HOMEWORK & SOLUTIONS

Due: Thursday November 15th at 10:00am in Physics P-124

Please write your solutions legibly; the TA may disregard solutions that are not readily
readable. All solutions must be stapled (no paper clips) and have your name (first name
first) and HW number in the upper-right corner of the first page.

Throughout this problem set, (R, M, m) is the usual Lebesgue measure on R and
(R?, o(M x M), m x m) is the product measure. For each E € (M x M), we have

mxm)(B)i= [ dm= [ b dm

where
¢:R— R, o(z) =m(EN ({z} x R))

and

iR — R, ¢(y) :=m(EN (R X {y})).

Problem 1: For each p,q € [1,00) satisfying p # ¢, construct a sequence of Lebesgue mea-
surable functions
fn R— R, neN

so that f, € ,ep,00) L' (R) and so that (f,)nen is a Cauchy sequence in LF(R)
but not a Cauchy sequence in L?(R).

Solution: We have two cases to consider.
(1) ¢ <p.

(2) p<q
(1) Suppose that ¢ < p. Define

__2
fn R — R? fn(l') = p+q1[17”]

for each n € N. This our bounded function which vanish outside a bounded
set. Hence f, € ﬂre[lm) L"(R). For each n,m € N satisfying n < m, we
have

Hn—mm=(/m—ﬁmm@p:</xi&m0p
()0 - () ) )
Trrta = mpr+a n p+aq
p+q n p+q p+q
<(z:0))
< (5 .
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This tends to 0 as n — oo since ;’ﬁ < 0 and hence (f,)nen is Cauchy in

LP(R). Also for each n,m € N satisfying mrra > Znﬁ, we have

o= Ful = ([ Vo= gl am)" = ([ a5 am)
(=) (GG
xrrra = mrta nr+aq
p+q n P+q p+q
- (552))
- pP+q

which tends to oo as n — oo since ;%; > 0. Hence (f,)nen is not Cauchy
in LY(R).
(2) Now suppose that p < ¢. Define

fn . R — R, fn(x) = $7m 1[%71]

for each n € N. This our bounded function which vanish outside a bounded
set. Hence f, € N L"(R). For each n,m € N satisfying n < m, we
have

U=l = ([ 152l i) = ( IS dm)
(52)5):
€rprta
( P+

1
m

rell,00)

B =

q

< ((%) n)

This tends to 0 as n — oo since 221 < 0 and hence (fy)nen is Cauchy in

LP(R). Also for each n,m € N satisfying mrTa > 2t we have

an—fm”q: (/’fn—fm|q dm)q = (/j QZ_% dm)
(=040) - (G O™ () &)
p+q p+q n p+q m
(5 = (2) )
Pta p+d ~\\p+q

which tends to oo as n — oo since i—:é > 0. Hence (f,)nen is not Cauchy
in LY(R).
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Problem 2: Let (I,),en and (I)),en be a sequence of intervals in R and let E € o(M x M).
Suppose E C UpenI,, x I/. Show that

(mxm)(E) < m(1,)m(I)).

n=1
Solution: Define
fiRP— R, =) 1.0,
n=1

g RQ — R, g = 1Un€NIn><I»£1
and
h:R*>— R, h:=1.
Then since £ C UpenI,, X I/, we have
h<g</
Hence

(mxm)(E) = [ b dmxm) < [ b dmx m). M)

Also by the monotone convergence theorem,

/hd(mxm hm/ lekxp d(m x m)
n—oo
hmmem (I, x I) Zmem[x]')

n—00
n=1 k=1

= Z/m(lé)lfn dm = im([ m(1,
n=1 n=1

Therefore by Equation (1),
(m xm)(E) < Zm([
n=1

Problem 3: Show that any continuous function f : R? — R is m X m-measurable.

