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Abstract of the Dissertation
Nonexistence of Wandering Domains for Infinitely Renormalizable Hénon Maps
by
Dyi-Shing Ou
Doctor of Philosophy
in
Mathematics
Stony Brook University

2018

In the thesis, I proved the absence of wandering domains for strongly dissipative infinitely renor-
malizable Hénon-like maps with arbitrary stationary combinatorics. The theorem solves an open
problem proposed by van Strien (2010) [vS10] and Lyubich and Martens (2011) [LM11]], and
opens a direction of studying the existence of wandering domains in higher-dimensional systems.
Unimodal maps are a reduced version of Hénon-like maps in one-dimension and unimodal maps
do not have wandering intervals. However, the classical proofs for unimodal maps break down in
the Hénon setting. To resolve this issue, two higher-dimensional techniques, “the area argument”
and “the good region and the bad region”, are introduced in the thesis to prove the theorem.

The proof is split into two cases. The first case covers infinitely period-doubling renormalizable
Hénon-like maps. The second case covers infinitely renormalizable Hénon-like maps with station-
ary combinatorics other than period-doubling. The difference between the proofs of the two cases
is the way of how we measure the expansion of a set when it is iterated under a Hénon-like map.
The prior case relies on the Euclidean metric, and the later case relies on the hyperbolic metric.
The two cases are disjoint, and together solve the problem for all stationary combinatorics.

As an application, the theorem enriches our understanding about the topological structure of the
heteroclinic web: the union of the stable manifolds forms a dense set in the domain.
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1. Introduction

Dynamical systems is a field in mathematics that studies the long time behavior of a mathematical
model that depends on time. The behavior of a system at a certain moment is described by an
element in a set which is called the phase space, and the evolution of the behavior at the next
moment of a time is modeled by a map (for discrete-time) or a flow (for continuous-time).

A simplest type of discrete-time dynamical systems is the iteration of a linear map over R" or T".
We identify the n-tours T” as a quotient of R" over the group of integral vectors. The dynamics of
a linear map over R" is simple. The system has only one periodic orbit at the origin which is a fixed
point and the behavior of other points depends on the eigenvalues and eigenvectors. An eigenvalue
A is called attracting if |A| < 1, indifferent if |A| = 1, and repelling if |A| > 1. Hyperbolic systems
are the linear maps that do not have indifferent eigenvalues. The dynamical behavior is completely
described by two subspaces. The stable manifold is the direct sum of all generalized eigenspaces
associated to the attracting eigenvalues. The orbits of all points on the stable manifold move
toward to the fixed point. The unstable manifold is the direct sum of all generalized eigenspaces
associated to the repelling eigenvalues. The orbits of all points on the hypersurface move away
from the fixed point. For non-hyperbolic systems, the dynamics on a subspace formed by the
indifferent eigenvectors can still be understood by the structure of the associated Jordan blocks.

The dynamics of a linear map over T” is similar to the case of R”. The only difference comes
from the fact that a linear map over T” may have more than one periodic orbit, and the stable
manifold and the unstable manifold may form a dense set in the domain. In the case of hyperbolic
systems, the manifolds are transverse at any intersection point which looks like a woven textile
structure. This is called a local product structure.

For a nonlinear system, the local behavior of the map around a hyperbolic fixed point (or periodic
orbit) can be fully analyzed by linearizing the map. A fixed point is hyperbolic if the derivative
at the point does not have an indifferent eigenvalue. However, the linear theory does not apply
to nonhyperbolic periodic orbits. On the other hand, the global picture of the dynamics cannot
be understood by the local behavior even when all periodic orbits are hyperbolic. A hyperbolic
periodic orbit also has a stable manifold and an unstable manifold, but they are no longer hyper-
plains as they become submanifolds of the domain. The manifolds are transversal at the periodic
orbit, but they may have a tangential intersection away from the periodic orbit and hence the man-
ifolds do not form a local product structure. Both of the issues have the same characteristic: the
tangent space cannot be decomposed as a direct sum of a expanding and a contracting subspace.
Those points are called nonhyperbolic. Nonhyperbolic systems can lead to interesting dynamical
aspects. A famous example is the period-doubling bifurcation of the family of logistic maps in
one-dimensional dynamics. To understand the dynamics of a system when tangencies of the stable
and unstable manifolds occur, Hénon maps serves as a simple model for realizing the homoclinic
and hetroclinic tangencies.

A Hénon-like map F : D C R? — R? is a discrete-time dynamical system on a two-dimensional
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phase space D. It is an analytic map of the form

F(x,y) = (f(x) — &(x,),x) (L.1)

where f is a unimodal map. A unimodal map is a differentiable map on the real line that has
exactly one turning point in the interior of its domain. A Hénon-like map is dissipative if it is area
contracting, i.e. the determin of the Jacobian |detDF | is strictly lesser than one. Strongly dissi-
pative means that the Jacobian is small. Figure [I.1]illustrates the image of a strongly dissipative
Hénon-like map. These maps are a generalization of the classical Hénon family [Hén'/6]]

Fop(x,y) = (1 —ax® — by,x) (1.2)

to the analytic setting, and an extension of unimodal maps from one- to two-dimensions.

In this thesis, we will study the dynamical behavior of Hénon-
like maps by using a dynamical object that is called wandering
domain and establish the theorem:

Theorem (Main Theorem). A strongly dissipative infinitely renor-
malizable Hénon-like map of arbitrary stationary combinatorics
does not have a wandering domain.

The definition of wandering domain may defer on the system aim-
ing to study. Here, we define wandering domain to be a connected
open subset that is disjoint from the stable manifold of any periodic
point. This is equivalent to the classical definition for unimodal
maps (Remark [7.2)). Renormalizable maps are the maps that ex-
hibit similar dynamical behavior in different scales which will be
discussed later.

It is known that unimodal maps do not have wandering intervals [Guc79, dMvS88|, [dMvS89,
Lyu89, BL89, MdMvS92]]. The theorem shows that this property can be extended to higher di-
mension and solves an open problem proposed by van Strien [vS10] and Lyubich and Martens
[LMI11]]. As an application, the theorem enriches our understanding of the topological structure of
the heteroclinic web: the union of the stable manifolds forms a dense set in the domain.

Figure 1.1.: The image of a
Hénon map.

The subject of wandering domain in different systems.

The problem of existence of wandering domains has a broad interest in the field of dynamics.
Points in a wandering domain have similar dynamical behavior and have orbits wander around.
Excluding these kinds of domain is a popular research topic and has different aspects in different
systems.

Real one-dimensional systems. In real one-dimensional systems, the absence of wandering
intervals helps to solve the classification problem. Two discrete-time dynamical systems f: X — X
and g : Y — Y are said to be topological semi-conjugate if there exists a continuous surjective map
h:X — Y such that ho f = goh. The map h is called a semi-conjugacy. The two maps are
topological conjugate if 4 is a homeomorphism. The conjugacy 4 acts as a change of coordinate.



In this context, a wandering interval is a nonempty open interval that has disjoint orbit and the orbit
does not approach a periodic orbit.

One example is the class of circle homeomorphisms. We consider the circle S! as the quotient
of the real numbers over the group of integers R/7Z. The study of the dynamics of circle home-
omorphism started from Poincaré in 1881 [Po186]. He classified the orientation-preserving circle
homeomorphisms by a quantity that is called the rotation number p(f) € S!: the average transla-
tion of an orbit. The quantity is independent of the choice of orbit. A rigid rotation is the special
case when the size of translation is a fixed value. He showed that

Theorem. For any orientation-preserving circle homeomorphism with irrational rotation number,
the map is topological semi-conjugated to the rigid rotation that has the same rotation number.
In addition, the maps are topological conjugate if the circle homeomorphism has no wandering
interval.

Wandering intervals are exactly the gaps consisting the points that are sent to a same point by
the semi-conjugacy. In terms of the long-time behavior of the system, the absence of wandering
intervals is equivalent of saying that the orbit of any point is dense in the circle. Therefore, studying
the existence of wandering intervals turns out to be an important subject.

Denjoy [Den32] strengthened the theorem of Poincaré by giving the conditions for the absence
of wandering intervals:

Theorem. Assume that the map f : S' — S' is an orientation-preserving C' diffeomorphism with
irrational rotation number. If log(f') has bounded variation, then the map has no wandering
interval.

Schwartz [Sch63] gave a different proof by assuming that log(f”) is Lipschitz. There are exam-
ples showing that the regularity conditions imposed to the map are essential. Bohl [Boh16], Kneser
[Kne24], and Denjoy [Den32] produced counterexamples of C Icircle diffeomorphisms of arbitrary
irrational rotation number having wandering intervals. Herman [Her79] improved the result by
constructing counterexamples of C!*% diffeomorphisms (with the derivative having some Holder
continuity). In addition, the techniques developed by Denjoy [Den32] and Schwartz [Sch63]] can-
not handle critical circle maps. Hall [Hal81]] found counterexamples of C* homeomorphisms with
at most two critical points. On the other hand, the conditions are not sharp. The paper of Hu and
Sullivan [HS97] improved the Denjoy’s theorem by assuming log(f’) to have bounded Zygmund
variation and bounded quadratic variation. In contrast to the work of Hall, the paper by Yoccoz
[Yoc84] extended the Denjoy’s theorem to critical circle homeomorphisms: allowing the map to
have critical points but restricting the regularity of the map to be analytic.

Another example is the class of unimodal maps. A unimodal map is a continuous endomorphism
on a compact interval that has a unique turning point in the interior of the interval. We assume that
the turning point is the maximal point of the map. The dynamics of a unimodal map is determined
by the kneading sequence [MTS8S]], which encodes the combinatorics of the orbit of the critical
point.

Guckenheimer [Guc79]] had developed an analog of the Poincaré theory for unimodal maps: if
two unimodal maps have the same kneading sequence which is not periodic and both of them have
no wandering intervals, then the two maps are topological conjugate. In particular, he showed that
C? unimodal maps with negative Schwarzian derivative do not have wandering intervals. Only C*
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regularity is not enough. Some additional conditions are required in order to take care of the critical
points. Similar to the examples of circle homeomorphisms, there are C* unimodal maps with a
flat critical point exhibiting wandering intervals [SI83, dMS87]]. There are other works weakened
the hypothesis or generalized the theorem to multimodal maps [dMvS88, dMvS89, Lyu89, BL.89,
MdMvS92], but all require some non-flatness around the critical point.

Complex one-dimension systems. In complex one-dimension, the Fatou set and the Julia
set are two complementary sets in the domain. The Fatou set contains points that have the same
asymptotic behavior on their neighborhoods. The Julia set is the compliment of the Fatou set. It
contains points that have wild behavior: the behavior of an orbit depends sensitively on the initial
point.

A Fatou component is a connected component of the Fatou set. The domain is decomposed by
the components into regions with different dynamical behaviors. The dynamics of a periodic Fatou
component is classified into several categories by the behavior of its first-return-map [Cre32, [Fat]:

e Attracting: the orbits of the points approach an attracting periodic orbit which belongs in the
interior of the component.

e Parabolic: the orbits of the points approach a parabolic periodic orbit which lies on the
boundary of of the component.

e Siegel disk: the dynamics on the component is equivalent to a rigid rotation on a disc.
e Herman ring: the dynamics on the component is equivalent to a rigid rotation on an annulus.

e Baker domain: the orbits of the points approach an essential singular point which lies on the
boundary of the component.

The remaining possibility is the case when a component is not eventually periodic. Those compo-
nents are called wandering domains. Equivalently, a wandering domain is a Fatou component that
has a disjoint orbit.

A rational map is a quotient of two polynomials defined on the Riemann sphere. The possible
types of Fatou components is clear in the setting of rational maps. An attracting Fatou component
occurs when there is an attracting periodic point. A parabolic Fatou component is observed around
an indifferent periodic point has a multiplier that is a root of unity. Seigel [Sie42]] showed that a
holomorphic map is linearizable around an indifferent periodic point for some multipliers that are
not a root of unity (irrational rotation), and its neighborhood forms a Siegel disk. Herman [Her79]
found an example of a rational map with a Herman ring. Obviously, a rational map does not have
Baker domains. Finally, Sullivan [Sul85]] completed the last puzzle of the classification of Fatou
components by excluding the possibility of having a wandering domain. In other words, all Fatou
components are eventually periodic and belong to one of the first four categories.

Not complete

(meromorphic functions)

On the other hand, Baker domains and wandering domains [Bak76, [Bak84, [Her84, |Sul85, [ELS7,
Bis15, [FGJ15] appear in other types of meromorphic functions.

//Unlike rational maps, there are transcendental maps having wandering domains . There are also
some types of transcendental maps that do not have wandering domains [GK86,[EL.92, BHK 93,
MBRG13]].




Real higher-dimensions systems. In higher dimensions, the classification problem be-
comes a delicate problem. Topological equivalence breaks down between any two different levels
of differentiability. The work of Harrison [Har75, [Har79] showed that for every d-manifold with
d # 1,4 and integer r > 0, there exists a C" diffeomorphism that is not topologically conjugate
to any C'*! diffeomorphism. The paper of Hazard, Martens, and Tresser [HMT18] studied the
possible combinatorics behavior of a Hénon-like map with zero entropy. They showed that un-
like the one-dimensional case, infinitely many parameters are needed to exhaust all the possible
topological types.

Nevertheless, due to the successful of the Denjoy theory on the circle, there are attempts of
generalizing the Denjoy theory to higher-dimensional systems. Bonatti, Gambaudo, Lion, Tresser
[BGLT94] studied infinitely renormalizable diffeomorphisms of the disk. They proved that a dif-
feomorphism has no wandering domain when the map is smooth enough (C' Holder with bounded
geometry), and proved the existence of a diffeomorphism consisting wandering domains when the
regularity is not sufficient (C'). Norton [Nor91]] excluded the occurrence of some types of wan-
dering domains for a C? diffeomorphism of a compact smooth 2-manifold. There are also some
works of developing a similar theory for higher-dimensional torus by proving the nonexistence of
wandering domains when there is enough smoothness and finding examples that have wandering
domains when the regularity is not enough. Mc Swiggen [McS93, McS93]] proved that for any
dimension k and constant € > 0, there exists a Ckt1-¢ diffeomorphism of the k-torus that acts like
a rotation but has a wandering domain. He also conjectured that C**! might be the upper bound of
the smoothness for having wandering domains. In the other direction, Norton and Sullivan [NS96]
showed that a C? diffeomorphism on a 2-tours that acts like a rotation does not have circular wan-
dering domains. And the results was extended to higher dimensional torus by Navas [Navl7].
However, the problem is still unsolved.

In higher dimensions, nonhyperbolic phenomena are used to construct examples exhibiting wan-
dering domains [CVO1, KS17, [KNS17]. Hyperbolic systems are the maps that have uniformly
controlled contraction and expansion. In particular, a relevant work by Kiriki and Soma [KS17]
found examples of Hénon-like maps close to o from [I.2] having wandering domains. The main
theorem does not overlap with their work. In the thesis, the Hénon-like maps in consideration
are real analytic, and the maps are away from having a homoclinic tangency. However, in their
article, the maps they found having wandering domains have only finite differentiability, and their
construction relies on the existence of maps arbitrary close to F, o containing homoclinic tangency
[KLS10, KS13].

In this thesis, we center on strongly dissipative infinite renormalizable Hénon-like maps of ar-
bitrary stationary combinatorics. The main theorem covers maps that are not hyperbolic. For the
period-doubling combinatorics, the unique invariant measure of the Cantor set has a O character-
istic exponent [dCLMOS, Theorem 6.3]. Indeed, the main issue occurs when the expansion and
contraction are out of control in the region called “the bad region”. The solution is to rely on the
“hyperbolicity” of area instead of the expansion or contraction of length: the contraction of area
is uniform bounded because of the map has a universal shape around the tip [dCLMOS, Theorem
7.9].

Complex higher-dimensions systems. In complex higher-dimensions, counterexamples
in transcendental maps can be constructed from one-dimensional examples [ES98] by taking di-
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Figure 1.2.: A period-doubling renormalizable unimodal map f and its renormalization Rf.

rect products. For polynomial maps, very little was known about the existence of wandering Fa-
tou components until recent developments on polynomial skew-products [Lil04, ABD™ 16, [PS17,
PR17,PV16], which are the maps of the form

F(z,w) = (f(z,w),8(w)).

Unlike the one-dimensional case, Astorg, Buff, Dujardin, Peters, and Raissy [ABD™16] found a
polynomial skew-product possessing a wandering Fatou component as the quasi-conformal meth-
ods break down. The reader can refer to the survey [Rail6] for more details about other relevant
work on polynomial skew-product [Lil04, [PS17, PR17, PV16].

The study of complex Hénon maps is motivated by the classification of polynomial automor-
phisms [FM89]. Those maps have the same form as in (L.T]) but covers a broader class of functions
by allowing f to be any polynomial [Hub86, HOV93] or analytic map [Duj04]. A recent paper
by Arosio, Benini, Fornass, and Peters [ABFP18]] found transcendental Hénon maps exhibiting
a wandering domain. Those are similar to the examples found in one-dimensional transcendental
maps. Nevertheless, the problem is still unsolved [Bed135]] for complex polynomial Hénon maps.

Renormalization.

Renormalization is an important procedure that allows people to study the dynamics on a different
scale. In the degenerate case, a unimodal map f : I — I is renormalizable if there exists a subin-
terval P C I and an integer n such that f"(P) C P and the restriction of f” to P is also a unimodal
map. The map acts on the orbit of the intervals P, f(P),---, f"~1(P) like a permutation which is
called the combinatorics of renormalization. For example, period-doubling means n = 2. Finally,
the renormalization is the coordinate change Rf = so f" os~! that brings the domain P of the
n-th iterate back to the unit interval / by the affine rescaling map s : P — I which turns Rf into
a unimodal map on /. Figure [I.2] shows an illustration of the period-doubling renormalization of
a unimodal map. A map is called infinitely renormalizable with stationary combinatorics if the
procedure of renormalization can be applied infinitely many times and all renormalizations have
the same combinatorics.
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Figure 1.3.: The 7501 to 10000 iterates of a random point by a Hénon-like map.

Renormalization can also be done in the Hénon setting. In this thesis, we will apply the tools of
Hénon-renormalization based on the framework developed by de Carvalho, Lyubich, and Martens
[dCLMOSJ]| for the period-doubling combinatorics and Hazard [dCLMOS, Haz11]] for other combi-
natorics. The Hénon-renormalization turns out to be much more delicate because the rescaling map
is not affine. Several papers [BGLT94, MW 14, MW 16] in different contexts show the condition
“infinitely renormalizable” is sufficient for the absence of wandering domains. In this thesis, we
will make use of this condition to prove the main theorem. By the hyperbolicity of the renormal-
ization operator, the renormalization R"F converges to the one-dimensional renormalization fixed
point. We will show that the size of the region, called the bad region, where the map R"F behaves
different from the degenerate case converges to O at a super-exponential rate. Roughly speaking,
the case when the expansion and contraction are out of control becomes less likely to happen as the
renormalization applies to the map more times. Therefore, we will show that the estimates from
one-dimension (unimodal maps) also apply to Hénon-like maps except finitely many exceptions.

Dynamics of Hénon-like maps

One of the important problems in dynamics is to study the long time behavior of a system. Such
limiting behavior is characterized by attracting sets. An attracting set is a closed set such that many
points evolve toward the set. And the collection of the points is called the basin of the attracting set.
One type of attracting set is the omega limit set which describes the limiting behavior of a point.
The omega limit set @(x) of a point x is defined as w(x) = N’"_, O(f"(x)) where O(x) stands for
the forward orbit of the point x. Figure [I.3| shows two numerical experiments plotting the limiting
trajectory of an orbit. A strange attractor is an attracting set having chaotic behavior (depends
sensitivity on the initial condition).

Hénon maps are famous of its chaotic limiting behavior since Hénon first discovered the strange
attractor in the classical Hénon family [Hén'/6]. For a strongly dissipative infinitely period-doubling

renormalizable Hénon map, the omega limit sets are classified into two categories: it can be either
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a saddle periodic orbit (of period 2") or the renormalization Cantor set [GvST89, LM11]]. The
dynamics on the Cantor set is conjugated to the dyadic adding machine. Figure shows a nu-
merical simulation of the Cantor set. The structure of the omega limit set is similar to the hierarchy
structure for unimodal maps [JR80|]. From the dichotomy, the topological structure of the stable
manifolds fully characterizes the long time behavior of the map. As an application of the main
theorem, we show that the union of the stable manifolds is dense. In other words, the basin of the
Cantor set has no interior even though it has full Lebesgue measure.

Idea of the Proof

When € = 0 in (L.T)), the behavior of the Hénon-like map is fully characterized by the unimodal
component f. This is called a degenerate Hénon-like map. One can view the class of unimodal
maps as a subset of the class of the Hénon-like maps by identifying a unimodal map as a degenerate
Hénon-like map. It is known that unimodal maps do not have wandering intervals. The proof for
the Hénon-like maps is motivated from a proof for the degenerate case.

For the degenerate case, we prove by contradiction: assume that an infinitely renormalizable
unimodal map f with stationary combinatorics has a wandering interval J. The map is renormal-
izable, so the first return map of f is defined on some subinterval P(1) of the domain P(0). One
can define a rescaling map ¢ that enlarge the subinterval P(1) back to the original scale P(0). The
rescaled first return map RF = ¢ o f" o ¢! is also a unimodal map that is called the renormaliza-
tion of the map. Since the map is infinitely renormalizable, procedure or renormalization can be
repeated infinitely many times.

Then we define a rescaled orbit of the wandering interval J that closest approaches to the critical
value by iterating and rescaling the interval J. The rescaled orbit is called the J-closest approach.
Then we study the sizes of the orbit elements. For the infinite period-doubling renormalizable
case, the sizes are measured by the Euclidean metric; for other stationary combinatorics, the sizes
are measured by the hyperbolic metric. We prove an expansion estimate: the sizes of the orbit
elements expand at a definite rate. This leads to a contradiction because the size of the domain is
bounded but the sizes of the orbit elements approach infinity.

Motivated from the degenerate case, our goal is to prove an analog version of the expansion for
Hénon-like maps then show that the (one-dimensional) sizes of the elements in a closest approach
tend to infinity. Based on how the sizes are measure, the proof is split into two parts. Part[l|focuses
on the period-doubling combinatorics. In this case, we will measure the sizes of the elements
by the horizontal size. This is a generalization of the Euclidean measurement from one- to two-
dimensions. Part |lI] covers the remaining cases but not period-doubling. In this case, we will
measure the sizes by the hyperbolic size which is a generalization of the hyperbolic length.

However, in the Hénon case, the expansion estimate breaks down because of nonhyperbolic
behavior. In the thesis, we will develop two techniques to resolve the issue:

1. The good region and the bad region
2. The area argument

The domain of a Hénon-like map is classified into two complimentary areas: the good region
and the bad region. The good region is an area where the Hénon-like map behaves like a unimodal



map. In particular, the expansion estimate can be promoted to the Hénon-like map when the
closest approach stays in the good region. We note that the proof for the expansion estimates in
Part [l and Part [T are not exchangeable. The bad region is an area where the Hénon-like map
behaves different from a unimodal map. The expansion or contraction of the size is out of control
because of nonhyperbolicity whenever an element enters the bad region. The size of the bad region
is determined by the size of €. The size of € measures how far the Hénon-like map is away from
the class of unimodal maps.

To take care of the nonhyperbolicity in the bad region, we rely on studying the contraction of
the areas of the orbit elements. This is because that we have “hyperbolicty” over the area due to
the universality around the tip: the Jacobian of the map has a uniform controlled lower bound.
This is called the area argument. The area provides a good estimate for the contraction of the
(one-dimensional) sizes when the expansion estimate breaks down.

