folia-
tions (without singularities) of a compact Riemannian manifold. She studied their
ergodic properties. The article by Candel [4] contains a recent approach to that
theory. In [8] the authors have shown that a C! laminated set without singularities
carry a unique harmonic current of mass 1 directed by the lamination. Very recently
Deroin and Klepsyn [7] developed the theory of diffusion on transversally conformal
foliations and they showed that there are only finitely many harmonic measures.

For holomorphic foliations (with singularities) of P? the following analogue was
proved in [1]. It is valid for laminations by Riemann surfaces with a small set of
singularities, see [1] and [8].

Theorem 3. Let F be a holomorphic foliation of P2. There exists a positive current
T on P2%, of bidimension (1,1) and mass 1 which is harmonic, i.e. 09T = 0.
Moreover in any flow box B, (without singular points) the current can be expressed
as

T = / halValdu(a).

The functions ho are positive harmonic on the local leaves V,, and u is a Borel
measure on the transversal. The function H : B — RT, Hy, = hea ts Borel
measurable.

Observe that if F is defined in B by a smooth form wy, then T'Awy = 0. We will
say that the current is directed by F.

A theory of intersection of positive harmonic currents of bidegree (1,1) is de-
veloped in [8]. The main purpose of the present article is, using that intersection
theory, to prove:
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Theorem 4. Let F be a holomorphic foliation in P? without algebraic leaves. As-
sume that all singular points of F are hyperbolic. Then there is a unique positive
harmonic current T of mass one, directed by F.

A consequence of Theorem 4 and of results from [8] is that the foliations F with
only hyperbolic singular points are uniquely ergodic in a very strong sense, see
Corollary 1. We will show a similar uniqueness result for some classes of foliations
with non hyperbolic singularities, see Remark 2, page 56.

Observe that under the assumption of Theorem 4 there is no non zero positive
closed current directed by F, see [8] and Brunella [3] for a general discussion of
closed cycles on foliations by Riemann surfaces.

The intersection theory of positive harmonic currents in [8] is valid on compact
Kihler manifolds. We just recall a few facts restricting to P2.

Let T be a positive harmonic current of bidegree (1,1) in P2, i.e. i909T = 0. Let
w denote the standard K#hler form on P2. Then T can be written as

T =cw+9dS +08S +iddu

with ¢ > 0 and S is a (0,1) form such that S,dS,0S are in L? and u € L'. The
current S depends only on T and is zero only if T is closed. So the quantity
J 89S A 8S which we called energy measures how far T is from being closed. The
expression

/TATw:/ﬁw+as+5®Auw+as+5@

makes sense and is finite. It is independent on the choice of S. Moreover if 77 and
Ty are 2 positive harmonic currents such that f Ty ATy, = 0, then T and T are
proportional. On the other hand the currents directed by holomorphic foliations
can be expressed in a flow box B as

T:/mmmm)

as described in Theorem 3. It is hence possible to consider the geometric self
intersection of such currents. More precisely consider suitable automorphisms @,
of P2 which are close to the identity. For a current T directed by a foliation F, it
is possible to define the geometric intersection T' Ay @, (T') as the measure on the
complement of the singular points given locally by the expression

> ha(p)h(p)du(a)du(B) (1)
pEJ;ﬁ
where Jg 5 denotes the points of intersection of the plaque L, and the plaque
(Pe)sLg. Since [Ty ATy = limeg [T1 Ng Toe ([8], Lemma 19), to show that
f Ty AT, = 0 it is enough to count the number of points of intersection of a given
plaque with perturbed plaques and estimate the harmonic functions. This is done
in [8] (Theorem 6.2) when we assume that the currents 77,75 are supported on a
minimal laminated compact set, which is transversally of class C!.

Indeed the minimality hypothesis is not used and the argument there gives the
following stronger result.
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Theorem 5. Let F be a C' lamination with singularities by Riemann surfaces in
P2. Assume that there is a laminated compact set X without singularities. Then
there is a unique positive harmonic current T, of mass 1, directed by F.

Proof. We know there is a harmonic current 77 of mass 1, supported on X. Let T5
be another such current directed by F, but not necessarily supported by X. The
argument in [8] Theorem 6.2 shows that lim._.q T} Ay T5, = 0. Hence [T7 AT, = 0.
Therefore T and T» are proportional. O

We now deal with the case where the foliation is holomorphic and the current T'
contains in its support singular points (which are all hyperbolic).
We will prove the following more general result than Theorem 4.

Theorem 6. (MAIN THEOREM) Let F be a holomorphic foliation of P? without
algebraic leaves. Let X be a closed invariant set for F. Assume that all singular
points of X are hyperbolic. Then there is a unique positive harmonic current T of
mass 1, directed by X.

The result is valid for a laminated set (X, £, E) where X \ E is a C! lamination
by Riemann surfaces. The set E = {p1,...,p¢} is a finite set and in a neighborhood
U; of every singular point p; we assume that X NUj is holomorphically equivalent to
a lamination contained in z = Cw?i, Aj = a; +1bj,b; # 0. One of the consequences
of the main theorem is Corollary 1 (p 55) which says that appropriate weighted
averages of the leaves always converge to the current 7. This is a strong ergodic
theorem. The uniqueness of T" also permits to show that A — T} is continuous when
A varies in a holomorphic family of foliations as considered in the main theorem.

It is easy to see that 9T =7 AT, 7 is a (0,1) form along leaves. We introduce
in Section 27 a metric gy := %T AT and we show that the curvature x of that
metric satisfies k(gr) = —1. We also define a finite measure pp := it AT AT. The
measure pp is invariant under a flow whose integral curves are the level sets of the
harmonic conjugates of h,. We also show that the measures vary continuously with
the foliation.

In the last paragraph we give some obstruction to the resolution of the equation
i00u = f along a foliation where f is a smooth (1,1) form.

2. PROOF OF THE MAIN THEOREM

Let T be a harmonic current of mass 1 supported on X and directed by F. In a
flow box

T = / halValdu(a). ()

We have to estimate the number of intersection points of a plaque with per-
turbed plaques near a singularity and also to study the behaviour of the harmonic
continuation hg of ha along a leaf near a hyperbolic singularity.

This will give us that the geometric intersection is zero and hence [T AT = 0.
Since T is arbitrary, the intersection theory of positive harmonic currents implies
that T is unique.

After a change of coordinates we do the analysis for the form wy = zdw —
Awdz, A = a+ib,b # 0, near (0,0).
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In order to study positive harmonic currents near 0, we cover a deleted neighbor-
hood of 0 by finitely many ”flow boxes” (B;)1<i<n, with 0 € B; for every i. Each
B; = S; x A, where S; is a sector in C such that the map ¢ — €¢ is injective in a
strip in the (—plane v; < S < 79, with values in S;, A is a disc in C, centered
at 0. So the leaves in B; are graphs over all or part of S;. We will consider them
as the local plaques. For the sake of argument we will use the sector S given by
0<wu<2m.

The strategy for the proof is to choose a family of automorphisms (®.) of P? and
to estimate the integral (1) in the flow boxes (B;);<n. For that purpose we need
to estimate the growth of the harmonic continuation of h, along the leaves and
also the number of intersection points of a plaque L, with perturbed plaques Lj.
The estimates are different close to separatrices and in other regions, this requires a
precise subdivision of a polydisc near a singular point. Away from singularities this
is just the proof given in [8] for a lamination. In the present case we have to divide
the phase space in many regions where the estimates are technically different.

Description of a general leaf:

Consider again the foliation zdw — Awdz = 0, A = a + b, b # 0. Notice that if we
flip z and w, we replace A by 1/A = M/|\? = a/(a® + b®) — ib/(a® + b?). We will
assume below that the axes are chosen so that b > 0. However, it is important to
note that the estimates are also valid if b < 0. The point is that it will be seen that
the case a = 1 is a degeneracy that complicates the estimates. However if we flip
coordinates, the constant a = 1 becomes a/(a? +b%) = 1/(1 + b?) < 1.

There are two separatrices, (w = 0), (z = 0). Other than that a leaf L, can be
parametrized by

(z,w) = val()
; (i(CHoglal)/b) ¢y 4 iy
w = aeMloglal/b)
2] = e
lw| = ebumav

Notice that as we follow z once counterclockwise around the origin u increases by
27, so the absolute value of |w| decreases by the multiplicative factor of e =2, Hence
we cover all leaves by restricting the values of a so that e 2™ < |a| < 1. We observe
that the intersection with the unit bidisc of the leaf is given by v > 0,u > —av/b
independently of «. In the (u,v)-plane this corresponds to a sector S = S, with
corner at 0 and given by 0 < # < arctan(—b/a) where the arctan is chosen to have
values in (0, 7). Let v := m Then the map ¢ : 7 — 77 maps this sector

to the upper half plane with coordinates (z,y).

Let h, denote the harmonic function associated to the current 7" on the leaf
L. The local leaf clusters on both separatrices. To investigate the clustering on
the z— axis, we use a transversal D,  := {(zo,w);|w| < 1} for some |zp| = 1.
We can normalize so that he (29, w) = 1 where (29, w) is the point on the local
leaf with e72™ < |w| < 1. So (20,w) = ¥a(C0) = Va(ug + ivg) with vg = 0
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and 0 < up < 27 determined by the equations |zg] = e = 1 and e 2™ <
|w| = e~P#0=a0 < 1. Let h, denote the harmonic continuation along L. Define
Hy(C) := hg(ei(¢Hoglal/b) o eir(C+oglaD/b)) op Gy

Proposition 1. The harmonic function H,:=H,o ¢~ is the Poisson integral of
its boundary values. So in the upper half plane {U +iV;V > 0},
. v

fIa(U+iV):%/_ 1o o) e e

[for a.e. a,dp]. Moreover,

/ / I:Ia(z)|9:|%_1dxdu(oz) < o0.
e 2" <|a|<1l J—oo

Proof. Let A, := {(z0,w); e~ 2™+ < |w| < 2™ n =0,1,...}. The holonomy
map around (z = 0) as described above gives a map

An — An+1.

The transverse masses of these sets are fAO H,(¢o + 2mn)du(a) = B (o). The
functions B, ({) are harmonic on {v > 0,u > —av/b — 2wn}. Since the transverse
mass is finite on (z = zp) and since the annuli A,, are disjoint we get,

n=0

We get a similar estimate along the other separatrix. It follows that

(L)oo

We show now that for almost every a, Hu(z,%) is equal to the Poisson integral
of its restriction to y = 0. Every positive harmonic function on the upper half plane
can be written as a sum of a Poisson integral and cy, ¢ > 0. The problem is to show
that ¢ = 0.

We consider the restriction L., of L, to the bidisc A%(0,e™!). The leaf L/, equals
1o (S4) where S} := {v > 1,u > —av/b+ 1/b}. The image of this sector under ¢ is
a domain of the form A} | = {z +iy;y > 7a(x)} where 7, is a continuous strictly
positive function so that v, — 400 when |z| — oo. The function Bj is bounded on
the edges of S%. So By :=Bjo ¢~ ! is bounded on the graph of v, and hence there
is no term cy,c > 0 in the canonical representation of B;. The same argument is
valid for the functions H, at least for u almost every .

It follows that the representation as a Poisson integral is valid. On the other
hand estimate (3) can be read as

/ / H, (u)dudp(a) < oo and
e=2mb<|a|<1 J0

/ / Ha(ueiarctan(fb/a))dudu(a) < o0,
e—27b<|al<1 J0

which gives after a change of variables the estimate on the growth of H,.
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Remark 1. It is convenient in some later calculations to replace |z|'/7~! by (|z| +
1)1/ 7~1 in the integral of Proposition 1. By Harnack, this doesn’t effect the order
of magnitude of the integral.

We decompose a leaf L, into plaques Ly, where 2nm < u < 2(n + 1)m. Here n
is an integer. [ Note that if a < 0, these n must be positive to have a nonempty
intersection with the bidisc.] In this way L, , is a graph over some part of the z—
axis.

We let (z,w) be a point in L, parametrized by a point (u,v). We write in polar
coordinates, u + iv = e’ with r = v/u? + v2,60 = arctan(v/u). Then in the (U, V)
plane this point corresponds to U + iV = ¢(u + iv) = (u + iv)?,

U +iV =17 = 17 cos(v0) + ir” sin(~8).
We hence get the following formula for the function H, (u + iv) :

Lemma 1.

77 sin(~0)
H,( H d
utiv) / (rvsin(v6))2 + (x — 7 cos(v0))? *

Now we write the formula for the perturbed foliation F. = (®.).F where &,
is a family of automorphisms of P2. We will need as in [8] that all our estimates
stay valid when composing ®, with ¥ in a neighborhood of the identity in U(3)
(depending on €¢). We will need that ®. moves the singular point in a direction
away from the separatrices near all the hyperbolic points. We also need the ®. to
have a common fixed point p in the support of 7" and that the tangent space of the
leaf through p moves to first order with €. So we write in C2

D (z,w) = (ale), B(€)) + (z,w) + eO(z,w)

with &/(0), 3(0) # 0. We will also need that A # 8'(0)/a/(0).

