If the nga:hcombia iQu is zero, by\m%i(‘ientity principlg for polynoigials we must have in
particular that a, = 0, a“eontradiction. Therefore S is lindarly indepentent.

Section 1.6

Exercise 1

a) False, {0} is a basis.

b) True, by Theorem 1.9.

c) False. For example, P(F).

d) False. A trivial example is given by {1} and {2} which are two bases for R.
e) True, by Corollary 1.

f) False, it's n + 1.

g) False, it’s mn.

h) True, by Corollary to Theorem 1.11.

i) False, since S might not be a basis.

j) True, by Theorem 1.11.

k) True, by Theorem 1.11, and because the only subspace of dimension 0 is {0}.
1) True, by Theorem 1.11.

Exercise 8

W = {(a1,0a2,a3,a4,a5) € R® : a;+ay+a3+as+as =0} =
= 1{(a1, a2, a3, a4, —a1 — a2 — a3 — a4) € R® : ay,0a2,03,04 € R}.
It follows easily that dim(W) = 4 (for example, it’s easy to write a basis for W, like in
Exercise 9 below). Since {u,, ..., ug} spans W, and dim(W) = 4, we just need to find 4 vectors

in the set {uy,...,ug} which are linearly independent. By easy but lengthy computations
(using the method of Theorem 1.9 or Example 6), {u,,us, us,ur} is such a set.

Exercise 9

We need to write (ay, as, a3, as) = byu; + boug + baus + byuy for some b;, i = 1,2,3,4. This
amounts to solving the linear system:

a1 =b

a2=b1+b2

az=0by +by+b;

a4 =by +by+ b3+ by

It is easy to see that it has unique solution:



h=a

b2=a2—a1
b3 = a3 —az
b4=a4—a,3

Exercise 14

Wi = {(a1,02,03,04,05) € F® : ay —a3—aq =0} =
= {(a3 + a4, 02,03,04,05) € F° : ay,a3,a4,05 € F}.

Therefore every vector in W) can be written as a linear combination of:

0 1 1 0
1 0 0 0
n:=|0], wi=|1], v3:=]0], v:=]0
0 0 1 0
0 0 0 1

It can be easily checked that vy,vs,vs,v4 are linearly independent. Therefore they form a
basis for W, and in particular dim(W;) = 4.

Similarly, W; = {(a1, as, a2, a3, —a;) € F® : a,a; € F} is spanned by:

(]
-

I
-0 O O -
(3
N
I
O = O

which are easily seen to be linearly independent. Thus {v;,vs} is a basis for W, and in
particular dim(W,) = 2.

Exercise 15
an @2 @13 ... Q1n
Q21 Q22 Q23 ... Q@2

IfA=| | . . _n , tr(A) = a1 + ag + ... + @npn. Therefore:
Onl Gn2 Qp3 ... Qpp

n-1
W ={A € Mpn(F) : tmn=- a},
i=1



a1 a2 a3 ... i Q1n
. . . Q21 Q22 Q23 ... Q2n
i.e., matrices in W are of the form: | . } .. i
Anl Gn2 Gp3 ... —Q11 — ... —0Qpp

This means that every matrix A € W can be written as a linear combination:

n—1
A = Z a,,-,-Eij + Zakka,
i#j k=1

where G¥ € Mxr(F) is the matrix given by:
1 ifl=m=k,

G*Ym=14-1 ifl=m=n,.
0  otherwise
It is easy to check that the set S := {E¥ : i,j=1,..,n,i # j} U{G*}kz1,. n1 is linearly

independent. Therefore S is a basis of W. Since § contains (n® —n) + (n—1) = n? -1
elements, we have that dim(W) =n? — 1.
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M 2.5 Betinition i page 65
e« T i q-@tnmhmwan'- 6/

@ T fo+gm) =« (Foa<gen) + (—Smx)-&gm)’
= (’X'f(x) ~+ fu,n) <4 ( X gox) +2£x)> = choo) ":T(J'x’) A
(b) T (c-j—m) = C'Tvgm)

* Bases for NC(T)

Let §o0) = ao=+aix+ anx? e P(R).