In order to show that the (one-dimensional) sizes approach infinity, we prove that the contraction
happens at most finitely many times. This is achieved by showing that a closest approach have at
most finite entries to the bad regions. The proof based on several key ingredients:

1. When an element in a closest approach enters the bad region, the size of that element cannot
exceed the size of the bad region. This means that if the size of the bad region is small, a closest
approach have a small chance of entering the bad region.

2. Whenever an element in a closest approach is rescaled, then we renormalize the map and iter-
ate the rescaled element by the renormalized map. By the hyperbolicity of the Hénon-renormalization
operator, the renormalized map becomes closer to the class of unimodal maps. This means that
the size of the bad region becomes smaller whenever we renormalize the map. In other words, the
closest approach becomes less likely to enter the bad region whenever a rescaling is applied.

3. When an element enters the bad region, a large amount of rescaling is applied to the element.
After combining all of the ingredients, roughly speaking, we will show that the sizes of the bad re-
gions contract faster than the contraction of the (one-dimensional) sizes of the elements in a closest
approach. This relies on delicate estimations given from the expansion estimate, the contraction
of the area, the size of the bad region, and the relationships between the (one-dimensional) size
and the area. Note that we give two different proofs for this property in Part [ and Part [[I. The
proof from Section[I1.3]is more intuitive but longer; the proof from Section|[18.3]is shorter but less
intuitive. The two proofs are interchangeable.

Finally, since the sizes of the element in a closest approach expands at a definite rate with only
finitely many exceptions, we show that the sizes approach infinity. This leads to a contradiction.
Therefore, wandering domains cannot exist.






2. Preliminary and Notation

2.1. Sets and topology

Assume that (X, <) is a simple (total) ordered set [Mun00, Section 3]. An interval I on X is a
subset such that for all a,b € I with a < b implies that ¢ € [ for all ¢ € X with a < ¢ < b. The
bracket notations for intervals are used for ordered sets.

The set of real numbers is denoted as R. The set of complex numbers is denoted as C. The
set of all positive integers is denoted as N. Let I be an interval on R and 8 > 0. The complex
8-neighborhood of I is defined to be the open set I(8) = {z € C;|z— 7| < & for some 7' € I'}.

Assume that X is a topological space. The closure of a subset A C X is denoted as cl(A). The
interior of the set is denoted as int(A). For A, B C X, the relation A € B means cl(A) C int(B).

2.2. Functions

Assume that V and W are Banach spaces. A function f :V — W is Lipschitz continuous with
constant L if

If(y) = f(x)] < Lly—x|

forall x,y e V.
Assume that S is a set and f is a complex-valued function on S. The sup norm of f on S is

| fllg = sup {|f(x)];x € S}.

The subscript S is neglected whenever the context is clear.
Assume that [ is an interval on R. The space of C"(I) functions is the collection of functions
f 1 — R that are n-times differentiable and the n-th derivative is bounded and continuous. The
C"-norm of a C"(I) function f is
n
1fllery = X
j=0

1,

where f) is the j-th derivative of f.
As an application from the Cauchy’s integral formula [SS10, Corollary 4.3], the derivatives of a
holomorphic function are bounded by the following lemma.

Lemma 2.1. Assume that I is an interval and & > 0. There exist positive constants ¢ = c¢(0) and
8" = 08'(8) < 6 such that
Hf/HI(S’) <l fllys) -

for all holomorphic maps f :1(6) — C.

Higher order derivatives and partial derivatives (of a multi-variable holomorphic map) can also
be estimated by a similar inequality.

11
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Assume that f : X — Y is a map where X and Y are simple ordered sets. The map f is increasing
(orientation preserving) on an interval I C X if f(x) < f(y) whenever x < y. Decreasing (orienta-
tion reversing) is defined to be similar. The map f is monotone (has a fixed orientation) on I if it
is either orientation preserving or orientation reversing on /. Two points x and y in the domain is
said to have same orientation if f is monotone on some interval that contains both x and y.

Assume that U C R? is open and F : U — R? is a differentiable map. The Jacobian of the
function F is the determine of its derivative det DF'.

The canonical projections T, and 7, on the plane are the maps 7, (x,y) = x and 7, (x,y) = y.

2.3. Dynamics

Assume that f: X — X is a function. For any integer n > 0, denote the n-th iterate as f* = fo---o f
where f is composed n-times. Also, let f0 = Id be the identity map. If f is invertible, then set
f"=f"lo...of~! where the inverse f~! is composed n-times.

A point x € X is a periodic point of f with period p if p is the smallest positive integer such
that f”(x) = x. The point x € X is a fixed point of f if x is a periodic point of f with period 1. A
point x € X is a preperiodic point of f if f*(x) is a periodic point of f for some integer n > 0. In
addition, if X C R" is open and the map f is differentiable, the multipliers of x are the eigenvalues
of the derivative D(f?)(x) at the point.

Assume that X is a topological space and x € X is a periodic point of the continuous map
f: X — X with period p. The stable set of p is the set

W (p) = W*(f.p) = {xe X: lim f"(x) = p} .

If X is a manifold, the stable set is called the stable manifold if itself is a submanifold of X. In this
article, a local stable manifold refers to a connected component of a stable manifold.

Assume that 7 is an interval on R and f is a C'(I) function. A point ¢ € I is a critical point of f
if f/(c) = 0. Its iterate v = f(c) is called a crifical value of f. The map f is a unimodal map if it
has a unique maximal point and no other local extrema in the interior of I. A C?(I) unimodal map
f is nondegenerate if f”(c) # 0 where c is the critical point.

2.4. Permutation

A permutation is an automorphism on a set. In this article, we will only consider permutations on a
finite set. A cyclic permutation v (or cycle) is a permutation that contains exactly one periodic orbit
with period p > 2. The length |v| = p of the cycle V is the period of the orbit. In this article, any
periodic orbit of period p on a simple ordered set can be uniquely identified with the permutation
on the finite ordered set Z, = {1,---, p} that has the same order.

2.5. Schwarzian derivative

In this section, we recall the definition and the properties of Schwarzian derivative. The proof for
the properties can be found in [dMvS12].

12



2.5. Schwarzian derivative

Definition 2.2 (Schwarzian Derivative). Assume that f € C?(I) where I is an interval. The Schwarzian
derivative of f is defined by

st = (FY (R 23 (r’

whenever f’(x) # 0. The map f is said to have negative Schwarizan derivative if Sf(x) < 0 for all
x € I with f'(x) # 0.

Negative Schwarzian derivative is preserved under iteration.

Proposition 2.3. If f : I — I has negative Schwarzian derivative, then f" also has negative Schwarzian
derivative for all n > 0.

Proposition 2.4 (Minimal Principle). Assume that J is a bounded closed interval and f :J — R
is a C? map with negative Schwarzian derivative. If f'(x) # 0 for all x € J, then | f'(x)| does not
attain a local minimum in the interior of J.

Corollary 2.5. Assume that J is a bounded closed interval and f : J — R is a C* map with negative
Schwarzian derivative. If f'(x) # 0 for all x € J, then

1. pis an inflection point if and only if " (p) =0,
2. if p is an inflection then "' (p) <0, and
3. f can have at most one inflection point in the interior of J.

Proof. Without lose of generality, we assume that f' > 0. For each point p € intJ with f”(p) =0,
since Sf(p) <0, we have f”/(p) < 0 and hence p is a inflection point. Thus, properties 1 and 2
follows.

To prove the last property, we prove by contradiction. Assume that f has at least two inflection
point in the interior of J. Property one implies that the set of inflection point is closed and property
two implies that the set of inflection points does not contain any accumulation point. Thus, J can
only contain at most finitely many inflection points.

Let a < b be two consecutive inflection points in the interior of J. By property 2, f” is decreasing
on a neighborhood of a. Thus, f”(x) < 0 for all x € (a,b) because f does not have inflection point
on (a,b). However, by the same reason, f” is decreasing on a neighborhood of b and f”(b) = 0.
This is a contradiction. Therefore, f can have at most one inflection point in the interior of J. [

Proposition 2.6 (Singer). Assume that J is an interval and f :J — J is a C> map with negative
Schwarzian derivative. Then the immediate basin of any attracting periodic orbit contains either
a critical point of f or a boundary point of the interval J.

The next proposition shows that the property of negative Schwarizan derivative is preserved
under small perturbation.

Proposition 2.7. Assume that f is a C° (I) nondegenerate unimodal map on a compact interval [
with negative Schwarzian derivative. There exists 8 > 0 (depending on f) such that if g is a C3 (I)
map with ||g' — f|| 1 < 0, then g is a map with negative Schwarzian derivative.

13
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Proof. The Schwarzian derivative can be rewritten in the form of

7= (g ) [P0 -2 007

It is easy to see that a C> nondegenerate unimodal map f has negative Schwarzian derivative if and
only if
3

f@f"(x) =5

5 (f"(x)* <0 2.1)

forall x € 1.

Next, we claim that g has negative Schwarzian derivatzive. Since [ is compact, we may assume
that M,N > 0 be values such that f'(x) " (x) — 3 (f"(x))” < =M and || f'||, "], || /|| < N. Use

(2.1), we get
YW 3 (') < @@ - ()’
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for all C? functions g with || f/ — g’ lc2(ry < & where § = min(ZN, 5%). Therefore, g has negative

Schwarzian derivative. O]
2.6. Hyperbolic length

In this article, we will use the hyperbolic length to measure the size of a wandering interval in this
article. It will be generalized to dimension two in Chapter [16]to measure the size of a wandering
domain.

First define the Euclidean length.

Definition 2.8 (Euclidean Length). The Euclidean length of an interval J C R is
|J| =sup{|b—al|;a,beJ}.
The brackets are neglected whenever the context is clear.

Recall the definition of hyperbolic length.
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Definition 2.9 (Hyperbolic Length). Assume that 7 is an bounded interval and J is a subinterval
such that J € T. The hyperbolic length of J in T is

L+ R+T) J J
\J\T_ln—LR =1In (l—i-L) +1n <1+R) (2.2)

where L and R are the left and the right components of the complement 7T\ J respectively as illus-
trated in Figure

Figure 2.1.: Definition of 7', L, R, and J.

Proposition 2.10. Assume that T and T' are intervals and f : T — T’ is a C3-diffeomorphism with
negative Schwarzian derivative. If J is an interval on int(T), then

Dl >z
Proof. See [dMvS12, Section IV.1]. O

Proposition 2.11. Assume that s is an affine map, T and T are nontrivial intervals, and s(T) =T'.
If J € intT is an interval, then

|S<J)‘T’ = ’J|T'

Proof. The equality holds because affine map is a special case of Mobius transformation. See
[dMvS12, Section IV.1]. OJ

2.6.1. Relations with the Euclidean length

The first proposition allows to bound the Euclidean length by the hyperbolic length.

Proposition 2.12. There exists a constant ¢ > 0 such that the inequality

7 >In( 1+ ! > /

PR— C_
= T)~'T
holds for all intervals J € T.

Proof. The first part of the inequality follows directly from the definition (2.2)). The last part of the
inequality is true because the logarithm has a linearized lower bound when 0 < % <1 U

The next proposition shows that the hyperbolic length and the Euclidean length are comparable
when the two sides have definite size.
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Proposition 2.13. The inequality
< (Le )= (T4 1)
'=\L R)” \L R)T

Proof. The inequality follows directly from the definition of hyperbolic length

J J J J
Jy=In|1+— In(l+=)<-—+-—.
7|7 n( —|—L)—|—n(—|—R)_L+R

holds for all intervals J € T.

2.6.2. Expansion of hyperbolic length from topological expansion

The goal of this section is to prove Proposition The horizontal size of an interval grows when
it is measured inside a smaller base interval. The proposition estimates the lower bound of the
growth.

Assume that J, ¢, and T are intervals J €t € T. Let [ and r be the left and the right components
of #\J respectively and L and R be the left and the right components of 7'\t respectively. See Figure
for illustration.

/L\/l\/‘]\/r\/R\
a C e
z,z%l b

T

Figure 2.2.: Definition of the intervals 7', ¢, L, [, R, r, and J.
Lemma 2.14. The equality holds for all J

U~ Wp=t(1+7 2 Vim(14]
! r— II+L+J rr+R+J )"

Proof. By the definition of hyperbolic distance, compute

(I+J)(r+J) (I+L+J)(r+R+J)

J|.—J|; =1 —1
| |t | |T n Ir n (Z+L)(V+R)
(147 1+
=In T L TS
[+L r+R
r 1 1 1 1
+—77)J - — J
L 1+l+_L 1+r+R
r JL JR
14 ] R
L I+L I+ %
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—4n1+J L 1+J R
B lI+L+J rr+R+J )"

Corollary 2.15. Assume thatJ €t C T. Then |J|, > |J|;.
We also need the following lemma.
Lemma 2.16. Assume that 0 < a < 1. Then
In(14ax) > aln(1 +x)
for all x > 0.

Proof. Let f(x) =1In(1+ax) and g(x) = aln(1 +x). Then

f(x) > ¢ (x)

_a
l+4x

:1+ax

for all x > 0. Also, f(0) = g(0) = 0. Therefore, the lemma follows by integrating the inequality
from both sides. O

If the interval J C T is embedded into a smaller interval #, then the hyperbolic size expands and
the size of expansion can be estimated by the left L and right R intervals as follows.

Proposition 2.17. Assume thatJ €t €T and M > 0. If %, % > M, then

1
|J|t>m|J|T‘

Proof. By Lemma[2.16)and Lemma [2.14] we have

=W —= w1+ D) —2 (4
J— —n J— —_— J—
! T lvL+J 1) r+R+J r

L J R J
—In(14+- —In{1+-
>Tn(+l)+Tn<+r)
>M\|J|,.

Then
(I=M) ], > Iy

and hence the proposition follows. [
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The period doubling combinatorics
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3. Outline

In this part of the article, chapters, sections, or statements marked with a star sign “*” means that
the main theorem, Theorem does not depend on them. Terminologies in the outline will be
defined precisely in later chapters.

Chapters 2] {] [5] and [6] are the preliminaries of the theorem. The chapters include basic knowl-
edge and conventions that will be used in the proof. Most of the theorems in Chapter[5|and Section
[6.1] can be found in [dCLMOS5, LMT11].

The proof for the nonexistence of wandering domains is motivated by the proof of the degenerate
case. A Hénon-like map is degenerate means that € = 0 in (I.T)). In this case, the dynamics of the
map degenerates to the unimodal dynamics. In Chapter 8] a short proof for the nonexistence
of wandering intervals for infinitely renormalizable unimodal maps is presented by identifying a
unimodal map as a degenerate Hénon-like map. The proof assumes the contrapositive, there exists
a wandering interval J. Then we apply the Hénon renormalization instead of the standard unimodal
renormalization to study the dynamics of the rescaled orbit of J that closest approaches the critical
value. The rescaled orbit is called the J-closest approach (Definition [7.1). The proof argues that
the length of the elements in the rescaled orbit approaches infinity by a length expansion estimate
which leads to a contradiction. The expansion estimate motivates the proof for the Hénon case.

The main theorem is covered by Chapters[7} [0} [I0} and [T T} The proof is summarized below.

Assume the contrapositive, a Hénon-like map has a wandering domain J. In Chapter[7] we study
the rescaled orbit {J, },~, of J that closest approaches to the tip, called the J-closest approach.
Each element J, belongs to some appropriate renormalization scale (the domain of the r(n)-th
renormalization R"" F for some nonnegative integer (n)). The transition between two constitutive
sequence elements J, — J,, 11 is called one step. Motivated by the expansion estimate from the
degenerate case, we estimate the expansion rate of the horizontal sizes [/, of the elements. The
horizontal size of a set is the length of its projection to the first coordinate (Definition [7.9). Our
final goal is to show that the horizontal sizes of the sequence elements approach infinity to obtain
a contradiction.

In the degenerate case, the expansion estimate says that the horizontal sizes expand at a uniform
rate, and hence the horizontal sizes of the sequence elements approach infinity. Unfortunately,
the argument breaks down in the non-degenerate case. There are two features that make the non-
degenerate case special:

1. The good region and the bad region.
2. Thickness.

The good region and the bad region, introduced in Chapter [9 divide the phase space of a Hénon-
like map into two regions by how similar the map behaves like a unimodal map. Each renormal-
ization scale (domain of the n-th renormalization R"F for some n) has its own good region and
bad region, and the sizes of the bad regions contract super-exponentially as the map gets renor-
malized more times ([dCLMOS5|, Theorem 4.1] and Definition[9.1)). When the elements in a closest
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approach stay in the good regions of some appropriate scale, we show that the expansion estimate
can be generalized to the Hénon-like maps. Thus, the horizontal sizes expand at a definite rate
(Proposition[I0.11)). However, when an element J, enters the bad region of some proper scale, the
expansion estimate breaks down. We introduce another quantity, called thickness, to estimate the
size of a horizontal cross-section of the next element J,,;; (Definition[I1.2). At the moment when
the element J, enters the bad region, the thickness w, 1 of the next element J,,; | offers a good
approximation for the horizontal size [, of the element. We will show that the thicknesses of
the sequence elements have similar properties as the properties of the areas of the elements: the
contraction rate of the thicknesses is the Jacobian of the map (Proposition [I1.6). For a strongly
dissipative Hénon-like map, the Jacobian is small and hence the amount of contraction is large.
The contraction produces the main obstruction toward our final goal.

The breakthrough is the discovery that the elements in a closest approach have at most finitely
many entries to the bad regions (Proposition [[1.16). When an element J, enters the bad region,
the horizontal size becomes smaller but the size of the bad region also shrinks at the same time.
This is because the proceeding elements J,, with m > n belong to some deeper renormalization
scales. Roughly speaking, we found that the sizes of the bad regions contract faster than the the
horizontal sizes of the sequence elements so that the elements cannot enter the bad region infinitely
many times. The actual proof is more delicate because another quantity, the time span in the good
regions (Definition[I1.9), also involves in the competition. The two-row-lemma (Lemma[T1.14) is
the key lemma that gives an estimate for the competitions between the contraction of thicknesses,
the expansion of the horizontal sizes in the good region, the time span in the good region, and
the size of the bad region when the closest approach enters the bad region twice. The conclusion
follows after applying the two-row-lemma inductively (Lemma[IT.T5).

In summary, the horizontal sizes of the elements in a closest approach expand in the good re-
gions, while contract in the bad regions. However, the contraction happens at most finitely many
times. This shows that the horizontal sizes approach infinity which is a contradiction. Therefore,
wandering domains cannot exist.
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4. Unimodal Maps

In this chapter, we give a short review over the procedure for unimodal renormalization. The goal
is to introduce the hyperbolic fixed point for the renormalization operator (Proposition 4.29) and
establish the estimates for its derivative (Subsection 4.4.3).

Definition 4.1 (Unimodal Map). Let I/ = [—1,1]. A unimodal map in this paper is a smooth map
f I — I such that

1. the point —1 is the unique fixed point with a positive multiplier,
2. f(1)=—1,and

3. the map f has a unique maximum at ¢ € int(/) and the point ¢ is a non-degenerate critical
point, i.e. f'(¢) =0and f”(c) #0.

The class of analytic unimodal maps f : I — [ is denoted as % .

Definition 4.2 (Critical Orbit). For a unimodal map f € %, let ¢(0) = ¢(0) (f) € I be the critical
point of f. The critical orbit is denoted as ¢ = *(¢(9) for all n > 0.

Definition 4.3 (Reflection). Assume that f € % and x € I. If x # ¢(9), define the reflection of x to
be the point £ € I such that f(£) = f(x) and £ # x. If x = ¢(%, define £ = ¢(©).

4.1. The renormalization of a unimodal map

To define the period-doubling renormalization operator for unimodal maps, we introduce a parti-
tion on / that allows us to define the first return map for a renormalizable unimodal map.

Definition 4.4. Assume that f € % has a unique fixed point p(0) € I with a negative multiplier. Let
pM = p(0) and p® be the point such that £(p®) = p(1) and p@ > ¢, Define A = (—1,pM)U
(p®,1), B=(pV, p(0)), and C = (p(0), p?). The sets A = A(f), B= B(f), and C = C(f) form
a partition of the domain D = I. See Figure .| for an illustration.

The property “renormalizable” is defined by using the partition elements.

Definition 4.5 (Renormalizable). A unimodal map f € % is (period-doubling) renormalizable if
it has a fixed point p(0) with a negative multiplier and f(B) C C. The class of renormalizable
unimodal maps is denoted as %"

Remark 4.6. Most of the articles define the unimodal renormalization by using the critical orbit.
However, here we choose to use an orbit that maps to the fixed point with a negative multiplier
instead. The purpose of doing this is to make the partition consistent with the partition defined for
Hénon-like maps (Definition [5.14)) because Hénon-like maps do not have a critical point.
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4. Unimodal Maps
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Figure 4.1.: The partition {A,B,C} of a unimodal map. The parabola is the graph of a unimodal
map. The points p(0), p(!), and p(?) are defined as in Deﬁnition

For a renormalizable unimodal map, an orbit that is not eventually periodic follows the paths in
the following diagram.

C A—=B—C
Figure 4.2.: The itinerary of an orbit on the partition A, B, and C.

This allows us to define the first return map on B or on C and the period-doubling renormalization.

Definition 4.7 (Renormalization Operator). Assume that f € Z".

1. Define the renormalization operator around the critical point R, : %" — % as R.f = s. o
f?os.! where s, is the orientation-reversing affine rescaling that satisfies s.(p(0)) = —1
and s.(p)) = 1.

2. Define the renormalization operator around the critical value R, : %" — % as R,f = s, 0
f?os; ! where s, is the orientation-preserving affine rescaling that satisfies s,(p(0)) = —1
and s,(p?) = 1.

With the definition of the renormalization operator, we may renormalize a renormalized uni-
modal map again if the renormalization is renormalizable. This gives the definition of infinitely
renormalizable map.

Definition 4.8 (Infinitely Renormalizable). A unimodal map f € % is (period-doubling) infinitely
renormalizable if for any length n > 0 there exists a sequence {a j}?:l of letters a; € {c,v} such
that the renormalization R,, o - -- o Ry, (f) is renormalizable. The class of infinitely renormalizable
unimodal maps is denoted as .#.

Remark 4.9. There are no ambiguity of the choice of the sequence in the definition of infinitely
renormalizable. One can prove that if a unimodal map is renormalizable on a sequence of charac-
ters {c, v}, then it is also renormalizable on any sequence of the same length.
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4.2. *Structure and dynamics of infinitely renormalizable unimodal maps

4.2. *Structure and dynamics of infinitely renormalizable unimodal
maps

In this section, we study the dynamics and rescalling on the partition. We consider infinitely renor-
malizable unimodal maps and renormalization about the critical value. This gives us an analog of
infinitely renormalizable Henon-like map.

Assume that f € .#. We define a sequence of unimodal map f, = R}f. The value n is called
the renormalization scale. We use the subscript for the renormalization scale of the corresponding
object. For example, the partition A, = A(f,), B, = B(f»), and C, = C(f,) for the domain D,, =
D(f,); the fixed point p, = p(f,) with negative multiplier for f,,.

. N —1
Define Sj, = syt j_10---0s, for j > 0and n > 0. Also, define p,(j) = (S,ﬂ) (Pnyj) for j >0

and p,(—1) = —1. Define a finer partition on C,, as C,(j) = (pn(j— 1), pn(j)) for j > 0. The value
J is called the rescaling level. If a point belongs to C,(j), the point can be rescaled at most j times.
It follows from definition and conjugation that

Proposition 4.10. Assume that f € 7. The following properties holds for all n > 0.

