Let A, B and C be three matricsg, of sizes m x n, n X p and p X q respectively. We want to
show that (AB)C = A(BC). It is'slearly enough to show that all entries are the same, i.e.,
that ((AB)C);; < (A(BC));; for anyh=1,....,mand j =1, ...,

((AB)C)U AinBri)Chj = ZZ & BrkCrj =
) k=1 h=1
n p- ‘ p n
=Y " AuBuCii = > Ain(D>_ BuCrj) = Y Ain(BC)n; = (A(BC))s;-
he=1 k=1 h=1
Section 2.4
Exercise 3

By Theorem 2.19, two finite dimensional vector spaces are isomorphic if and only if they
have the same dimension.

a) No, since dim(F?) = 3 and dim(P3(F)) = 4.

b) Yes, since dim(F*) = 4 and dim(P3(F)) = 4.

¢) Yes, since dim(Msxo(R)) = 4 and dim(P3(R)) = 4.

d) No, since dim(V') = 3 (see section 1.6, exercise 16) and dim(R*) = 4.

Exercise 4

We need to find a matrix M such that ABM = MAB = I. Since A and B are invertible,
they have inverse matrices A~' and B~!. Let M := B~'A™!. Then ABM = ABB™'A™! =
AIA-' = AA~' = I, and similarly MAB = B"'A7'AB = B~'IB = B~!B = I. Therefore
AB is invertible, and since the inverse matrix is unique, its inverse has to be B~!A~!.

Exercise 10

(a) Since AB = I and I is clearly invertible (with inverse I), AB is invertible (with inverse
AB) and by Exercise 9 A and B are also invertible.

(b) Since AB = I, if we multiply both sides by B! on the right, we get A = ABB™! =
IB™' = B~ Hence, B= (B~ !)"! = AL

(Note that smularly, if we multiply both sides by A~! on the left, we get B = A™'!AB =
A7 = A7, but this is done more easily as above.)

(c) Let T : V. — W and U : W — Z be linear transformations between spaces of the
same dimension n. Assume UT = I (the identity map), or more generally that it is an

isomorphism. Then U and T are isomorphisms, and U = TL.

To see this, recall that, since UT is an isomorphism, by exercise 12 in section 2.3, T is
injective and U is surjective. Since dim(V) =dim(W), respectively dim(W) =dim(Z), this
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implies (by Theorem 2.5) that T is an isomoprhism, respectively U is an isomorphism. Since
UT = I, if we compose both sides on the right with T}, we get U = UTT ! = IT- ! =T"1.
(Another possible way to prove the statement is to use Figure 2.2 and what we already
proved in 10.a and 10.b.)

Exercise 16

By Exercise 10.c, it is enough to find ¥ : M3, (F) = Mpuxn(F) such that ®¥ = I (where I
is the identity map). Define ¥ : My xn(F) = Muxn(F) by ¥(A) := BAB~!. Then, for any
A € Muxn(F),

®(U(A) = ®(BAB™!) = B"'BAB™'B = A.

Le, ®U = 1.
Exercise 20
By Theorem 2.21, ¢g and ¢, are isomorphisms. In particular, ¢El is an isomorphism too,

and therefore qSEl(F") = V. Since, by Figure 2.2, L4¢g = ¢, T, we also have L4 = ¢7T¢El.
Applying this linear transformation to F™, we have that

La(F™) = $;T¢5" (F") = $5(T(V)).

Therefore dim(L 4(F™)) =dim(¢,(T'(V'))). Now, by Exercise 17.b, dim(¢,(T(V))) =dim(T'(V))).

Therefore dim(L4(F™)) =dim(T(V))), i.e. rank(T) =rank(L ).

Since rank(7T")+nullity(T) = n = rank(L4)+nullity(L4) by the Dimension Theorem, and
rank(T') =rank(L,4), we clearly also have that nullity(7") =nullity(L4).
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