Suppose that (z,w) is a point in the perturbed bidisc ®.(A?), not on an indicatrix
of F.. Then ®7!(z,w)is on some plaque Lg,, with parameters (u’,v"). We ignore
the problem that we need u’ # 27 because we can also use other flow boxes. The
original point (z,w) is on a plaque L§, and we get:

Lemma 2.

i) (') sin(70")
5+ / H50) (s + (3 — (77 cosa @) P

Next, for each («, 5, m,n,¢€), let 1@7577717”75 denote the set of points p in a slightly
smaller bidisc which belong to Lo N Lj ,,. We prove:

Theorem 7.

lim / S Y han®)imp)du(@)du(B) = 0.

e—0
MmN pEla,g,m,n,e

Proof. We will decompose the integral, I, into pieces. The first piece I; is when p €
Dy = {|w| < ce, |z| < ce} We let Dy denote the region cle| < |z| < Cle|, |w| < r|e]
where C' >> 1 is some constant and 0 < r < ¢ depends on the choice of C. for a
suitable fixed constant 0 < ¢ << 1. The second piece of the integral is Iy over Ds.
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3. PROOF OF THEOREM 7 FOR THE INTERSECTION POINTS IN Dy (CLOSE TO
THE SINGULARITY)

Lemma 3. Let § > 0. Then for all small enough c, |e|, the slopes of the leaves of

Fe, dw/dz € A()\g/(ggﬁ) at all points in Ds.

Proof. We estimate w, in D;.

= ( 2) +[(z = a(e))(1 + Ae) + Be(w — B(e))] dw
+ [(z = B(e))(=A + Ce¢) + De(z — ale))] dz
= O(&) + (2 — ae))dw + (z — B(e))(~N)dz
= (2= (0)e+ O(?))dw — Mw — B'(0)e + O(e?))dz
AMw = B'(0)e + O(€*))
z— o/ (0)e + O(e2)
—B'(0)e +
—a/(0)e +
)

dw/dz

The Lemma follows immediately.
O

The following lemma decribes the lamination of w. near D; after possibly shrink-
ing ¢ further and is an immediate consequence of Lemma 3.

Lemma 4. The plaques of Fe near D1 are of the form w = f,(z) where f,(n) =0

and f) € A(/\g 583,5)

To estimate the geometric wedge product we will consider three types of points
in a plaque L, ., namely if they are close to where the plaque crosses the z—

axis (Case 1) or w— axis or otherwise (Case 2). The estimates for il% are fairly
independent of which case we are in, but h,, is very sensitive to the cases.

We estimate the function ffﬁ on these plaques. First observe that the points in
Dy := A%((—a/(0)e, —3'(0)¢); 2¢le|) are mapped by ®. to a region covering D;.

Lemma 5. There is a constant C'> 0 so that if some leaf L intersects Dy for a
parameter value u + iv then

_ 1—
a log(1/le]) —C <u < ¢ log(1/]e]) + C,log(1/]e]) — C < v < log(1/]e]) + C.

Proof. First recall that z = e!(utiv+(ogl8l/0)) Hence |2| = e~¥. But (z,w) € Ds.
Hence

(I (0)] = 20)le] < |z] = €™ < (|a’(0)] + 2¢)][e.]
So
logle] —C < —v <logle| + C
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which gives the estimate on v.
lw| = e bu—ev
(18'0) = 2c)lel < w| =e™"7 < (|6'(0)] + 20)]e]
logle| — C" < —bu—av <logle|+ C’
<
<

log(1/[e]) — bu + av < log(1/[e|) + C’
1
Los(1/1e) - "

1 1
—log(1/|e]) —av/b—C" < u< ~log(1/|e]) —av/b+ C"

1
u+av/b < glog(1/|e\) +C”

b b

u < 3 log(L/le]) + S~ loa(1/lel) + C] + C"[a > 0]
< T 0e1/le) +

u < 210g(1/l) ~ %log(1/lel) + €] + C"fa < O
<~ log(1/le) + €

u > 210g(1/ld) + [~ log(1/lel) ~ €] ~ C"fa > 0
>~ log(1/]el) — C"

w > 210g(1/ld) ~ Flog(1/lel) ~ €] ~ C"fa <)
>~ log(1/]e]) — C"

O

Next we estimate the value of ﬁ% for a point (u,v) as in the previous Lemma.
Let 6,tanf = v/u be the argument. By Lemma 5, it follows that for all small e,
tanf ~ b/(1 —a) # b/(—a) so that the angle # is uniformly inside the sector Sy for
all small e. It follows that 8 is strictly inside a sector 0 < d < v < 7™ —d < 7 for
some fixed d > 0 and all small enough €. This implies that siny8 > k > 0 uniformly.
This allows us to estimate the kernel for Hj(u + iv) as in Lemma 2:

Lemma 6. Suppose (u + iv) is such that the corresponding point on the leaf L is
in Dy, then if [y| < 2(log(1/[e])),
(r)7 sin(v0) 1
((r)7sin(30))? + (y — ()7 cos(6)) "~ (log(L/]e]))"
On the other hand if |y| > 2(log(1/|e|)) then
(r)7 sin(v6) _ (log(1/]e)))”
((r)7sin(v0))* + (y — (r)7 cos(76))? y?
Hence we get

Lemma 7. We have the following estimate of Hf for points in D :

! N Hps(y)
pe—— (o) +log(1/1))" [ y
7 (og(1/1eN) Jiyi<201081 /1)) lyl>2(l0g(1/[e))r Y2
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Next we fix «a, 8 and plaques La’n,Leﬂm and assume they intersect in D;. By
Lemma 5, there are conditions on m for this to happen:

2mr < u' <2(m+ D)7
1-— 1-—
Log(1/le) = C < ' < —Llog(1/]e]) + C

1-— 1—
og(1/le)) —C < 2(m+m < —2

log(1/e]) + C + 27

1-— 1-—
og(1/]e]) —C -2 < 2mmr< —2

log(1/le]) + C

We pick a plaque Lj ,,, with an intersection point in Dq. Then this plaque is of
the form w = f(z) = f,(z) where f,(n) = 0 and f’ is as in Lemma 4. i.e. close to

& (0)" Next consider a plaque L,

L = iut(oglal/b)-v

w = aeNCHoglal)/b)

2nm < uw<2(n+1)m.

|w| _ efbufav

Case 1: |z —n| <d|n],0 < d << 1.

We estimate the parameter values (u, v) for Ly, p.

Since n|(1 —d) < |z| = e < |n|(1 + d), log(1/|n]) — 2d < v < log(1/|n|) + 2d.
Note that also, for the point (2, w) to be on L§, with |z —n| < d|n| we must have

that |w| < 2]\ d]n.

Lemma 8. For (z,w) to be an intersection point between Lo, , and L% in D1 with
|z —n| < d|n|, we must have

(i) 2nm < u < 2(n+ )7

(it) 2nm > 5% log(1/|n|) — C

(111) log(1/In]) — 2d < v < log(1/|n|) + 2d.

Moreover there is at most one such intersection point.

Proof. We have already proved (iii) and (i) is given. To prove (ii):

lw| = e-bu-av
15(0)]
< 2[} a,(o)‘dlnl
—bu—av < login/+C
u > (—a/bv—(log|n[)/b—C/b
u > (—a/b)log(1/|n]) — (log|n[)/b—C"/b
u > ((1-a)/b)log(1/n])—C"
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To prove the last part, notice that the slope of L is about A while the slope of

LaisAuﬂzsoisatHwﬁ|AK2M“§£&%HMD/OM(I—dD<<<\Mifweﬁmtnwked
small enough.

O

Lemma 9. We estimate the value of H, at intersection points between Lo, and
LG in Dy with |z —n| < d|n|.
(i) 5% log(1/|n]) — C < 2mn < Clog(1/|n]) :

Ho(u+iv) ~ / ¢+/ ; M
el <2(10g(1/n)y> 108/ M) Jizi>20108(1 /1) x

(ii) 2mn > C'log(1/|n|). Then U + iV ~ nY +in""Llog(1/|n|) and

Ho(u+iv) ~ / Ho (2)

lz—U|<n—1log(1/[n)) 7~ log(1/|n])
/ He(x)n"~ " log(1/|n])
+ 2
|o—U[>n7=1 log(1/In]) (z-U)

dzr

Proof. Case (i): We use that sin(v6) is bounded below by a strictly positive con-
stant. Case (ii) is clear.
O

Case 2: Our next step is to discuss intersection points of L , and Leﬂ m in Dy for

which [z —n| > d|n|. Note that L, intersects the w— axis close to (0, )\ﬁ/(g) )
and the above argument applies as well to the region |w + pREAt & (0) 17\ < d|n|. Hence

we only need to consider intersections of L, , and L, when |w + et

and also |z — n| > d|n]|, call this set S.

/(0)77| > d|n|

Note: This is the place in the argument where we will assume that a # 1.

Since we are excluding the points near where Lj . crosses the two axes, we have
the following estimate on points in L . : For some ﬁxed constant R > 1 we have
that

1
Il < 2| < Rlu

for points in S.
Hence
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1

E —av—bu < e V< Re—av—bu
—av—bu—logR < —v<—av—bu-+logR
bu—1logR < (1—a)v<bu+logR
2ntb—logR < (1—a)v<2(n+1)wb+logR
2nm — C < liav<2nﬂ'+0
2nbr/(1—a) —C' < v <2nbr/(1—a)+C’

O

Lemma 10. (Intersection Lemma) There is a constant N > 1 so that if we cover
the rectangle 2nm < u < (2n+ 1), 2nbr /(1 —a) — C' < v < 2nbr /(1 —a) + C" with
N equal squares, then there are at most two intersection points in each square.

Proof. In each square, the slope of L, ;, is almost constant and will produce at
most one intersection point. The exception is when the slope is close to P /((00)
Then there might be a tangency between L , and Lg. Hence there might be two
or more intersection points counted with multiplicity. We will show there are at

most 2. Note that the slope S of L, , is given by the quotient Aw/z.

dw/dz = lw/z

et (C+(log |l /b))
eilut(loglal/b)—v
Aae((oglal)/b)(=btia) pix¢

ci(log [a])/b e
S = Ce ¢
a8 ,
: 3'(0)
i(A 1))\0/(0)

~ 1

This says that the slope of L, , near intersection points vary very rapidly, while
we also see from Lemma 4 that the slope of Lj ,, varies slowly. This implies that

near tangential intersection points there are at most two of them.
O

We estimate the value of H, at points p where L, , and Leﬁ’m intersect in Dq

away from the axes (|z —n| > d|n|, |w + )\a/(gim > d|n)).

Lemma 11. For the intersection point to be in Dy we need
[n| > [|1 — a|log(1/|e])]/[27b] — C. Then

7 7 v
Ha(p) ~ / Hala)de / L(Q‘“' dz
lsl<Clnpr 17 lo|>Clnjy T
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Proof. For the first estimate, recall that |z| = e™? < ¢|e| and that 2nbr/(1—a)—C’ <
v < 2nbr/(1 — a) + C'. For the integral estimate we see that (u + )Y = U + iV
with V' ~ |n|” and |U| <~ |n|7. Then the estimate is immediate from the Poisson

kernel.
O

We finish the estimate for D;.

Theorem 8. The contribution to the geometric wedge product of T and T, from
intersection points in Dy goes to zero when ¢ — 0.

Proof. Let I = I. consist of all intersection points p in D;. They are labeled
P = Pa,gnme if they belong to the plaques Lan, LG, and £ lists them (with
multiplicity) if there are more than one. By Lemma 5,

(1 —a)log(1/e]) (1 —a)log(1/[e])
51 —C<m< 5h +C

so in particular there are at most finitely many values of m and there is a uniform
upper bound on the number of them. We can hence restrict to one fixed value of
m. Next recall that from Lemma 7 we have the estimate on the value of Hj at each
intersection point:

1 ~
Hyp) ~ — / () dy
A (og(1/1eN)" Jyi<2tosyieny

T+ (log(1/le)) / Hsw) g,

lyl>200g(1/ld)) Y

By Lemmas 8 and 10 there is at most a uniformly bounded number of intersection
points with Lq, and LG, in D;. Hence when we estimate the geometric wedge
product we can factor out the contribution from 3 and we get an upper bound of

c SO S 7
/ (Zp: Hﬁ) (P < (log(1/[€]))" /y|<2(1og(1/|e))w He(w)dyau(5)

+ o1/l [ H5() gy apu(9).

ly|>2(l0g(1/1e))) Y

We collect a few equalities that will be used repeatedly.
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1

(log(1/[e])) /y|<2<1og<1/|e|>>w

/ Ha(y)ly|* " y* v dy
[yl <2(log(1/]e)))

o
(log(1/[e[))”

/|y<2(10g(1/|€|))”
(log(1/]¢]))” /

/|y>2(10g(1/|6|))7

IfU ~nY

/lmU|<m1 log(1/Inl) ™7

/|gc—U|<m—1 log(1/Inl)

Hg(y)ly|*

lyl>2008(1/ld)) Y

ﬁﬂ(y)|y|1/771 erl/wdy

Hpg(y)dy

lyl 1 dy
(log(1/leN)™ (ly| + 1)1/~

Hpyly

~—

dy

]
Tlog(1/|n|) !
) N dx
Ho(@)lal " s

By the Lebesgue dominated convergence theorem and Lemma 12, we get that

|3 Hydu(s) —o.

We estimate the value of H, at one of the intersection points p € D;. From
Lemma 1 we have:

7 sin(y6)

0 sin(19))2 + (z — 1 cos(10))2

dzr
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Case (i): |z —n| < d|n|,|n| < Clog(1/|n]). By Lemma 8 it follows that V =
7 sin(v0) ~ (log(1/[n[))” and |U| <~ (log(1/[nl)).
ﬁa(x)
Ha(p) ~ / Ay
2| <Clog(1/[n]))» (1og(1/[n]))”

~ Y
n / Ao (log(l/z\m))
|z|>C (log(1/|n]))~ z
I:Ia(m)
han(pn) ~ / PR TN vy
w|<Clog(1/|n)) (log(1/|n[))7=1

In|<log(1/In]) |
T (2 (log(1/|n|))>**
2|>C(log(1/n1)) z?