1. pn(j) is a periodic point of f, with period 2/ for j > 0.

2. S8(pu(f)) = Purk(j— k) for j > k—1.

3. C,(0) =A,,U{pn(0)} UB,.

4. The affine maps s, : C, — Dy and Sk : C,(j) — Cpixk(j — k) are bijective for j > k.

The proposition and Figure .2 provide the following diagram for the dynamics on the finer
partition. When a point enters A,, it is mapped to A, or B, by f,. When a point enters B,, it is
mapped to C,, by f,. When a point enters C,, the point belongs to Cy,(j) in the finer partition for
some j so we are able to rescale the point at most j times. The value j is called the rescaling level.
After rescale j times by applying S;, the point enters A, j or B, j on the n+ j renormalization
scale.

An 3}1 An+j)fn+j
A .
2 A
In ~ S Jntj y Siij
B, Cn(]) BrH—j—> n+j(])—>"'

Figure 4.1.: The dynamics on the partition of a unimodal map.

4.3. *Nonexistence of wandering intervals

In this section, we include two elementary proofs of nonexistence of wandering interval for in-
finitely renormalizable maps with negative Schwarzian derivative. The first prove uses the renor-
malization operator around the critical point, while the second one uses the renormalization op-
erator around the critical value. This will give us some ideas for the case in two dimensional
Hénon-like maps.
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4. Unimodal Maps

Definition 4.11 (Wandering Interval). Assume that f is a unimodal map. We say that a closed

subinterval J C I is a wandering interval of f if J is nonempty, J is not a singleton, { f"(J)},_,
does not tend to a periodic orbit, and {f"*(J)},_, are disjoint.

The following important proposition allows us to generate wandering intervals by iteration and
rescaling.

Proposition 4.12. Assume that f € %" and s., s, are the rescaling functions of f.

1. If J C D(f) is a wandering interval of f then f(J) is a wandering interval of F.
2. IfJ C B(F) is a wandering interval of f then s.(J) C I is a wandering interval of R.F.

3. If J C C(F) is a wandering interval of f then s,(J) C D(R,F) is a wandering interval of
R,F.

Proof. It follows directly from the definition and conjugation. [

To prove the nonexistence of wandering interval, the strategy is to prove by contradiction. If
there exists a wandering interval, we iterate and rescale the interval by the proposition to generate
a sequence of wandering intervals. Our goal is to prove the length (or hyperbolic length) of the
wandering interval in the sequence increases by a fixed rate. Therefore, the length approaches
infinity and hence a contradiction.

4.3.1. Proof by renormalization about the critical point

For the first proof, we use the renormalization about the critical point to prove that the wandering
interval does not exist by contradiction. If a wandering interval exists, we construct a sequence
of wandering intervals by iteration and rescaling then prove the length of the wandering interval
approaches infinity.

Lemma 4.13. Assume that f € %" is symmetric, infinitely renormalizable about the critical point,
and has negative Schwarzian derivative. If f has a wandering interval, then

\f'(p)| =1

where p is the fixed point with negative multiplier. Moreover, |Rf'(—1)| > 1.

Proof. Prove by contradiction. If p is an attracting fixed point, its immediate basin cannot contain
—1 and 1 since —1 is a fixed point and 1 is the preimage of 1. By Proposition[2.6] the immediate
basin must contain the critical point. Hence, the immediate basin of p contains B.

Assume that J is a wandering interval. J is not contained in B since B is in the immediate basin
of p.

On the interval (—1,0), f can have at most one fixed point since f(—1) = —1, f(0) > 0, and f
has at most one inflection point on (—1,0) by Corollary

If f contains a fixed point p’ on (—1,0), then f(x) <xon (—1,p') and f(x) > xon (p’,0). If J
is contained in A, then J C (p’,0) since [—1, p’) is the immediate basin of —1. This implies that
f™(J) C B for some n large enough which is a contradiction.
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4.3. *Nonexistence of wandering intervals

If f does not have a fixed point on (—1,0), then f(x) > x on (—1,0). If J is contained in A, then
f™(J) C B for some n large enough which is a contradiction.

If J is contained in C, then f(J) C A or f(J) C B which is impossible by the previous argument.
Therefore, p can not be attracting.

Moreover, compute the renormalization directly, we get

Rf'(=1) = scof?os (1) o fos (=) f os. ' (=1)s. (1)
2

= [f'(p)]"
Thus, [Rf'(—1)] > 1. N

The rescaling function s, maps B(f) onto I. So D(f) is too small. We extend the partition A, B,
and C to I by letting C = (p,1). Then the following lemma shows that the dynamics of a wandering
interval can be described by the partition A, B, and C.

Lemma 4.14. Assume that f € %" and J C I is a wandering interval of f. Then J is a subset of
one of the sets A, B, or C.

Proof. 1t follows by a wandering interval cannot contain any periodic point or preperiodic point.
O]

Proposition 4.15. Assume that f € .7 is symmetric, infinitely renormalizable about the critical
point, and has negative Schwarzian derivative. Then f does not have wandering interval.

Proof. Without lose of generality we may assume that —1 is a repelling fixed point of f by Propo-
sition and Lemma :l Write f, = R'f and f, | = s,0 f2os; . Then f, has only two fixed
point and the fixed points are repelling for all » > 0 by Lemma4.13|and the assumption on f.

Assume that f has a wandering interval J. First, we show that there exists an integer n > 0 such
that f"(J) C B. Since f does not have a fixed point on (—1,0), then f(x) > x for all x € (—1,0). If
J is contained in A, then f"(J) C B for some n large enough.

Define level of renormalization r(n) and a closest approach J,, of Jr(n) by induction. For n =0,
define r(0) = 0 and Jo = J. Assume that r(n) and J, are defined. By Lemmal4.14] only one of the
inclusion holds J, C A,(n), Ju C By(y), o8 J C C’,(n). If J, C A,UC,, define r(n+ 1) = r(n) and

Jnt1 = fon)(In). I Ju C By, define r(n+1) = r(n) +1 and J, 1 = s,(J,). For both cases, J; 11
is a Wanderlng interval of f,, ) by Proposition The itinerary of the sequence follows the
path of the following graph.

Our goal is to prove that |J,| — oo to obtain a contradiction.

27



4. Unimodal Maps

If Ju C A ) UC, (), lemmald.13] | f/(—1)| > 1, and the minimal principle implies that | f/ () ‘ >
1 for all x € J. This yields |J,41] > [Jn]-

If J; C B(y), by definition of the rescaling, [/, 11| = A.(y) [/n| Where 4, = [s,(x)|. The wandering
intervals cannot stay in A, forever since f,(x) > x for all x € intA, and —1 is the only fixed point
in A,. Hence, J, C B,,) for infinitely many n. Also, by the theory of infinitely renormalizable
maps, lim,_e lr(n) = A for some constant A > 1. This shows that lim,_,e |J,| = e which is a

contradiction. Therefore, f does not have a wandering interval. O]

4.3.2. Proof by renormalization about the critical value

For the second proof, we use the renormalization about the critical value to prove that the wander-
ing interval does not exist by contradiction. If a wandering interval exists, we construct a sequence
of wandering intervals by iteration and rescaling then prove the hyperbolic length of the wandering
interval approaches infinity.

First, we define a partition on the domain D for hyperbolic length. Since the hyperbolic length
only increases on a injective branch of a unimodal map and f is not injective on B, the partition A,
B, and C is not useful for studying hyperbolic length. We need to modify the partition. For f € %
that has a fixed point p of negative multiplier, define B! = B'(f) = (p,c(")), B =B'(f) = (¢, p),
and A=AU{p}UB' = (—1,c?). Then A, B", and C forms a partition of D = (—1,c!!)) and £ is
injective on each subset.

The following lemma shows that the dynamics of a wandering interval can be described by this
partition.

Lemma 4.16. Assume that f € %" and J C D(f) is a wandering interval of f that does not contain
the critical point. Then J is a subset of one of the sets A, B", or C.

Proof. It follows by a wandering interval cannot contain any periodic point and preperiodic point.
]

To apply the tool of renormalization about the critical value, we also need the following def-
inition. For f € .#, define f, = R"f and write f,,1 = s,0 f>os, . We abbreviate A, = A(f,,),
B, = B'(f»). B, = B'(f»), and C, = C(fy).

Lemma 4.17. Assume that f € %" and J C C is an interval such that ¢O)(f) ¢ f(J) for all n > 0.
Then ¢ (R, f) ¢ (R,f)" 0s,(J) for all n > 0.

Proof. Prove by contradiction. If ¢ (R, f) € (R, f)" os,(J) for some n > 0, by the definition of the
renormalization operator, we have (O (R, f) € (R,f)" 0s5,(J) = s, 0 f¥(J). Also by the definition
of the renormalization operator, we have fos, o 0 (R,f) = cl0 (f). Combine the two equations,
we get ¢(O(f) € f271(J) which is a contradiction. Therefore, c(O)(R,f) ¢ (R, f)"s,(J) for all
n>0. O]

From the two lemmas, if there is a wandering interval such that any iterate does not contain
the critical point, then its itinerary under iteration and rescaling follows the path of the following
graph.

Therefore, we construct a sequence of wandering intervals by iteration and rescaling as follows.
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4.3. *Nonexistence of wandering intervals

Figure 4.1.: Itinerary for a sequence of wandering interval.

Definition 4.18. Assume that J is a wandering interval of f € .# such that ¢(O)(f) ¢ f*(J) for all
n > 0. Define the level of renormalization r(n) and a closest approach J,, of Jr(n) by the following
procedure.

1. Define r(0) =0 and Jy = J.
2. IfJ, C Ar(n) UB:(n), define r(n+1) = r(n) and Jy11 = fo(n)(Jn)-

3. If Jy C Cyy), define r(n+1) = r(n) + 1 and Jyi.1 = su(Jn).

Next, we study the expansion of hyperbolic length for each edge on the graph.
We need the following linear approximation for logarithm when J is small.

Lemma 4.19. For all € > 0, there exists a constant 6 > 0 such that
(I—€)x<In(1+4x) <x

forall 0 <x < 4.

Proof. The upper bound is trivial and holds for all x > 0.
To the lower bound, we know that 1_41rx ' 1asx 0. For any given € > 0, there exists a constant
0 > 0 such that

1
1—e<
1+x

for all 0 < x < J. Integrate both sides on [0, x|, we get

(1—€&)x<In(l+x).

]

We estimate the hyperbolic distance of an interval in the following setting. Assume that J =
le, f], T' = (¢,d), and T = (a,b) are intervals such that J C T C T. Let L = (a,c), R = (d,b),
l=(c,e),and r = (f,d).
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4. Unimodal Maps

T

Figure 4.2.: Definition of 7, T, L, [, R, r, and J.

Lemma 4.20. For all € > 0, there exists a constant 8 > 0 such that the following property holds.
Then

LR
= (1—¢) (1 +2ﬁ> V7
whenever % < 0 and % < 0.

Proof. Given € > 0. Let § > 0 to be defined by Lemma4.19]
Apply the linear approximation for logarithm to the definition of hyperbolic distance, we have

J J
= In({14+—— In(1
|7 n( —|—l+L)—|—n( +r+R>

1 1
< | — J
- <Z+L+r—|—R>

J J
|J|T’ = In <1+7) +1In <1+;)

> (1—¢) (%+1>J

r

and

Combine the two inequalities, we get

|| > (1—¢) 1+1 ! + ! 71]J|
T = [ r l+L r+R r
1
T

=(1—-¢)| 1+

1 1
l+_L+ r+R

ot Tm
+L r(r+R
oL TR
(g 1+%(r+R)+§(l+L) r
r+R+I1+L T

LR | BL
>(1—¢) 1+% |7

LR
—(1—¢) (1+2TT,> .
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4.3. *Nonexistence of wandering intervals

O]
Lemma 4.21. The equality holds for all J
J L J R
HNp—=pg=|l1+-——— ) 1 +—"7—).
=Vl n( +11+L+J)( +rr+R+J)
Proof. Apply the definition of hyperbolic distance, compute
[4+J J I+L+J R+J
T —in DD | (L) (4R +)
Ir (I+L)(r+R)
1+7 1+
1+I+_L l‘f—m
I 11 1 1
n 1+(7_Z+_L)J 1+(7_r+_R)J
R L= I+ 7z
r JL JR
—In |1+ l(l+LJ) r(r+RJ)
I L I+ 7
J L J R
=ln({l4+-——||1+—F7— .
n( +ll+L+J)( +rr—|—R—|—J>
]
Corollary 4.22. Assume that J € intT" and T' C T, then |J| 7 > |J| ;.
Proof. The inequality follows directly from Lemma4.21 O

Corollary 4.23. For all € > 0, there exists a constantd > 0 such that for all J one of the following
inequality holds

LR
g > (1—€) <1+2ﬁ> 7
or

in(L,R
|0 > [J]5 +1n {14—6%]

Proof. Given € > 0. Let § > 0 be defined in Lemma If %,% < 8, then

LR
U]y > (1—¢) (1 +2TT,) .

If% > 6 or % > 8, by Lemma , we have
J min(L,R) J min(L,R)
g =Wl = I (14 77— ) in 147 ==

T
> ln(l—l—ﬁw).
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4. Unimodal Maps

From the theory of infinitely renormalizable maps, we have

Lemma 4.24. Assume that f € . has negative Schwarzian derivative. Then the ratio of any two
lengths of the interval in the list D, A, B, C, A, B!, and B" are bounded above and below by a
universal constant.

Corollary 4.25. Assume that f € & has negative Schwarzian derivative. If J is a subinterval of B,
then |J |, is bounded by a universal constant.

Proof. Compute

B B
< Blp=In{1+4+- In{1+—).
Jlp < |Blp n( +A)+n( +C)

By the previous Lemma, the quantity is bounded above by a universal constant. [

Now we are ready to study the expansion for each path in Figure If an interval is in A or B,
we use the hyperbolic length in D to measure the interval. Otherwise, if an interval is in C, we use
the hyperbolic length in C to measure the interval.

Lemma 4.26. There exist constants ¢ > 1 and d > 0 such that the following properties hold.
Assume that f € & has negative Schwarzian derivative and J is an interval. Then we have the
following two tables for the expansion of hyperbolic distance:

f(J) | Expansion

~

A

Al A [IfUDlp>Vlp
Al B |fDlp>Vlp
A

C | IfDle>cllporlfDle>Wp+d
B C [ |fUle>cllporlfle>p+d
J | sy(J) | Expansion

c| A |5v(J)|D(Rf) - |J‘C(f)
c| B \Sv(f)|D(Rf) - |J‘C(f)
C| C |lsWlewy =W
Proof. For any € > 0, let § > 0 to be defined in Proposition[4.19]

Case one and two: Assume that J C A and f(J) C A or f(J) C B". Since f:A — D is a
diffeomorphism, apply Proposition [2.10]and Corollary #.22] we get

Vp < Wlz <1fWlp-

Case three: Assume thatJ C A and f(J) C C. ThenJ C B'. Since f : B — C is a diffeomorphism,
by Proposition [2.10] we have
Vg <1 (Dl
Also, apply Corollary to the sets J C B! C D, we get

A(B"+C)

Ol = (1-) 142282

} Jp 4.1)
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4.3. *Nonexistence of wandering intervals

or
4.2)

.
1F(Dle > Mg > J]p+1n [1+5mln( , +C)]'

D

Case four: Assume that J C B" and f(J) C C. Since f : B" — C is a diffeomorphism, by Propo-
sition [2.10, we have

Vg <If(Dlc-
Also, apply Corollary to the sets J C B" C D, we get

A

AC
FDle> Wy = (=) (14250 ) Wl @3)

or

min(A,C)] . 44)

FDle > Vg = ]y +1n [1 P

Case five and six follow directly from Proposition 2.T1] Case seven follows from Proposition

[2.1T]and Corollary [4.22]

Finally by Lemma 4.24, the ratios ’% and % in |i and (4.3) are bounded below by a

universal constant. We may assume that € > 0 be so small such that (1 — &) [1 +2f%} >c
and (1 —¢) (1 —1—25—5,) > ¢ for some universal constant ¢ > 1. This fixes §. Also, w

and w in Ib and (4.4)) are bounded below by the same reason. Therefore, the Lemma is
proved. [

With the expansion of hyperbolic length, we are able to prove our goal for this section.

Proposition 4.27. Assume that f € ¥ is infinitely renormalizable about the critical value and has
negative Schwarzian derivative. Then f does not have wandering interval.

Proof. Prove by contradiction. Assume that J C D is a wandering interval of f. Without lose of
generality, we may assume that ¢(%)(f) ¢ f"(J) for all n > 0 by Proposition Define the level
of renormalization r(n) and a closest approach J,, of Jr(n) by Definition

Consider the sequence elements with the same renormalization scale j > 1. Let s and ¢ be
integers such that r(s+1)=---=r(s+1t)=j,r(s) = j—1,and r(s+t+ 1) = j+ 1. The path of
the sequence has four different cases in the same renormalization scale by Figure

VA B
a J
A, B’ C; .
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4. Unimodal Maps

The iterations in A j cannot occur infinitely many times because there is only one fixed point —1 in
A,

Also, at least one of the cases 1, 2, or 3 must occur infinitely many j. Otherwise, there exists a
constant s > 0 such that r(r +1) = r(¢t) + 1 for all 7 > s. Then

st = A—g)4r(s) i

for all t > s where A, = |s/,(x)|. This implies that lim;_,« |J;| = o since A, — A > 1 by the theory
of period doubling renormalization which yields a contradiction.
Finally, by Lemma@ the cases 1, 2, and 3 gives a strict expansion with fixed rate as

Ustile, > clsle,

or
|J5+t’ci > |‘]‘ij1 +d

And the forth case gives also expands the hyperbolic length
|JS+1|Cj > |JS|CJ;1 .

Since at least one of the cases 1, 2, or 3 must occurs infinitely many times, the hyperbolic length of
the sequence approaches infinity which contradicts to Corollary and the sequence must enters
B C AN B’ before entering C. Therefore, wandering interval does not exists. 0

4.4. The fixed point of the renormalization operator

In this section, we study the fixed point g of the renormalization operator about the critical point.
The map g is also important for the Hénon case because it also defines the hyperbolic fixed point
of the Hénon renormalization operator [dCLMOS, Theorem 4.1].

To define the fixed point, [EL81, I(CER82] proved that

Lemma 4.28. There exist a unique constant A = 2.5029... and a unique function f :[—1,1] —
[—1, 1] that satisfies the Cvitanovié-Feigenbaum-Coullet-Tresser functional equation

f)==-Af2(-%), -1<x<1
f0)=1
The function f has the following properties:
1. f is analytic in a complex neighborhood of [—1,1].
2. fiseven and concave: f"(x) <0 forall -1 <x <.
3A>1, f(1)=—4, and /(1) = —A.

4. f has negative Schwarzian derivative.
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4.4. The fixed point of the renormalization operator

The solution in this lemma is not in the right scale of unimodal map in this article. It does not
contain a fixed point with positive multiplier. The next proposition convert the solution into the
correct scale that this article is using.

Proposition 4.29. There exist a unique constant A = 2.5029... and a unique solution g € . of the
Cvitanovié-Feigenbaum-Coullet-Tresser functional equation

X

g() = —1g* (—) (4.5)

for —1 < x < 1 with the following properties:

~

. g is analytic in a complex neighborhood of [—1,1].
2. giseven.

3. g is concave on [—c(V )],

4. g(cW)y=—1cW and g'(cV) = —A.

5. g has negative Schwarzian derivative.

Proof. Let f be the solution in the previous lemma. Since f(0) =1 and f(1) = —%, it follows by
the intermediate value that f has a fixed point & € (0,1). The fixed point is unique on [0, 1] and
has negative eigenvalue because f is decreasing on [0, 1]. However, f does not have a fixed point
on [—1,0] because f(—1) = —% > —1, f(0) =1 >0, and f is concave. So we need to first extend
f such that the extension contains a fixed point with positive multiplier.

First we construct an extension of f. Define f (x)=—-4 f? (—%) for —A <x < A. It satisfies the
functional equation for all —A < x < A because

Ay — a2 (XN g2 (AN _ (X
f) =27 A) Ar 12) A7 ( ;L)'
Thus, £ is an extension of f on [-A,A].
The point —Aa € [~A,0] is a fixed point of f. This is because
f(=Aa)=—Af*(a) = —Aa.

Also, we show that f has a critical point on (—A,—Aa). Apply the intermediate value theorem
to f(a) > 0and f(1) <O, there exists a constant ¢’ € (¢, 1) such that f(¢) = 0. The root is unique
on (0, 1) since f is decreasing on the interval. By simple computation,

F (A =fof()f' () =0.
Thus, —Ac’ is a critical point of £ on (—A, —Aa).

Moreover, f does not have any other critical point on (—Ac’,0). Critical point does not exist
on [—1,0) because f is an extension of f and f is concave on [—1,1]. If f has a critical point

"€ (—=Ac,—1), then
0=f@%=f%f(—%>f<—%>.
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4. Unimodal Maps

This implies that f <—C7”) = 0 since —07” # 0 which contradicts to ¢’ is the unique root on (0, 1).

Consequently, f is increasing on (—Ac’,0).

It follows that —A« is the only fixed point on (—Ac’,—1). This is because 7 has negative
Schwarzian derivative. It contains only one inflection on (—Ac’,0) by Corollary If f has
more than one fixed point in (—A¢’,—1), then £ will have more then one inflection point which is
impossible.

Finally, we rescale f by defining g(x) = ﬁ f(aAx) for —1 < x < 1. The map g has only two

fixed points for —1 and % Also, by definition, g satisfies the functional equation (4.5). Hence,
g € Z. Itis easy to check that g satisfies all the desired properties.

Corollary 4.30. The map g satisfies the following property

g (ﬁx) = ﬁg (%) (4.6)

foralln > 0andall x € 1.

Proof. Prove by induction. The case n = 0 is trivial. Assume that the lemma is true for n. For the
case n+ 1, apply the induction hypothesis, we have

() () (3 e (35)

Also the functional equation (4.5) yields

& () = (51) - e

Therefore the lemma is proved by induction. [

In the remaining part of the section, the notations for the unimodal maps will be applied to the
map g. For example, {c(j) =) (g)} 0 is the critical orbit and the sets A = A(g), B = B(g), and
J

C = C(g) form a partition of the domain D = I. In Definition .32} we will use another notation ¢
(instead of p) to denote the fixed points because g is special, i.e. the points g(—1) = —1 and ¢(0)
are the fixed points with positive and negative multiplier respectively.

4.4.1. The periodic points of period 2"

Lemma 4.31. If p € I is a fixed point for g, then (—L/l)" is a fixed point for g*'.

Proof. The proof is straightforward from by setting x = p

& (L) = ——g(p) = 2
(=A)")  (=4)" (=A)"
The periodic points of g can be written by an explicit formula.
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4.4. The fixed point of the renormalization operator

)I’l+1

Definition 4.32. Define ¢“(n) = — (—% and g(n) = g(¢(n)) for all integers n > —1.

Next proposition shows that these values are the periodic points for g. The superscript ¢ for
g°¢ stands for the periodic points around the critical point. The other collection of points g(n) are
the periodic points around the critical value. The superscript is suppressed from the later notation
because it is important for the Hénon renormalization.

Proposition 4.33. For n > 0, ¢“(n) is a periodic point of period 2" for g. Moreover, ¢°(—1) =
q(—1) and ¢°(0) = ¢q(0) are the fixed points for g.

Proof. By the definition of unimodal map, ¢°(—1) = g(—1) = —1 is the fixed point with positive
multiplier.

We prove ¢ (n) is a periodic point of period 2" for n > 0 by induction.

