MAT 141 FALL 2002
FINAL

" WRITE YOUR NAME, SUNY ID N. AND SECTION BELOW !!!
NAME :
SUNY ID N. :
SECTION :

THERE ARE 10 PROBLEMS. THEY DO NOT HAVE EQUAL VALUE.
SHOW YOUR WORK!!!
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1. [45 points] Determine the following limits.

a) li_>m <\/x2+4x+1—x)
(\/x2+4a:+1—x) (\/x2+4x+1+x) -

lim
z—00 Vat+4e+1+a
4r +1

. 2 +dr+1—2? . )

lim T - = lim oo - = lim =

T—00 T—00 T—00 4 1
vee+4dr+ 1+ vec+4dr+ 1+ ,/1+;+x2+1

141

x—1

b)ﬂﬁgg—l
(Lett=/zx—1. Thenz=(t+1)*andt —>0asz —1)

t+1) -1 3+ 3t2 + 3t
(t+1) :nm;:pnatuzaw?)::a
—

= lim ———F——

t—0 t t—0

in (—4
¢) lim sin (~42)
x—0 x
(Let t = —4z. Then z = —3tand t > 0asz — 0 )
int int

= lim T = —4lim T = 4

t—0 ¢

t—0 —Zt



2. [40 points] y = x;:f.

a) Find all asymptotes of this curve.
Setting the denominator zero, we have the vertical asymptotes :

r+1=0=2=-1

_ 243 _ 2?1444 _ 4
Yy = xa:+_1 - xa}j—l - x_1+$—+1
So, there is an oblique asymptote : y =z — 1

2
x4+ 3
1 = +00
z—doo 1+ 1
So, no horizontal asymptotes.

b) What are the left and right limit behaviors at -17?
x® +3 x® +3
(i.e. lim =7, lim
e——1- T+ 1 z——1+ T+ 1

=7)

(Lett=2+41. Thenz =t—1,¢t— 0"asx — 0~ and t — 0T asz —
0t )

243 t—1)2+3 2 —2t+4
m SH3 gy G DTS T2 oyt
z——1— x+1 t—0— t t—0— t t—0— t
243 t—1)2+3 2 —2t+4 1
R QU O Chult) ek SO OO i e O TSNP S L
z——1+ x + 1 t—0+ t t—0+ t t—0+ t
1 )
Here, we have used the fact that lim — = 400 and lim — = —o0

t—0t I t—0— T



¢) Find all critical points and inflection points of this curve.

Usingy = o — 1+ %H from a) , we differentiate twice.

y=x—1+4(z+1)"!

1 -2 _ 1 _ 4 _ a?42x4+1-4 _ 224223
Yy = 1 4(55"’ 1) =1 2422+1 — x2242z+1 T z242z+1
n_ 8 1
y (ZE—|—1)3

At critical points, ' = 0 and at inflection points y” = 0. In order for
these to be zero, the numerator needs to be zero.
Y=0=2"4+22-3=0 = (z+3)(z—1)=0 = z=-3,2.

At x = =3, we have y = —6, 4" < 0 and at x = 1 we have y = 2,y"” > 0.
So (—3,—6) is a local maximum and (1, 2) is a local minimum.

y" =0 = 8 =0 Impossible. Hence there are no inflection points.

d) Sketch the graph of the curve including all the information from
a) ~ ¢). Also include the y intercept

Plug 0 into z to get y-intercept as 3.
x<-3 -3<x<-1 -1<x<1 1<z
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3. [40 points] Let f(x) and g(z) be differentiable real valued functions
defined on the interval (—oo, +00).

a) Write down the limit definition of f'(z).

o) — tim 20 = T @)

h—0 h

b) Prove the product rule: (f(z)-g(x)) = f'(z)-g(x) + f(z) - ¢'(2).

(f(a) - 9@) = Jim

h
_ i L@t ) glet ) — fleth)-g(z) + fleth)-g(@) — f(z) - g(2)
h—0 h
= i f (o 2 Z90) J@EN 2T ) ).t o4 @) g
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4. [35 points] Water is pumped into a conic tank at the rate of 6
m?/hr. The cone is 15m high and the top of the cone is a circle of
radius 9m.

-
o
E

a) What is the radius of the water’s surface when the water in the
tank is 10m deep?

._.
(13}
H
y .
\
\'u

15:9 =10:r

b) At what rate is the depth increasing when the water is 10m deep?