_|_
—

3 1/7—1 || =1/
H,(x)|z|™"™ ()
2| <C(log(1/|n]))7 (log(1/In[))™

o o’ 1+1/’Y
F[a(z)|x|1/'\/fl <(1 g(|1:£|77|)) >

2
—

+
—

|z[>C (log(1/In[))™

Z Ha,n(pn)dﬂ(a)

In|<Clog(1/|nl)

o —

Case (ii): |z —n| < d|n|,|n| > Clog(1/|n]). Then by Lemma 8, n > 0 and we
have U,, ~n?,V ~ n7"tlog(1/|n|). From Lemma 9 we have:

Ha(p) ~ /| Ha(a)

— 0~ ax
z—U|<nY=1log(1/|n|) ny—t IOg(1/|77|)

N 71 ]og(1
+ / Fo ()™ Log 0/ Inl)
|le—U>n7=1log(1/|n]) |z - Ul

ﬁ(x) 1/v—1
H,(p) ~ / oty
“ lz—U|<n7—11og(1/|n]) 108(1/[n])

dx

. v—1
+ / o () 080l
lz—U|>n7=1 log(1/|n]) |z — U]
S Haal) ~ > / %xm-l "
n>Clog(1/In]) nsClogt/lal 1= Unl <= o1/l 1081/ [])
_ =1 0g(1
. / ()" og( /2|77|)
&= Un>n7—1 log(1/ln]) |z = Unl

n>C'log(1/|n|)
I+11

Note that for a given x, the number of integers n for which U,, —n”~*log(1/|n|) <
x < U, +n""tlog(1/|n]) is bounded above by a multiple of log(1/|n|). It follows
that I <~ f(ng(l/lnl))V/C H, (x)x'/7~dz. This contribution goes to zero as |e| — 0
since |n| < |el.
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We estimate U,, more precisely.

A

2nm Up < 2(n+ )m
log(1/|In]) —2d < v, <log(1/|n]) + 2d
(U, + tv,)7 w) (1 + dvp, fu,)”
ul +yu) v, + B,

|En| <~ ul(vn/un)Q

~  n*(log(1/[n]))*

Hence |U,, — (2n7)Y| << n?~1log(1/|n]). We can hence replace U,, by (2n7)? in
11 without changing the order of magnitude of the expression. We divide II into
pieces I14,11p,I1c. In I14, x is such that n > C'log(1/|n|). In I1p, n has a range
of the form n > /7 + r(x)log(1/|n|),r(z) ~ 1 and in IIs, Clog(1/n]) < n <

o'/ — (@) log(1/In), s(x) ~ 1.

II = IIA+IIB+IIC
C1(log(1/In1)) . nY " log(1/|n|)
T n>C'log(1/|n])
~ log(1
- oy ol
|2 <C1 (log(1/|n]) [10log(1/[n)[]" — =
/ Ci(log(1/[n))” log(1/|n])
+ H T T
o (10log(1/|n)[]" —
- 1
~ Ho(e)———dr
/w|<01(10g(1/77 ) [log(1/|m)[]7*
C1(log(1/[n1))” lo
g(1/]n)) ,
* / H“(x)T ;
=—0oC
B B |x| 1-1/~
~ H, ()|t ( dx
/r|<01(10g(1/?7 : [log(1/[n[)]”
C1(log(1/[n)))” - 1 1 o 1/~
i T e LA I
=—0oC
[ee] ~ 'y—l] 1
Iy ~ / S o ()™ L08W ) 5,
=C1 (log(1/|n)))” |z —n7|?
1UOIM T > a1/7 4 () log(1/In])
- / o ()] L
x=C1(log(1/|n|))”
[ee) ~ ~y—1
IIc ~ Z Ha(aj)%dl‘
v |z —n7]?
2=C2(log (/D) G1og(1/|nl) <n<a/7 —s() log(1/|n)
o0
IIg ~ / H, (z)zY7 Ydz
Cz(log(1/[n]))”
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/ Ildp(a) — ~ /a Iadp(a) + /a ITgdp(a) + /a Iodp(a)

<~ // He () |z L dadpu(a)
a J{z|>(log(1/|n]))”
||

1-1/y
+ // Hey(z)]z|V/7! () dzdp(e)
o Jlel<Cr(og(1/InDyr (log(1/]n[))”
S0

by the Lebesgue dominated convergence theorem.
Case (iii): |w 4+ An| < d|n|. This case is symmetric to cases (i) and (ii), so done.
Case (iv): |z|, |w| < cle|; |z—nl, |lw+An| > d|n|. We recall the estimate of H, ,(p)
at intersection points from Lemma 11. The contribution W to the geometric wedge
product is:

/

n|? a?

H,(2)d H gl
/ o) x+/ a(@)nl” d(e)
In|>[|1—al log(1/|e])]/[2mb]—C /21 <2Inl” |z|>2]n|>

We divide the first integral into two pieces, so W = W4 + Wg + We.

H,(z)dz
we ~ [ )3 UELOLS Py
o [J1z1<2i1-allog(1/[e])]/[2nb]—C| n]

[n|>[[1—allog(1/|e])]/[2mb]-C

/ H,(2)dx
|/ |z|<2[[|1—a| log(1/[e])]/[2mb] —C |7 (log(1/]e[)) =1

o (@)l da (H)/] ()

] dp(a)

2
s~

_/Ifr<2|[|1a log(1/e])]/[2wb] -C|7

/a (log(1/lel)
— 0
> Ha z)dr
we o~ [ |f |f1|) du(a)
o | Vlel>2ll1—al 1og(1/IeD)/[270l=C1 (753
Wy~ / / ﬁa(x)a:|1/'y_1dx] du(a)
a [Jz|>2|[|1—allog(1/]e])]/[2mb] - C|¥
— 0
[ (lz|/2)t/” -
H,(x)|n|"dx
we ~ [|f S BolPA | )
ol || >2|[|1—allog(1/|e])]/[2mb] - C|Y In|=[|1—a| log(1/|e])]/[2mb]—C
We ~ / ﬁa(x)x|1/7_1dx] du(a)
a [/|z|>2|[|1—allog(1/]e])]/[2mb] - C|Y

l
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Hence we have finished the part of the proof of Theorem 7 where we consider
intersection points in Dy = {|z|, |w| < c|e|}.

4. PROOF OF THEOREM 7 FOR INTERSECTION POINTS IN Dy C B(0,C|e|) CLOSE
TO THE SEPARATRICES.

Recall that Dy denotes the region cle| < |z| < Clel, |w| < r|e| where C >> 1 is
some constant and 0 < r < ¢ depends on the choice of C.

We consider intersection points of L, and L ,,, in Dy. We parametrize Lq with
(u+iv) and L§ with v’ + 40",

Loy : clel < |z| < Cle]
log(1/le]) —C < v <log(l/le)+C
|w| — e—bu—(w < ’I“|6|
bu+av > log(l/r)+log(1/le|)
1—
u > Dog(1/le]) - C
1—-a
log(1 —
n o> A=lg(1/ld) —C
LG |2’| < Cle]
v > log(1/]e]) = C
le[(1—2¢) < |w'| < |e](1+ 2¢)
log(1/le] —2¢ < bu' + av' < log(1/[e]) + 2¢
1 1
glog(1/|e|)f2c/bfav’/b < U< Elog(l/\e|)fav//b+2c/b

Lemma 13. If a # 0, there is an integer N so that for small r, there is at most N
intersection points between any pair Lo, and L .

Proof. This follows from considering the slopes of the plaques, given by the forms
w,we. Namely the slope of the Lq », is very small and the slope of Lj , has close to
constant larger modulus and close to constant argument on each of NV small squares
where there might be an intersection. |

Next we estimate hq , at an intersection point.
Case (i): n < log(1/|e]) :
Then V' ~ (log(1/[e[))7, [U| <~ (log(1/[e[)).



ERGODICITY OF HARMONIC CURRENTS 19

1
hont®) ~ [ (2)————da
o lel<Cliog(1/1ely - (log(1/[e]))”
log(1/leN)?
. oy L8O
|2|>C (log(1/]e])) z
- || -1
~ Ho ()| — |27/ dx
/|z|<caog<1/|e|>>~ (log(1/le[))™
log(1/|e))”
+/ HJx)\xP”flM\xrl/”dx
|| >C (log(1/¢])) |z

Case (ii): n > log(1/|€|)
Then U ~n",V ~ n?"Llog(1/e|).

n’ " tlog(1/e])
n7~log(1/]e]))? + |z —n7[?

hon®) ~ [ Halo):

We observe that this integral has already been estimated above. Namely see
Case (ii), integrals I+I1.

So we get
Z ha,n(p) <~ / Ha(:z:)|x|1/“’71dx
n>101log(1/e| || >(log(1/]e])Y

- |z K
+ / H ,(x)|:17|1/7 1 ( dz
el <Clog(1/le)) log(1/]e])

We estimate next hf,, (p). V' ~ (v')7, [U'| <~ (v')7.

1
i~ [ mwta
pam(P) lyl<C(v') sl )(U')'Y

v')Y
+ / Hﬁ(y)( 3 dy
ly|>Cv’)Y Yy

1/y—1 lyl v 1
) ~ [ Haly)ly]/ " ( ) Ly
m lyl<C(v) ’ (v')7 v’

)\
+ / Hg(y)ly|"/ <( ) ) —dy
ly|>Cu')r Yl v

Note that for a # 0, we have that

log(1/le])/a —bu'/a —2¢/la] < v <log(1/|e])/a —bu'/a+ 2c/|b]|
log(1/|e])/a —2mnmb/a—C < o' <log(1/le|)/a —2mmb/a+ C
o' > log(1/]e])
m/a < Llog(1/|e|)(l/a—1)+0

27h
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>

h

m/a<ﬁ log(1/]e))(1/a—1)+C

m

Z/y|<c(log(1/|5

|yl

Hp(y)ly7

)/a—b2mm/a)Y

<(10g(1/|e|)

1

Ja —b2mm/a)" ) o

m

Z/y|>c(1og(1/|e

Tog(1/[el)/a — b2m/a]

Hp(y)ly7

|)/a—b2mm /a)Y

" <(10g<1/|6|)/a - b2m7r/a)’v>1+1/7

lyl

1
d
" log(1/le)/a — bamn/a™
= I+1I
= Ia+1Ip

-,

|<C(log(1/|eN))™

|yl

>

m/a< g5 log(1/[e])(1/a—1)+C

(<log<1/|e|>/

1

1-1/v
a— b2m7r/a)w>

~

[<C(log(1/]e]))7

/|y|C(log(1/6|))«,

|yl

Tlog(1/[el)/a — b2m/a]

Ha(y)ly ! ( 1y

Hg(y)|y[* !

7

(log(1/]e))"

) Hy

m/a< 00D —(|y|/C)1/

((log(l/IEI)

1

Ja —b2mm/a)" ) o

/OO
ly|=C(log(1/]e]))

1
27b

Tlog(1/[el)/a — b2m/a]

Hg(y)|y|"" "' dy

>

log(1/]e])(1/a—1)>m/a> 50D _(|y|/Cy1/v

. <(10g(1/|€|)/a - b2m7r/a)w>1+1/v

*

lyl
1

<~ /
|ly|=C(log(1/€]))™

log(1/]el)/a — b2mn/a"?

Hg(y)ly|'" " dy

(y)|y|/ 7

o0

ly|=C (log(1/|€]))™

Hg(y)\yp/wﬂ
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With these estimates it follows that Theorem 7 is proved for the region D close
to the separatrices, in the ball B(0, Ce) provided that a # 0.

The case a =0 :

We fix (a,n) and (5, m) and investigate intersection points. Note that since a =
0, we need (log(1/]€])/b —2¢/b < u' < (log(1/]e])/b+ 2¢/b. Hence there are at most
finitely many possible values for m ~ (log(1/|e¢|))/(27b). We proceed as if there is at
most one. This will suffice. Also note that since we assume that |z’'| < C|e| we also
need v’ > log(1/|e|)—C". For every integer k > 0 we might have an intersection point
Pk between L, , and L, with log(1/]e]) — C" + km < o' <log(1/le|) + (k + 1)

We estimate hj . (pn.k)-
Lemma 14. When a =0, then v = 2.

Proof. The inequalities |z| < 1, |w| < 1 lead to u,v > 0. O

We have u' ~ log(1/|e|),v" ~ log(1/|e|) + k so U' +iV' = (u')? — (v/)* + 2iu/v’
Hence if 0 < k < C”log(1/]e) we have the estimate |U’| <~ (log(1/€))? ~ V. If
k> C"log(1/|e|]) we have U' ~ —k2, V' ~ klog(1/|e]).