For the base case n = 0, we know that the rescaling function is s.(x) = —Ax from the functional
equation (4.5). From the rescaling function, we get

4 (=1) = =1 =15:04°0).

Thus, ¢°(0) = ¢(0) = % is the other fixed point of g.

Assume that ¢“(n) is a periodic point of period 2”. By Lemma we see that ¢(n+1) is a
fixed point for g . It suffices to show that the orbit ¢‘(n+1),g(¢“(n+1)),--- g2 (¢“(n+1))
are distinct points. By the functional equation s. o g2 os. ! = g, we have

sc0g (g (n+1)) =g/ osc(q°(n+1)) = g/ (¢°(n))

for all j > 0. Thus, the points ¢°(n+1),g%(¢°(n+1)),--- ,g2"+1_2(qc(n + 1)) are distinct elements
in B because ¢“(n) is a periodic point of period 2" by the induction hypothesis. Also, g(B) C C
and BNC = ¢. Therefore, ¢°(n+ 1) is a periodic point of period 2"*!. The proposition is proved
by induction. [

4.4.2. The orbit of the critical point

First, we derive a formula for the forward orbit of the critical points.

Lemma 4.34. *The orbit of the critical point satisfies the equality
n -1\"
L2 _ (T) o)

Proof. From the functional equation (4.6), we have

) (0= e 0) = (1)

foralln > 0.
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4. Unimodal Maps

Then, we study a backward orbit of the critical point. Let bV e [0, c(l)] be the point such that
g(0W) =0. Set b2 = 1p1).

Lemma 4.35. We have
g (b(z)) —p

Proof. Since g is even, the only two roots of g are —b() and pM). By the functional equation 1i

we have
& (b(z)) _ _%g (_b<1)> —0.

Thus, g <b(2)> = —bW or bV, Also, g <b(2)> + —b() because b? € (0,51)) and g (x) > 0 on
(0,6(1). Therefore, g (b<2>) =0, 0

4.4.3. Estimations for the derivative
Apply the chain rule to the functional equation (#.5]), we have

X X

gx)=g <_I> g’og(—z) 4.7)

for x € I. We will use this formula to derive the values for the derivative of g at some particular
values.

Lemma 4.36. The slope at the critical value is
g (cMy=-1. (4.8)

Proof. The lemma follows either from Proposition #.29|or from the functional equation explained
below.
Take the derivative of (4.7), we have

-4 DDl

Substitute x = 0, we get

1
¢(”) = —2¢"(cV)g'(c)
Since the critical point is non-degenerate, we solved
g(cMy=-2.
]
Lemma 4.37. The slope at b?) is
(b)) =—1. (4.9)

Proof. From (4.7) and g is even, we have

gl =¢ (—b(2)> gog <—b(2)) = (b(z)) g (b(l)) '
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4.4. The fixed point of the renormalization operator

We solve g'(b(?)) = —1. O

Recall from Definition that q(—1) = —1 is the fixed point with a positive multiplier and
q(0) = % is the fixed point with a negative multiplier.

Lemma 4.38. The slopes at the fixed points satisfy the relation

g (q(—1)) = [¢'(q(0))]). (4.10)

Finally, we prove that the map g is expanding on A and C.

Proposition 4.39. The slope of g is bounded below by
18" ()] > [g'(q(0))] > 1

for all x € [q(—1),4(0)] U [q(0),4(—1)].

Proof. Tt is enough to prove the case when x € [¢(0),4(—1)] since g is even.

First, we consider the interval [b(?),c(1)]. We have b(?) < ¢(0) < ¢{!). By and Proposition
4.29| the derivatives of the boundaries are g’ (b(?)) = —1 and g’(c(V)) = —4. We get |¢'(¢(0))| > 1
by the minimal principle (Proposition [2.4).

Next, we consider the interval [¢(0),4(—1)]. From (4.10), we also get |g’(G(—1))| > 1. There-
fore, the proposition follows from the minimal principle (Proposition [2.4). [

4.4.4. *Concavity of g

From Proposition we learned that g is concave on [—c(l),c(l)]. In this section, we discuses
the concavity on the remaining part of the domain [—1, —c(M] U [¢(1), 1],

Lemma 4.40. The second derivative at the fixed point —1 satisfies
g'(—=1)>0.

Proof. Take the derivative of (4.7)), we have

vor==irer () (¢ (1) (Feen(5)]

Substitute x = —1, we get

S0 = — [¢(a0) (¢ (a(0)

*+8"(4(0))¢ (4(0))]
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4. Unimodal Maps

- _%g" (9(0)) &' (4(0)) [¢' (4(0)) +1].

By Proposition 4.29} g” (¢(0)) < 0. Also, by Proposition (4.39), g’ (¢(0)) < —1. Therefore,

g (—=1)>0.

Corollary 4.41. The map g changes concavity on (—1,—cV)) and (c¢(V1).
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5. Hénon-like Maps

In this chapter, we give an introduction to the theory of Hénon renormalization in the strongly
dissipative regime developed by [dCLMOS, [LM11]. Their theorems are adapted to fit the notations
and the coordinate system used in this article.

5.1. The class of unimodal maps

Definition 5.1 (Class of unimodal maps). Assume that § > 0, k >0, and I" 1 = [-1,1]. Let
02/3’,((1}1) C % be the class of analytic unimodal maps f : I” — R such that

1. f has a unique critical point ¢ such that f(c) € [c+ Kk, 1 — k],

2. f has two fixed points —1 and p such that —1 has an expanding positive multiplier and p has
a negative multiplier,

3. f has holomorphic extension to I"(§),

4. f can be factorized as f = Qo ¢ where Q(x) = c(1) — (¢! + 1)x2, c(V) is the critical value,
and ¢ is an R-symmetric univalent map on I”(§), and

5. f has negative Schwarzian derivative.

In the remaining article, we fix a small ¥ > O such that the class contains the renormalization fixed
point g, and we suppress the subscript from the notation %5 (I") = “2/57,((1}’).

Remark 5.2. From the conditions f(—1) = —1 and f(1) = —1, this forces ¢(—1) = —1 and ¢ (1) =
1. Thus, % forms a normal family by [Mill1, Theorem 3.2].

5.2. The class of Hénon-like maps

Definition 5.3 (Hénon-like map). Assume that ¥ O I" 5 I are closed intervals. A Hénon-like map
is a smooth map F : I" x I' — R? of the form

F(x,y) = (f(x) - €(x,y),%)

where f is a unimodal map and € is a small perturbation. The function /4 will also be used to
express the x-component, /,(x) = h(x,y) = m.F(x,y). A representation of F will be expressed in
the form F = (f — €,x).

The function spaces of the Hénon-like map are defined below.

Definition 5.4 (Class of Hénon-like maps). Assume that " D "> Iand § > 0.
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5. Hénon-like Maps

1. Denote .4(I" x I') to be the class of real analytic Hénon-like maps F : I" x I' — R? that
have the following properties:

a) It has a representation F = (f — &,x) such that f € %;5(I").

b) It has a saddle fixed point p(—1) near the point (—1,—1). The fixed point has an
expanding positive multiplier.

¢) The x-component A(x,y) has a holomorphic extension to I"(§) x I'(§) — C.

2. Given € > 0 and f € Z5(I"). Denote #5(I" x I', f,€) to be the class of Hénon-like maps
F € (1" x I') with the form F = (f — &,x) such that ||&|| < €.

3. Denote 5 (I" x I' €) = Us45(I" x I, f,€) where the union is taken over all f € %;(I").

Remark 5.5. The domain I” x I' used in this article is larger than the domain studied in the two orig-
inal papers [dCLMO3, LM11]. Their domain is equivalent to the dynamical interval [f2(c), f(c)]
for unimodal maps which does not include the fixed point with positive multiplier. The larger
domain is necessary in this article to study the rescaled orbit of a point. See Proposition [5.11]
Proposition [5.16] and Proposition [6.3]

Their work also holds on the larger domain I x I". See for examples [dCLMO03, Footnote
7, Section 3.4] and [LMI11, Lemma 3.3, Proposition 3.5, Theorem 4.1]. However, reproving
their theorem on the larger domain is not the aim here. This article will assume the results from
[dCLMOS) LM11] also hold in the larger domain and rephrase them in the notations used in this
article without reproving. See also Remarks[5.18] [5.29] and[TT.18]

From the definition, it follows immediately that

Lemma 5.6. Given I’ DI">1,8 >0, >0, and f € Us(I").
1. If & <& then H5(f, &) C H5(f,&).

2. IfICIiCcIi cIand f € Us(1}), then Us(I) D Us(IF) and 5 (It x IV, £, €) D H5(1% x
Iv7f7§)'

An important property of a Hénon-like map is that it maps vertical lines to horizontal lines; it
maps horizontal lines to parabola-like arcs.

Example 5.7 (Degenerate case). Assume that F(x,y) = (f(x) — &€(x,y),x) is a Hénon-like map.
The map is called a degenerate Hénon-like map if ag—’;F = ‘3—5 = (; a non-degenerate Hénon-like

map if ag—;F = a—i # 0.

If F is degenerate, then € depends only on x. In this case, without lose of generality, we will
assume the Hénon-like map has the representation F(x,y) = (f(x),x) where f = mF and € = 0.

For the degenerate case, the dynamics of the Hénon-like map is completely determined by its
unimodal component. So it will also be called as the unimodal case in this article.

The degenerate case is an important example in this article. A proof for the nonexistence of
wandering intervals for unimodal maps will be presented in Chapter [§] by identifying a unimodal
map as a degenerate Hénon-like map. The expansion estimate in the proof motivates the proof for
the non-degenerate case. The difference between the degenerate case and the non-degenerate case
produces the main difficulty (explained in Chapter [9)and Chapter of extending the proof to the
non-degenerate case.
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Example 5.8 (Classical Hénon maps). The classical Hénon family is a two-parameter family of
the form Fj, ,(x,y) = (=1 +a(l —x?) — by,x) where a,b > 0. These are Hénon-like maps Fup €
Hs(I"x I, —14a(1 —x?),b[|I"| +28]) forall § > 0 and I" D I".

5.3. Local stable manifolds and the partition of a Hénon-like map

To study the dynamics of a Hénon-like map, we need to find a domain D C I" x IV that turns
the Hénon-like map into a self-map. Also, to renormalize a Hénon-like map, we need to find a
subdomain C C D that defines a first return map. Motivated from unimodal maps, one can construct
a partition of the domain /" x I" to find the domains. In the unimodal case, an orbit that maps to
the fixed point p(0) with an expanding multiplier splits the domain D into a partition {A,B,C}
(Definition 4.4)). For a strongly dissipative Hénon-like map, the orbit becomes components of the
stable manifold of the saddle fixed point p(0). These components are vertical graphs that split the
domain into multiple vertical strips.

Definition 5.9. A set I'is a vertical graph if there exists a continuous function 7y : I¥ — I” such that
I'={(y(¢),t);t € I'}. The vertical graph I is said to have Lipschitz constant L if the function 7 is
Lipschitz with constant L.

In this paper, a local stable manifold is a connected component of a stable manifold. Inspired
by [dCLMOS3], the partition will be the vertical strips separated by the associated local stable man-
ifolds.

First, we study the local stable manifolds of the saddle fixed point p(—1) which contains an
expanding positive multiplier.

Definition 5.10 (The local stable manifolds of p(—1) and the iteration domain D). GivenI" D I" 5
1,8 >0,and F € (1" x I'). Consider the stable manifold of the saddle fixed point p(—1).

1. If the connected component that contains the fixed point p(—1) is a vertical graph, let
WO9(—1) be the component.

2. Assume that WO(—1) exists. If F~!(W%(—1)) has two components, one is W(—1) and the
other is a vertical graph. Let W?(—1) be the one that is disjoint from W°(—1).

If the the local stable manifolds W°(—1) and W?(—1) exists, define D = D(F) C I" x I to be the
open set bounded between the two local stable manifolds. See Figure|S.1|for an illustration.

The domain D turns the Hénon-like map into a self-map.

Proposition 5.11. Given § > 0 and intervals I" and I' with I’ O I" 5 I. There exist constants € > 0
and ¢ > 0 such that for all F € 5(I" x I' | €) the following properties hold:

1. The sets WO(—1), W2(—1), and D exist. The two local stable manifolds are vertical graphs
with Lipschitz constant c ||€]|.

2. F(D)CD.
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F : »
1.0 [] F*l Wz(—l)
(e F!
) .
w*0)
0.5
p(0)
0
A B "9 Cc |4
>~ 00
wio
O« .
]
wo(-1)
p(=1)
1.0

Figure 5.1.: Local stable manifolds and the partition of a Hénon-like map F'. The shaded area is
the image of the Hénon-like map. The vertical graphs are the local stable manifolds
wO(—1), wl(0), w°(0), W?(0), and W?(—1) from left to right. The arrows illustrates
the construction of each local stable manifold.

Proof. The first property follows from the graph transformation. The techniques were developed
in [LM11}, Chapter 3]. See [LM11, Lemma 3.1, 3.2].

The second property follows from the definition of the local stable manifolds and € > O is
sufficiently small. [

Next, we study the local stable manifolds of the other saddle fixed point p(0) with an expanding
negative multiplier to define a partition of D.

Definition 5.12 (The local stable manifolds of p(0)). GivenI' D I" 1,8 >0, and F € (1" x
I'). Assume that F has a saddle fixed point p(0) with an expanding negative multiplier. Consider
the stable manifold of p(0).

1. If the connected component that contains p(0) is a vertical graph, let W°(0) be the compo-
nent.

2. Assume that W(0) exists. If F~!(W9(0)) has two components, one is W°(0) and the other
is a vertical graph. Let W'(0) be the one that is disjoint from W°(0).

3. Assume that W°(0) and W!(0) exist. If F~!(W!(0)) has two components and one compo-
nent is a vertical graph located to the right of W°(0). Let W?(0) be the component.

See Figure[5.1|for an illustration.
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Remark 5.13. At this moment, the numbers O and —1 in the notation of the fixed points p(0)
and p(—1) (and also the local stable manifolds) do not have a special meaning. After introducing
infinitely renormalizable Hénon-like maps, the notation p(k) will be used to define a periodic point
with period 2%. See Definition The numbers are introduced here for consistency.

The local stable manifolds split the domain D into vertical strips. These strips define a partition
of the domain.

Definition 5.14 (A, B, and C). Given I’ D I">1, § >0, and F € %(Ih x I"). Assume that F
has a saddle fixed point p(0) with an expanding negative multiplier, the local stable manifolds in
Definition [5.12] exist, and D exists.

1. Define A= A(F) C I" x I' to be the union of two sets. One is the open set bounded between
WO(—1) and W!(0); the other is the open set bounded between W2(0) and W?(—1).

2. Define B=B(F) C I" x I to be the open set bounded between W°(0) and W' (0).
3. Define C = C(F) C I" x I to be the open set bounded between W°(0) and W?>(0).

Remark 5.15. The local stable manifolds W°(—1), W!(0), W°(0) , W2(0), and W?(—1) are asso-
ciated to the points p(—1) = —1, p(I), p(0), p®, and 1 respectively (Definition .

For a strongly dissipative Hénon-like map, the local stable manifolds are vertical graphs and the
dynamics on the partition is similar to the unimodal case.

Proposition 5.16. Given 8 > 0 and intervals I" and I’ with I' O I" 5 I. There exist constants € > 0
and ¢ > 0 such that for all F € 5¢;(I" x I' | €) the following properties hold:

1. The sets W°(0), W'(0), W?(0), A, B, and C exist. The local stable manifolds are vertical
graphs with Lipschitz constant c |||

2. F(A) CAUW!'(0)UB.
3. F(C)CB.
4. If z € A then its orbit eventually escapes A, i.e. there exists n > 0 such that F"(z) ¢ A.

Proof. The first property is proved by graph transformation. See [LM11, Chapter 3].

The second and third properties follows from the definition of the local stable manifolds. See
also [LM11, Lemma 4.2].

The last property holds because the only fixed points are p(—1) and p(0) so the local unstable
manifold of p(—1) must extends across the whole set A. See also [LM11}, Lemma 4.2]. O

By the definition of B, its iterate F(B) is contained in the right component of D\W°(0). With
the third property of Proposition[5.16 we can define the condition “renormalizable” as follows.

Definition 5.17 (Renormalizable). Assume that € > 0 is sufficiently small. A Hénon-like map
F € (1" x I'|€) is (period-doubling) renormalizable if it has a saddle fixed point p(0) with
an expanding negative multiplier and F(B) C C. The class of renormalizable Hénon-like maps is
denoted by 7 (I" x I' &) C A5(I" x I |€).
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5. Hénon-like Maps

Remark 5.18. The notion of “renormalizable” here is similar to [dCLMO0S, Section 3.4] (which
they called pre-renormalization) but not exactly the same. The “renormalizable” in their paper
is called CLM-renormalizable here to compare the difference. In their article, the set “C” (they
named the set D) where they define the first return map is a region bounded between W°(0) and
a section of the unstable manifold of p(—1). In this article, the set C is defined to be the largest
candidate (around the critical value) that is invariant under F2 which only uses the local stable
manifolds of p(0). Thus, the sets B and C in this article is larger than theirs.

As a result, the property “renormalizable” in this article is stronger than theirs. If a Hénon-like
map is renormalizable then it is also CLM-renormalizable. Although the converse is not true in
general, the hyperbolicity of the renormalization operator [dCLMOS, Theorem 4.1] allows us to
apply the notion of renormalizable to an infinitely CLM-renormalizable map. This makes the final
result, Theorem also works for CLM-renormalizable maps. See Remarks [5.29] and [TT.18]
for more details.

Their definition has some advantages and disadvantages. Their notion of renormalizable does
not depend on the size of the vertical domain 7". However, their sets B and C are too small. It may
requires more iterations for an orbit to enter their B and C. See the proof of [LM11, Lemma 4.2].
This is the reason for adjusting their definition.

For a renormalizable Hénon-like map, an orbit that is disjoint from the stable manifold of the
fixed points follows the paths in the following diagram.

finite iterations CA ——B -~ C

Therefore, a renormalizable map has a first return map on C.

5.4. Existence and properties of the local stable manifolds

In this section, we give a review for the properties of the local stable manifolds developed in
[LM11].

To prove the existence of local stable manifold, we use the graph transformation method. The
following lemma allows us to generate a vertical graph by pulling back another vertical graph
under the Hénon-like map. This will be used in the graph transformation.

Lemma 5.19. Given m >0, 8 >0, €>0, ICI"C I, and F € %%(Ih x I",€). Assume that
U,U’" C I" are two closed intervals such that F(x,y) = (hy(x),x) satisfies the properties for all
yel’

1. hy(U") DU and

2. Hh;”U, = SUp,.y

P (x.y)| = m

IfT C U x I" is the vertical graph of some L-Lipschitz function on I" with L < m, then the preimage

F~YT)NU’ x IV is the vertical graph of some m \|\e||-Lipschitz function on I".

Proof. Assume that I is the vertical graph of a L-Lipschitz function y: I" — U.
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First, we prove that F~1(I') N U’ x I" is a vertical graph of some function on I". Fixed y € I".
Our goal is to find a unique solution §(y) € U’ such that

F(7(v),y) = (hy(7(»)), 7)) = (¥(7(»)), ¥()),

Le. the fixed point of Ay Loy.
By the second condition, h, is injective on U ', So the inverse hy_ 1. U — U’ exists. Define
T:U' cI"=U' by T:h;loy. For all x1,x, € U’, we have

IT(x2) =T (x1)] = |hy ' oy(x2)—hy' oy(x))]
< ly(e) v
< %’XZ_xly-

Thus, T is a strong contraction since L < m. By the contraction mapping principle [MH93| The-
orem 5.7.1], T has a unique fixed point §(y) € U’. Consequently, F~1(I')NU’ x I" is the vertical
graphof 7: 1" — U'.

It remains to prove that ¥ is Lipschitz. Let y1,y> € I' and x; = §(y;) for i = 1,2. Then hy,(x;) =
¥(x;) for i =1,2. We get

(hy, (x2) = hy, (x1)) = (Y(x2) = ¥(x1)) = Ay, (x1) = By, (x1).

For the left hand side of the equality, we have

| (By, (x2) = By, (x1)) = (¥(x2) = ¥(x1)) | |y, (x2) = hy, (x1)| = [7(x2) = V(1))

(m—L)|xp —x1]|.

(AVARVS

For the right hand side of the inequality, we have

1
2=yl < < llelllyz=nl-

de
_ < || ZZ
‘h}’l(xl) hyz(x1)| = H ay dop

Combine the two inequalities, we obtain

1

[7(v2) = ¥(01)] < Sm—10) €]l [y2 =1

Therefore, 7 is m-LipschitZ. [

Now we use the graph transformation to prove the existence of local stable manifold.

Proposition 5.20. Given § >0, I" D I" 5 I, and f € Us(I") such that f has a fixed point p with
f'(p) < —1. There exists a constant € > 0 such that for all F € 7#5(I" x I', f,€), the local stable
manifold W°(0) exists and W°(0) is a vertical graph of a % ||e||-Lipschitz function on I".

Proof. We use the method of graph transform to prove the existence of the local stable manifold.
Let € > 0 be a constant. We will adjust € in the proof so that € depends only on 6 and f. Assume
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5. Hénon-like Maps

that F € J(I" x I', f,€) and d > 0 such that f'(x) < 5 (f'(p) — 1) for all x € [p —2d, p+2d).
Also, assume that € is small enough such that %(z) < —1forall z€ [p—2d,p+2d] xI'. By
Lemma F has a fixed point p(0) = (¢,q) on (p —d,p+d) x I and hy, has a fixed point
on (p—d,p+d) for all y € I" when € < d. Then hy[p—2d,p+2d| D [p—2d,p+2d]. Let
U=U'"=[p—2d,p+2d]. So we are now able to apply Lemma|[5.19| with this setting.

Define L = % ||€]| and £ be the collection of L-Lipschitz functions y: 1" — R such that y(q) = q.

Then Imy C U when € < A5

L Also, assume that € is small enough such that L < % Then

L <
5(1-1) '

By Lemma F~Y(')NU’ x I is the vertical graph of a L-Lipschitz function for all y € £
where I is the vertical graph of y. This defines a graph transformation 7" : £ — £. It remains to
show that T has a fixed point.

We first claim that

2
ITn =T %l g-sgrorre) < 757 1M = Lllg-LogLonrs) (5.1)
for all 1,7 € £ and s > 0. By the definition of 7', we have

hy(Ty(y)) = V(TY(y))

forall ye £andy € I'(6). Then

TH()—TrO) < |h(Thk)—h(TrQ))
= In(Tnk)—rTrb»)
< InTne)—nTro)l+InTrb) - rTrd)
< LITn(k) - TrO+n(Trb) —»Trb))

forall y,7» € Landy € (¢—s,q+s)NI"(d) since ImTy;,ImTy, C U’. Thus we proved (5.1)).
Now we show T has a fixed point. Let 9p(y) = ¢ be the constant map. Define y, = T"y. We
prove that {7}, is a Cauchy sequence. For all m > n, we have

1 n
1% = Tllps) < (ﬁ) ¥ = W0ll (g2 (8 g+ 2211(8) v 6)

< (ﬁ)numa)y

Note that ﬁ = %1 < 1since L < % Therefore, ¥, has a limit and the Proposition is proved. [J
-

Remark 5.21. By the stable manifold theorem, the local stable manifolds are analytic curves. The
proposition gives a bound for the slope of the analytic curve.

One can also prove the existence for W!(0), W2(0), WO(—1), and W!(—1). See Proposition
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5.5. The renormalization operator

5.5. The renormalization operator

When a Hénon-like map is renormalizable, the map has a first return map on C. However, the first
return map is no longer a Hénon-like map by a direct computation

F2(x,y) = (he(hy(x)), hy(x)).

