HOMEWORK 4 SOLUTIONS

Due: Thursday September 27th at 10:00am in Physics P-124

Please write your solutions legibly; the TA may disregard solutions that are not readily
readable. All solutions must be stapled (no paper clips) and have your name (first name
first) and HW number in the upper-right corner of the first page.

Problem 1: Let F be a o-field on a set 2 and let f : " — Q be any function. Show that
f@) ={f(E) : E€T}

is a o-field.

Solution:
(1) Since Q € F, we have Q' = f~1(Q) € f~1(F).
(2) If E € f~1(F) then E = X !(B) for some B € f~'(¥). Since Q — B € ¥,

we have
V—E=0—fB)=f1Q) - f(B)=f(Q-B)e (I

(3) Finally suppose (E,)nen is a collection of elements of f~1(F). Then there
exists elements (B, ),en of F so that E, = f~1(B,) for each n € N. Since
UnenBpn € F, we have

UnenEn = UneNfA(Bn) = fﬁl(UnGNBn) € fﬁl(st)-
Hence f~!(F) satisfies the axioms of a o-field.

Problem 2: Let (Q,F, 1) be a measure space. For measurable functions f,g:Q — R on a
measure space (2, F, 1) show that
(1) esssup(f + g) < esssup(f) + esssup(g) and
(2) essinf(f + g) > essinf(f) + essinf(g).

Solution: B
(1) For each measurable function h : Q — R, define
U, ={z€R : uh (z,00)) = 0}.
If a € Us and b € U, then
(f +9)" ((a+b,00)) D f(a,00) Mg~ (b, 00)

is p-null and hence a +b € Uyy,.
Hence

esssup(f + ¢) = inf(Usiy) <a+0b
for all @ € Uy and b € U, and so

esssup(f + g) = inf(Uyy,) < inf(Uy) + inf(U,) = esssup(f) + esssup(g).
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(2) For each measurable h : Q@ — R, we have h~'((—o00,a)) is p-null if and
only if (—h)~!(—a, o) is p-null. Hence
essinf(h) = sup{a € R : u(h '((—o0,a))) = 0}
=supfa € R : p((—h)*((—a,00))) = 0}
= —inf{la € R : u((—=h)"*((a,00))) =0} = —esssup(—h).
Hence
essinf(f + g) = —esssup(—f — g) >
—esssup(—f) — esssup(—g) = essinf(f) + essinf(g).

Problem 3: Let (Q2,F, P) be a probability space and let X be a random variable. Define
the cumulative distribution function
Fx R R, F(X):=P(X <)

(1) Show that there is a countable set () C R so that Fx|g_¢ is continuous.
(2) Given an example of a random variable whose cumulative distribution func-
tion has infinitely many points where it is discontinuous.

Solution:
(1) For each x € R, define

dy = lim+(inf{]FX(z) —Fx(z)| : z€(x—e,x+¢€) —{0}).
e—0
We have that F'x is discontinuous at x iff d, > 0. Let ),, C R be the set
of points for which d, > % Let 1 < 9 < --+ < x be points in ),,. Then
since Fx is non-decreasing, Fx(z) > Zle dy, > % for all z > x;. Since

Fx(z) <1, we have that & < n. Hence @, is finite for each n € N. Hence
the set of discontinuous points is equal to

{r eR :d, >0} =U,enQn

which is a countable union of finite sets and hence is countable.
(2) Consider the probability space ((0, 1], M|(g,1],m). Define

X:(0,1] — R, X(x)=2Fifzec (27%27%, for some k € N.

Then the image of Fx is countably infinite and hence F'x is discontinuous
at infinitely many points.