(i) 0 < k < C"log(1/]e]) :

1
hG o (Pnk)  ~ / Hp(y) g
o yl<closyiayz " (og(1/lel))?

log(1/e|))?
o
ly|>C(log(1/]e]))? Y
C" log(1/€) .
Wmlons) ~ [ Haly)w s
;;) g lyl<C(log(1/]e]))? (log(1/lel))
C" log(1/l€)
log(1/]e))?
+) / Hﬁ(y)wdy
k=0 ly|>C(log(1/le]))? Y
1/2
~ Hy(y)ly| ™ ('y)/
|yl <C(log(1/]e]))? (log(1/l€l))?
C" log(1/|€) 3/2
- (log(1/|e]))?
+ Z / Hﬁ(y)|y| 1/2 <| dy
k=0 ly|>C(log(1/]€l))? Y

(ii) k > C" log(1/|e]) :
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6 Flog(1/Ie)
Himlons) [ 10 i

L 4

klog(1/]e|)
klog(1/le|)

/ Bs\Y ( 12)2 dy

ly+k2] > log (1/]e]) y+ k)
Y o= Z heﬁm(pn,k)
k>C"" log(1/|e|)
= Ip+Ip+1Ix+1Ip+1lc

/ Hy(y)
ly+k2|<klog(1/|el)

(—(C”)Q-‘:-C”) 10g(1/|6‘) —y+7‘(y) 10g(1/‘€|) 1
In ~ / Hp(y) -~ dy
y=(=(C")>=C")10g(1/1eD)* k= ron(1/lel) klog(1/le[)
[r(y) ~ /1yl
(—(C")>+C" ) log(1/]e]) . 1
Iy ~ / Hg(y) ———dy
s (—(Cmy2—cmytogi/iey: - Tog(1/]e])
(—(C")>+C" ) log(1/|e]) .
Iy ~ / Hg(y)|y| =" ?dy
y=(—(C"")2=C"")(log(1/]]))?

(- C”)2 ") (log(1/ e |))2 —y+r(y) log(1/|el) 1
I ~ / Hs(y)—————
. 2 ) i

—y—s(y) log(1/|e])

[s(y) ~ /1yl
(—(C")2=C")(log(1/€]))? 1
Ig ~ / Hs(W) 17710
o | ") tog 1/l
(—(C")2=C") (log(1/|e]))? Wl Iyl 1z
Ig ~ / Ha(y)ly|~ ()
P g (log(1/[e[))?
((7(C”)27C//))(log(1/\€|))2 fyfs(y)log(1/|5|) klog(l/‘d)
114 ~ / Hﬂ(y)my
y=—00 k=C" log(1/|e|)
((—(C"")*=C"")) (log(1/]e]))? 1o
Iy ~ / Hp(y)ly|~/2dy
((—(C"")2+C"")) (log(1/€]))? o klo
g(1/le])
IIg ~ /}oo > Hﬁ(y)mdy
Y k=+/—y+r(y)log(1/|e|)
((—=(C")>+C")) (log(1/[e]))? 1/2
Iy ~ / Hp(y)ly|~/2dy

y=—00
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> - klog(1/lel)
(~(©")2+C") 108 (/1D)? f— ' roma 1) y
> log(1/lel)

e ~ [ H(y) dy
(= (c~)2+c”))(1og(1/\e|))2 Ty (Cog(1][e]))?

(log(1/[e) W) 1
IIe ~ / Hily)——dy
(empremtos/iayr - log(1/le]

o log(1
- ) B0
(log(1/]e |>>2 y
(log(1/[e) 1/2
_ y
le ~ Ho(w)lyl ™ Uy
—(C1)24C7)) (log(1/¢]))? og(1/[e[)

/ ol
+ Yy~ ————xdy
tog/leD)? "~ log(1/e])

Next we estimate hq p,(Pn k). Note however, that the estimates for the case a # 0
still applies to hq,,. This condition was not used to estimate h,. Hence we are done
with the proof of Theorem 7 for the case of intersection points in Ds.

We next let D3 denote the points in B(0, Cle|) which are at distance at least r|e]
from all separatrices.

5. PROOF OF THEOREM 7 FOR POINTS IN Ds, I.E. POINTS IN B(0,C|¢|) WHICH
ARE AT DISTANCE AT LEAST 7|€| FROM THE SEPARATICES.

Recall that by a scaling argument, there is, see Lemma 10, an integer N inde-
pendent of € so that if we take any two plaques of two leaves L,, L, then they
intersect in D3 in at most /N points.

We estimate H, on Lo, N Ds. We can assume a # 1, otherwise flip the axes.

rlef < |z| < Cle
rlz] < eV < Cle
log(1/]e]) — < wv<log(l/le])+C’
rlef < |w| < Cle]
rlel < et < (Ol
logle| —C" < —bu—av <logle|+C”
log(1/le]) = C" —av < bu < —av +log(1/|e]) + C”
(I1—a)log(l/]le]) —C < bu<(1—a)log(1l/le])+C
1;“10g(1/|e|)fc < b< %0/l +C
(u+w) = U+iV

Vi~ (log(1/le])?
U] <~ (log(1/[e]))”
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(og(1/lel)" -
oa(U/d))? + (U7

log(1 v
1y BB
|z|>(log(1/]e[)Y z

f
N / |z|<C(log(1/]e])) Ha(x)mdx
I.

- | +1 -1/
~ Ho(@)(|z] + )Y (2] + 1) 7dw
/|x<caog (1/leN) (log(1/[e]))™

+ / Ha(x)(\x|+1)1/w—1w(|x‘_,_1)_1/de
|z|>(log(1/|€]) |SU| 1

It follows from these estimate applied to Hg as well, that Theorem 7 is valid for
intersection points in Dj.

6. THEOREM 7 FOR Dy = A%(0,68) \ A%(0,Cle|)

There are 3 regions to consider:

Dy = RiURUR;
Ri = {Cle| <z, |w] < 6}

Ry = {Cle| < |z| <4, |w| < Clel}
Ry = {Cle| <|w| <4,]2] < Clel}

Note that since we have assumed a # 1, the cases of Ry and R3 are not completely
symmetric. We will leave it to the reader to verify that the estimates we do later
for Ry nevertheless hold for Rs.

7. THEOREM 7 FOR Rj, THE DIAGONAL PART OF Dy

We first outline our approach. Fix parameters «, 3 and corresponding plaques
Lan, Ly, Next we divide R; into dyadic components, rings, {R(p)} in the z—
direction, e P71 < |z| < e7P,Cle| < |w| < § Then we estimate h, and hg on Ly, N
R(p) and L%VmﬂR(p) respectively. Next, for fixed a, 3, n, m we estimate the values of
p where the leaves Lq ,,, Lj ,,, might intersect, and the number of intersection points
for each such p. Putting this information together we can estimate the contribution
from R; to the geometric wedge product.

Pick a plaque L, and a point (2, w) in L , NR(p) parametrized by (u,v). Then
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e Pl
log(1/6)
log(1/6)

2nm
Cle|
log(1/6)
l08(1/8) _ )

b

Case (i): a #0,n<p
(u+iv)? = U+iV
~ U+ip?,
Ha,n ~ /

x| <Cp™

1-1/v
~ / ga(x)ml/vfl (|$|> ldx
|z|<Cp p7 p

+
=
V
Q
hs]
2
=
8
-
T =
~
2
N
=
Bl
N———
g
+
+
~
2
[
QL
IS

Case (ii) a #0,n > p

(u+idv)Y =

< |zl=et<e™®
< wv<log(l/le]) - C
< p<log(l/le]) = C
< u<2n+ D7
< Jwl <6
< bu+av <log(l/le]) = C
log(1 -
< oy < losl /Ibel) c B
U] <~ p”
ﬁa(x)/pwdx—i—/ H, (2)p" /x?dx
|z|>CpY

U+iV

~ nY +ipn1

+ / H,(z [Py
nY/2>|x—n7|>pnry—1 |I -n |

~ 1
~ / H,(x) cdx
|z—nY|<pny—1 pnY™

pn? !

pn

+ / H,(z) dx
nv/2<|z—n"|<2n7 “ n?

pnY

+ /x_ H,(x) o dx

nY|>2nY

I+1I4+11T+1V

We will usually leave the case a = 0 to the reader.

Case (iii) a =0

dxr

25
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v =2
(u+iv)? = u*—v*+ 2w

hapn = dx

/Ha" (w0) +<x—<u2 — )2
dx

H
/ an( (uv) +(x+v2—u2)2
uv

H, d
/|:L’+v2u2<uv 7 (z) (UU)2 + (l‘ +v? — u2)2 !

uv

H,
" /|+ on(O) o T (o 4 0 )

1
~ Hypn(z)—dx
|z+v2—u?|<uv uv

dx

uv

(2)————=dz
|z4v2—u?|[>uv a " ( +v? — u2)2

b [ Hel)le e
|z >~u? ‘x“ ‘1/2

U << v

1
H,p(z)—dx
|z+v2|<~uv uv
uv
+ (@) — g
|x+v2|>~uv o (:L‘ +v? — u2)2

~/ an(@)lal 2

| +'U2|<~uv

uv
+ H, n —pdr
/w v2[>~uv ( )($+U2)2

1
~ won (@)l 7/2 L
|x+v2|<~uv u

uv|z|'/?

8

+ an( )| ‘ 1/2 dx

|z4v2|>~uv ( +v )
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u >> v
1
N / Hon(@)|2] /22 de
|lr—u?|<~uv v

1/2
H,. —-1/2 uv|z| d
" /z—u2|>~uv ’ (w)|x‘ (1‘ - U’2)2 !

So now we have estimated hq on L, , N R(p). The analogue estimates are valid
for Hg on L .. The reason is that e™? >> |e|. Our next step is to locate for which
R(p) there is an intersection between Lo, and Lj .

Fix Lq,, and Lf,, and assume (2,w) € La,n N L ,,. We can write

s = ¢i¢t(oglal)/b
¢ = u+iv
nm < w<2n+)m
lz2] = €™

Also (z,w) = ®(2,w'), (z',w') € Lg .

S = il +(oglal)/b
¢ = 4
2mr < W' <2(m+1)w
] = e
z = ale)+ ei(¢+(og [B)/b) 4. €O, w')
w = fBe)+ Beir¢ +og|B)/b) 4 €02, w')

Our goal is to locate which R(p) the point (z,w) can belong to. So we need to
find p so that e P! < |2| = e7? < e7P, i.e. we need to get a good estimate for v in
terms of «, B, n, m.

There are 4 unknowns, u, v, u’,v’. However, u ~ 2nmw,u’ ~ 2mm, so we only have
v,v" left. Also we have two equations for the z and w coordinates respectively. (In
fact, since these are complex equations, we have 4 real equations for the two real
unknowns v, v’.)

Before we proceed we show at first that for there to be an intersection, we actually
must require that n and m are very close.

Lemma 15. If L, ,, and L§ ,, intersect in Ry, it follows that [m —n| < 1.

,m

Proof. Recall that

Dc(z,w) = (afe), B(€)) + (z,w) + €O(z, w).
If 6 is chosen small enough, this implies that |[eO(z,w)| < ole| for any given
0<o<<l.
We pick two plaques, Lq »n, L ,, and consider intersection points in R;. Let S > 0
be such that |e|/S < |a(e)| —ole|, |B(e)| — ole] < |a(e)|+ole|, |B(e)| +ole] < S. Note
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that if we increase the constant C used in the definition of D4, we can still use the

same S.

Lam
P oi(C+(log |al) /b
E e
log(1/[6]) <wv <log(1/|¢]) —C
w =  aeMNCtloglal)/b)
| = e tu-av
Lg.m
2’ (¢ +(log |B])/b)
|| eV
log(1/|6]) < o <log(1/|e]) = C
w = B¢ +og]8D)/b)
W'| = e btw-av
Leﬁ,n = O (Lgm)
Z = ale)+ TN/ L O W)
W = B(e) + BeiNS+10 1B/ 4 O )

Consider an intersection point in R; and set ¢! = ( + ¢ + ud.

z = Z
eV Sle] < eV <e 4 S
e~ —Se’le] < 1<e 4+ Sele
Se’lel < S(1/(Cle|)lel = S/C << 1.
|d| < 2Se"|e] < 28/C
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w = W
e—bu—bc—av—ad _ S|€| < e—bu—av < e—bu—bc—av—ad 4 S|€|
e—bc—ad o Sebu+av|€| < 1< e—bc—ad + Sebu-{-av‘d
Setutavle < S/C << 1.
lbc +ad| < 2SePT|¢| < 25/C
lbe| < |bc+ ad|+ |al|d]
< 28ePTe| + |a|2Se” ¢
1
le| < o (25"t €| + [a]2Se”e])
1+ |al
< 28
Clo|
. 28 1+
le+id| < — <1 + |b||a> <<1

O

It is also convenient to show that o and (8 must be very close if there is an

intersection.
combine them.

Lemma 16. Suppose L, , intersects L

,m

We estimate first the modulus and next the angle and finally we

in Ry. Then

| log(18]/]al)| < 2S|e| [e¥ (b + |a]) + e?*F¥] .

Proof.

z
et (C+(log |a])/b)

i(C+(log |a]) /b) [1 _ eicfdJri(log(IBI/la\)/b)]

—v

(&

1_ eicfd+i(10g(|ﬁ|/|a|)/b)’
’1 _ gic—d+i(log Iﬂl/lal)/b)‘

li(c + (log |B]/]) /b) — d|
[log(|61/la) /0]

The Lemma follows.