15:9=h:r
y— 90 _ 3h
S 1, (3h\2 3,13
V = §7TT h = 571'(?) h = %Wh
%/ = %th%. When water is 10m deep, h=10 and since ‘il—‘t/ =
6m?/hr,
9 dh
= —7110°—
0= 250G
dh 1

E = G—ﬂ_m/hr



=

(e241) % (a2 a41)

(2142) % (2643)5
differentiation. (No partial credit will be given if logarithmic differen-
tiation is not used.)

5. [35 points]| Differentiate f(x) = using logarithmic

1 1
o [ )t et
In f(x) = (z4+2)21r(g;6+3)%

Inf(z)=3In(z>+1)+3n(2>—2+1) — 1In(z" +2) — ¢ In(2° + 3)

Differentiating, we have
@) _ %(21’_1) a8 xd

flz) = a2+1 22—z+1 142 T 2643

z L(2a—-1) 3 5
f'(@) = f(x) <$2+1 Rl sl s $6+3>

f(z) = <($2+1)%}E$2$+11)§) (3ln(@*+1)+3In(2? —x+1) — $1n(a* +2) — £ In (25 + 3))



6. [40 points]
a) State the fundamental theorem of calculus part I and part II.

Part 1. If f is continuous on [a, b], then the function

0= [ 10

has a derivative at every point x in [a, b], and

0w = S0

Part II. If f is contlnuous at every point of [a, b] and if F' is any
antiderivative of f on [a, b], then

/ f(z) dx = F(b) - F(a).

b) Use the fundamental theorem of calculus Part I to prove the fun-
damental theorem of calculus part II.

Define a function G/(z) by

_ /:f(t)dt

By the fundamental theorem of calculus Part I
F(z) is also an antiderivative,

4G (z) = f(x). Since

) dx

d d d

T (P(@) — G(a)) = - F(e) = 2-G(x) = f(x) = f() =0

. Hence F(z) — G(z) =C.

F(b)—F(a) = [G(b)+C]—[Gla)+H] = G(b) /f Pt / F(t)dt = /f
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7. [40 points] Differentiate

fl@) = [ (1 +12) dt+f In (1 + ) dt
= [ In(1+)dt— [;° “In (1 + %) dt

By the Fundamental Theorem of Calculus I and the chain rule,
f'(x) =In(1 +sin®z) - cosz — In (1 + (—e?)?)(—e)
= In(1 +sin®2) - cosx + In (1 + (—e®)?)e”
This can be simplified to
= In(1 +sin’2) - cosz + In (1 + €*®)e”

Solution 2)
Another way to solve this is using Fundamental Theorem of Calculus
II.
Let G(x) be an antiderivative of In (1 + ¢?). Then by the Fundamental
Theorem of Calculus II, we have

(@) :/ In (1+ ) dt = G(sinz) — G(~c")
SInce G(x) is an antiderivative of In (1 + %), G’(z) = In (1 + ?). Com-
bining this with the chain rule we get

f'(r) = G'(sinx) - cosz — G'(—e¥)(—e*) = In(1 + sin®x) - cosx —
In (1 + (—e?)?)(—e€")

= In(1 +sin’2) - cosx + In (1 + (—€%)?)e®

This can be simplified to

= In(1 +sin’z) - cosz + In (1 + €°®)e?
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8. [40 points] Compute the integral

In %
/ —3elsine dt
1

s
ng

u=¢'. Then du = e'dt. Also whent=1In%, u=¢"% = I and when

— s _ ,JnZ _wm
t=In7,u=e"1=7.

ln% % s 2 2
/ —3e'sine’ dt = / —3sinudu = 3cosu|§ = 3-0—3-% = —3%
1

s jus
n ) T
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9. [45 points]

a) Use Simpson’s rule to estimate the integral

2
2

/ ——dx

.

with n—4.
S = 02 (F(1) + 4f(1.25) + 2/ (15) + 4f(L75) + (2)) = — 1 ~
~1.39.

b) Use the “error estimate for Simpson’s rule” to give an upper bound
for Es. (No partial credit will be given for computing E directly.)

[fD @)= |- 3l
In [1,2], |f®(z)| = 28 and since this is decreasing, maximum is when
x =1. So M = 48. Using the formula, we have

21 1
|E,| < =—=(0.25)"-48 = —
180 960
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10.[40 points] Use the “cylindrical shell” method to find the volume
of the solid region obtained by rotating about the line z = 1 the region
bounded by the line y = %J} — 1 and the graph of the function y =
r? — 61 + 9.

To see where the two graphs meet, we solve

1 2
Ex—lzx —6z+9

x =254

4 1 ) 81
2r [ (e—=1)(ze—1—2°+62—9)dr = =7
2.5 2 32