Solution: We need to show that the preimage of any interval is measurable.
Since any interval is a countably infinite intersection of open intervals it is
sufficient to show that the preimage of an open set is measurable. Since f is
continuous, the preimage of an open set is open. And hence it is sufficient to
show that any open subset of R? is contained in M x M. Let O C R? be an
open set. Then O is a union of products (a,b) x (¢, d) of open intervals whose
closure is contained in O. After enlarging these intervals slightly, we can assume
that the endpoints of these intervals a, b, ¢, d are rational. Since Q* is countable,
we then have that O is a countable union of products of open intervals. Since



open intervals are measurable we get that O is a countable union of measure
rectangles and hence O € M x M.

Problem 4: Let F € o(M x M). Show that for each € > 0 there is an open set O C R?
containing F satisfying (m x m)(O) < (m x m)(E) + €.
You may assume that open subsets of R? are in (M x M).

Solution: We wish to show:
¥ € > 0 there exists an open set O C R? s.t. (m x m)(0) < (m x m)(E)+e.  (2)

We will prove this in stages.

(a) When F is a measure rectangle.

(b) When FE is a union U,enE, of elements of o(M x M) satisfying E,, C E, 11
for each n € N and satisfying (2) with E replaced by E,,.

(c) When F is an intersection NyenF, of elements of o(M x M) satisfying
(m x m)(E,) < oo, E, D E,;1 and (2) with E replaced by E,, for each
n € N.

(d) The general case.

(a) Suppose E = Ax B forsome A, B € M and (mxm)(E) =m(A)m(B) < cc.
Let € > 0. Define € := min(\/€/3,€/3, == T (A Choose interval covers
(1] )nen of A and (J)),en of B satisfying

il A)+€/2

n=1

) 3m€(B) )-

and
ZZJ' ) <m(B)+¢€/2.

Let a,, <b,, be the endpomts of I and ¢, < d, the endpoints of J!. Define
L, = (a, —€/2" b, +€/2"), J,:= (¢, — € /2", d,, +€/2")

for each n € N. Define O := U,, smenI,, X I,. Since O is a union of products
of open intervals, we get that O is open. Also

(m xm)(0) < Z L)) = (Zl(jn)) (Zl(Jn)>

n,m=1
< m(A)ym(B) + m(A)e + ¢m(B) + (¢)?
<m(E)+e¢e/3+¢€/3+¢/3=m(E)+e.
(b) Suppose E, E, is as in (b) above. Let ¢ > 0. Choose an open set O,

containing F, so that (m x m)(0,,) < m(E,) + €. Define O := U,enO,,.
Then

(m xm)(0) = lim (m x m)(0,,) < lim (m x m)(E,) +¢= (m xm)(E) + e.

n—o0 n—oo
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(c) Suppose E, E, is as in (c). Let € > 0. Choose an open set O,, containing
E, so that (m x m)(0,) < m(E,) + €. Then since (m x m)(0,,) < oo,

(m xm)(0) = rLan;lo(m x m)(0,) < Jirgo(m x m)(E,) +e=(mxm)(E)+e.

(d) Define
My ={EcoMxM) : EC|[-kk?}
for each k € N. Let o(Mj, x My) be the corresponding product o-field on
[—k,k]?. Let Qr C o(M; x My) be the set of subsets E satisfying (2).
Then by (a), (b), Qr contains elementary sets and by (b) and (c), Qx is
a monotone class. Hence Q. = (M x My) for each k € N. Now let
E € o(M x M) and let € > 0. Define Ey, := E N[k, k]* € o(M;, x My).
Then since Ejy € Qy, there exists an open subset O) C R? containing F
satisfying (m x m)(Oy) < (m x m)(E}y) + ¢/2* for each k € N. Define
;c = U?:lOk' Define O := UkeNOk Then

(m xm)(Og) < (m x m)(Ey) + (22 ) (m x m)(Ey) +

Hence
(m x m)(0) = lim (m x m)(Oy)

< kh_)rgo(m x m)(Eg) + €= (mxm)(E)+e.



