
Homework 5

(1) Suppose the charge density ρ = 0 and the current density j = (jx, jy, jz) satisfies
jx(x, y, z) = δ(y)δ(z) and jy = jz = 0. Write down a 1-form A so that the electro-
magnetic tensor F = dA solves Maxwell’s equations. Sketch the magnetic field.

(2) Let ∇ : Ω0(M ;E) → Ω1(M ;E) be a connection on a complex vector bundle E → M .
Show for each k ∈ N that there exist unique linear maps:

∇ : Ωp(M ;E) → Ωp+1(M ;E)

for each p, q ∈ N satisfying

∇X(α ∧ β) = (∇Xα) ∧ β + (−1)pα ∧ (∇Xβ)

for each vector X on M and each α ∈ Ωp(M ;E), p ∈ N and β ∈ Ωq(M ;E), q ∈ N.

(3) Let P = M ×G be a trivial principal G-bundle for some Lie group G and E = M ×V
the associated vector bundle for some representation R : G → GL(V ). Let ∇ = d+A
be a connection with curvature F . Let ϕ : M → G be a gauge transformation. Let

∇ϕ : Ω0(M ;E) → Ω1(M ;E), ∇ϕ
X(s) := ϕ∇X((ϕ−1s)), X ∈ TM, s ∈ Ω0(M ;E)

be the connection transformed under this gauge transformation and let F ϕ be its
curvature. Compute F ϕ in terms of F and ϕ.

(4) Let CP 1 be the complex projective line. Compute
∫
CP 1 c1(TCP 1) using connections

and curvature.

(5) Let E → M be a complex vector bundle over an n-manifold M with a pseudo-metric
and a volume form dvolM . Let ⟨, ⟩ be a Hermitian metric on E. Show that there is a
unique map ⋆ : Ωp(M ;E) → Ωn−p(M ;E∗) satisfying:∫

M
α ∧ ⋆β =

∫
M
⟨α, β⟩dvolM

for each α, β ∈ Ωp(M ;E) with α compactly supported and where ⟨, ⟩ is the natural
pseudo metric on ∧pT ∗M ⊗ E.

Definition: Let P → M be a principal G-bundle. An infinitesimal gauge trans-
formation is a vector field X on P of the form

d

dt
ϕt|t=0 (0.1)

where (ϕt)t∈(−ϵ,ϵ) is a smooth 1-parameter family of diffeomorphisms of P , each equal
to a gauge transformation.

(6) Let P = Rn × G be a trivial principal G bundle over Rn where G is a connected
Lie group. Show that every gauge transformation is the time 1 flow of a family of
infinitesimal gauge transformations.
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