The paper [dCLMOS5] introduced a nonlinear coordinate change H(x,y) = (hy(x),y) that turns the
first return map into a Hénon-like map. The next proposition defines the renormalization operator.

Proposition 5.22 (The renormalization operator). Given § > 0 and intervals I",.I" withI' D 1" 5 I.
There exist constants € > 0 and ¢ > 0 so that for all F € 3 (I hx IV €) there exists an R-symmetric
orientation reversing affine map s = s(F) that depends continuously on F such that the following
properties hold:

Let A(x,y) = (s(x),s(y)) and ¢ = AoH.

1. The map x — hy(x) is injective on a neighborhood of C(F) and hence ¢ is a diffeomorphism
from a neighborhood of C(F) to its image.

2. The renormalization RF = ¢ o F? o ¢! is an Hénon-like map defined on I%(8g) x I}(3r) for
some 8 > 0 and intervals Il and Iy The intervals satisfy It > [—1,1] and I}, = s(I").

3. The domain It x I, contains D(RF), and the rescaling ¢ maps ¢(C(F)) = D(RF).

4. The fixed points satisfy the relation ¢ (p(0)) = prr(—1) where prr(—1) is the saddle fixed
point of RF with an expanding positive multiplier.

5. The renormalization has a representation RF = (fg — €r,x) where fr € % . The representa-
tion satisfies the relations

| f _RCfH[lg(sR) <cllell
and
2
”‘gRHI;;((SR)x[Ig(sR) <clel”.
Proof. See [dCLMOS, Section 3.5]. ]
Remark 5.23. The rescaling ¢ preserves the orientation along the x-coordinate and reverses the
orientation along the y-coordinate.

Remark 5.24. The operator R is canonical. The renormalization RF' depends continuously on the
Hénon-like map F. The renormalization RF and rescaling ¢ do not depend on the representation
f and € for F. However, the representation fg and &g of RF and the estimates in property 5 do
depend on the choice of representation of F'.

Lemma 5.25. (to be removed)The derivatives of the nonlinear rescaling are given by

DH(x,y) = [ %%@y) g—ﬁ(f,y) ]
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5. Hénon-like Maps

| I ACROR)
DH '(x,y)= | L5y L5 ()
0 1
Hence,
By (x) = (Ko by (x)
and
oh;! ry) = — % (hy ' (x),)
oy o) i, ohy ! (x)
Proof. The lemma follows directly from computation. [

A map is called infinitely renormalizable if the procedure of renormalization can be done in-
finitely many times. The class of infinitely renormalizable Hénon-like map is denoted as .#5(I" x
I'€) C A5(I" x I E).

Assume that F € .Z5(I" x I",€), we define F,, = R"F. The subscript 7 is called the renormaliza-
tion scale. The subscript is also used to indicate the associated renormalization scale of an object.
For example, H,,, s,, and A, are the functions in Proposition @ that corresponds to F;,. The
vertical domain ;] satisfies Iy = I" and I} | = s,(I) for all n > 0. The vertical graphs W,/(j) are
the local stable manifolds of F,. The sets A,,, B, and C,, form a partition of the dynamical domain
D, that associates to Fy,. The points p,(—1) and p,(0) are the two saddle fixed points of F,,.

Also, define @5, = @ j_10---0 ¢, and A, = 5, (x).

Recall g € % is the fixed point of the renormalization operator R, and A is the rescaling constant
defined in Let G(x,y) = (g(x),x) be the induced degenerate Hénon-like map.

The renormalization operator is hyperbolic. The next proposition lists the properties of infinitely
renormalizable Hénon-like maps.

Proposition 5.26 (Hyperbolicity of the renormalization operator). Given 8 > 0 and intervals I", I’
with I' D I" 5 I. There exists constants p < 1 (universal), € > 0, and ¢ > 0 such that for all
F € I5(I" x I'|€) there exist a constant 8g with 0 < g < 8, an interval It with I" O 1% 5 I, and
a constant b = b(F) € R such that the following properties hold:

Let F, = R"F be the sequence of renormalizations of F. Then F, € 75, (11’3 x 1)) for all n > 0.

Also, the sequence has a representation F, = (f,, — &,,x) with f,, € Us, (I ) that satisfies

1| fn —g||11g(5R) <cp"||F - G”]g(sR)xIV(SR)
2
2 Nentl sy, 60 < € 1€l a0 crysey
3 o =swofiosi s < clEnllpse s
4. Ay —A| <cp™||F — GH,I;%((SR)X,\,(SR), and
5. &.(x,y) = b¥ a(x)y(1+0(p")) (universality)

for all n > 0 where a(x) is a universal analytic positive function. The value Og in the estimates can
be replaced by any positive number that is smaller than Og.
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5.5. The renormalization operator

Proof. See [dCLMOS, Theorem 3.5, 4.1, 7.9, and Lemma 7.4]. O

Remark 5.27. The constant b is called the average Jacobian of F. See [dCLMO05, Section 6].

Remark 5.28. The Hénon-renormailzation is an operation that renormalizes around the critical
value. However, the renormalization F, converges to the fixed point G of the unimodal-renormalization
that renormalizes around the critical point. This is because of the nonlinear rescaling H maps the
domain from C to B in the degenerate case. See Chapter 8] for a more detail explanation.

Remark 5.29. Although infinitely CLM-renormalizable in general does not imply infinitely renor-
malizable, the hyperbolicity provides a connection between the two notions of infinitely renormal-
izable. Assume that F' is infinitely CLM-renormalizable. The hyperbolicity of the renormalizable
operator [dCLMOS5, Theorem 4.1] says that R"F converges to the fixed point G. This means that
R"F is also infinitely renormalizable for all n sufficiently large. This makes Theorem [11.17|also
applies to infinitely CLM-renormalizable Hénon-like maps. See Remark [IT.18]for more details.

From now on, for any infinitely renormalizable map F, we fix a representation F,, = (f,, — &;,x)
such that the maps f, and &, satisfy the properties given in Proposition [5.26] Also, we neglect
the sube:ript of the supnorms || f, — g|| = || fn — g“I,’é(st) and ||g,]| = Hgn”l,’g(SR)xl;,’(sR) whenever the
context is clear.

Corollary 5.30. There exists a constant ¢ > 1 such that
[Fa =G| <cp™||[F -G
and
2[
[€n+:] < (cllenll)
forallt > 1.

Lemma 5.31. Assume that € > 0 small enough such that Proposition holds. There exists a
constant ¢y > 0 such that the inequalities hold

‘98,, e,

T )| < el 52

b

for all F € I5(I" x I',€) and (x,y) € I" x I'. In addition, if F is non-degenerate, there exist
constants N =N(F) >0, g > 0, and ¢ > 0 such that

%6,

C1
()C,y) Z Tl
dy 1]

€] (5.3)
forall (x,y) € I" xI! and n > N.

Proof. The first inequality (5.2)) follows from Lemma [2.1]
By the universality (and the proof of [dCLMOS, Theorem 7.9]) of the infinitely renormalizable
Hénon-like maps, the perturbation € and its derivative has the asymptotic form

en(x.y) = b” a(x)y(1+0(p"))
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5. Hénon-like Maps

and
%—‘j,”u,y) — 0 a(x)(1+0(p").

There exists a constant N > 0 such that O(p") < % for all n > N. Then

3 ;
leall < 56% max Ja(x)||1;]

xEI(Sg
and
5y 02 517 minals
forallz€ I" x I’ and n > N. We get
% 1 min, _ I a(x)

7) = &
9y 2 310 max, g laG]

for all z € I" x I and n > N. Note that Max, ph(s,) la(x)| # 0 and minxellga(x) # 0 since a is

positive on / 1@ and Og can be chosen to be arbitrary small. [

To study the wandering domains, it is enough to consider Hénon-like maps that are close to the
hyperbolic fixed point G. By Corollary |/.4]later, for any integer n > 0, we show an infinitely renor-
malizable Hénon-like map F has a wandering domain in D(F) if and only if F}, has a wandering
domain in D(F,). Also, the maps F; converge to the hyperbolic fixed point G as n approaches to
infinity by Proposition[5.26] Thus, we focus on a small neighborhood of the fixed point G.

Definition 5.32. Given § > 0 and I € I" C I'. If € is small enough such that Proposition m
holds, define 75 (1" x I',€) to be the class of non-degenerate Hénon-like maps F € Z5(I" x I',€)
such that F,, € s5(I" x I, €), ||[F, — G|| <&, |As— 4| <&, ||su(x) — (—A)x|| s < E, and holds
forall n > 0.

In the remaining part of the article, we will study the dynamics and the topology of Hénon-like
maps in this smaller class of maps.
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6. Structure and Dynamics of Infinitely Renormalizable
Hénon-Like Maps

In this chapter, we study the topology of the local stable manifolds and the dynamics on the parti-
tion for a infinitely renormalizable Hénon-like map.

6.1. Rescaling levels

This section introduces a finer partition of C, called the rescaling levels, based on the maximum
possible rescalings of a point in C.

For each two consecutive levels of renormalization 7 and n + 1, the maps F? and F,,| are
conjugated by the nonlinear rescaling ¢,,. The rescaling ¢, relates the two renormalization scales
by the following lemma.

Lemma 6.1. Given § > 0 and I' O I"  I. There exists a constant € > 0 such that for all F €
Is(I" x I' | €), the following properties hold for all n > 0:

1. 92(Pn(0)) = pri1(=1),
2. ¢u(WX(0)) =Wk [ (=1) fork=0,2, and
3. ¢, : C, — Dy, is a diffeomorphism.

The itinerary of a point follows the arrows in the diagram.

Aniq anH Ao anH
F, F,
l/ n+1 ¢n+l l/ n+2
fn Bn+1 Bn+2
7
¢n Fy, Fn+2
¢n ¢n+l ¢n+2
Cu Cn—H n+2 — =

The diagram says, if zg € C,,, then we can rescale the point. The rescaled point z; = ¢,,(z0) enters
the domain D, of the next renormalization scale n+ 1 by Lemma [6.I] On the renormalization
scale n+ 1, the rescaled point z; belongs to one of the sets A, 1, B+ 1, or C,,11 if it is disjoint from
the stable manifolds. The process of rescaling stops if z; belongs to A, or B, and zg can be
rescaled at most one time. If z; belongs to C,41, we can continue to rescale the point. The rescaled
point 7o = @,41(z1) enters the domain D, ;, of the next renormalization scale n+ 2. Similarly, the
process of rescaling stops if zp belongs to A, 2 or B, 7 and zy can be rescaled at most two times.
If z; belongs to C,, 12, we can rescale again and repeat the procedure until the rescaled point enters
the sets A or B of some deeper renormalization scale.

Motivated from the diagram, we define the finer partition C,(j) on C, by the maximal possible
rescalings.
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6. Structure and Dynamics of Infinitely Renormalizable Hénon-Like Maps

Definition 6.2. For consistency, set C,(0) = A, UW,! (0)UB, and B, (0) = A, UW?(0) UC,.. Given

N —1
a positive integer j. The j-th rescaling level in C is defined as C,,(j) = (fbf,) (Cnt-j(0)) and the
N —1
j-th rescaling level in B is defined as B,,(j) = F, ' (C,(j)). Also, set p,(j) = <CIDZZ> (Pn+(0))

n

and W' (j) = (cb{;) o

nt;(0)) fort =0,2.

For each n > 0, the local stable manifolds {W, ()} ;¢ ,_o, cannot intersect each other.

The diagram explains the definition of a rescaling level.

2J

Cul)) — Cal))

<I>£L ché

Dy j——> Dnyj

n+j

From the definition, the rescaling levels of two renormalization scales are related by the rescaling
map with the following properties. The proposition is an analog of Proposition @.10]

Proposition 6.3. Given § > 0 and I' D I" 5 I. There exists a constant € > 0 such that for all
F € I5(I" x I €), the following properties hold for all n > 0:

1. pa(j) is a periodic point of Fy, with period 2/ for j > 0.

2. W(j) is a local stable manifold of p,(j) for j > 0andt =0,2.

3. @ (Wi()) = Wiy (j —k) and Dy (pa(j)) = puss(j —k) for j > k—1and 1 =0,2.
4. The map ®F : C,(j) — Coar(j — k) is a diffeomorphism for j > k, and

5. For each j > 0, the set Cy(j) contains two components. The left component C,l,l( J) is the set
bounded between WO(j — 1) and W?(j) and the right component C.(j) is the set bounded
between W?2(j) and W2(j —1).

The partition and the local stable manifolds W/ ( /) are illustrated in Figureﬂ The sets {C(j) } 5
form a partition of C,, and the sets {B,(j)} ;> form a partition of B,.

6.2. Existence of the local stable manifolds and the partition for all
renormalization scales

Although we already proved the existence of the local stable manifolds in Proposition in [5.20] the
constants may depend on the Hénon-like map. Our goal in this section is to make the constants to
be independent of the Hénon-like maps when the Hénon-like maps are close to the renormalization
fixed point G. The proofs are based from the methods in [LM11].

Recall ¢(j) are the periodic points for the fixed point g by Definition and Proposition[4.33]
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20

-05

RRY N R \ 3

-10 -05 0.0

Rescaling Level

T
2
[ s
[ below4

@ el e

1

Figure 6.1.: The partition and the local stable manifolds of two renormalization scales Fy and Fj
from the left to the right. The rescaling levels 1, 2, 3, and below 4 are shaded from
light to dark as shown in the legend.
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6. Structure and Dynamics of Infinitely Renormalizable Hénon-Like Maps

Lemma 6.4. Given § >0and I’ O I" 3 I. For all d > 0 there exists a constant € = €(d) > 0 such
that for all F € I5(I" x I' | €) we have

|nxpn(0> - Q(0)| <d
foralln > 0.

Proof. Without lose of generality, we may assume that d is small enough such that g is decreasing
on [¢(0) —d,q(0) +d]. Let € < d be small enough such that Proposition holds. Then

[n = 8l ey < d

forall n > 0. In particular, |g(x) — Ay, (x,x)| < d forall x € [¢(0) —d, q(0) +d]. Since g is decreasing
on [¢(0) —d,q(0) +d], we obtain
|7:pn(0) — q(0)| < d
by Lemmal[A.2] O
For the limiting case F = G, define
Definition 6.5. Define ¢ (j) = g(g(j)) for all j > 0.

For the limiting case, the local stable manifold W°( ) is determined by the point ¢ (). Pre-
cisely, WO(j) is the vertical line x = ¢(j). (Here we suppress the subscript n for G because
RG =G

Corollary 6.6. Given § >0 and I’ D I" o 1. For all d > 0 and j > 0, there exists a constant
€=2(d, j) > 0 such that for all F € J5(I" x I',€) we have

Tepn(J) — qc(j) <d
foralln > 0.

To prove the existence of the local manifolds, we apply the graph transformation by Lemma
[5.19] To use the Lemma, we first prove

Lemma 6.7. Given § > 0 and I' D I" 5 I. There exist constants € >0, m > 0, and d > 0 and
closed intervals Uy, Uy C I such that for all F € I (I" x IV €) the following properties hold for all
n>0andyecl):

1. Q(O)vﬂxpn(()) S ﬁb qA(O) € (0]2’ and nxpn(o) ¢ Us.

2. By p0)(d) C ha(Uj,y) forall j=1,2.

>mforall j=1,2.

Uj

2 [[Feen

4. Uy C hy(Uy,y).

Here the constants m,d and intervals U}, U, are universal.
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6.2. Existence of the local stable manifolds and the partition for all renormalization scales

Proof. (x) Let € > 0 be small enough (explain later) such that Proposition holds. Let ¢ > 0,
p < 1,8 > 0 be the constants defined in Proposition[5.26]

First, we define Uy. Let /2 = min(|g'(¢(0))],1g'(9(—1))|) = min(|¢'(g(=1))],[g"(4(1))]) =
|g’(g(1))]. By the minimal principle of negative Schwarzian derivative, there exists a; < ¢(0)
such that g(x) < —2%s for all x € Uy = [a1,b;] where by = §(—1) = 1. Then U; C 1, g(0) € Uy,
and the image ¢(0) € g(U;). Hence, there exists d; > 0 such that By 0)(3d1) C g(Ur)NUj.

Assume that € < d;. That is

1Fn = &l 5y x1y8) < (6.1)
for all n > 0. By Lemmal|6.4]
7:pn(0) — q(0)| < dy (6.2)
when € is small enough. This proves the first property for Uj.
To prove the second property for U;, we claim that

hn(b1,y) < tepn(0) —d < mepy(0) +d < hy(a1,y) (6.3)
for n > 0. Since (¢(0) —3d;,q(0) +3d,) C g(U;), we have
g(b1) < q(0) —3d1 < q(0)+3dy < g(ar).

It follows by (6.2) and (6.1) that (6.3) holds and By, 0)(d) C h, (U, y) for all n > 0 since (U, y)
1s connected.
To prove the third property, also assume that € < gn% That is

0.
e = &llms)xrys) < 3

for all n > 0. Then

) < ¢+ | G - W
2 1 1

A

< =3t gl —gllms) <) < — 37

forallx € Uy and y € ;. Thus,

Py H > L.
q(0

To construct U, we recall that q( )€ [g(—1),4(0)] € g([g(0),4(—1)]) € g(U1). By the minimal
principle of negative Schwarzian derivative, there exists d, > 0 such that g’(x) > 2m for all x €
Bq(o)(Zdz), BQ(O)(de) C g(Ul). Let U = BQ(O)([Q(O) —dz,é(()) +d2]) We can ChOOSC d> be
small enough such that U, N B (dy) = ¢. This implies that m,p,(0) ¢ U, for all n > 0 since
:pn(0) € Byo)(d1). This proves the first property for U,.

Moreover, also assume that € < dp. That is

170 = 8l 15y ry(8) < d2

for all n > 0. Then U, C h,(Uy,y) forall y € I) and n > 0. This proves the fourth property.
To prove the second and third property, let d3 > 0 be such that B, o) (3d3) C g(U>) since g(0) €
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6. Structure and Dynamics of Infinitely Renormalizable Hénon-Like Maps

g(lofz). By the same reason, the second and third properties hold for U, when € is sufficiently small.
The lemma is proved by setting d = min(d;,d3). O

We are ready to prove the existence of the local manifolds.

Proposition 6.8. Given § > 0 and I' D I" 5 I. There exists constants € > 0 and ¢ > 0 such that
forall F € F5(I" x I' €, the following properties hold for all n > 0:

The local stable manifold W}(0) C I x I exists and W}(0) is a vertical graph of a c||&]|-
Lipschitz function on I for t = 0,1,2. In addition, W?(0),W?2(0) C Uy x I! and W} (0) C Uy x I
where Uy and U, are the closed intervals defined in Lemmal6.7)

Proof. We use the method of graph transform to prove the existence of the local stable manifold.
Let € > 0 be small enough such that Proposition[5.26 holds, m > 0, d > 0, U;, and U, be defined in
Lemma Also, letd > 0, V, = [m,p,(0) — d, m:p,(0) +d|. Assume that F € fs(fh x I, f,€).
Write F,, = R'"F = (hy,x) = (fn — €n,x). Then V,, C h,(Uj,y) for all j = 1,2 and n > 0 when € is
small enough.

Define L, = % |l€s|| and £, be the collection of L,-Lipschitz functions ¥ : I — R such that
Y(7pn(0)) = mp,(0). First we show that when € is sufficiently small, then I C V,, x I for all
Y € £, and n > 0 where I is the vertical graph of y. Assume that € is small enough such that

2

S (&) (A +E)"

‘<d

for all n > 0 where m is the constant defined in Lemmal[6.7] Then

[Y(y) = mepu(0)| = [¥(y) — ¥(m:pu(0))]
< o lenllly = mepa(0)
< 2 el
= Sm n|l n

IN

2

= (clleol)? Hw
< (@ o
- Oom ¢

< d

forally € I. Thus, ImyC V,andI' C V,, x I} for alln > 0.
Moreover, assume that € is small enough such that

2 2 on 2 on m
L,=— < < —
n= el < < (clleol)? < = (&) < 2
for all n > 0. Then
1
&l <L

for all n > 0. By Lemmal5.19} F,"!(T') NU; x I! is the vertical graph of a L,-Lipschitz function for
all y € £, where T is the vertical graph of y. Also, the preimage preserves the fixed point p,(0).
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6.2. Existence of the local stable manifolds and the partition for all renormalization scales

Thus, the preimage defines a graph transformation 7}, : £, — £, such that if I’ is the vertical graph
of T,y then I C Uy x I). It remains to show that 7, has a fixed point.

We claim that

1
1Tyt = Tl pooy iy < 5 L 1M = V2l Bz, pa(0) Lus) iy (6.4)

n

for all y1,7% € £, and s > 0. By the definition of 7;,, we have

ha(Tay(y),y) = V(T (y))

forallye £, and y € I). Then

1
Tn(y) —Tink)| < - (T (),y) = ha(Ti 2 (), )]
1
= - (T (y) —r(Tr())]
1 1
. (@) —n(Tr)| + = () —r(Tr())
L, 1
s T () =T+ - 1 = Y2ll B (0 Ls)

forall v, € £,andy € By, (o) (s) N1 since ImT,y;,ImT,y, C U;. Note that
I T2(y) = Pxn(0)| = |Th2(y) — Tu¥a(pxn(0))] < Lys

and so T, %2(y) € By, (0)(Lns). Thus we proved (6.4).

Now we show T}, has a fixed point. Let 15(y) = mp,(0) be the constant map. Define y; = Ti .
We prove that {7/1}7:0 is a Cauchy sequence. For all j > k, we have

7% =Tully = 7%= T%| sz 0y

IN

1 k
(22 ) 1= 0l

1 k
— ( ) H/yj—k - ’}/j—k(px,n (O)) “Bpn7x<0) (U‘,V%Dﬂlr‘{

m—1L,

k
L
< ( " )Lnu,n.
m—1L,

Note that ij'Ln < I since L, < %5 for all n > 0. Therefore, ¥, has a limit and we proved wo(0) C
U x I) exists.

Moreover, we have W2(0) C V,, x I and V;, C h,(Uy,y) for all y € I’ by Lemma Apply
Lemma again, F, }(W2(0)) NU, x I is the vertical graph of a L,-Lipschitz function. This
proves that W, (0) C U, x I exists.

Similarly, we have W,!(0) C U, x I! and U, C h,,(Uy,y) for all y € I’ by Lemma Apply
Lemma again, F, '(W!(0)) NU; x I is the vertical graph of a L,-Lipschitz function. This
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6. Structure and Dynamics of Infinitely Renormalizable Hénon-Like Maps

proves that W?2(0) C U; x I, exists. O

Proposition 6.9. Given § >0 and I' D I" 5 I. There exist constants € > 0 and ¢ > 0 such that for
all F € I5(I" x I'|€) the local stable manifold W!(—1) C I" x I’ exists and W!(—1) is a vertical
graph of a c||&,||-Lipschitz function on I fort = 0,2 and n > 0.

Proof. The proof is similar to the proof of Lemma[6.7|and Proposition [6.8] O

Since the local stable manifolds W0 (—1), W2(—1), W2(0), W1 (0), and W2 (0) exists, this shows
that

Corollary 6.10. Given 8§ > 0 and I' O I" 5 1. There exists a constant € > 0 such that for all
F € S5(I" x I'|€) the partition A,, By, and C, on D, exists for all n > 0. Moreover, C, C Uy x I’
where U, is the interval defined in Lemma/6.7)

Moreover, we are able to control the local stable manifolds so that they are close to the local
manifold of the limiting case when the sequence of Henon-like maps is close enough to the fixed
point G.