A

IN

IN A

Z
afe) 4 eictetidtlog|BN/) 4 0

a(e) + €O
Sel

Se’lel << 1
25e”|e]
28e’|e| 4+ 25e"“ || /b 4 25(|al /b)e” €|

O

We remark that the lemma as stated is slightly inaccurate. We only can conclude
the estimate modulo 27. However, the parameters e~ 2™ < |al,|3| < 1 so this
problem arises when say |a| is close to 1 and |3 is close to e~2™. We ignore this
technicality which just means that |«| and |3] get close after we follow the leaf L,

once around 0 counterclockwise.
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Lemma 17. Write 3/a = |3/ale®. If there are intersection points in Ry, 0 is close
to 0 mod 2w. More precisely:

0] < 2SeP" T e| [lal/b + |a|/b+ 1] + 2S|ele” [[al*/b+ b+ (|a] + |al*/b)] .

Proof.

w
e NG+ (log |al/b)

Ble) + O
Sebu+av|6|

Sebu+av |6|

1. >> Sebutav)e|

25’6bu+‘w|e|
0]

Y%

v

+ IANIAN IV IV

w
B(e) + BeMCtetid+(log|B/b) 4 )

NG+ (og [al /b)) [1 _ B in(etid+(iog Iﬁ/b))]
[0

1 _ B ixteriarqog|81/0)
(6%

1 — B l-be—ad—(10g |al /b)) +ilac—bd-+a(og(15]/|al)) /8]
«

1— e[—bc—ad]+i[e+ac—bd+a<log<\m/\am/b]‘

10+ ac — bd + a(log(|8|/|a])) /0|

lac| + |bd| + |al | log(|8]/|a])| /b + 2Se® 7]
Set e e[ [2]al /b + 2|a] /b + 2]

Slele? [2lal2/b+ 2b + 2(|a] + |al2/b)]

Next we locate more precisely the intersections of Lo » and Ly, in Rj.
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z = Z
piC+illoglal)/b ale) + ei¢ +illog 18D /b | 0
¢ = ¢+A
gi¢tilloglaD/b _ gictintillog|BN/b - — () + €O
eitilloglaD/b 1y _ gintiClog(Bl/laD/b] = q(e) + €O
1 — eidtillos(Bl/1al)/b - —  g=iC=illoglal)/b () 4 0]
2km + A+ (log(|8]/|a)) /b = de~ i elaD/b[q(e) 4+ €O)]
+  O(ee™)?
w = W
aeCHloglal/b) - g(e) 4 geiMCHA+ogIBN/Y) 4 0
oA [ pirllor al) /b) _ ﬂeiA(A+(10g|ﬁ\)/b)} = Be) + €O

_ oiACi(log fal)/b)

x [a - ﬁewe*“*““g'“‘>/b[a<e>+eo1>}

—iX(log [a])/b
L Bonartoglpi/anm  _ minge MRl 8() + €0
a a
AN e emAoglaD/)
—tog (2) wixa Goglal/labn) ~ N 5 + o)
1 8 I Y e—iA(log|al)/b)
Atog(lal/lal /o~ piox (2) = L (e + o
+ 0(671‘)\(6)2
Adding the two expressions with A :
Lemma 18. Suppose that Lan, N LG, N Ry # 0. Then:
o e~ iA(log|al)/b)
—% log (g) = e i¢milloglal)/b [o(¢) + O] 4 %e—mc% [B(€) + €O]

+  O(ee™)? 4 O(e )2

To continue the search for intersection points of Ly, L, in Ry, we divide Ry

into 3 pieces.

, M

Ria = A{Cle| <lz], lw| <6, |w] << [2]}
Rip {Clel <z, lw| <6, |2 << [wl}
Ria {Clel < Iz], lw| <8, 2] ~ |w]}

Observe that Ry 4 and Ry are similar. We will leave it up to the reader to verify
the estimates for Rqp.
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8. THEOREM 7 FOR Ry, THE PART OF R; CLOSE TO THE z—AXIS

We will assume that a # 0 and leave the verification of the case a = 0 to the
reader. If jw| << |z|, then the second term in the expression for log(8/a) in Lemma
18 on the right dominates and we get

e e~ |(B/a) -1
2nr < u<2n4+)w
av ~ logl|(B/a) — 1| +log(1/|e]) — 2nbm
 log|(8/a) — 1] +log(1/]e]) — 2nbr

v | < C
a
Cle] < e™¥<é
logl/o < wv<logl/|e|—C
p < v<p+1

Lemma 19. For intersection points in Ry 4, we have

Cle|

1
T<|ﬂ—0&|<*.

C

Proof. Since e®tt%|¢| ~ |g — 1] ~ |8 — a| and e®*** = 1/|w| we have |3 — a| ~
le]/|w]. But Cle| < |w| < |z|/C < 6/C. The lemma follows.
g

Lemma 20. Suppose that L, intersects Ly, in Ria. Then the intersection
points must by in R(p) for some

 log|(8/a) — 1] +log(1/|e]) — 2nbr

p | < C.

For the plaque to enter Ry we further need n to satisfy
log|(B/a) — 1| + log(1/]e]) — 2nbmw € T

where I is the interval with endpoints alog1/d, alog(1/|e]) —aC

Our next step is to verify that there is a uniform bound on the number of inter-
section points of Lq p, L%,m in Ria.

In order to study the number of intersections between plaques, we compare their
slopes:

Suppose (z,w) = (Z, W) := ®(z,w’) is an intersection point of Ly, and L
in Ry. The slope Sy of Ly, is Aw/z. The slope of the perturbed leaf is Ss.
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(2w ') = (240 w), ' + €O, w'))
Aw' + eO (2, w')
Sy =
2+ €Oz, w')
AW = AB(e) + €O(Z, W)
 Z—ale) +eO(Z,W)
o - Aw — AG(€) + eO(z,w)
2T Tz a(e) + €O(z,w)
B _ Aw—=A8(e) +eO0(z,w)
S2-51 = z — afe) + eO(z,w) Aw/z
= AB(6)z + Awale) + €O(22, zw, w?)
B z2(z — a(e) + eO(z,w))
A
[zl ~|w] 2 Sz = 81~ = (wale) — 20(e))
| >> 2| : Sy - S~
z
lw| << |z| : So—Si~ 2

Lemma 21. There at most a uniformly bounded number of intersection points in
Ria.

Proof. The case of Ry4, R1p follows from slope estimates, For the case Ri¢, note
that leaves might be tangent when (w/z) is close to B(€)/a(e). They both have
slope about A. But since we assume that A # 3(0)/a’(0), this tangency is at most
of order 2. O

We estimate the contribution to T'A, T from R; 4. We assume again that a # 0.
By Lemma 18, the parameters o, 3 are restricted to the values: e~2™" < |al, |f| <
1,1/C > |8 — a] > Cle|/é. So fix a, 3. Next, by Lemma 15, we can set n = m to
be some integer in the interval given by Lemma 19. The case n = m % 1 is similar.
Because of the finiteness of the number of intersection points, see Lemma 20, we
can set

_ log|(8/a) ~ 1] + Iog(1/|e]) — 2nbm

a

p=p(n)

and consider only one intersection point. Then we multiply the values of H, , and
Hg ,, using the formulas in Case (i) or (ii) depending on whether n < p or n > p. It
is convenient to use instead the cases n < sp and n > sp,0 < s << 1. We then add
these products over n and integrate the result over du(a)du(53).

Case (i), n < sp:
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Slog |(B/a — 1| +log1/|e| — 2nbx

a
n(l4+ 20Ty o slogl(ﬁ/a_;HlogMd
2
1/2<1+ S;F < 3/2
1 —1|+1logl
n < S Ogl(ﬁ/a |+ og /‘6| = n(a,576)~

2sbm
1 + “a a

Hence for n < n(a, 8,€) we use the formula for n < sp. For n > n(a, 8,€), we
use the formula for n > p. But recall also from Lemma 19 that n is limited by the

condition there, i.e. Ly, must intersect R;.

1-1/v

1
ham ~ / H, (z)]z|/ 71 <|x|) —dx
|z|<CvY v v

¥ 141/~ 1
+/ Ho(2)|z]Y/ 71 (”) Zdz
|z|>CvY |!E| v

Here v, v ~ logl(ﬁ/o‘)_llzlog Ylel=2nbm W need to estimate > hanhgn and
then integrate the answer over the measure p(a)u(3).

Note we will majorize the sum by the product »- han_,, kG, Then we use
the dominated convergence theorem. When we sum over n, we can instead sum

over v, log1/d < v <logl/|e| — C.
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log 1/|¢|~C o dr 7ol
Shaw ~ 3 V Bl e mlwl?‘”l
v v=log1/8§ || <CuvY |z|>Cv
log1/]e|-C da
N / Ho(@) > —
lz|<(log 1/5)7 v=log1/s "
log1/|e dr
" / f{a(x) —
(log 1/6)7 <|z|<(log 1/]€e])¥ u—;ll/"Y v
1 |z‘1/v
N / fIa(x)* vVdx
(log 1/8)7 <|z| < (log 1/ €)Y z? v—ézl/fS
1 log1/]e
+ / Holw)— >, vVde
2> (log 1/]¢])™ r v=log1/§
1
/|m< (log 1/6)7 )(log Loyt
- 1
(log 1/6)7 <|z|<(log 1/[e[)7 et~/
- 1 1
N dx

o(t) 5 7=
/<log1/6>v<|x<<log1/ |>v 2% |zt =1

+ / ()~ (log 1/]e]) " da
|z|>(log 1/el)” r

1/v—1 2| o
~ ||
/|z< (log1/6)~ ( )‘ | ((log 1/5)’Y>

/ Ao (2)]e V7 e
(log 1/8)7<|z|<(log 1/le|)Y

v Ao (@)l <<1og1/|€|>v>”” "o
|z|>(log 1/]e|)™ ||

— 0,0 —0

This finishes the case (i), n < sp.

Lemma 22. The contribution to the geometric wedge product from R4 in case (i),
a #0,n < p goes to zero when § — 0.

We next deal with the case n > sp. Recall that:
Case (ii) a #0,n > p



36 JOHN ERIK FORNZAESS, NESSIM SIBONY

(u+w) = U+iV

nY +ip(n)n? !

- 1
Hop ~ / Ho()—————da
|z—n7|<p(n)ny—1 p(n)n’Y

i p(n)n? !

nY/2>|z—nY|>p(n)ny—1 |(L‘ -n |

N -1
+ / Ha(x)%dx
nY/2<|z—n7|<2nY n<y

~ n)ny~1
+ / Ha(m)%da:
|z—nY|>2nY €

= I+I1IT+1IT+1V
= I, +I1L,+1II,+1V,

For simplicity of notation we assume a > 0. Then we have the following range
for n from Lemma 20.

alogl/d <log|(B/a) — 1| +log(1/]e|) —2nbr < alogl/|e] —aC
alogl/0 —log|(B/a) — 1] —log(1/]e]) < —2nbr <
—log|(8/a) — 1| —log(1/[¢]) + alog 1/]e| — aC
—alog1/6 +log|(B/a) — 1| +1og(1/|e]) > 2nbm >
log [(8/c) — 1] + log(1/]e]) — alog 1/]e| — aC
log |(8/a) = 1] + (1 — a)log(1/le]) — aC
—a10g1/5+10g|(2b/7;)—1|—|—log(1/|e\)
2bm

However, n is further restricted because n > sp and p > log1/4. If we then
estimate I'V and sum over n, we get

‘z‘l/’v

- 1
S~ | Ho@)= >
- |2|>(log 1/6) T log1/5
<N/ Ho ()] e
jal > (log 1/6)7

— 0

Similarly for " ITI, we get to estimate Y. 1/n7 <~ |z|*/7~! which again is
fine.

Next we handle the terms I1,,. For a given x, the range of n is on the order of
2/3|z|7 < n < |27 —p(x'/7) and similar for n > |z|'/7. Also note that the terms

1 . 1 . y—1
p(n) <~ |z|'/7 since n ~ |z|'/7 and p <~ n. So we sum the expressions et
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which integrates to so inserting the limits of the summation, we get a bound

1
lz—n7]?
of the same form as for I71.

Finally we sum over the I,,. Here we make the rough estimate that log1/§ <
p(n) < sn. So we integrate over |x —n”| < sn” but in the integrand we replace p(n)
by log 1/4. With this estimate we get the integral Ha(x)m << Hy(z)|z|V/ 7.
Hence this also goes to zero with 4.

Hence we have shown the following;:

Lemma 23. The contribution to the geometric wedge product in the case of R4,
case (ii), a # 0,n > p goes to zero when § — 0.

9. THEOREM 7 FOR Ric, THE DIAGONAL PART OF g

We are in the set {Cle| < |z|, |w| < 6, |z]| ~ |w|}.
On L, we have

2nt < w<2(n+4+1)rw
2n 1
v — 1—a| < C
logl/d < wv<log(1l/le]) —
(u+w)” = U+iV

Vi~ Inl?
Ul <~ n|”

hoéyn ~ /Ha(f)wdx

~ dx ~ nYdx
N / )™ / () 8
|z|<2nY ny |z|>2nY €z

> han ~ / d
el<togi/ 1/5
" ( )
et os/

+ / ~a(x) - d.’II
Jo|>(1og(1/18))" netop1/s xQ
. 1
~ (@) T dr
/|w|<<10g(1/|6>>~ (log(1/8))7
. 1
+ () —da
o] (log(1/16)) Hol®) iy

- 1/vyy+1
+ / a(;v)(xigdx
|z|>(log(1/]6))” x
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Show ~ [ o (@) o] da

n |z>(log(1/8))7

7 1/y—1 |z| =
+ / H,(z)|z|" /7~ (> dx
2| < (log(1/8)) (log(1/8))”

This is arbitrarily small as long as § is chosen small enough.