@& THo) = arxtaxiy ayxd + (ci+2a.%x) =

So, Tfo) =o i§§ i a,=o .‘g‘g

a, +(ao+2a,_) X taxt+ ax_’xs

Qo +2a; o B=ayzaz=o. ‘% ‘fLX)‘-:‘D.

Q=0
Q. o

So N(T) = 30}. X)

v Bases & RLT)

Since NCTY= 10, by Thestom 2.3 (Dionsiom Theorom) , we know vank 1T) + dim P, (R)
- ()
Sme R & PR) , by Theoww 1. 11, R(T) = PR)

So  base of RITI= B(RD ik gunt {4, x, o2 x3}

. One,-‘h)-one . B.j _r‘\m 2.‘]-_0440( (*)

" Onto By Thm 2.5 B and (v

\\

Q=1
: =) T(Vl.l): @)

3 At




2.1 .4l .St-[u.n,(zm} is « basis fov R*
Pecawse S i M""W a.ow( pam S = R*
. sa-mmz.é , 3 TRT—R3 o4 Ty =(1,0,2) ad T(z,;):(,,-—“(L)
« (3.11) = 25(1.40)+ 3(2,3)

T = 2TCON 3T () = 2 (e, 2) + 3( 0, -1, ¢)

(S,-3,6)

2.1 ‘3. Si‘ﬂ”se al-V'l.'....‘. an'u'._e.o ﬁ' Some QiéF .

I+ swff\‘eu-fo prve Q. =0
In Gt ,

O=x T (arvi+ .-+ QQVR)

= oa (v Tt aTv, = QWi e+ G Wi

But 'iW‘ >"-,Wg} is fawl‘é \‘»\W ) %0 Q= -.=Qp=v
2107 Recll Dimension Theovem :

G dim(y) = wullify (T) + rank(T)

@ dinv < dimpy 2 vlliny CT) + vank(T) < dimw/

= val(T) < dimw

= T wamnat Lcan‘h,n-tcauli?h_n\w\ 2.§.

= mbw}n-) +vomk(T) > dimW
%

(b)Y  dimfy) > dumih)

= mbt1) € i

2.1.25
(@) Define Wi=3 a,b,0) | abe R.'js Wy =

* W, . W; awe Sw'ﬂ&; Cleardy , easy +v show
. W\9W3=R’, .

{Lo,o,c) | ceﬁ}.

@) Winw, = §oY 9 X=(ab,c)ewmaw, B xeW, and xe W,
ef . Dekinition in Cage 22 = = cb<
( Vefintion \ 03;) (Ti)Wﬁ'W;:R”? "DOtCowm(abo

Vx=(ab.c)er? |

xX=(a,b, 0) + (o0, o.c)

M (a :b,

0)€W| M(O,U,C) ew&.
* Now (a.b.c) = (a,b,

‘M'& (a'b: D) €W|

Just “,_,,J,;,} Yo MJ&‘L;,‘;R,.\  Yage 7%, T(ab, ¢y :CA,L,D) 1 o 'rle‘}%au .

o)+ (OIOIC)

‘ Thald]
md(,ﬂu M) s dimw -rmkt‘r) So (BCCRM&, RMcw W>




2,|.2§(b) T(a,b,c\: (O/Ol C)

) s webL =R>

W WiAL=3Y7: (abe)eW nl = (abo)ew, ad (ash, <) el
D ¢czo amdk b=o, a=c
= asbsc=0o

Wy Wit =R3 9.

Casb,c) = (a-c,b) + (c.0.c) where La-c.k,o)éw,
M(ClO,C)éW}_‘

| i
Now , guat a(ml,ua +o M%ﬁﬁ\'ﬂ“- T(G:L,c); (a~c ,L,b) is q pvva'.,d\‘“ wlouz | l

2.4.2] ‘_‘J

@)e W is a subspace of V , 9o has @ basis / su_]'-§Wu-~-. Wil (Bﬂﬂ‘e C‘m‘("ﬁ *f T""""’> i:
By Thm 13, I a maxinal ‘?}«m&t B + ‘S\Jow;s.z§ .
At containg s Jw, ..., Wi

Wi wy, "'Wn} of V