Lemma 6.11. Given 8§ >0 and I’ D I" o I. For all d > 0, there exists a constant € > 0 such that
forall F € F5(I" x I'€), the following properties hold for all n > 0:

1. W(0) € Byo)(d) X I,
2. W,(0) € By (d) x I,
3. W(—1) € By_y)(d) X I;, and
4. W2 (—1) € By_1)(d) x I,
Proof. By Lemmal6.4] there exists € > 0 such that

d

|7rxpn(0> - Q(())’ < Pl

for all n > 0. Also assume that € is small enough such that Proposition[6.8|holds and ¢’ > 0 is the
constant defined by the proposition. Assume that W2 (0) is the vertical graph of y. Then

Y0) a0 < [10) ~ Tupa(0)|+ |7epa0) — g(O)
< el +5
<

n—1
n d
¢ (eleol)?” T 45101+
=0
reo=\2" =\ v d
< (ce)” (A+¥) |I|+§
< d.

Here, we also assume that c is the constant defined in Proposition and € is small enough such
that

¢ (@) (e < S
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6.3. Structure of the local stable manifolds for period doubling periodic points

for all n > 0. This proves the first property.

To prove the second property, let m be the constant defined by Lemma € be small enough
such that the lemma holds, and W?(0) € B0 (41) x I for all n > 0. By the mean value theorem,
we have

2 (Y(¥),¥) = hn(4(0),y)| = m[y(y) —4(0)|

since W, (0) € U, x I and § € U,. Also

ha(Y(y),y) = ha(@(0), )| < [ha(¥(),y) — q(0)] +1g(4(0)) — hn(G(0),y)|
< gl
< dm.

Here, we also assume that € < dT’". That is

dm

170 = 8llpsry < 3

for all n > 0. Combine the two inequalities, we get

[7(y)—4(0)| <d

and hence W, (0) € By (d) ¥ I,.
The third and forth properties are similar to the first two. [

6.3. Structure of the local stable manifolds for period doubling
periodic points

In this section, we study the geometric properties of the local stable manifolds.
First, we study the geometry of W/(j) by generalizing Proposition and Proposition The
following two lemmas allows us to pullback vertical graphs by the nonlinear rescaling ¢,,.

Lemma 6.12. Assume that I" and IV are intervals, s is an affine map such that s(I") = I" and
s(I") =1, and A(x,y) = (s(x),s(y)). If T C I" x IV is a vertical graph of a L-Lipschitz function,
then A~Y(T') C I" x IV is a vertical graph of a L-Lipschitz function.

Proof. Tt follows directly by s is affine. [

Lemma 6.13. Given 8§ >0 and I’ O I" o I. There exist constants m > 0 and € > 0 such that for
all F € Z5(I" x I' | €) the following property hold for all n > 0:

IfT C A, Y (Dns1) is a vertical graph of a L-Lipschitz function on I, then H, '(T') C C, is a
vertical graph of a n% (L+ % \|€4l|)-Lipschitz function on I,

Proof. (x) Assume that ' C A, (D, 1) is a vertical graph of a L-Lipschitz function y on I’. By
direct computation, we have

H, ' (v(y),y) = (b o (), y).
for all y € IV. Thus, H, '(T") is a vertical graph of the function y — hy Lo y(y).
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/C\
A B C(1) _ C(2) A% A% C(2) (1) A

wo(=1) w'(0) wo(0) WO WO T WR() WA(L) W2(0) W2(-1)

Figure 6.1.: The structure of the rescaling levels. The figure shows the partition and the local stable
manifolds on the horizontal cross section that intersects the tip.

For all y1,y, € I, by the mean value theorem and Lemma|[5.25] we have

|1y, oy (v2) = by oy(n)| < | o v(v) — iy o y(n) |+ | By, o v(yn) — By o y(n)|

L % (hy O?’()’l)vn)‘

+
|1, ohy,' oy(E)| Ry ohy'oy(y1)]

ly2 — 1|

for some &,7M € (y1,y2). Since I' C A, '(D,41), we have H, |(I") C C,, C U; x I}, where U is the

closed interval defined in Lemman Thus, hy2 y(é),hﬁ Yoy(y1) € Uy. Apply Lernma get

1 1
it op) i o v < o (L4 5 leall) bz

m
where m > 0 is the constant defined in Lemmal6.7] O
Combine Lemma and we obtain

Corollary 6.14. Given § > 0 and I' O I" 5 I. There exist constants m > 0 and € > 0 such that for
all F € Z5(I" x I' | €) the following property hold for all n > 0:
IfT" C Dn+ 1isa vertzcal graph of a L-Lipschitz function on I, |, then ¢, (') € C, is a vertical

graph ofa = (L+ 5 L ||€al|)-Lipschitz function on .
We recall from [dCLMO5]] that

Definition 6.15 (Tip). Assume that € > 0 is sufficiently small. The tip 7 of an infinitely renormal-
izable Hénon-like map F € .#5(I" x I", ) is the unique point such that

{t} =N7y (cbé)l (D;N 1" x 1)

forall N > 0.

The tip is an analog of the critical value in the non-degenerate case. Roughly speaking, the
tip generates the attracting Cantor set of a Hénon-like map. See [dCLMO0S5, Chapter 5] for more
information.

From Proposition|6.3| a rescaling level C,,(j) contains two components which are both bounded
by two local stable mamfolds. The following proposition lists the geometric properties of the local
stable manifolds.
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6.3. Structure of the local stable manifolds for period doubling periodic points

Proposition 6.16. Given 6 > 0 and I' D I" 5 I. There exist constants € >0, ¢ > 0, and ¢’ > 1
such that for all F € J5(I" x I',€), the following properties hold for all n > 0:

1. W!(j) is a vertical graph with Lipschitz constant c||&,]| for all j > —1 andt = 0,2.

- <c (%)zjfor all j> —1andt =0,2 where sz) (j) is the intersection
point of Wi(j) with the horizontal line through t,. See Figure

2 5 ()7 <30 -

Proof. By Proposition (6.8 and Proposition let ¢” > 0 be a constant such that W?(0), W1 (0),
W?2(0), WO(—1), and W?(—1) are vertical graphs of a ¢”||&,||-Lipschitz function on I! for all
n > 0 when € is sufficiently small. Also let ¢’ be the constant defined in Proposition Set
¢ =max(c”, -%).

We prove the second property by induction on j. For the cases j = —1,0, it is clear that W°(0),
W, (0), W2(0), W2 (—1), and W2 (—1) are vertical graphs of c||&,||-Lipschitz functions for all n > 0.

Assume that for some j > 0, W!(j) is a vertical graph of a c||€,||-Lipschitz function on ;] for
all n >0 and t =0,2. Then W/ (j+1) = ¢, '(W.,(j)). By Corollary and the induction
hypothesis, W/ (j+ 1) is a vertical graph of a Lipschitz function.

Finally, compute the Lipschitz constant by the formula from Corollary

1 1 1/ , . 1
A\ clenilles) + 5 lenlles) ) = | cellenll”+ 5 llel

< 1 (cc’?—f—l) I8
< 2 e
< el

Here, we assume that € is small enough such that c¢c’€ < % Therefore, the second property is
proved by induction.
The third property comes from [LM11}, Proposition 3.5]. [

Now we study the topology of B,(j). For a fixed rescaling level j, we will show that the set
B,(j) has two components, each component is bounded by two local stable manifolds that are
vertical graphs when € is sufficiently small. To show this, we study the pullback of the local
stable manifold W(¢). When  is sufficiently small, the pullback F, ' (W?(j)) consists of two
components on B,,.

First we define the points that are associated to the limiting case F' = G. Recall from Definition
m that ¢¢(j) is the periodic point of g with period 2/ around the critical point.

Definition 6.17. Define ¢'(j) = —|¢°(j)| and ¢"(j) = |¢°(j)| for all j > 0.

For the limiting case, the two components of G~!(W?(j)) are determined by the points in the
definition. Precisely, G~!(W?(})) is the union of the two vertical lines x = ¢/ () and x = ¢’ (j).

The next lemma provides a required condition for applying Lemma to pullback the local
stable manifold.
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6. Structure and Dynamics of Infinitely Renormalizable Hénon-Like Maps
Lemma 6.18. Given 8§ >0 and I’ D I" 1. For all j > 0, there exist constants € = £(j) >0,
m=m(j) >0, and d' = d'(j) > 0 such that for all F € F5(I" x I, €) we have
’ a;; (x, y)'
forallx € [¢'(j) —d'.q' (j) +d'|Ulg"(j) —d'.q'(j) +d'). y € I, and n > 0.

Proof. We prove the case for x E [4'(j) —d',q'(j) +d']. The other case is similar.
Since g is continuous and ’ g l ]))’ > 0, there exist d > 0 and m > 0 such that

' (x)] > 2m

for all x € [¢'(j) — d,q' (j) +d]. Also assume that € < m. That is

oh, 1
— < < ||h, — vig) <M
I pop = B 17n = 8l sy (5)
foralln > 0. We get
ohy oh,
X > -
' ax ( y)' - ‘ ‘ ‘ ax IhXIV
> m
for all x € [¢'(j) —d,q'(j) +d],y € I, and n > 0. O

The last proposition provides the topology of the local stable manifolds in B, when € is suffi-
ciently small.

Proposition 6.19. Given § >0 and I' D I" 5 1. For all j > 0 and d > 0, there exist constants
€=2(j,d) > 0and c = c(j) >0 such that for all F € Z5(I" x I'|€), the following properties hold
foralln > 0:

1. E-YWO2(})) has exactly two components W'(j) C [¢'(j) —d,q'(j) +d] x I and W) (j) C
l4"(j) —d,q"(j) +d] < I,

2. Both components W.(j) and W/ (j) are vertical graphs with Lipschitz constant c ||&,].

Proof. First, we prove the existence of W/ ().
To pullback the local stable manifold W?(j), we check the conditions that are required for

Lemmal[5.19
Assume that d’ < d is small enough such that Lemma holds and m be the constant in the
lemma. Then

,y) —md'

ha(q'(j) —d',y) )
)+ 10— glln(s) ey (s) — md’

IA A

ha(q'(j
g(4'(j)

q(j) —

IN

1
Emd’ (6.5)



6.3. Structure of the local stable manifolds for period doubling periodic points

for all y € I, and n > 0. Here we assume that € > 0 is sufficiently small such that Lemma [6.18]
holds and ||/, — &||n(5)xy(5) < 3md’. Similarly,

h(d' () +d',y) > ha(d'(j),y) +md'
> 8(q' () = Il —&llp(s)wgy(5) +md’
1
> q(j)+§md’ (6.6)

for all y € I} and n > 0 when € is small enough. The two inequalities (6.5)) and (6.6) yields

(I ()~ '/ )+ d).3) > [g()) — ymd' () + ym|

Also, by Lemma[6.18] we have

T = )+ L) 2

for all y € I and n > 0 when € is small enough.

Finally, we need to check that W (j) NI" x I" C [q(j) — 3md’,q(j) + 3md'] x I". By Corollary
we assume that € = &(j,d) > 0 is sufficiently small such that |p,(j) — q(j)| < jmd’ since j
is fixed. Also, by Proposition W0(j) is a vertical graph of a c||&,||-Lipschitz function. Thus,

4

|7z = epa(J)] < ¢ &l
0 ; h h :
forall z € W,)(j)NI" x I" and n > 0. We obtain

1 1
Ih) + Zmd’ < Emd'

|z —q(j)] < |7z — Tepn(G) | + | mepn () — q(j)] < cl&l|

for all z € Wo(j) NI" x I" and n > 0 when € is small enough. Hence, W2(j) N 1" x I" C [q(j) —
smd' q(j)+ 3 md’] x I for alln > 0.

By Lemma [5.19, W.(j) = F~Y(W2(j)) N[q'(j) — d',¢'(j) +d'] x I is the vertical graph of a
Lipschitz function onl). Apply the formula from Lemma to compute the Lipschitz constant,

we get
1

stn—cle) 1 = 5m

for all n > 0 when € is small enough such that c€ < 7. Consequently, the local stable manifold
W/ () is the vertical graph of a % || €x||-Lipschitz function.

Similarly, the local stable manifold W/ (j) = F~'(Wo(j)) N [q"(j) —d',q"(j) +d'] x I is also
the vertical graph of a % ||€,||-Lipschitz function.

It remains to show that W/(;j) and W/ (j) are the only components of F~'(W?(j)). From .
we have /1, ((—o0,q!(j) —d'] ﬁlh,y)) C (—o0,q(j) — smd']. Similarly, one can prove h nrane:
4.4 () )N I",3)) € [g(j) + bmd' o) and ho([q7 () +d',02) N 1%,9)) © (—e0,q(j) — Smal). This
shows that the sets F;, (((—oo,q' (j) —d'|NI") x 1), Fu([¢' () +d',q"(j) —d'] x I)), and F,,(([¢" () +

€]l
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6. Structure and Dynamics of Infinitely Renormalizable Hénon-Like Maps

d',%) NI") x I') does not intersect W'(j) when € is small enough. This proves that W/() and
W/ (j) are the only components in F, '(W(})). O

Remark 6.20. Unlike Proposition here the constant € is not uniform on j > 0. For a non-
degenerate Hénon-like map, the structure of the local stable manifolds is similar to degenerate
case when j is large. The local stable manifold Wno( Jj) is far away from the tip and hence the
pullback E, ' (W?(j)) is the union of two vertical graphs in B,. However, the structure turns to be
different when j is large. The local stable manifold is close to the tip and the vertical line argument
in Chapter@ shows that the pullback F,-!(W?()) is a concave curve in B,,.

6.4. Asymptotic behavior near the hyperbolic fixed point of the
renormalization operator

In this section, we estimate the derivatives of a Hénon-like map that is close to the hyperbolic fixed
point G. Define v, € I" to be the critical point of f,, and w,, = f,(v,) be the critical value.
The first lemma proves that a Hénon-like map acts like a quadratic map on B.

Lemma 6.21. Given 8§ > 0 and I’ D I" 5 I. There exist constants a > 0, € > 0, and an interval
18 C I" such that for all F € .Z5(I" x I'|€), the following properties hold for all n > 0:
The interior of I® contains §(0) and q(0), I® xI! O B,,

1
b=l < [0 < alx—wl,

and

(x— vn)2

% (x—va)® < fulx) = fu(va)| <

N

forall x € I,

Proof. By Proposition the map g is concave on [—c(l) , c(l)]. Let d > 0 be small enough such
that [—¢(0) —d,q(0) +d] C [V, ¢(V]. Define IZ = [—¢(0) —d,q(0) +d]. Then min, ;5 |g" (x)| >
a' for some constant @’ > 0 when d > 0 is small enough. Assume that € < #. In particular,

Hf};/ _g//

2 d
<52 1= &llmes) < 5

for all n > 0. Also assume that € is small enough so that B,, C I8 x I) for all n > 0 by Lemmam
because that B, is bounded by W,! (0) and W(0).
By the mean value theorem, there exists & € (x,v,) such that

Fo) = 12 () = fu(vn) = £/ (E) (x = va).

We obtain the lower bound for the first inequality as

@) = [ E)]lx—val
(8" ()] = [£7(8) = 8" (&)]) bx — vl

v
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/
> - _a _
> (migg"0)] -5 ) e

al

= —|x—wl.

2

Similarly, for the upper bound, we have

@) = A E)] I —val

< (8" @)+ " @)
< (maxle" o]+ ) v
3d

o b
This proves the first inequality.

To prove the second inequality, we prove the case for x > v,. By the fundamental theorem of
calculus, we have

[fu(X) = fu (V)| = fu(vn) = fu(x) = /Vx —f,/,(l)dl.

After applying the first inequality and evaluate the integration, we obtain

(x—vn)z.

o (e < a0~ ful)| <

N

The case for x < v, is similar. O

The next lemma shows that a Hénon-like map is expanding on A and C in the x-coordinate when
it is close enough to the fixed point G.

Lemma 6.22. Given 8 >0and " O I" 5 I. There exist constants E > 1, € > 0, and a union of two
intervals I'C C I" such that for all F € J (Ih x IV €) the following properties hold for all n > 0:
The interior of I'C contains q(—1), §(0), q(0), and §G(—1), IAC x I > A,UW2(0)UC,, and

‘%(w)‘ >E

forall (x,y) € I'C x I

Proof. By Proposition there exists E’ > 1 such that
|¢'(x)| > E’

for all x € [¢(—1),4(0)]U[¢(0),4(—1)]. Let Am > 0 be small enough such that E = E' — Am > 1
and d’ > 0 be small enough such that

g (v) — &' (x)| < Am/2

for all |y —x| < d’ since g is uniform continuous on I". Define /1€ = [¢g(—1) —d’,4(0) +d'| U

67



6. Structure and Dynamics of Infinitely Renormalizable Hénon-Like Maps

[q(0) —d’,4(—1) +d'] C I". Also, let € > 0 be small enough such that A, UW?2(0)UC, C IAC x I
by Lemma because A, UW?2(0) UC, is a union of two regions, one region is bounded by
W?(—1) and W, (0) and the other region is bounded by W?(0) and W?(—1). Then

&' (x)| = E'—Am/2

for all x € JAC.
Moreover, also assume that € is small enough such that

oh, < 1 P Am
5, 8 =8 e = 8llms)xrys) < =
for all n > 0. Then
oh oh
()| > dX)| - ||== —¢ >E
RO e e
for all (x,y) € I'C x I O

The last lemma provides a upper bound for the expansion rate of a Hénon-like map in the x-
coordinate.

Lemma 6.23. Given § > 0 and I’ O I" 5 I. There exist constants K > 0 and € > 0 such that for
all F € I5(I" x I' | €) we have

dhy

— <K
‘ o (x,y)‘ <
forall (x,y) € I" < I’ and n > 0.

Proof. By the compactness of I”, there exists K > 1 such that
K

g ()| < 3

for all x € I". Also, there exists € > 0 small enough such that

oh, 1 K
ox ¢ "y = S 1Fn _gHIh(B)xl;;((S) < )
for all n > 0. Then
ahn / ahn /
‘g(w)‘ < !g(X)HH 5 ¢ E(S)SK.
for all (x,y) € I" x I and n > 0. O

6.5. Relation between the tip and the critical value
In Lemma we proved that a Hénon-like map behaves like a quadratic map when a point is

close to the critical point v, of f, for the representation F,, = (f, — &,,x). However, the critical
point v, and the critical value w, in the estimates depend on the representation.
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In this section, we show that the critical value w,, (for any representation) is ||&,||-close to the
tip T, in Proposition This allows us to replace v, and w,, by the representation independent
quantity 7,. This makes the quadratic estimates in Lemma useful when a point is ||g,||-away
from the tip.

To estimate the distance from the tip to the critical value, we write 1, = (a,b,). Since the
rescaling ¢, maps a horizontal line to a horizontal line, we focus on the horizontal slice that inter-
sects the tip in each renormalization scale. Define the restriction of the rescaling map ¢ to the slice
as

Mn(x) = T 0 @y (x,byy) = 5,0 My (x,by).

By the definition of the tip, the quantities satisfy the recurrence relations ¢, (7,) = Ty+1, Mu(an) =
an+1, and Sn(bn) =bpy1-

First, we prove a lemma that allows us to compare the critical value between two renormaliztion
levels.

Lemma 6.24. Given § > 0 and I’ O I" 5 I. There exist constants € > 0 and ¢ > 0 such that for all
F € I5(I" x I'€), we have
|Wn+l - nn(wn)| <c Hgn”

foralln > 0.
Proof. First, we compare the critical points v, and v, . By Proposition [5.26, we have
2 5™ 2 —1
11— (sn0 £2055 Y|l < el fus —swo £2057 s < leal

for some constant ¢ > 0 when € > 0 is sufficiently small. Also, there exists a constant a > 0
independent of F such that | £, (x)|,|(sno fFos,!)"(x)| > a for all x € [§(0),4(0)] and n >0
because the critical point of g is non-degenerate. Apply Lemma to the roots v, and s,(v,)
of the functions f,  ; and (s, o fZos;, 'Y, there exists a constant ¢’ > 0 such that

|Vn+1 _Sn(Vn)’ < HSHH

for all n > 0.
Moreover, by the quadratic estimates in Lemma we get

‘an(VnJrl)_Snofr%(Vn” < |fn+1<Vn+1)_fn+1(sn(vn))|+‘fnﬂ(sn(vn))_snofr%("n)‘
< St =sa@nl + St (a0) = su0 £ 05 (5u(00))|
ac/2 5
= THSHH +CH€nH
< el

for some constant ¢’ > 0. In the equation, one should think s, o f2(v,) = (s, 0 f,) © fu(va) as the
rescaled critical value of f,,.
Finally, we compare the critical values w,, and w,,;.;. Compute

Wat1 = Ma(wn)| = |fn+1(Vn+1) _Sn(fr%(vn) - gn(fn(vn)7bn>)|
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{fn+1("n+1) —Sn ofr%("n)‘ + An|€n(fa(va)s bn)|
c"llenll +22 || €]
(c"+224) |||

<
<

for all n > 0 whenever € is small enough such that A,, < 2A. O

The rescaling maps {1, },>0 can be viewed as a non-autonomous dynamical system (system that
depends on time). An orbit is defined as follows.

Definition 6.25 (Orbit of Non-Autonomous Systems). Let Y, be a complete metric space, X,, C Y,
be a closed subset, and f;, : X, — Y, 41 be a continuous map for all n > 1. A sequence {x,}, _; is an
orbit of the non-autonomous system { f,, }~_; if x,, € X, and x,,+1 = f,(x,,) for all n > 1. A sequence
{x,},_, is an g-orbit of the non-autonomous system { f,}_, if x, € X, and |x,,11 — f(xn)| < € for
alln > 1.

Next, we prove an analog of the shadowing theorem for non-autonomous systems.

Lemma 6.26 (Shadowing Theorem for Non-Autonomous Systems). For each n > 1, let Y, be a
complete metric space equipped with a metric d (the metric depends on n), X, C Y, be a closed
subset, and f, : X, = Y41 be a homeomorphism. Also assume that the non-autonomous system
{fn}tn_y has a uniform expansion. That is, there exists a constant L > 1 such that | f,(a) — f,(b)| >
Lla—b| forall a,b € X, andn > 1.
If {xn},_, is an €-orbit of { f,,},_,, there exists a unique orbit {u,}, _, of {fu},—, such that
£
d(xn,un) S m

for all n > 1. In addition, if {X,},_, is uniformly bounded, then the non-autonomous system
{fn},= has exactly one orbit {u,}, _,. For any sequence {x,}, | with x, € X, we have

. —1
un:}glgo(fn—l—j—lo"'ofn—i—lofn) (anrj)

foralln > 1.

Proof. Given an g-orbit {x,}~, of {f,} ;. The uniqueness of the orbit {u,}, _, follows from
expansion.
(0) () _

To prove existence, define x;,’ = x,, and x;’ = fn__lj(xg,j_l)) €X,—jfor j=1,---,n—1byin-
duction. From the expansion of f;, we have

S~

0 (1 1
d<x£z—gj7x;g-2j+]) < Zd(fn+j<xn+j),xn+j+1) <
and

d(x(j+1) x(k+1)) < d(XS’{) Xglk))

~| —

for all j,k > 0. By the triangular inequality, we get

d(x(j) X(H‘l) )-l-----l—d(x(k_l) x(k) )

() (k)
d(o, 1% 1) n4-jr X+ j+1 ntk—1"ntk

n+j>"n+k
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6.5. Relation between the tip and the critical value

1
_.d<x(0)' pON )4 rd(x © (0 )

IN

Li n+j> " n+j+1 Lk Xntk—1n+k
£ 1 1
< m(l—i—L—F —l—Lk = 1)
S
S L-nU
for all j < k. Therefore, { EZQ j };o 0 is a Cauchy sequence in Y, and hence u,, = lim;_,. x,(lﬂz i exists.

