HOMEWORK 5 SOLUTIONS

Due: Thursday October 4th at 10:00am in Physics P-124

Please write your solutions legibly; the TA may disregard solutions that are not readily
readable. All solutions must be stapled (no paper clips) and have your name (first name
first) and HW number in the upper-right corner of the first page.

Problem 1: Let (Q,F, 1) be a measure space and let f, g : @ — R be non-negative measur-
able functions whose integrals are finite. Show that f < g almost everywhere
iff [, f du< [,g dufor each E € F.

Solution: Suppose that f < g almost everywhere. Then there is a null set
N so that flg y < glg_n. Since pu(N) = 0, we have that f1y and gly are
equal to 0 almost everywhere and hence

/flElN:/glElN:O

since flgly and glgly is equal to 0 almost everywhere. Hence

/ fp = / Fleloy + flply dp
E

= /flElfz—N d,u+/f1E1N dp = /f]-ElQ—N
< /glElﬂ—N dﬂz/glElg—N dﬂ+/91E1N dp

= /glE]-Q—N +9lply du = /glE dp = / g dp.
E

Conversely suppose that

/f dp < / g du (1)
E E
for each £ € F. Define

1
Qui={aen s f(a) 2 gt0) + 1|
for each n € N. Then since f — g is measurable, we have that

Qn="_(f—9) " ([1/n,0]) € F
for each n € N. Now

1 1
fdu2/9+—du=/ g dp+ — (@)

Hence by our assumption (1) and since the integrals of f and g over @, are
finite,

1
0< (@)= [ fdu —/ gdp < 0.
Qn n

1



Hence 1(Q,) = 0. Therefore
{xeQ : f(z)>g(r)} = Upen@n
has p-measure 0 by subadditivity of u. Hence f < g almost everywhere.

Problem 2: Construct a sequence of sequence of non-negative measurable functions (f,,)nen
on R so that

n—oo

/ liminf f,dm < hm mf / frndm.

Solution:
Define f, :=nly 1;. Then lim, o f, = 0, but [, f, = 1 for each n.

Problem 3: Let (Q,F, 1) be a measure space and let f : @ — R be a non-negative mea-
surable function.

(1) Show that

22n

_Zgn () MEN

pointwise converges to f.
(2) Therefore show
/ fdp =

k
sup {Z aip(fH[ai, b)) + k€N, [ay, b, [ax, by] disjoint intervals in R} . (2)
i=1
Solution:
(a) If r € f~ ([2,1“, 2it1)) for some k€ {0,--- , 22"}, then s,(z) = spi1(x) =
2. Hae f7Y([2H,248)) for some k € {0,---,2%"}, then s,(z) = 32
and s,41(x) = gﬁﬂ and hence s,(z) < s,+1(z). Hence s, < s, for each
n € N.
If x E fU[&, EEL)) for some k € {0,--- 2%}, then sn(r) = £ and
f(z) € [, 55L). Therefore 0 < f(z) — su(x) < 3¢ for each z € Q and

each n > log,(f(x)). Hence for each € > 0, |f(z ) — sp(z)| < € for each
n > max(logy(+),logy(f(x)). Therefore for each z € Q, (5,())nen is a
non-decreasing sequence converging to f(x). Hence s, pointwise converges

to f.
(b) Let P be the right hand side of Equation (2). Since

k
Zaz,u< aza z /Zazlf ([ai,bi])

1=1

and since Zle a;ly—1([a, ) < [, we get that [ fdu>P.



Now define

22”

Snm = Zglf—lqk %]), n,m € N.

k=0 oM omn

Then s,,,, pointwise converges to s, as m — 00. Also S, < Sy m41 for
each n,m € N and hence by the monotone convergence theorem

/sn du :/ lim s, ., dp = lim Spm dp
m—00

m—00

22" 1

k kK k+1—=
li —ulf | ——— <P
mﬂo;znﬂ(f ([2 7 D)—

Hence lim,,_, f S, dp < P. By the monotone convergence theorem and

by (a),
/fd,u:/limsnd,uzlim Sp du < P.
Hence Equation (2) holds.

Problem 4: Let f : R — R be a non-negative measurable function satisfying [ fdm < 0.
Define

F:]0,00) — R, F(z):= /fl[o,x] dm.

Show that F' is continuous.

(Hint: Prove this in the case when f is bounded first, and then look at the
general case).

Solution (without using dominated convergence theorem): For z,y >
0 satisfying = < y, we have

F(y) = /fl[o,y] dm = /fl[o,x] dm+ /fl(x7y] dm
and hence
Fly) = F@) = [ Ly dm 3)

Now let z € [0, 00) and let (x,,),en be a sequence of non-negative real numbers
converging to x. Define I,, := (z,x,] if x, > = and I, := (x,, 2] if x, < z for
each n € N. Define I/ := I,, — {x} for each n € N. Then by Equation (5),

Pa) = Plan)| = [ 111, dm = [ 1, (1)

since f17, = fl1p almost everywhere. Define f, := f — f1 for each n € N.

Then
/fdm:/fn—I—fl];L dm:/fndm—l—/fl% dm



for each n € N. Hence

/fl% dm:/fdm—/fndm

for each n € N. Therefore since f,, is a non-decreasing sequence of non-negative
functions pointwise converging to f and [ f dm < co, we have:

nlggo f1lp dm = hm (/f dm — /fn dm) /f dm — 11m fn dm
:/fdm—/Ji_}lgofndm:/fdm—/fdmzo

by the monotone convergence theorem. Hence by Equation (6),
lim |F(x) — F(z,)] = lim /flI;L dm = 0.
n—00 n—00

Therefore F' is continuous.

Solution (using dominated convergence theorem): For x,y > 0 satis-
fying x <y, we have

F(y) = /fl[o,y] dm = /fl[o,x} dm+/f1(wl dm

and hence
T) = /fl(%y] dm. (5)

Now let z € [0, 00) and let (x,,)nen be a sequence of non-negative real numbers
converging to x. Define I, := (z,x,] if x, > = and [, := (x,, 2] if x, < z for
each n € N. Define I/, := I,, — {x} for each n € N. Then by Equation (5),

P(a) = Plan)| = [ 111, dm = [ 1, (6)

since f1;, = f1p almost everywhere. Now |f1p| < |f| and hence by the
dominated convergence theorem

lim |F(z) — F(x,)| = lim /fll;l dm:/ lim f1; dm = 0.
n—oo n—oo

n—o0

Therefore F' is continuous.