10. THEOREM 7 FOR Rs, THE PART OF D, CLOSE TO THE z— AXIS

This case is divided in two subcases depending on whether one is close to one of
the indicatrices (Rz4) or not (Rap).

11. THEOREM 7 FOR R4 CLOSE TO AN INDICATRIX

Again we assume that a # 0. There are two indicatrices, w = 0 and w close to
B(€). By symmetry it suffices to do one of them. We choose to estimate close to
the indicatrix w = 0. So we set Roa = {Cle| < |z| < ¢, |w| < sle[} for some small
constant s > 0. Let L§ = and L,, be plaques intersecting at (z,w) in Roy for
parameters (u',v"), (u,v).

Since the point (z, w) is about distance |3'(0)||e| away from the indicatrix for the
perturbed lamination, we get (w’ = ((e) + Getr (@' +0og[Bl/b)Fiv) 4 .y,

2mr < u' <2(m+ D)
Ci < av' +2mbr +logle| < Cy
Clef < |zl=¢"" = || =]ale) + i/ +log|Bl/b)—v" . | =
Cz3 < v—v <Cy
Cy < av+2mbr+loglel < Cs
2nr < u<2n+4+ 1w
lw| < sl
et < e
log(1/s) < av+ 2nbm + log ||
2(n —m)br = (av + 2nbr +log |e|) — (av 4+ 2mwb + log |€)
> log(1/s) — Ch.

These calculations show that for the given plaques, the pairs (u,v), (u/,v") belong
to rectangles of uniformly bounded size. Hence the number of intersection points
can easily be estimated by using slope estimates for the plaques. We get a uniformly
bounded number of intersection points.

We divide this into cases I,II,II1I. For I, we have 1/Clog(1/|e|) < 2mbm +
log le] < C'log(1/lel). For IT we have 2mbr + log|e| < 1/C'log(1/|e|). For ITT we
have 2mbm + log |e| > C'log(1/|e|). We note however, that in case I1I, v' must be
very large in comparison with log 1/|e|. This implies that |2’| << |e| hence there in
no intersection point in this case. So we are left with the two cases Roar, Roarr-
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12. THEOREM 7 FOR Rsa; CLOSE TO AN INDICATRIX.

It follows in this case that v, v’ ~ log(1/]e|).

w4+~ 2mm +ilog(1/|e])
U +iV' ~ U +i(log(1/]e]))”
U] <~ (log(1/[e]))”

. N ~ (log(1/le]))”
bom [ s (oa(L/le))® + (z — U2
- 1
- /y<2<1og<1/| |>>vH (y)( g(1/]e \))”dy
(lo (1/| )Y
- /y>2(10g(1/| )~ 6(y) y? W

7 1/y—1 |y i
o~ o (it )
2.1 yl<2(log(1/|€))) ’ (log(1/[e[))”

mel |
~ 1/ (log(1/]e)\ /!
+ / Hps(y) y|1/v 1 (H/H))) dy
ly|>2(log(1/]€]))™ |y

Next we estimate h, ,. There are two cases to consider:
a): n < Clog(1/|e])
b): n > C'log(1/|e|)

Case Roagg :

39

Recall that we have n > m — Cgs. Hence we have that |n| < Clog(1/le|). This
means that we can write u 4 iv ~ 2n7 + i(log(1/]¢|)). Hence the estimates work as

for heﬁ’m.

In|<C'log(1/]€])

Case R2Alb :

u+ v n+ ilog(1/|e])
U+iV ~ nY+in" tlog(1/]e|)
2 n?tlog(1/[e])
~ H
R e e

i

dx

7 1/y—1 |z| i
hon ~ [ Aot (o)
2| <2(log(1/¢]))" = (log(1/[e]))™

1/v+1
" / Ho ()] (MAD)) e
[]>2(log(1/]e])) |z]

This integral has already been estimated. See the calculations for the set D; in

the region where |z — n| < d|n|, case (ii) where n > 10log(1/|n]).
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13. THEOREM 7 FOR Rsa7; CLOSE TO AN INDICATRIX.
We restrict for simplicity to the case a > 0. We can divide into three cases:

a)n>m>uv,v
b) n>wv,v" >m
c)v,v' >n>m

14. THEOREM 7 FOR Roarre CLOSE TO AN INDICATRIX.

(u+w)” = U+iV
~ Y +ivn? !
(W' +i")Y = U +4iV’

~ mY +iv'm!
~  (log1/[e[)” + v’ (log(1/]e[))"~"
logl/d < v <logl/|e|

v’ (log(1/]e))) !
Hz ~ d
o / v Qog(1/[e)) 12+ (y —m72 Y
- 1
~ A W) T Y
/ —m7|<cv’(log1/|e])Y— g ’Ul(log(l/‘d))’yil
- "(log(1 vl
. / () 2 osQ/D)
(log 1/]e])7 /2>|y—(log 1/]€])¥|>cv’ (log 1/ |e])¥—1 (y — (log 1/e[)7)
- v/ (log(1/]e))Y1
- iy B
ly—(log 1/]e])7|> (log 1/|e])7 /2 (y — (log 1/[e])7)

yl/'yfl

~ )y
l[y—m7|<cv’(log1/le|)7— v
5 / 1 1 y—1
/ 1 oD
ly—(log 1/]e[)7|>cv’ (log 1/]e))7— (y — (log 1/l¢e[)7)
= ﬂl,q;’+ﬁ2,v’
oY1

H, ~ | H, d
| e e
- 1
~ / Hy(z)——dz
|z—nY|<cony—1 vn’

~ onY 1
+ H,(v)———=dx
/|9L’n”’|>cvn“f1 OK( )(‘T - n’Y)Q

To sum up over the intersection points, we note at first that for a given plaque
Lg,, there is a finite range of v" and v —v’ is bounded, so we can assume that there
is one intersection point with L, , for each n > m. Hence we sum first over the
plaques L, m < n < oo.
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n=xz"/74v

- 1
Hy(z)——dz ~
;/|x—n“f|<cvn71 ony ! Z

n=x1/7—v

~ / H, (z)|z|Y/ 7 Yda
x>m"

- -1
Z/ Ha(x)Lde
|z—nY|>cony—1 (JU - n’y)

n

~ o))/
z>mY —com7—1

- v
+ / (1) ——da
z<m?Y—com¥—1 “ |‘7) - m’Y‘

so we conclude:

H, ~ H 1/v-1 / () ———
> TR (@)

Y — y—-1
n>m rm com

N N |x| 1-1/v
o~ [ e [ Ha@lft <> o
|z >m7 /2 lo|<m™ /2 m7

In this case m will have approximately the range (log1/le])/2 < m < log1/|e|,
hence we have

Yot <~ | Al

n>m |z|>(log 1/]€])”

3 1/y—1 |z| =
+ / H,(x)|z|*7™ <> dx
lel<(og1/lel)r (log 1/]el)7

Next we sum Hg over m or equivalently over v’,log1/d < v' < (log1/|e])/2. We
sum first over fy,,. For a given y, the range of v’ is in the interval with endpoints

(1+ 0)%. This part is bounded by

/ )y dy 0,
ly—(log 1/]e)7|<(log 1/]e)7/2
The second part is bounded by

7 1/y—1 lyl =1/
A (o)
/|y<2<10g1/|5>w ’ (log 1/e[)7

1+1
< oo (Leger " "
lyl>2(1og 1/le])" [yl
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15. THEOREM 7 FOR Roarrp CLOSE TO AN INDICATRIX.

In this case n > v,v’ > m. First we recall the estimates for H, which are the
same as in the case Roarra.

(u+w)” = U+iV
~ Y +ivn? 1
logl/6 < wv,v" <logl/|e|

onY 1

H(Jt ~ /Ha(z) [vn"/_l]z n (:L. _ nv)zdx
~ 1
~ / H,(x) cdx
[z—n7|<conY—1 vnYT

~ vnY L
n / Ho(2) - dx
|x—nY|[>cony—1 (I - n’y)Q

Next we estimate Hg.

(W' +i") = U +4iV’
(log1/le))/2 < v <logl/|el
m+v = logl/e|

Vi~ (log1/le)?
Ul <~ (log1/Je[)”

. 1
H ~ / Hys——dy
? lyl<2(log 1/]e])7 % (log 1/el)

- (log1/leN)”
- PRUSVICI
ly|>2(log 1/[e])Y Y

Next we estimate the contribution to the geometric wedge product. So fix «, 3.
Next fix a plaque Lg ,, v,v" ~ log1/|e] — m. Next we consider the contribution
from H, for all n > v. This is the same estimate as in the previous section, so goes
to zero when € — 0. To sum up over m, notice that we have about log 1/|e| terms of
the same order of magnitude. From this we get that the contribution goes to zero
when € — 0.

To estimate the geometric wedge product, we sum independently over n, m throw-
ing out the condition that n > m. We get as in the previous section that the
contribution goes to zero.

16. THEOREM 7 FOR Rsarr. CLOSE TO AN INDICATRIX.

Here we deal with the case when
v,v’ > n > m. In this case the same formula as in the last section applies to both
H, and Hg :
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~ 1
H, ~ / H,——dx
lel<2(log 1 /e (log 1/[e[)

~ (log1
- 1, Qog /1),
[z[>2(log 1/le])” z

~ 1
Hs ~ / Hg————dy
o ly|<2(log 1/|e]) 7 (log 1/]el)
i (log 1/le[)Y dy

ly|>2(log 1/]e]) y?

17. THEOREM 7 FOR Rop AWAY FROM THE INDICATRICES.

At an intersection point p = (2, w) of La,n, LG, we have

sle] < w| < Cle]
slel < |Jw—=B(e)] < Clef
log |e| — < —av—bu <logle| +C
logle] —C < —av’ —bu’ <logle|+ C
-C < v=v'<C
—-C < n—-m<(C
log(1/8) < w,v" <log(1/|e]) —
—Clog(1/le]) < w,u',n,m < Clog(1/le|)

Given («, 3,n,m) we need to estimate the values of v,v" corresponding to an
intersection, as well as the number of intersections. The following is immediate.
There is no dependence on «, 3.

Lemma 24. At intersection points of La,n, LG, in Rop away from the indicatrices,
we have

—2nbr/a+ 1/alog(1/]e]) — C < v,v" < —2nbr/a+ 1/alog(1/|e]) + C.

It follows that intersection points are localized in bounded rectangles. To show
finiteness of number of intersection points for given plaques, we use slope estimates.

We divide the estimates in two cases, (i) if v'v" ~ log(1/|e]) and (ii) if log(1/6) <
v,v" < 1/Clog(1/|e]).

18. THEOREM 7 FOR Rap; WHEN v ~ log(1/|e|)

The estimates for hq ., and h§,, are similiar.



44 JOHN ERIK FORNZAESS, NESSIM SIBONY

U+iV = (u+iv)?
~ U+ i(log(1/le]))?
U <~ (log(1/le))"
[ (sl
ham /H“)a%uﬂwﬁw+@—vvd
1

H,(z)—————dx
/|z|<o(1og(1/|e|))w )(log(1/|€|))7

+ /\x| > C(log(1/|e|))7ﬁa(x)wd

~ / H, ‘x|1/’y 1( )
2| <C(log(1/]e]))7
1+1/y

1 ’Y

|2|>C(log(1/]e])) log( 1/lel)
Isc\

he, ~ / H ml/v 1(
2 ha |z|<C(log(1/le])) (log(1/lel))”

+ / H ‘ |1/’y 1 log 1/‘€|
|z|>C(log(1/]e]))”

~

1-1/~

log( 1/| \)

1+1/'y

19. THEOREM 7 FOR Rapi; WHEN v << log(1/|€|)

In this case we have u,u’,n,m ~ log(1/|e[). The estimates for hqn,hG
similar. In the following 0 < d << 1.

,m

(1 —d)log(1/]e]) < 2nbr < (1+d)log(1/|e])
log |e| — < —av—bu<logle|+C
log le| +2nbr —C < —av < logle| + 2bnm + C
—dlog(1/]e]) — < —av < dlog(l/le)) +C
U+iV = (u+iv)?

(log(1/]e]))” + i(log(1/|e]))"~ v
(log(1/]¢[))""tv

han ~ /Emeame%w+@—wﬂx

When we sum up over hq n, hj,, We can take n =m and v = v".
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(lo

1le)) 1w
((log( 1/|e du

g(
)7 v)2 + (z—-U)?
(
)

€
hanhG m ~

=
Q
H
<

)
(log(1/[€])

((log(1/[e)) = v)? + (y — U)?