Similarly, by triangular inequality and the expansion of f, we have

domin) <A@ )+ fm)p Y+ d () )
1 0
< gl a0 4 ) )
& 1 1 ()
< Z(E+ +F)+d( X jr U Up)

€ ()
< m+d(xn+j,un)

for all j > 0. Take the limit j — oo, we obtain

E

d(xn,un) S m

To prove that {u,}, , is an orbit of {f;,},

2—1> we evaluate the limit directly. We get

— () (=1 _ ()
Jn(utn) = }gllfn(xn—w) = Jlg?oxnﬂ Jle Knti4j = Untl-

In addition, if X, is uniformly bounded and x,, C X,, for all n > 1. Assume that the diameter of
X, is bounded by d > 0 for all n > 1. Let y, = f, !(x,11). Then {y,};~_, is a d-orbit for {f,}7_
and hence

. -1 : 1
an}g{}o(fnofn+10“'fn+j—2) ()’n—i-j—l):}I_E}o<fnofn+lo"'fn+j—l) (Xn+j)

exists by the proof of the previous part. The uniqueness of the sequence {u, },_, follows from the
expansion of {f,}~_, O

The result from Lemma [6.24] shows that the sequence of critical values w,, is an €-orbit of the
expanding non-autonomous system 17},,. With the help from the Shadowing Theorem, we are able
to obtain the goal for this section.

Proposition 6.27. Given § > 0 and I’ D I" S I. There exist constants € > 0 and ¢ > 0 such that
forall F € I5(I" x I €), we have

|fn(Vn) — e (T)| <c ||8n||

foralln > 0.
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6. Structure and Dynamics of Infinitely Renormalizable Hénon-Like Maps

Proof. Fix n > 0 and consider the sequence {wn+ j};.o:O. By Lemma |6.24] there exists ¢ > 0 such
that

}Wn+j+l - nn+j(Wn+j)| <c ||8n+jH < cllel]
for some fixed j > 0 when & > 0 is small enough. Hence, the sequence {w, j};.ozo is a c||&,||-orbit
for the perturbed maps {nn+ j};ozo.

To prove the non-autonomous system is uniform expanding, we evaluate the derivative

Ohyy i
77;/1+j(x) = _lnTﬂ(X,anrj)-

Assume that € > 0 is also small enough such that 4,, > VA > 1. Also, by Lemma , there exists
E > 1 such that

‘ Vs >E

ax (-val’H'j)

for all x € m, (B,,Jr iN{y =but j}) and j > 0 when € is small enough. Thus, there exists L > 1 such
that

|77r/z+j<x)’ >L

for all x € 7 (By4j N {y = bu4;}) and j > 0.
Finally, we apply Lemma 6.26| There exists an orbit {u j};.ozo of { N+ j};ozo such that

Warj—uj| < L—il €]

for all j > 0. Also, by the definition of 7, and the tip, we have a4 j+1 = N, j(an+ ;) for all j > 0.
The uniqueness of the orbit for bounded domains /A€ yields u j = apyj forall j > 0. Consequently,

c
[fn(Vn) = Te(Tn) | = [wn — an| < I—1 1€l

forall n > 0. [

In addition, we can also estimate the distance from the critical point to the preimage of the tip.

Corollary 6.28. Given 8 > 0 and I' O I" 5 I. There exist constants € > 0 and ¢ > 0 such that for

all F € js(fh x 1" €) we have
v = 1y(1a)| < e/l &all

foralln > 0.

Proof. Assume that € > 0 is small enough such that Lemma and Proposition hold. By
Lemmal6.21] there exists a > 1 such that

1
[ (%) = fuva)| 2 — |0 — v
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6.5. Relation between the tip and the critical value

Also, since 7, € ImF,, there exists y € I, such that F,(7,7,,y) = 7,. We get

|fn<7ryfn) _fn(Vn)‘ |fn(7ry7n) - hn(”yTnaY)| + | T — fu (V)]

<
< (I+o)lell
by Proposition Combine the two inequalities, we obtain

‘TCyTn - Vn| <Va(l+e)V &l
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7. Closest Approach

The proof for the nonexistence of wandering domains begins from this chapter. We assume the
contrapositive: there exists a wandering domain J.

In this chapter, we construct a rescaled orbit {J,}, _, of a wandering domain J which is called
the J-closest approach. Then we define the horizontal size [,,, the vertical size h,, and the rescaling
level k;, of an element J,.

Recall the definition of wandering domain.

Definition 7.1 (Wandering Domain). Assume that F € #5(I" x I"), D(F) exists, and F is an open
map (diffeomorphism from D(F) to the image). A nonempty connected open set J C D(F) is a
wandering domain of F if the orbit{ F"(J)},~ does not intersect the stable manifold of a periodic
point.

Remark 7.2. The classical definition of wandering intervals contains one additional condition: the
elements of the orbit do not intersect. This condition is redundant for case of the unimodal maps.
Assume that J is an nonempty open interval that does not contain points from the basin of a periodic
orbit. If the elements in the orbit of J intersect, then take a connected component A of the union
of the orbit that contains at least two elements from the orbit. Then, there exists a positive integer
n such that f"(U) C U. It is easy to show that f” has a fixed point in the interior of U by applying
the Brouwer fixed-point theorem several times which leads to a contradiction. Therefore, the orbit
elements of J are disjoint.

The following proposition allow us to generate wandering domains by iteration and rescaling.

Proposition 7.3. Given 8 > 0 and I" O I" 5 I. There exists a constant € > 0 such that for all open
maps F € %’j{(lh x 1Y), the following properties hold:

1. A setJ C D(F) is a wandering domain of F if and only if F(J) is a wandering domain of F.

2. A set J C C(F) is a wandering domain of F if and only if ¢(J) C D(RF) is a wandering
domain of RF.

Proof. The proposition is true because the stable manifold of a periodic orbit is invariant under
iteration and the rescaling of a stable manifold is also a stable manifold. 0

Corollary 7.4. Given 8 > 0 and I' O I" 5 I. There exists a constant € > 0 such that for all open
maps F € %%’(Ih x I",€), F has a wandering domain in D(F) if and only if RF has a wandering
domain in D(RF).

Proof. Assume that J C D(F) is a wandering domain. If J C C, then RF has a wandering domain
by Proposition If J C A, there exists n > 1 such that F"*(J) C B by Proposition IfJ CB,
then F(J) C C by Proposition Thus, RF has a wandering domain by Proposition

The converse follows from the second property of Proposition U
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7. Closest Approach

Also, we define the rescaling level of a wandering domain in B.

Definition 7.5 (Rescaling level). Assume that U C A,,UB,, is a connected set that does not intersect
any of the stable manifolds. The rescaling level k(U) of U is a nonnegative integer such that
U C B, (k(U)).

To study the dynamics of a wandering domain, we apply the procedure of renormalization. If
a wandering domain is contained in Ag or By, then its orbit will eventually leave Ay and By and
enter Cy. If the orbit of the wandering domain enters Cy, we rescale the orbit element by ¢, ¢y, - - -
as many times as possible until it lands on one of the sets A, or B,, of some renormalization scale
n, then study the dynamics of the rescaled orbit by the renormalized map F,. If the rescaled orbit
enters C, again, then we rescale it and repeat the same procedure again. According to this process,
we construct a rescaled orbit.

Definition 7.6 (Closest approach). Assume that € > 0 is sufficiently small and F € .Z5(I" x I', €).

Let J C AUB be a connected set that does not intersect any of the stable manifolds. Define a
sequence of sets {J,, },_, and the associate renormalization scales {r(n)}, _, by induction such that
Jn C Ar(n) UBr(n) forall n > 0.

1. SetJy=J and r(0) = 0.
2. Write the rescaling level of J, as k, = k(J,) whenever J,, is defined.
3. IfJ, C A,(n), setJy41 = F,(n) (Jp) and r(n+1) = r(n).

4. Tf J, C By, set Jysy = cb’r‘gn) 0 Fyny(Ju) and r(n+1) = r(n) +ky.

The transition between two constitutive sequence elements, one iteration together with rescaling
(if possible), is called one step. The sequence {J,}, _, is called the rescaled iterations of J that
closest approaches the tip, or J-closest approach for short.

Remark 7.7. The papers [GvST89, LM11]] showed that the orbit of a point x has two types of
limiting behavior: the omega limit set @ (x) is either a periodic orbit or the renormalization Cantor
set. The closest approach of a set (or a point) in the basin of the renormalization Cantor set is
exactly showing the itinerary of how the orbit approaches to the Cantor set.

The itinerary of a closest approach is summarized by the following diagram.

Arny )t Arns1)
Fr(n) /
L O oy

Br(n) Ar(n—l—l) UBr(n—i—l) Br(n—H)

Example 7.8. In this example, we explain the construction of a closest approach and demonstrate
the idea of proving the nonexistence of wandering domains. Let F = (f — €,x) be a Hénon-like
map such that f(x) = 1.7996565(1+x)(1 —x) — 1 and €(x,y) = 0.025y. The map F is numerically
checked to be seven times renormalizable. Given a setJ = (—0.950, —0.947) x (0.042,0.045) C A.
We show that the set is not a wandering domain by contradiction.
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Figure 7.1.: The construction of a closest approach J,,. The graphs are the domains and the parti-
tions of Fy and F; from the left to the right.

If J is a wandering domain, we construct a J-closest approach as shown in Figure SetJo=J
and r(0) = 0. The set Jy is contained in A,(g). The next element is defined to be J; = F,(g)(Jo) and
r(1) =r(0) =0. The set J; is also contained in A,1y. SetJ = F,(1)(J1) and r(2) = r(1) = 0. The set

J2 is contained in B,(5)(1). Setky = 1,7(3) =r(2) +ky =1, and J3 = @f%z) 0 Fy(2)(2) = goo Fo(J2).
The set J3 is contained in A, (3). Set Jy = Fy(3)(J3) and r(4) = r(3) = 1.

From the graph, the sizes of the elements {J,} grow as the construction continues and the size
of J4 C By becomes so large that the set intersects some local stable manifolds. This leads to a
contradiction. Therefore, J is not a wandering domain.

Motivated from the example, we study the growth of horizontal size and prove the sizes of the
elements approach infinity to obtain a contradiction.

Definition 7.9 (Horizontal and Vertical size). Assume that J C R?. The horizontal size of J is
[(J) = sup{|x1 —x2[; (x1,51), (x2,2) € J} = [mJ].
The vertical size of J is
h(J) = sup{|y1 —y2|: (x1,31), (x2,2) €U} = |mJ|.
If J is compact, a pair of horizontal endpoints are two points in the set that determines /(J).

Figure [T1.1) compares the horizontal size and the vertical size of a set J. For a Hénon-like map
F € (1" x IY), it follows from the definition that

forallJ C I"x I".

For simplicity, we start from a closed subset J of a wandering domain such that int(J) = J. Then
consider the J-closest approach {J, },,~ instead to ensure the horizontal endpoints exist. Note that
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7. Closest Approach

the sequence element J, is also a subset of a wandering domain of F,,,). For elements in a closest
approach, set I, = I(J,,) and hy, = h(J,,). Our final goal is to show that the horizontal sizes {/,},~¢
approach infinity and hence wandering domains cannot exist.
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8. *The Degenerate Case

The goal of this chapter is to present a proof for the nonexistence of wandering intervals for in-
finitely period-doubling renormalizable unimodal maps. It is known that a unimodal map (under
some regularity condition) does not have wandering intervals [Guc79, dMvS88, dMvS89, Lyu89,
BL89, MdMvS92]. The readers can refer to the article by Guckenheimer [Guc79] for a classical
proof. The proof here is different from those. In this chapter, we identify a unimodal map as
a degenerate Hénon-like map then use the Hénon-renormalization to prove the nonexistence of
wandering intervals. This motivates the proof for the nondegenerate case.

8.1. Local stable manifolds and partition

In this section, we identify a unimodal map as a degenerate Hénon-like map then study the rela-
tionships between the two maps.
Let F be a degenerate Hénon-like map

F(x,y) = (f(x),%).

The super-scripts “u”” and “h” are used to distinguish the difference between the notations of uni-
modal maps and Hénon-like maps to avoid confusion. For example, p*(—1) = —1 and p*(0) are
the fixed points of f; p"(—1) = (—1,—1) and p"(0) are the saddle fixed points of F; A*,B*,C* C I
is the partition defined for f; A" B" C" C I" x I' is the partition defined for F.

The next lemma relates the local stable manifolds of a degenerate Hénon-like map with the
fixed points and their preimages of its unimodal component. Recall that p(!) and p®) are the
points such that £(p3)) = p), £(p()) = p*(0), and p(V) < p*(0) < p® (Definition 4.4); WO(—1)

and W2(—1) are the local stable manifolds of p"(—1) (Definition [5.10); W°(0), W'(0), W?(0) are
the local stable manifolds of p"(0) (Definition 5.12)

Lemma 8.1 (Fixed points and their local stable manifolds). Assume that F € #5(I" x I') is a
degenerate Hénon-like map. Then

L p"(j) = (P"(j), p"(J)) for j = —1,0,

2. the local stable manifold WO(j) is the vertical line x = p"(j) for j = —1,0,
3. the local stable manifold W*(—1) is the vertical line x = p*(—1),

4. the local stable manifold W' (0) is the vertical line x = p\),

5. the local stable manifold W2(0) is the vertical line x = p®, and

6. Ah=A"x]", Bt =B xI",C'"=C"xI",and D" =1 x I".
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8. *The Degenerate Case

8.2. Renormalization operator

Next we relate the renormaliztion operator for Hénon-like maps with the renormalization operator
about the critical point for unimodal maps. Recall the definitions of the rescaling maps. For
a degenerate renormalizable Hénon-like map F', the rescaling map is the composition ¢ = Ao H
where A(x,y) = (s"(x),s"(y)), s" is the affine rescaling map, and H (x,y) = (f(x),y) is the nonlinear
rescaling term. The renormalization is RF = ¢ o F2 o ¢ —!. For a renormalizable unimodal map £,
s* is the affine rescaling and R..f = s* o f? o (s*)~! is the renormalization about the critical point.

Although the Hénon-renormaliation rescales the first return map around the “critical value”,
the operation acts like the unimodal renormalization that rescales the first return map around the
“critical point”. This is because of the nonlinear rescaling term H for the Hénon-renormalization.
Let Ah,Bg,Cg be the partition for F and D}I’ be the domain for RF. The rescaling map ¢ (x,y) =
(s" o f(x),s"(y)) maps C! to D. This means the operation f in the x-component maps CY to BY
and the affine map s maps Cg back to the unit size /. Thus, the two affine maps s* and s are the
same and

HoF o H ™\ (x,y) = (£l (x),%)

is the first return map on Bg. Therefore, the two renormalizations coincide

RF(x,y) = (s"o f20 (s) 7 (x),x) = (Ref(x),).

This also explains why R"F converges to the fixed point g of R, but not the fixed point of R,,.
The observation is summarized below.

Lemma 8.2 (Renormalization operator). Assume that F € 7(I" x I') is a degenerate Hénon-like
map. Then F is Hénon renormalizable if and only if f is unimodal renormalizable. When the map
is renormalizable, we have

1. " = s* and

2. RF(x,y) = (Rof(x),x).

In fact, if F is infinitely renormalizable, then the affine term Ay, : B,(j) — Bn11(j — 1) is a bijection
foralln>0and j > 1 where B,(0) = A, UW2(0) UC,.

From now on, we remove the super-script from s because the maps are the same.

For an infinitely renormalizable Hénon-like map, we also adapt the subscript used for the renor-
malization scales to the degenerate case. Assume that a degenerate Hénon-like map F(x,y) =
(f(x),x) is infinitely renormalizable. Let F, = R"F and f, = R"f. Then F,(x,y) = (fu(x),x) by
the second property of Lemma

Next proposition proves an important equality which will be used to prove the nonexistence of
wandering intervals for infinitely renormalizable unimodal maps. The expansion estimate comes
from this proposition.

Proposition 8.3 (Rescaling trick). Assume that f € .#. Then

(S"Jrj*lOfnJrjfl)o"‘O(Snofn)ofn:fn+josn+j710"'osn

for all integers n > 0 and j > 0.
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8.3. Nonexistence of wandering intervals

Proof. Prove by induction on j. It is clear that the equality holds when j = 0.
Assume that the equality holds for some j. Then

(Sntj0 futj)o (Snsj—10 fugj—1)0---0(sp0 fn)o fa
=(Sn4jO futj) O futjOSnyj—10---08y,
~1
:(sn+jofn+jofn+josn+j)osn+josn+j_1 O---08y,

=Jfntj+10Sn+jOSn+j—10°08p.
Therefore, the lemma is proved by induction. [
By Lemma[8.2] and Proposition [8.2] we get
Corollary 8.4. Assume that F € .5(I" x I') is a degenerate Hénon-like map. Then
D oF, =FpijoAj 100,
for all integers n > 0 and j > 0.

Proof. By direct computation and the previous proposition

q){;an(xay) = ((Sn+j—1Ofn+j—1)O"‘O<Snofn)ofn(x)asn+j—1O"'osn(x))
= (fatjoSnsj—1008u(X),Sntj—10-08,(x))

= Firjolntj 00 An(x,).

8.3. Nonexistence of wandering intervals

In this section, we present a proof for the nonexistence of wandering intervals for infinitely renor-
malizable unimodal maps by identifying a unimodal map as a degenerate Hénon-like map and
using the Hénon renormalization. A wandering interval is a nonempty interval such that its orbit
elements are disjoint and the omega limit set does not contain a periodic point.

Proposition 8.5. An infinitely renormalizable unimodal map does not have a wandering interval.

Proof. Prove by contradiction. Assume that f is an infinitely renormalizable unimodal map that
has a wandering interval J%. Without lose of generality, we may assume that the map is close to
the fixed point g of the renormalization operator because the sequence of renormalizations R f
converges to g as n approaches infinity. Let F = (f,x). Then F is a degenerate infinitely renormal-
izable Hénon-like map. Assume that J* C I is a wandering interval of fy. Let J* = J* x {0} and
Jn CAynyUB,(y) be the J"-closest approach. The projection 7.J, is a wandering interval of Jrin)
and the horizontal size [, is the length of the projection. Our goal is to show that horizontal size
expands at a definite rate

ln+1 > El, 8.1)

for some constant £ > 1.
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8. *The Degenerate Case

If J, C A,(y), the inequality holds because g is expanding on A(g) by Proposition and
the map f,,) 1s close to g.

If J C By (kn), then Jui 1 = Fy(ui1) © Ap(nyy—1© - - © Ay (Ju) by Corollary Horizontal
size expands when the set J, is mapped under the rescaling maps A, ;) ¢, —1© -0 A,(,). Horizontal
size also expands when the rescaled set is mapped under F,(, 1). This is because the map f,(,,1)
is close to g, g is expanding on A(g) UC(g) by Proposition and the rescaled setis in A, (1)U
Cr(n+1)- Thus, the inequality (8.1) also holds.

This expansion estimate shows that the horizontal sizes {/,},~ approach infinity which
yields a contradiction. Therefore, wandering intervals cannot exist. O]

In the proof, we showed that the horizontal sizes expand at a definite rate. This motivates the
proof for the non-degenerate case. In the remain part of the article, we will study the growth rate
and contraction rate of the horizontal sizes. For the non-degenerate case, we will show in Chapter
[10] that the expansion estimate also holds under some conditions.
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9. The Good Region and the Bad Region

In this chapter, we group the sub-partitions {B,(j)}7_; and {Cx(j)}}_, into two regions: called
the good region and the bad region. We will then study the geometric properties of the good region
and the bad region.

When j is small, the rescaling level B,(j) in B is far away from the center of the domain and
the rescaling level C,(j) in C is far from the tip 7,. The topological structure of B,(j) and the
dynamical behavior of F, on B,(j) behave like a unimodal map. The boundaries of B, () are
vertical graphs with a small Lipschitz constant by Proposition We will show in Chapter
that the expansion estimate holds: the horizontal sizes of the elements in a closest approach expand
at a uniform rate. The area containing the rescaling levels with j small is called “the good region”.

When j is large, the rescaling level B,(j) in B is close to the center of the domain and the
rescaling level C, () in C is close to the tip 7,. The topological structure of B, (j) and the dynamical
behavior of F, on B,(j) behave different from a unimodal map. Unlike the unimodal case, the
rescaling level B, (j) becomes an arch-like domain. In fact, the expansion estimate breaks down: a
strong contraction applies to the horizontal sizes whenever an element in a closest approach enters
the rescaling levels. The area containing these rescaling levels is called “the bad region”.

The vertical line argument in Figure [0.1| explains why the expansion estimate breaks down in a
rescaling level B,,(j) when j is large. First, draw a vertical line (dashed vertical line in the figure)
close to the tip such that its intersection with the image of F, contains only one component. Apply
the inverse F,~! to the intersection. Unlike the case when j is small, the preimage is not a vertical
graph but a concave curve close to the center of the domain. Assume that there is a wandering
domain J close to the preimage. If the line W connecting horizontal endpoints U and V of J is
parallel to the preimage (Figure 0.1a), then the line connecting the iterated horizontal endpoints
F,(U) and F,(V) is also parallel to the vertical line (Figure [9.1b). This shows that the horizontal
size of the iterated set can be as small as possible. Therefore, the expansion estimate breaks down
in a rescaling level B, (j) when j is large.

Motivated from the vertical line argument, we group the rescaling levels in C by how close a
level to the tip is. The size of the image of F, is ||&,||. To avoid a vertical line having only one
intersection with the image, the line has to be ||€,|| away from the tip. This suggests the definition
of the good region and the bad region.

Definition 9.1 (The Good Region and The Bad Region). Fix a constant b > 0. Assume that € > 0
is sufficiently small so that Proposition holds and F € #5(I" x I',€). For each n > 0, define
K, = K, (D) to be the largest positive integer such that

0
ﬂngz )(Kn> — T Tn| > D&

(0)

where 7, (j) is the intersection point of W?(j) with the horizontal line through 7,,.
The rescaling level C,(j) (resp. B,(j)) is in the good region if j < K,; in the bad region if
Jj > K. The integer K, is called the boundary of the good region and the bad region. See Figure
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Figure 9.1.: The vertical line argument. The scales of the graphs in (a) and (b) are the same.
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Figure 9.2.: The good region and the bad region. The rescaling levels 1, 2, and below are the
shaded area colored from light to dark. In this example, one can see a tiny light area
on the center bottom part of the graph. This is because C"(2) intersects the image
F (D). Hence, the boundary is K = 2 and the good region contains the lightest part and
the bad region contains the two darker parts.

for an illustration.
Remark 9.2. Tt is enough to consider the subdomain I” x I" C I" x I in the definition because
F(Dy) C 1" x I".

Remark 9.3. The bad region is a special feature for the Hénon case. For the degenerate case, &, =0
and hence K,, = o. This means that there is no bad region for the degenerate case.

Our goal in this chapter is to study the geometric properties of the good region and the bad

region. The properties are summarized below.

