HOMEWORK 9

Due: Thursday November 29th at 10:00am in Physics P-124

Please write your solutions legibly; the TA may disregard solutions that are not readily
readable. All solutions must be stapled (no paper clips) and have your name (first name
first) and HW number in the upper-right corner of the first page.
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Show your working.

Problem 1: Compute

where

Problem 2: Let Q be a set and 2% the set of subsets of .
Definition: An outer measure is a function p* : 2% — [0, 00| satisfying

(a) p*(0) = 0.

(b) p*(A) < p*(B) for all A, B € 2% satisfying A C B.

(c) p* Uz A;) < Zl L1 (A;) for all sequences of elements (A4;)$2; in 2.
A subset E C Q is p*-measurable if

pr(A)=p(ENA)+pu (E°NA), VAC.

Fix an outer measure x* on  and let F C 2 be the set of p*-measurable
subsets of (2.

(i) Show that for each E, F € F and each A € 2%,

WA = (ANENE)+u (ANENF) +p (ANENF)+ p (AN E°NF°)
> (AN(EUF))+p (AN (EUF)°).
(ii) Show that any finite union or intersection of elements of F are in F. Also
show that £ — F' € F for each £, F € F.

(iii) For any Ei,---, E, € F satisfying E; N E; = () for each i # j, and each
A € 22 show that

PANULE) =Y p'(ANE;).

(iv) For any sequence of elements (E;)°, in J satisfying E; N E; = () for each
i # 4, and each A € 2 show that

(AN (URE)) Z“ (ANE).

(v) Show that (Q,F, u|s) is a measure space (L.e. show that F is a o-field and
|5 is a measure).
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Problem 3:

Problem 4:

Let (Q,F,pu), (,F,u') be o-finite measure spaces. Let o(F x F') be the
smallest o-field containing all sets of the form A x B, A€ F, B € J'. Let v be
a measure on o(F x F') satisfying

v(Ax B)=u(A)'(B), YAeTF, Bed

Show that v is equal to the product measure p x p'.

Definition: A cuboid in R™ is a product C' = H?Zl I; C R® where Iy,---,1,
are intervals in R. The volume Vol(C') of C'is the product []7_, I(I;) where
[(I;) is the length of the interval I; for each j.

Define

*

m* : 2% — [0, o0],

m*(F) := inf {ZVOI(C,-) : (C)ien are cuboids satisfying £ C UfilCZ} .
i=1

Let M™ be the product o-field (M x --- x M) on R" and let m™ =m x ---m
be the product measure on M".

(i) Show that m* is an outer measure as in Problem 2.

(ii) Show that m™(F) < m*(E) for each £ € M".

(iii) Show that m"(E) = m*(FE) for each measure rectangle E.

(iv) Show that m" (U2, E;) = m*(U2, E;) for any collection (E;)°, of measure
rectangles satisfying E; N E; = (.

(v) Show that E C 28" is m*-measurable if and only if

m*(C)=m*(ENC)+m*(E‘NC)

for all cuboids C.

(vi) Show that every measure rectangle is m*-measurable.

(vii) Therefore show that every element of M™ is m*-measurable and hence show
that the measure spaces (R", M", m™) and (R™, M", m*|yn) coincide.