+
—U[>(log(1/[e]))7~1]o] (x—-U)?

et
[t
~ / gty lﬁa(x)de
/.
-

Hp(y) 7o dy
<Gog/leyr—1fel - (og(1/]el)) 1w

= (log(1/]e))" 1w
Hy(y) 2o Yy
i /y U|>(log(1/]el)) 7= o] 5) (y—-U)? vl

I+ IN[III+1V)

There are 4 cases to sum over: (I,I1I1I), (II,III), (II,IV) and (I,IV). The case
(I,IV) is similar to (I1,IIT) so we can skip it without any loss.
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20. THEOREM 7 FOR Rypji(r,r71) WHEN v << log(1/le|)

~ 1
hanh,, ~ / Ao(t)————du
- lz—U|<(log(1/]e]))?—1|v| (log(1/[e[)) 1o
~ 1
* Hg(y) oy
/|yU<(log(1/e|))“/1|v| g (log(1/[e])) 1w
1 - 1
“~ = Hoa()————du
V2 | U|<1/C(log(1/]e]))7 (log(1/le]))r—1
~ 1
* Hp(y) o Y
/|y—U<1/c<log(1/|e))~ P log(1/]el)) T
1 ~
~ = H,(z)|z|Y"  da
V" Jlz—U|<1/C(log(1/]e]))™
< Ay(y)lyl "y
ly—=U|<1/C(log(1/le]))”

log(1/8) < v <1/Clog(1/le])

1/Clog(1/le) 1
E ha,”heﬁm <~ / 2
’ v

log(1/4) lz—U[<1/C(log(1/[€]))Y

Hg(y) |y dy

H, (2)|z|"/" Ydx

/IyU<1/C(1Og(1/|6))”
1

n € ~ ]_Nla 1/v—1
Zh nhGm < Tog(1/0) (x)|z| dz

/|IU<1/c<1og(1/|e|>>w

/ ) Iyl dy
ly—U|<1/C(log(1/le]))”

1 ~
By nh& ~ — H, 1/v=1q
Z mlgm < log(1/§) (a:)|x| x

/Ix—(log(l/€|))”|<1/C(10g(1/€|))7

* / Hg(y)ly|" " dy
ly—(log(1/]e]))|<1/C(log(1/]e]))

This contribution goes to zero when € — 0.
21. THEOREM 7 FOR R2Bii(II,III) WHEN v << 10g(1/|6|)

- o) N 1o

Hc)z(ac)(lg((;/l(}))2
- 1

' /IyU<<log<1/|e>>w1|vHﬁ(y)(10g(1/|el))7‘1vdy

ha,nh;}_m ~ /
/ lz—U|>(log(1/|e}))¥~!|v]

Here log(1/d) < v < dlog(1/]e]),0 < d << 1 and —av = log|e| + 2bnm + O(1).
Also we can take n = m. When we sum over n, v runs through log(1/0) < v <
dlog(1/|e|). Hence the contribution to the geometric wedge product is
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dlog(1/[e])

2

> ham /
n,m |z—U|>(log(1/[e]))*~1|v]

v=log(1/§)
/ ()
ly—Ul<(log(1/|e[))”~ ||
dlog(1/]el)
dx

H, ()
v=log(1/6) /|m_(10g(1/|6|))~|>(10g(1/|6))w—qv (z — (log(1/]e])7)?

/ Hpg(y)dy
ly—(log(1/]el))7|<(log(1/]e})) ||

We introduce a counting function, N(z,y), which tells us for a given (z,y) for
how many terms of the sum (z,y) is in the domain of integration,

(log(1/lel))~"[o]

|z — (log(1/]e)™] >
< (log(1/[e[)"~ ]

|
|y — (log(1/l€]))"]

Ry = {|z = (log(1/]e]))"] > d(log(1/]e))",
ly — (log(1/le]))"| < log(1/8)(log(1/]e]))*~"}

Ni(z,y) ~ dlog(1/e[)

Ry = Az — (log(1/[e))| > d(log(1/]e]))",
log(1/0)(log(1/[€]))"" < |y — (log(1/le]))"| < d(log(1/|e[))"}
d(log(1/le]))” — |y — (log(1/]€]))"]

(log(1/[e[)) =1
Ry = {log(1/6)(log(1/[e[))*~" < |z — (log(1/le]))"| < d(log(1/|e]))”,
log(1/6)(log(1/l€l))" ™" < |y — (log(1/le]))"| < d(log(1/|e[))"}
|z — (log(1/]e)))| — |y — (log(1/1€[))"|
(log(1/]e))—*

No(z,y) ~

N3(z,y) when positive

|z —y|

Nale:w) ™~ fog(@/le))
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22. THEOREM 7 FOR Ropi(r1,111r, WHEN v << log(1/le|)

S hanhl  ~  dlog(1/le]) / Ho(x)Hp “) _dudy

s (o= (og(1/]e))7)?
Ho ()| | 'Y Hg (y) [y /7

(a— Qog(1/]e)) 2 ((log(1/|e]y 1771 /1)
H

o (@) || e H (y) ly
(1

~

og(L/[e)) 7=/ ((log(1/[e[)7)2/ log(1/le])
1

JT
H, xxl/v 1H yl/v T -
N V)

L
s
TR

—

23. THEOREM 7 FOR Ropi(r1,111)r, WHEN v << log(1/le|)

Z ha,nheﬁym ~

n,m

/ (z — 1/|€| (log(1/[ef))7=1
/ Ha( vall” 1Hﬂ( )yl
(z — (log(1/]el))7)?

o (1/]e))” — Iy — (log(1/le]))"]
(log(1/ [N~ dody

N / a(ﬂf)|$|1/”_1ffﬁ(y)|y\1”_1ml-m
(d

-1
e a7

(z — (log(1/])")?
(d(og(1/|e]))" — Iy — (og(L/|e]))"])dedy
-~ el 1E 1/y—1 || 2|1/
/R @)l )l ol
(d(og(1/1eD)" — Iy — Qog(1/leD)])
 — (Qog(1/e))7]

<~ /R o (@)Y= B (y) |7
2

- 0

*

dxdy

1
dxd
log(1/]e) “*

_dloB(1/1D)" ~ Iy = Oog( /D),
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24. THEOREM 7 FOR Ropii(r1,111R

§ €
ha,n B,m ~
n,m

s WHEN v << log(1/|e])

/ H,(x)Hp(y) eyl gy
R (

z — (log(1/]e]))7)? (log(1/le[))

/ Ho()|x| 7" Hg(y) |y~
R

5 (@ — (log(1/]e)))7)*(((log(1/[e[))7)1/7=1)2
|z -y ddy

(log(1/le[))~

/ Ho(x)|x] /7~ Hy (y)ly[ /7!
R3 (

x — (log(1/]e[))7)2(log(1/|e[))?>~27
|z =y
(log(1/le[))r—1

/ o (@)Y= ()| /7
R¢

3

dxdy

|z -y

(x — (log(1/[e]))7)?(log(1/[e]))"~

Ho ()| Ha(y)ly|'7 "
R3

5 dxdy

1
|z — (log(1/1e]))|(log(1/]€])) =

/Ha(:v)Iarll/”‘ll‘i’ﬁ(y)Iy\l/”‘1
R3

1

log(1/5)(10g(1/]¢))7 " (log(1/[e))*—
L J =17 1/y—
bg(l/é)/R Ho () |7 Hg (y) |y dardy

0

dxdy

dxdy

25. THEOREM 7 FOR Rypii(r1,rv)y WHEN v << log(1/|e|)

Recall from Lemma 24:

—2nbr/a+ 1/alog(1/|e]) — C < v,v" < —2nbr/a+ 1/alog(1/|e]) + C.

49
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N v—1
o 1,y BB WD) 0
e—U> (log(1/[¢)))7=1 o] (z =U)
- log(1 V-l
- WU
ly—U1> (log(1/]e])) "1 [o] (y—=U)
- o Clog(1/]e)) "
lz—(0g(1/e))7]> (log(1/l¢)))7 =1 o] (z — (log(1/le])))?
- (log(1/]e])) v
* Hs(y) dy
/|y—<log<1/e|))v|><log<1/|e|>)~1|v (y — (log(1/[e]))7)?
log(1/8) < v <dlog(1/|e])

Note that when we sum over n, v depends linearly on n and ranges from log 1/
to dlog(1/]e]), 0 < d << 1.
Hence we need to estimate the expression I(«, )for given («, 3):

dlog(1/[e])

/ i (g (Jos(1/le) "k
k—tog1/5 7 o= (0g(1/]e)7|>(log(1/le)))1~1k (z — (log(1/[e[)))?

 (og(1/leh)y R
HsW) = (log(1/ 1) 2

I{a,08) =

*
/Iy(10g(1/|€|))”>(10g(1/|6))”lk

We introduce the integrals

- 1.y oE())
" (log(1/le[)) 7~ j<|z—(log(1/]e]))7| <(log(1/]e]))7~* (j+1) (z — (log(1/[€[)))?
N 1
~ H,(x)- —dx
/aog@/q))wmx(1og<1/|5>>w<<1og(1/|e))~1<j+1) 52 (log(1/]el))
1 ~
~ = H, (x)|z]*7Yda
3% Jos(1 /ey =1 < e~ (log(1/1el)) 7| < (log(1/ €))7~ (j+1)
1 -
= Flj7a
. log(1 7-1
e = | 1oy o
|z —(log(1/|e]))7 |>d(log(1/|e])) (z — (log(1/[e])))
~ 1
dx

Ho (%) g

/d(log(l/ )7 <lz—(log(1/[e]))|<Cd(log(1/]e]))™ (log(1/[e[))*
log(1 -1

n / ; m)( g( /\2|))

o —(log(1/]€]))|>C (log(1/|e])) x

1 /~ 1/7—1
<~ ———— | Hy(x)|z|"" " dx
(log(1/le[))? (@)l
= I

dx



ERGODICITY OF HARMONIC CURRENTS 51
and similarly for .
We get:
dlog(1/le[) dlog(1/le[) dlog(1/lel)
Haf) = > |k Lo | 4T || |F{ | D Tip | +1wp
k=log1/s j=k i=k
dlog(1/le[) dlog(1/lel) i dlog(1/le[) Ijﬁ
2 7, 7,
~ >k | o > 5 |+ s
k=log1/s Jj=k i=k
dlog(1/|el)  [dlog(1/le]) 7 dlog(1/lel) iy
— 2 7, i,
- > ey Yk
k=log1/s j=k i=k
dlog(1/le[) dlog(1/le[) j',@
2 2
+ Floo | >, =3
k=log1/é i=k
dlog(1/le[) dlog(1/le[) i
+ k2 3,204 Ioo,ﬁ
. J
k=log1/d j=k
dlog(1/lel)
+ > KFleales
k=log 1/
= [+ IT+1IT+1V

Here IT and 111 are symmetric. It suffices to estimate I1.

We estimate IV first. Since Y k2 ~ (log(1/|e|))?, this is immediately small. For
11, we get:

dlog(1/]e|) dlog(1/]e|) i
I = kLo i
. 3
k=log1/é i=k
dlog(1/[e]) [dlog(1/|el)
< Isa Y Y. s
k=log1/é 1=k
1 /~ 1 —1 I 1 —1
« (@ / Hs(y) |y dy
(log(1/]e]) ’
— 0

Finally we estimate I.
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dlog(1/le)  [dlog(1/le]) 7 ] [dlog(1/le]) i
_ 2 J,x 1,
r-oY RL Y Y
k=log1/§ i=k 1L =k
dlog(1/le) | [dlog(l/le) ] [dlog(1/lel)
< o) Ij o Z I
k=log1/6 j=k 1L i=k

We can make this as small as we wish by choosing § small.

26. PROOF OF THEOREM 4

Proof. We use the approach in [8].

Let T be a positive harmonic current directed by F. We want to show that
JT AT =0. Let T, = (®.).T and define 79 as the average of 7. using a small
neighborhood of identity in U(3). Then since T. — T, we have [ TAT = lim._,o [ TA

T.. On the other hand T? = w + 9S° + %i +400u! and S® — S, in L?. So
T AT, =lims g o5 <<e | T2 A T% . Hence as in [8] it is enough to show that

’
lim TONT® =0.
5,87,e—0,]8],|0"| <<€

We can compute the geometric intersection T A 7% and it is enough to estimate
Te Ng T'. If ¢ is a test function supported in B,

Lemma 25. We have that fT NTe =T Ng Te. The same holds for TJ,Tf,.

<nAT¢>¢umwm/}jEMMﬁ@mmmww»
2

where J ; consists of intersection points of A, and Ag. We know that the number
of points in Jg 5 is bounded by a fixed constant independent of €. For p out of a
fixed neighborhood of the singularities the integral converges to zero. This is the
case considered in [8]. So it is enough to show that for 6 > 0 small enough

10)i= [ 2 Halw) H3(p)du(a)du(5)
IS 5
is arbitrarily small. This is precisely the content of Theorem 7, since all estimates
are valid after composition by automorphisms in a small neighborhood of U(3).
Consequently if T'T, are two such currents then [ % A % = 0. Hence
le ATy = 0, therefore T3, T5 are proportional.
|

We give a dynamical consequence of the uniqueness of the harmonic current for
F € H(d), here H(d) is the Zariski open set of foliations of degree d, introduced in
Theorem 2.

Corollary 1. Let F € H(d). Let ¢ : A — L be the universal covering of a leaf

_ ¢xllog® 5 A
L. Let 7 = 15 fogm 5 AT

current directed by F.

Then lim,_1 7. = T, where T is the unique harmonic
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Here A, denotes the disc of center 0 and radius r. The Corollary which is a
consequence of paragraph 5 in [8] says that the normalized images of [logJr ‘7’“‘A,.]
converge to T. This is similar to the pointwise ergodic theorem, since we are aver-
aging on an orbit.

Recall that the limit set of a leaf L is defined as lim(L) = N,L\ K,, where
K, C K,y is an exhaustion of L by compact sets. One of the main questions in
foliation theory is to describe the limit set of a foliation F: Uim(F) := Ures lim(L).
Corollary 2 implies in particular that for F € H(d), for every leaf L € F, lim(L) =
supp(7'). This is clear as shown in [8].

r

|D. [logJr A,} || = o0

E
as r — 1, hence supp(7T) C L\ K, for every n.

Corollary 2. The map A — T is continuous from H(d) with values in the positive
harmonic currents of mass one. Let Fy be a holomorphic family of foliations in
H(d). Let (Tx) be the associated currents. If a hyperbolic point po € Supp(Th,),
then the perturbed hyperbolic point py belongs to Supp(T)).

