Math 310 FINAL SPRING 2017
1. (40pts; 10pts each) Decide whether the following statements are true or false, and provide
a brief justification or counterexample (failing to do so will result in no points).

(a) Subsets of linearly dependent sets are linearly dependent.

. S'le S R S‘—‘i(l,OX/(o,Q\t) s
Lanos sbparnolbounl,  bof”
S'- 10,y s Lo el

(b) For A and B two n x n matrices, det(A* + B) = det(A) + det(B).
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(c) Every system of n linear equations in n unknowns can be solved by Cramer’s rule.
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(d) There is a unique alternating n-linear function 4 : M, xn(R) = R.
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2. (30pts) Use the test for diagonalization on

it

to decide whether A is diagonalizable or not and, if it is, determine its diagonal form.
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3. (30pts) Let Py(R) be the the vector space over R of polynomials p(z) of degree at most
two. Let D, be the linear functional assigning to p(z) its first derivative p’(0). Let Dz be
the linear functional assigning to p(x) its second derivative p”(0).

(a) (15pts) Prove that the set S := {D;, D,} is linearly independent.

LT £ ke e 2eeo (‘_’C-SM\&& (1&0(?(’“\ =0
A Pf&\e P, CIRYY e
Lt X pelR sods Peal  AD +MD, = fo

Tl { (AD MDY = A DO+ D, () = AL+ M0
AD D, KZ\‘A}\' D, (&2\ —\—]»\-D?_(Kl\ =
(MDD DY e g2

(b) (15pts) Find a basis S’ for the dual space to P,(R) that contains S (in particular,
you need to verify that the S’ you find is a basis).
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4. (35pts) Let W be the subspace of 3 x 3 skew-symmetric real matrices (these are the real
matrices such that M* = —M).

Find a basis for W and compute the dimension dim W of W.
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5. (35pts)

(Use only the methods we have learned in this course. )

Let F be a field. Let {e;,e;} be the standard ordered basis in F? and let {z,y} be

its dual basis. Consider the ordered basis in F?2

B =1{(2,4),(-1,3)}.

Find the dual basis 5* as a linear combination of the linear functionals x and y.
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6. (40pts)

Let T : R? — R? be a linear map, let 3 = {(=3,5),(—1,5)} be a basis for the domain,
let B = {(2,1),(—1,—-3)} be a basis for the codomain, let

g =3 3]

Prove that T is an isomorphism, and compute T1((8,14)) explicitly as a vector in R?.
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7. (35pts) Determine the Jordan canonical form of the complex matrix
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8. (35pts) Let A and B be similar matrices with real entries. Let p(t) = —t* — 2t> + 3t be
the characteristic polynomial of A. (Remember to justify your answers.)

(a) (10pts) Is B invertible?
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(b) (10pts) Is B diagonalizable?
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(c) (15pts) Write B* as a linear combination of I, B, B2.
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9. (35pts) Let V and W be n-dimensional vector spaces over a field, let T : V' — W be a
linear map and let 8 be a basis for V.

Prove that T is an isomorphism if and only if T(8) is a basis for W.
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10. (35pts) (This exercise has three parts a), b) and c), which is on the next page.)

Let F be an algebraically closed field. All matrices in this problem are matrices in
M2x2(F )

(a) (10pts)
Let 0 # A € F. Find a square root matrix B of the 2 x 2 Jordan block A = [A 1
that is find a matrlx B such that B2 = A. )
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(b) (10pts) Prove that a matrix C admits a square root if and only iff every matrix D
similar to C' admits a square root.
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(c) (15pts) Prove that every invertible matrix E admits a square root (Hint: consider
the possible Jordan canonical forms for E and then use (a) and (b).)

(T(AL , &%—Q\Q—Qﬂ_ N‘O\Ow\‘ V\L%KFDXEMQ.:
'3 - ()\\ 0{ w\\H:Fg:\“ XZ et PD‘C’Q’:\"’Qj &ctuc&,

. wibh NefF\ Lol (otHterwine
2.3 (O A o\e,'t'(x ;\\ :XZB;O % AQ:(‘H;\—:_D
—> £ wsU \/\I\IWT*.\eQm} cgv\cfn,\!\j

6 Tl otSouwnpirom .

> Cour \ e

OHA A E  oale N
O )\3 !

IN¢ ©
(?;t ;z\ oS Squae oot (O st
(S F o o&ﬁxLafOuLCoﬁj c)\om\s
(_)\ ;\\ / N £ o hae a Sﬁ\)m ot~ \OJ Lck\.

S e tluge Al e Poiq«\eQL Jm"o\m (F&FW\Q
ot L omd Vormcr Somilor (o &,

L las oo Sqoase oot~ k"’;} (\g\.

13



