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e Use the printer paper provided.

e Start each new problem on a new sheet of paper.

e Write down the problem number on the top right of each sheet
of paper.

e You can cite theorems from the lectures/textbook (unless you
are told to prove them).
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Problem 1 (20 pTs)
(a) Let F be a o-field on a set Q2. Write down the definition of a probability measure on F.

Solution: A probability measure is a function
P:F—0,1]

satisfying P(Q?) = 1 and P(UX, E;) = Y2, P(E;) where (E;)en is a pairwise disjoint collection
of sets in F.

(b) Describe all probability measures on the o-field given by the set of all subsets of {0, 1}.

Solution: We know P(2) =1 and hence P()) = 0. Also 1 = P(2) = P({0,1}) = P({0}) +
P({1}) and hence P({1}) =1 — P({0}). Hence P is uniquely determined by P({0}) = p. This
can take any value p € [0,1].

Hence for each p € [0, 1] we have the probability measure:

P, : 2000 — [0,1], P,(0) = 0, P,({0}) =p, B({1}) =1—p, Pp({0,1}) = 1.
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Problem 2 (20 pTs)

(a) Let N C R be a null set and let m,d € R. Show that the set
{mx+d : ze N}

is null.

Solution: Define N’ := {mxz+d : = € N}. Let € > 0. Choose an interval cover (I,)nen
of N so that

; HIn) = max(|m/, 1)’

Define
I :={mz+d : z€l,}

for each n € N. Then (I))nen is an interval cover of of N’ satisfying

"(I,) = I(I,) < <
D) = el Y 0n) < Il < e

Hence N’ is null.
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(b) Construct a null set A C R so that AN I is uncountable for every non-empty open interval
IcCcR

Solution: Let C' C R be the Cantor set. This is an uncountable null set contained in [0, 1]. For
each a,b € Q satisfying a < b, let
Cop:={a+(b—a)x : ze€C}.
Then Cj, is null for each a,b € Q satisfying a < b by (a). Now define

A= U Cap-

a,beQ
a<b

Then A is a countable union of null sets. Hence A is null. Suppose I = (¢,d) is an open interval
where ¢,d € R satisfies ¢ < d. Choose a,b € Q satisfying a < b and (a,b) C (¢,d). Then
Cap C (a,b) C (c,d). Hence Cpp C AN (c,d). Also Cyy is uncountable since we have a bijection

CiC’a’b, r — ax +b.

Hence AN I is uncountable for each non-empty open interval I = (¢, d) as above.
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Problem 3 (20 pTs)

Let m* : 28 — [0, o0] be the outer measure on R. Define /(I) to be the length of any interval I.
Define
m* 2% — [0, o0,

m*(A) := inf {Z I(Ix) : Ii,---,I, are intervals satisfying A C U I, for some n} .
k=1 k=1
(a) Show that m*(C) < m*(C) for any compact subset C' C R.

Solution: It is sufficient for us to show m*(C) < m*(C) + € for each € > 0. Therefore,
fix € > 0. Choose an interval cover (I,),en of C satisfying

il([n) <m*(C) +¢/2.
n=1

Let a,, < b, be the endpoints of I,, for each n € N. Define I/, := (a, —27"" 1 b, +27"71) for
each n € N. Then ([, )nen is an open cover of C'. Hence it has a finite subcover I}, ,--- , I},
since C is compact. Hence

k 00 00
(0) < SUI,) < SUI) = 30 () +27)
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(b) Give an example of a subset A C R satisfying m*(A) > m*(A).

Solution: Let A = Q or N or any other set with finite Lebesgue outer measure which is

not bounded from above. Let Iy, - - , I, be intervals satisfying A C (Jj_; I. Let ay < by, be
the endpoints of I for k = 1,--- ,n. Then since A is not bounded from above, we have that
max{by : k=1,---,n} = oco. Hence b; = co for some i € {1,---,n}. Hence l(I;) = cc.
Therefore

> UIk) = UT) = oo
k=1
and so

zn:l(fk) = 00.
k=1

Hence m*(A) = oo. However, m*(A) < oo.
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Problem 4 (20 pTs)

Which of the following functions are Lebesgue integrable? Explain your answer.
4,..2

(a) f:R—R, flz):=>2% e,
Solution: We have

1
/e_"%zdm = /e_("2$)2dl‘ = g/e‘dey
n

where y = n?xz for each n € N. Also [ e~ dx < 0o because e %" < e~z and [eleHt gy =
2e < co. Hence by Beppo-Levi

> 2,12 s 2,2 =1 2
/fdm:/Ze_(”z) dx:Z/e_("w) al:::zzjrﬂ/e_:B dzr < oc.
n=1 n=1 n=1

Hence this function is integrable since f > 0.
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(b) g:R—R, g(x):=30" 51, (@) sin(z),
1 ifx€[-n,n]

0 otherwise for each n € N.

where 1[—n,n] R — R, 1[—n,n] (ac) = {

Solution: This function is integrable if and only if its absolute value

1) == 3 1 ()] sin(a)]
n=1

is integrable. Let |n/7] be the largest integer < n/m. Now

n |n/m|m in
/ |sin(z)|dz > / [sina)|dz = 2|n/r) > T ~2.

-n —|n/7|m

Hence by the monotone convergence theorem:

. 1 [4n
/g‘dm:Z/ 21[_n7n]|sm(x)\dac>zf2 <7T_2>
n=1 n=1
o9 4 9 1 00 1
= N I Y
)z

and hence f is not Lebesgue integrable.
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Problem 5 (20 pTs)
Let f: R — R be a Lebesgue integrable function. Define
g:R— R, g(x):= f(2x).

/fdm:2/gdm

where m is the usual Lebesgue measure on R (you may assume that g is Lebesgue integrable).

Show that

Solution:
We show this in four stages:

) When f = 1p for some Lebesgue measurable E C R.
) When f is simple.

) When f > 0.
)
)

General case.

1 1
/ dm=m (1B
gam=m B

- 1
= inf {Z [(I) : (In)nen is an interval cover of 2E}
n=1

= inf il 1I : 1I is an interval cover of 1E
a 27") 2" neN ) ; 2
1
inf l 1 : (In)nen is an interval cover of E
- o 1n

Then g = 11 ,. Hence
2

1. . .
=3 inf {Z I(I,) : (In)nen is an interval cover of E}

= %m(E) = ;/f dm.

Hence
/f dm = 2/9 dm.
(B) Now suppose that g = 2221 anla, for some ai,---,ar € R and measurable A;,---, Ay C
R. Define
gn : R — R, gn(x) = 1An(2x)'
Then
k
g= Z Andn-
n=1
Hence

k k k
/fdm—ZanflAn dm(f)Zan/gndm—/Zangndm—/gdm.
n=1 n=1 n=1
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(C) Now suppose f > 0. For each simple function ¢ : R — R, define
QAS: R — R, qg(x) = ¢(2x).

/fdmzsup{/qﬁdm : ¢ simple, 0§¢§f}
(i)sup{2/$dm : ¢ simple, 0§¢§f}
:sup{?/@dm : ¢ simple, 0§$§g}

:sup{Z/ggdm : asimple, 0§$§g

:2/gdm.

(D) Finally suppose f is integrable. Then
g+ () = f+(2x), g_(x) = f-(22), Vx € R.

Then

Hence

/fdm:/f+dm—/fdm(g)2/9+dm—2/gdmzZ/gdm.