Proof. Assume Fy, — Fy, in H(d). Let (T, ) be the normalized positive harmonic
currents associated to Fy, . Since ||T), || = 1, the sequence (T}, ) has cluster points.
It is clear that any cluster point S is positive harmonic and directed by Fy,. So
S =Ty, by uniqueness. Assume the support of Ty, intersects a ball B(pg, ) where
po is a hyperbolic singular point of Fy, and the ball is contained in the common
domain of linearization of py € Sing(Fy), px — po, px hyperbolic.

From our local study of positive harmonic currents near a hyperbolic singular
point pg € Supp(Ty,). Since Ty — T»,, T gives mass to B(pg,r), applying again
the local study for T we get that py € Supp(T}).

O

Remark 2. Let f be a holomorphic endomorphism of P2. Let F be a foliation with
only hyperbolic singularities. Then f*F is a foliaton and its singularities are not
necessarily hyperbolic. However there is only one positive harmonic current of mass
1, directed by f*F. Indeed let 7 be any such current. We will show that [ TAT = 0
which implies the uniqueness. Observe that f.T is a current directed by F. Hence
J f<T A fT = 0. Since f* is a finite covering of degree d* we have

/T/\Tg/f*[f*T/\f*T]:dQ/f*T/\f*T:O.

27. MEASURE ASSOCIATED TO A HARMONIC CURRENT

Let F € H(d) be a holomorphic foliation as in Theorem 2. We know that there
is a unique positive harmonic current 7' of mass one directed by F.

We are going to associate to T" a conformal, measurable metric along leaves that
we will denote by gp and also a positive finite measure pp which is invariant under
the harmonic flow associated also to T

On a flow box B disjoint from E = Sing(F), the current T can be written

T— / ha[Valdu(e)
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where h, are positive harmonic functions and p is a positive measure on a transver-
sal A. The [V,] are the currents of integration on plaques. On B,0T = 7 AT with
Oha w1 almost everywhere. Observe that 7 is independent of the choice of h,, :

T =3,

if we replace hq by caha, o € RT then 7 is unchanged.

We define the metric gr on leaves by gr = %7’ ® 7. Along the plaque V,, with a
choice of coordinate (z,) we have

Oha |
= LD g edz. (1
9T =3 0zo | h2 Fo @07 e
Define Cr = {(a, 2); 2 (a, z) = 0} it’s the critical set of the "metric” gr. We

also define the current of bidegree (2,2), ur, which we identify with a measure

1 1

pr =T ATAT.
In local coordinates in a flow box B, we have:

pr = [[avta) /w

Proposition 2. Let F € Hy. The metric gr has constant negative curvature out
of the set Cr where the metric vanishes.

Ohy, |?

0z

hi(idza ANdzZa).  (2)

Proof. Since the current T is unique, every measurable set of leaves A has zero or full
measure with respect to ||T|. Define N, := {leaves on which gr vanishes identically}.
Since hg is measurable, then N is measurable. So Nj is of zero or full measure.
But if N, is of full measure, 9T = 0 and by conjugation OT = 0, hence T is
closed. A foliation F in H, admits no positive closed current directed by F since
all singularities are hyperbolic. So N is of zero ||T'|| measure.

From (1) it is clear that the metric is conformal. On a flow box B, the curvature
k(g) has the following expression out of Cr. According to Kobayashi,

71A10gg 1 Alog h,,

k(g) = .
(9)=—7 P TN
0za h2
So
h2 0 (ha,:
K(gT) - |ha,z|2 (82 ( ha .
Since h, is harmonic we get k(gr) = —1.

O

Proposition 3. Let T be the harmonic current associated to F € H(d). If gr is
the associated metric on leaves, then gr < g.

Proof. We have normalized the metric gr so that on each leaf L, g7 has curvature
—1 on L, \ C(T). he Ahlfor’s Schwarz lemma, applied to the abstract Riemann
surface L, \ Cr implies that g7 < g. O

Because of the nature of the singularities, the leaves are uniformized by the unit
disc A. Let g denote the Poincaré metric on leaves. We choose a normalization so
that the curvature k(g) of g on leaves is —1. We will denote by @, : A — L, the
uniformizing map from A to £,. When we fix a transversal A in a flow box we can
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choose for each o € A a uniformizing map ®,(0) = «, then ®, vary measurably.
We will denote by I', the group of deck transformations for the map .

We want to define a vector field x on F associated to the current 7. The vector
field will be defined as the metric gr only ||T|| a.e. On Ly, x4 is collinear with the
gradient field of h,. We define x,, on a flow box with local coordinates zo, = o+ 1Y
by

ho
Xa i=C THE (hawshy.,)-

We choose ¢ so that g7(Xa, Xa) = 1. The vector field x,, is independent of the
choice of h. It blows up at every point of Cr. Which means that the integral curves
of xo approach these points at infinite speed. It is clear that the integral curves of
X« are along the level sets of the harmonic conjugates of h,, such that f, = hy +ivy
is holomorphic.

Theorem 9. Let T be the positive harmonic current associated to F € H(d). Then
the measure pr is finite and the flow v of the vector field x preserves ur. Moreover,
if Fx is a holomorphic family of foliations in H(d), A € A(Xg,r), then the mass of
wr, near hyperbolic singularities is uniformly small in o fixed neighborhood of the
singularities.

Proof. For a flow box B away from the singularities, it is clear that pr has finite
mass. Indeed the functions h, are positive harmonic, and by Harnack Ir‘3hh%.| <e,
hence pp has finite mas in B. It is enough to show that pp has finite mass in a flow
box B; near a hyperbolic singularity given by w = zdw — Awdz, A = a + ib,b # 0.
We use the parametrization

Yo (C) = (e6Hoglal/b) o eir(C+(loglal)/b))

by a sector near the hyperbolic singularity. Since ¥} h, = H, is a positive harmonic
function and p a.e. H,(¢) — 0 when ¢ — —o0, then again by Harnack % (7) is
bounded. The total mass of ur in B; satisfies

/ iy < / W (T) AL (T) AL Vil Hadpa(a)
B; D(wq,r) XTIy

¥E[Va] is a graph in the flow box. It is of bounded area and fD(wO " Hdu(a)
defines a bounded harmonic function. So the mass pp is bounded near the origin.

From the expression of gr, we get that gr(Xa, Xo) = 1. So the flows is leafwise
volume preserving.

From the expression (2) of the measure ur in B, we get since |xq| = % that
1 preserves pup. Basically the slicing of pp along the leaves gives the area measure
on leaves associated to the metric gr. Let T, be the current associated to Fj,
and let u* denote the corresponding measure on a transversal. The linearizations
associated to a holomorphically varying hyperbolic singularity vary holomorphically.
Then [, H}dp*(a) — 0 when ¢ — —oo, uniformly when X is near Ag. (We don’t
say that H2 vary holomorphically.) So the mass of uz, is uniformly small in a fixed
neighborhood of the singularities if A is close enough to Ag.

|

Remark 3. Since pr is finite, the Poincaré recurrence theorem applies: For up
every p the orbit of p intersects any set of positive measure infinitely many times.
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This gives a strong recurrence property for the leaves of F. Not only the leaves are
recurrent but the flow ¥ is recurrent for ur.

Theorem 10. Let A — F) be a holomorphic family of foliations in H(d), parametrized
by a disc A. Then A — p, is a continuous family of measures.

Proof. Let (T)) be the family of the positive harmonic currents directed by Fj.
Recall that pp, = ima ATy AT).

Fix a flow box B for F), away from the singularities. We can consider (¢,) local
biholomorphisms straightening F) in B, when A — ). We know that the currents
Sy := (¢a)+T depend continuously on A. We can write in B,

S = [ v =alid s @)

where py is the measure on a fixed transversal (z = zp). We can assume that
R} (20) =1 for all a, \.

Since Sy — Sy, then for every z we have h(2)ux(a) — h2opy, (o) weakly when
A— )\0.

The (h2)? also vary slowly, by Harnack, so we also get that A — (h2(2))%ux ()
is continuous for every z. Define

Uy = / o = o] (h2)2(2)dpa (a).

The family of positive currents U, is also continuous because (h))? is uniformly
bounded. It follows that A\ — 100U, is continuous i.e.

A= [ Plw = aldpa ().

Using again Harnack inequalities for h%, we find that

A — |h)?[w = a]dux(a) is continuous. Hence A — pur, is continuous in B.
We have seen in Theorem 9 that p7, has uniformly small mass near the singu-

larities. Hence A — p7, is continuous.
O

Let |g$| denote the measure induced by the metric gy on the leaf L,. We will
omit a, most frequently.

We do not address the question whether the flow of x on L, is complete. We
will say that a set E is invariant if up to a set of pur measure zero, it is a union of
orbits of x. For a measurable set ¥ we denote by E, the intersection £ N L.

Theorem 11. Either there is an invariant set E for x such that for |T|| almost
every leaf Lo, |g7|(Eq) > 0 and |gr|(ES) > 0 or the measure pr is ergodic.

Proof. Fix a countable family (B;) of flow boxes such that U; B; = P2\ (Sing(F). Let
E be an invariant set for x such that ur(E) > 0. Define E; = {«; |gr|(LaNENDB;) =
0}. £ := N;E; is measurable. It is a union of leaves. Since the current T is unique
and pr(€) = 0, then ||T|| almost every leaf is in £°.

For L, € €% |gr|(Ey) > 0. We can do a similar construction for E° if up(E°) >

0. We then get a set of ||T|| full measure of leaves such that |gr|(E,) > 0 and
97| (ES) > 0.

O
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28. REMARKS ON 00 AND THE O EQUATION ON A LAMINATION X.

Let (X, L, E) be a C! lamination, possibly with singularities, in a compact Kahler
manifold (M,w). We assume that there is no positive closed current on X directed
by L. Let f be a continuous (1,1) form. We address the question of the solvability
of the equation

i00u = f. (1)
Here i90 denotes the tangential i9,0, and equation (1) is taken to hold when
f is restricted to any leaf, away from the singularities. Moreover u is a continuous
function on X \ E which is C? along any leaf.

If u is a solution of (1) and w = lim u, with u, smooth on P? and the convergence
is uniform on compact subsets of X \ E in the supnorm together with C? norm along
leaves, then clearly f satisfies

<T,f>=0
for every harmonic current T' of order 0 directed by the lamination. at least in the
case that E = 0.

We have proved in [8] Theorem 3.14 that if T is a positive harmonic current
directed by £, which is on an extremal ray in the convex cone of such currents,
then any function u € L'(T') which satisfies i00(uT) = 0 is constant. Since at least
in P? we have proved the uniqueness of such currents, it is natural to explore the
solvability of equation (1) assuming the moment condition

/TAf:O (2)

for a positive harmonic current 7" directed by L. For simplicity we state our remark
for C! laminations without singularities, but using [8] Theorems 5.3, 5.7 it can be
easily adapted to laminations with a finite number of singularities as considered
there.

Proposition 4. Let (X,L) be a laminated compact set in (M,w). Assume the
lamination is C' and that there is no positive closed current on X directed by L. Fix
a positive harmonic current T' directed by L. Then if there is a smooth (1,1) form f

on (X, L) such that equation (1) has a bounded solution, then fol 1 ‘[At o*(f) =0()

for every parametrization ¢ of a leaf L by the unit disc.

Proof. We know [8] that the leaf L through p is covered by the unit disc, and that
the covering ¢ : A — L satisfies

1 1 C

— < |9 <
C1l— |7 s1¢ls 1—z|
for an appropriate constant C. Let v := u o ¢. Then

i00v = ¢* f

on the unit disc. Since v is bounded, we get by Stokes formula

f;AﬁmﬂtfiAm#wvcmy
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Remark 4.

(i) Since |¢p*(f)] ~ m, it follows that solvability implies a lot of cancellation
on each leaf in order to get the boundedness of the integral.

(ii) Let (X, £) be as in the theorem. Assume that f is a smooth (0, 1) form on X.
Does the equation

ou=f
admit a solution with some regularity? Here 0 is to be considered along leaves. If
T is a positive harmonic current directed by L, then we should have

0=<T,00u >=<T,0f > .

So there is a compatibility condition: < T,0f >= 0. The regularity required on
u to find the obstruction is that u = limu. with u. smooth and 9du, — d0u say
uniformly.
(iii) Assume X is a Levi flat hypersurface in an algebraic manifold M. By Levi flat
we mean that the rank of the Levi form on the tangent space is zero. Then the
intersection of X with a subspace or a subvariety V' of complex dimension 2 carries
a positive harmonic current Ty, of bidimension (1,1). Let f be a — closed smooth
(0,1) form on X. Then if Ou = f along leaves one should have < Ty, df >= 0.

Proposition 5. Let X be a real analytic lamination by Riemann surfaces in a
compact manifold M. There is a smooth (0,1) form f such that the equation

Ou = f (1)

has no smooth solution.

Proof. Let T be a harmonic current of order 0 directed by (X, £). if (1) is solvable
then

/deT:/&EuAT:O. (2)

We now construct f which does not satisfy (2). Let B be a flow box. Then
T = hy(2)idw A dov(w) in the flow box, 9T = 7 A T. Choose X1, x2 smooth
functions with compact support such that [ x1(z)x2(w)r AT A dz # 0. Define
[ =x2(w)x1(z)dz. Then [df AT = [ x2(w)x1(2)dz AT AT # 0.

0
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