Math 322  Lecture 1 (Tu/Th) FINAL SPRING 2009 Mark de Cataldo

1. (35 total pts) State and prove the Heine-Borel theorem for [0, 1].
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2. (35 total pts) State and prove the implicit function theorem (you may use the inverse

function theorem without stating it, nor proving it).
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3. (35 total pts) Let w be a differential k-form on R™. Prove that d?w = 0.
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4. (35 total pts) Let f : R® — R be a function such that |f(z)| < §|:a:|‘/5 Show that f is
differentiable at 0 € R"™.
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5. (35 total pts) Find the derivative f’ of the cross product function f: R* x R® — R3.
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6. (35 total pts) Give an example of a function R? — R which admits all directional deriva-
tives at 0 € R?, but is not differentiable at 0 € R2. (Justify all steps.)
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7. (35 total pts) Let f: R? — R. Give a sufficient condition that implies Dysf = Do f and
prove that your condition is sufficient. (Hint: Fubini’s theorem.)
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8. (35 total pts)

(a) State a necessary and sufficient condition for two basis in K" to yield the same
orientation. B '
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(b) Let ¢ : [0,1] — (R™)" be continuous. Assume that for every ¢ € [0, 1], the n-tuple
(c1(t),...,ca(t)) of vectors in R™ is a basis of R™.

Prove that the orientation [c;(0),...,¢,(0)] equals the orientation [e1(1),...,cn(1)].
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9. (35 total pts) Let F' be the vector field on R* defined by the three functions:
Fl(z,y,z) = sin (zyz), F%(z,y,2) =cos(z +y+2), F3 = ™=

Verify directly that

(a) curlgrad F! = 0.
(b) diveurl F = 0. G
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10. (35 total pts) Let I° : [0,1]* — R3 be the standard singular cube. Assume Stoke’s
theorem and that d?> = 0. Deduce from these two assumptions that 2% = 0. (Do not
prove the conclusion directly, you will get no credit for that).
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