Proposition 9.4 (Geometric properties of the good region and the bad region). Given 6 > 0 and
I" O 1" 5 1. There exist constants € > 0, b > 0, and ¢ > 1 such that for all F € I (I" < I',€) and
b > b the following properties hold for all n > 0:

The boundary K, is bounded by

11 X, 1

<A < c—/—m——. O.1)
bl bllexll

For the rescaling levels 1 < j < K, in the good region, we have

1. CL(j)NF,(D,) = ¢,
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9. The Good Region and the Bad Region

2. |mz— mety| > 2| €n| for all z € Cu(j) NEu(Dy),
3. |z —vn| > %mforallz € B,(j),
4. % (%)2]' < |z — Ty < € (%)zjfor all z € C,(j)NFy(Dy,), and
5.4 (%)l <|mz—vn| <c (%)jfor all z € By ().
For the rescaling levels j > K,, in the bad region, we have
1. |mz— meTy| < cbll&,]| for all z € Cy(j) NFy(Dy) and
2. |z —vn| < c\/bl&] for all z € Bu(j).

The properties in this proposition will be proved by the lemmas in this chapter.
First, we estimate the bounds for the boundary K.

Lemma 9.5. Given § > 0 and I' O I"  I. There exist constants € > 0 and ¢ > 1 such that for all
F € I5(I" < I',€) and b > 0, we have

LIy !
< n _C—
¢\/bl&l Vbl&l

foralln > 0.

Proof. To prove the lower bound, we apply Proposition [6.16| to the definition of K,,. Assume that
€ > 0 is sufficiently small. We have

1 2(Kn+1) 0
C(z) < O K+ 1) 5| < blleal.
for some constant ¢ > 1. Thus,
c 1
A > [~ .
bA* \/[|e]]
The upper bound is similar. [

9.1. Properties of the good region

To prove the properties, the strategy is to first estimate the distance from the tip 7, to the local stable
manifolds. Since the rescaling level C, () is bounded by the local stable manifolds W/ (j — 1) and
W/ (), the locations of the points in the level can be estimated by using the local stable manifolds.
After proving the properties of the levels in C, the properties of the levels in B holds because the
Hénon-like map behaves like a quadratic map near the center of the domain (Lemma [6.21] and
Proposition [6.27)).

First, we estimate the x-coordinate of the points on W/ ().
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9.1. Properties of the good region

Lemma 9.6. Given 8 > 0and I’ D_Ih 5 I. There exist constants € >0, b > 0, and ¢ > 1 such that
forall F € I5(I" x I',€) and b > b, we have

1/1\% 1\%
; (I) S |7TXZ—7TxTn| S C (I)

forallze Wi(j)N (I" x I") witht € {0,2}, 0 < j < K,,, and n > 0.

Proof. Assume that € > 0 is sufficiently small. We prove the the lower bound for the case t = 0.
The upper bound and the other case r = 2 are similar.

To prove the lower bound, we apply Proposition Letz€ W(j)N (I hx Ih). Then

Zgl()) (J) =T

1/1\%
> z(z) —cllenl 1"

(%—c‘lh) ||€n||A2K"> (%)zj

for some constant ¢ > 1. By Lemma[9.5] there exists ¢’ > 1 such that

Tz — TeTy| > 1——66/2‘1” 1 7
W Ml = c b A
1 /1\%
= (7)

whenever b > 2¢%c? |Ih‘ O

’ﬂxz - ﬂxTn‘ >

ez — Tz () \

Vv

We prove the first property of the good region.

Lemma 9.7. Given § >0 and I' > I" 5 I. There exist constants € > 0 and b > 0 such that for all
F € I5(I" x I",€) and b > b, we have

C}Z(]) an(Dn) =¢

forall1 < j<K,andn > 0.

Proof. Since the right component of the good region UfQIC{l( J) is bounded by the local manifolds

W?2(K,) and W?2(0), it suffices to show that the local stable manifold W2 (K,) is far away form the
image. We have

Ju(vn) = ||€]| < sup hn(Zl) = sup (fn(ﬂle) "’en(zl)) < fu(vn) &l
ZeDy ZeDy
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9. The Good Region and the Bad Region
By Proposition[6.27, Lemma[9.5] and Lemma[9.6] there exist constants ¢ > 0 and a > 1 such that

Jn(va) — sup hn(zl)

7eDy

TZ — Sup hn(ZI) > (M — TeTy) — | TTu — fu(va) | —
ZIEDn
1/ 1)\
> 2(3) —elel-lal

b
> (G-c-1)lal

for all z € W2(K,) N (I b T h) The coefficient on the right hand side is positive when b > 0 is large
enough. Consequently, Cl,(j) N F,(D,) = ¢ forall 1 < j <K,. O

By the previous lemma, it is enough to only consider the left component of the rescaling levels
CL(j). The second property shows that the good region is ||&,|| away from the tip.

Lemma 9.8. Given 6 > 0and I’ D_Ih 5 I. There exist constants € > 0, b > 0, and ¢ > 0 such that
forall F € 5(I" x I'€) and b > b, we have

|z — M Ty | > b || €|
forall z € C,(j)NF,(Dy) with 1 < j <K, andn > 0.

Proof. The left component of the good region in C is bounded by the local stable manifolds W?(0)
and WY(K,,). Thus, the estimate follows from Lemma and Lemma O

The third property is an analog of the lemma in B.

Corollary 9.9. Given 6 >0 and 1" D I_h 5 1. There exist constants € > 0, b > 0, and ¢ > 0 such
that for all F € Z§ (Ih x IV, €) and b > b so that the following property hold for all n > 0:
Ifz € IB X I satisfies |h,(z) — 7 T| > cb||&,]|, then

|z —vn| > c/bl|&n]|- (9.2)

In particular, holds for all z € B,(j) with 1 < j < K,,.

Proof. Assume that z € IZ x I! such that |h,(z) — 7, T,| > cb ||€,||. By Proposition|6.27 we get

[fu(z) = fu(va)| = |ha(2) = Tl — | fu(7x2) — B (2)| = | 0T — S (Vi) |
> (cb—1—c)|ell
cb
> Ll

for some ¢’ > 0 when b > 2(1+¢')/c.
Moreover, by Lemma [6.21] there exists a constant a > 1 such that

’fn(ﬂ'xz) - fn(vn)‘ < g(ﬂxz - Vn)z
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9.2. Properties of the bad region

for all n > 0 when € > 0 is small enough. Therefore,

c
mawl 2\ [SVBTal

]
The last property gives an estimate of the distance from the rescaling level C,(j) to the tip T,,.

Lemma 9.10. Given 6 >0 and I' D I}i@ I. There exist constants € > 0, b > 0, and ¢ > 1 such
that for all F € Z5(I" x I',€) and b > b, we have

L(l 2j<|zt T Ty < A
c\ X T RS R

forall z € C,(j)NF,(Dy) with 1 < j <K, andn > 0.

Proof. For all z € C,(j) N F,(D,) with 1 < j <K, there exist z; € W(j — 1) N (I" xI") and

2 eW2(j)n (Ih X Ih) such that m,z = m,z; = 7,z, because the local stable manifolds are vertical
graphs. By Lemma[9.6] we obtain

1/1

2j 1 2j
E (I) < ‘anZ _nxTn| < ‘nxz_nxfn| < ’nle _nxTn| < 012 (I) .

This proves the corollary because C!(j) is the component bounded between W(j — 1) and W0( /).
]

One can deduce an analog of the lemma for the rescaling levels in B. The proof is similar to
Corollary 9.9 The details are left to the reader.

Corollary 9.11. Given 6§ >0andI'" D _Ih 5 1. There exist constants € > 0, b > 0, and ¢ > 1 such
that for all F € Z5(I" x I',€) and b > b, we have

VO <o LY
c\ 1 =\ 2

forall z € B,(j) with 1 < j <K, andn > 0.

9.2. Properties of the bad region

We prove the first property of the bad region by applying Lemma[9.6|to the boundary local stable
manifolds WY(K,) and W2(K,) of the bad region.

Lemma 9.12. Given 6 >0 and I' D I}i S I. There exist constants € > 0, b > 0, and ¢ > 0 such
that for all F € Z5(I" x I',€) and b > b, we have

forall z € C,(j) N F,(Dy) with j > K, and n > 0.
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9. The Good Region and the Bad Region

Proof. Assume that z € W} (K,) N (I" x I") with t € {0,2}. By Lemma and Lemma there
exists ¢ > 1 such that

N
|7rxz—7rxrn|§c(x) < 3b|l&

for all b > O sufficiently large. Therefore, the estimate holds because the bad region is bounded by
the local stable manifolds WO (K,,) and W2(K,,). O]

The second property of the bad region follows from Lemma

Corollary 9.13. Given 8§ > 0andI" D _Ih 5 I. There exist constants € > 0, b > 0, and ¢ > 0 such
that for all F € Z5(I" x I',€) and b > b, we have

forall z € B,(j) with j > K, and n > 0.

Proof. Assume that z € B,(j). Then F,(z) € C,(j) N F,(D,). By Proposition and Lemma
there exists ¢ > 0 such that

| fu(722) — fu (V)] 0 (2) = 7T + | fn(7x2) — B (2) [ + [T — S (V)

<
< (eb+1+o)|&l
< 2cb|&l|

for all b > 0 sufficiently large. Also, by Lemmal[6.21] we have

1
|fn(7TxZ) - fn(Vn) | > Z(ﬂxz — Vn)z
for some constant a > 0. Combine the two inequalities, we obtain

|z — vn| < Vdac\/b||&||.

9.3. *Local stable manifolds in B,

In this section, we show in the good region j < K, the rescaling level B,(j) C B, has two compo-
nents, the left component B/, (j) and the right component B,(j). Each component is bounded by
two local stable manifolds that are vertical graphs.

Lemma 9.14. Given 6 >0 and I' D I}i S I. There exist constants € > 0, b > 0, and ¢ > 0 such
that for all F € Z§ (Ih x IV €) and b > b, the following properties hold for all n > 0:
There exist closed intervals IF' = IB'(b, F), IB" = IP" (b, F), and 158 =58 (b,F) such that

1L WoH)N (I x 1"y C IS x I forall 1 < j < K,

2. F YWD () € (UL < I,
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9.3. *Local stable manifolds in B,

3 ha(IBLy) D ISE, hy(IB7,y) D 1SS, and
)| = e/l forall (x,5) € (IO 15") I,

Proof. Let ¢ > 0 be the constant defined by Corollary . 158 = [7pn(0), T, — bl&, )], 1B =
Ba-1,v,—c/bll&l], 1B =1BN[v,+c+\/bll&]],1]. Also, let € > 0 be small enough such that
wo(1)N (I"x1") C IS8 5 I" for all n > 0. Then the first property holds.

The second property follows from Corollary (9.9

The third property follows from Corollary m and the definitions of I, <8, 1B and 7",

To prove the last property, let (x,y) € I3 x IV. Then

oh
4. ‘ e (x

dh
S| = 1)~ lal
1
> Ll jal
a
C
SN
c —
> 5= bugn”

by Lemma and the definition of /%!, Here we assume that € is also small enough such that
V& < 5 for all n > 0. The other case I5" x I} is similar. O

Proposition 9.15. Given 6 >0and I’ D1 h 5 I. There exist constants € > 0, b > 0, and ¢ > 0 such
that for all F € jﬁ (Ih x I',€) and b > b the following properties hold for all n > 0:

For all 1 < j < Ky, the set F;'(WO(})) is the union of two components, left component W\ ()
and right component W) (j). Both components are vertical graphs of c+\/||&,||-Lipschitz functions
in B,. For 1< j <K, let B.(j) be the set bounded by W!(j —1) and W (j) in I" x I'; and B(j) be
the set bounded by W/ (j) and W!(j—1) inI" xI' . Then B, (j) = B.(j)UB.(j) forall 1 < j <K,.

Proof. By Proposition [6.16] the local stable manifold W0(j) is the vertical graph of a c||&,||-
Lipschitz function for some constant ¢ > 0. Let ¢’ > 0 be the constant in Lemma Then

1

leall <
5 (¢ VTl - clell)

for all n > 0. Here we assume that € is small enough such that c+/||&| < %/ for all n > 0. By
Lemmal|5.19/and Lemma(9.14, W/ (j) = F,Y(W2(7))NIB < IV and W) (j) = F, Y (W2 () NIBr < IV
are vertical graphs of 52, ||€,||-Lipschitz functions for all 0 < j < K,,. By the second property in
Lemmal9.14) F, ' (W () = Wy (/) UW; ())-

The property for B, () follows from definition. 0

€]l
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10. The Good Region and the expansion estimate

In this chapter, we generalize the expansion estimate from unimodal maps to Hénon-like
maps: horizontal sizes expands at a definite rate when the elements in a closest approach stay in
the good regions. From now on, we fix a constant b > 0 sufficiently large so that Proposition [9.4
holds and the boundary of the good region and the bad region {K,},, depends only on F.

To prove horizontal size expands, we impose a technical condition “regular” to the elements of a
closest approach. In terms of notations from the vertical line argument (Figure [9.1]), this condition
ensures that the line connecting a pair of horizontal endpoints is far from being parallel to the
preimage of a vertical line.

Definition 10.1 (Regular). Let R > 0. A set U C D(F) is R-regular if

<R . 10.1
{U) ™ e b

To see R-regular implies not parallel, we estimate the slope of the preimage of a vertical line.
Assume that y: I' — I" is the vertical graph of the preimage of some vertical line x = xo by the
Hénon-like map F,, and the vertical graph is in the good region. Then

ha(Y(y),y) = xo-

Apply the derivative in terms of y to the both sides, we solved

Fa(v)) = G (v().y)
By Lemma [6.2T]and Proposition[0.4] we get

Y ()

&, 1 1
HO)= 20003 = ) —vil = 5 e
> Tl - 5l
- a n 5 n
> /&l
- Za n
when € is small enough. This yields
1Y) < Vel (10.2)

for some constant ¢’ > 0.
The condition R-regular says that the vertical slope of the line determined by the horizontal
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10. The Good Region and the expansion estimate

endpoints (x1,y;) and (x2,y) of J is bounded by

— I(J 1
2=yl ~ h(J) "R
From (10.2) and (10.3)), we get
[x2 —x1

2wl 7 O

This concludes that the line connecting the horizontal endpoints is not parallel to the preimage of
a vertical line if the wandering domain is R-regular.

Assume that J C A,,UB,, is a wandering domain in the good region. We will prove the expansion
estimate, Proposition [L0.T1] in three different cases:

1. the case when the element J is in A, (Section[I0.T)),

2. the case when the element J is in B, (j) with 1 < j < K for some positive integer K (Section
10.3)), and

3. the case when the element J is in B, (j) with K < j < K, (Section[10.2)).

The proof is technical but not the result is not surprising when the element is far away from the bad
region (case 1 and 2) because the Hénon-like map F inherits the properties from g when F is close
to g. In short, the proof is just showing that the expansion estimate for g holds on a neighborhood of
the partition elements of g, the partition elements of a Hénon-like map F are close to the partition
elements of g, and the expansion estimate survives under a small perturbation. On the other hand,
the expansion estimate breaks down in the bad region. The intermediate region (case 3) turns out
to be the nontrivial part because the properties from the degenerate map g do not apply to this case
directly. The proof relies on how the good region is defined. In other words, the good region is
defined to be the condition that makes the expansion estimate works in the intermediate region.

10.1. Case J, C A,y

In this section, we estimate the expansion rate of horizontal size when a wandering domain J,, is
in A,(,). We show that the expansion estimate for g (Proposition 4.39) also applies to Hénon-like
maps when F, is close to the degenerate map G.

Lemma 10.2. Given § >0 and I’ D I" 3 I. For all R > 0, there exist € = €(R) > 0 and E > 1
such that for all F € jg (I" x I' | €), the following properties hold for all n > 0:
Assume that J C A, is a closed R-regular set. Then its iterate J' = F,(J) is an R-regular set in
A, UW}(0)UB, and
1(J') > EL(J).

Proof. Let E > 1 be the constant defined in Lemma and AE > 0 be small enough such that
E' = E — AE > 1. Assume that € > 0 is small enough such that Lemma holds and

§|\s,1||3/4 < AE (10.4)
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10.2. Case B, center

for all n > 0.
To prove the inequality, let (x1,y;), (x2,y2) € J such that x, —x; = [(J). Then h(J) > [y — y1].
Compute

I(J') > |m[Fu(x2,y2) — Fu(x1,31)]|
> |77:x[Fn(x2;)’2)_Fn(xly)’2)]|_|7rx[Fn(xlvy2)_Fn(x17y1)]|'

By the mean value theorem, there exist & € (x1,x;) and 1 € (y;,y2) such that

B2, y2) — Bt y0)] = (& ya) o2 )

and 5
En
T [Fa(x1,y2) — Fu(x1,01)] = a—y()ﬁ, n)(y2—y1)-

Since (x1,y1), (x2,y2) € A, C I'C x I', we have (£,y,) € I'C x I'. By Lemma and Lemma
6.22] we get

1) > EI) el h0)

= (- 5lel 55 )10

Also, by J is R-regular and (10.4), this yields

R
(E— K |renn3/4) 1)
> E'l(J). (10.5)

1(J")

v

To prove that J' is R-regular, we apply (10.5) and h(J") = 1(J). We get

W) 1
i S B

Also assume that € is small enough such that 7, < R ||8nH_l/ % for all n > 0. This proves that J' is
R-regular. ]

10.2. Case J, C B,(;)(kn), K < ky < K, ()

In this section, we prove that horizontal size expands when a wandering domain J, C B, (k) is
iterated then rescaled in the intermediate region K < k < K, () (Lemma . We first show that
the amount of contraction is well controlled when the set J, is iterated by F,,) in the good region
(Lemma |m|) Then we estimate the size of expansion when the iterated set Fy(,) (Jp) is rescaled

by CIDI;’('n) (Lemma|10.5). Finally, we show that the expansion is larger than the contraction:
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10. The Good Region and the expansion estimate

Lemma 10.3. Given § > 0 and I' D I" 5 I. For all R > 0, there exist constants € = €(R) > 0,
E > 1,R >0, and c > 0 such that for all F € .5(I" x I' | €), the following properties hold for all
n>0:

Assume that J C B, (k) is a closed R-regular set and 1 < k < K,, then the set J' = ® o F,(J) is
an R'-regular set in C, 1 (0) = A, U Wn+k(0) UBy, 1y and
1(J') > cE*I(J). (10.6)

The constants E, R', and ¢ do not depend on R.

After this section, we fix K > 0 to be a large integer so that the lemma produces a definite
expansion for all k > K. We will also set R = R’ to make the property regular to be invariant under
the construction of a closest approach.

First, we estimate the size of contraction when a wandering domain is iterated in B.

Lemma 10.4. Given § >0 and I' D I" 3 I. For all R > 0, there exist constants € = €(R) > 0,
¢ > 1, and R' > 0 such that for all F € .Z5(I" x I'|€), the following properties hold for all n > 0:
Assume that J C By (k) is a closed R-regular set and k < K,,. Let J' = F,(J). Then

1JYy > era k1) (10.7)
and W) .
<R :
1) - €]l

The constants ¢ and R' do not depend on R.

Proof. Let € > 0 be a small number such that Lemma([5.31} Lemma[6.21] and Proposition[9.4]hold.
Let (x1,y1),(x2,y2) € J be a pair of horizontal endpoints and x € {x;,x,} be such that |x —v,| =
min;— 7 |x; — v,|. By the triangular inequality, we have

> | (Fu(x2,¥2) — Fa(x1,51))]
> |7 (Fu(x2,y2) — Fa(x1,52))| = |70 (Fa(x1,2) — Fa(x1,1))| (10.8)

Apply the mean value theorem, there exist & € (x1,x2) and 1 € (y1,y2) such that

aen

2 (Fa(xa,y2) = Fo(x1,v2) = { &) - e m] (52— x1) (10.9)

and
P
T (Fa(x1,2) — Fu(x1,0)) = —a—gy(xl,n)(yz —y1). (10.10)

Then & € 17 since (x1,y1), (x2,y2) € B, C 18 x I). By Lemma|6.21}, (10.9) yields

)i

1
> (a\x—vn|—g|].€n[\)l(]). (10.11)

T (Fala,ys) — Falrryn))] = (}fn \—‘asnéyz
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10.2. Case B, center

Also, since J is R-regular, (10.10) yields
1 R 3/4

7 (Falr,02) = Farrn) | < 5 leall9) < 5 Nl P4100). (10.12)

Combine (10.8)), (I0.1T)), and (10.12)), we get
1 1 1/2 1/4

1) 2 (; re=val =5 (lleal >+ Rlleall ) VTl ) 10)

for some constant a > 1. By Proposition[9.4] (3rd property of the good region), we have
clx—vu| > /| & (10.13)

for some constant ¢ > 1. Also, assume that € > 0 is small enough such that % (Hen I 2 1R I8 1/4> <
% for all » > 0. We obtain

L1
1(J") 2 o b= val 1) (10.14)

when € > 0 is small. Then (10.7) follows from Proposition (5th property of the good region).
Moreover, by (10.13), (10.14), and h(J') = I(J), we get
/
h(]/) < 2a <R
1(J') ™ Jx—val &

where R’ = 2ac. O
Then we estimate the size of expansion when a wandering domain is rescaled in C.

Lemma 10.5. Given § >0 andI' O I" 3 I. For all R > 0, there exist constants € = €(R) > 0 and
E > 1 such that for all F € J§ (Ih x 1" €), the following properties hold for all n > 0:

Assume that J C C, (k) is a closed set and % <R Hle T then
(®i(J) > (AE) 1) (10.15)
and .
(@) 1 (10.16)
1(@n(]) V&l

for all integer j with 0 < j < k. The constant E does not depend on R.

Proof. Let E' > 1 be the expansion factor defined in Lemma and E = VE'. We prove the
lemma by induction on j. The statement is trivial for the case j = 0.

Assume that the lemma is true for some integer j < k. We show the lemma also holds for
j+ 1<k Let (x1,y1),(x2,y2) € ®(J) be a pair of horizontal endpoints. By the mean value
theorem, there exist §; € (x1,x2) C I*C and 1; € (y1,y2) such that

oh,
T (Gnrj(xX2,¥2) — Onj(x1,32)) = —ln+jg(§j,y2) (x2 —x1) (10.17)
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10. The Good Region and the expansion estimate

and
08,4
T (Gt j (x1,32) = O j (x1,31)) = )Ln+ja—yﬂ(x17nj) (y2—=y1)- (10.18)
Apply Lemma[6.22]to (10.17), we have
|7 (O (x2,2) = Gnyjxi, 1)) | = A jE'L(PL(T)) (10.19)

for some constant E’ > 1. Also apply the induction hypothesis to (10.18), we have

At j ,
|7 (@ (x1,52) = G (x1,01)) | < % [ raCA).
Ay iR .
< —5  Viall(®(). (10.20)
By the triangular inequality, (I0.19), and (10.20)), we get
ICARO))
> | (Gnrj(x2,52) = Ot (51, 32)) | = |70 (@i (X1, 72) — Bt j(x1,31)) |
/
s (B =5 VTal ) 100 (10:21)
>AEL(®)(]))

Here we assume that € is sufficiently small such that A, ; <E F— %l Hé‘nH) > AE foralln >0 and
Jj>0since E' > E > 1and |4, — A| < €. Then (10.15)) follows from the induction hypothesis.
Moreover, the vertical sizes are related by h(®] (J)) = Any jh(cbﬁ (J)). By (10.21) and the

induction hypothesis, we get
W@y () _ I (@) I
1@ () ~ E = iR/ [&l] 1(®

=<
—~
~
SN~—
SN—
»

when € > 0 is small since E/ — %R’\/ &l > 1.
Therefore, the lemma is proved by induction. 0

Finally, we prove the expansion estimate for the case of the intermediate region.

Proof of Lemma[10.3] The expansion estimate (10.6) follows from Lemma[10.4]and Lemma [I0.5]
To show that J' is a regular set, we apply Lemma|10.4] Lemma|10.5| and Proposition Then

h(J') <R L R ! <R !
< <R'c <Rc
WD~ Vel = el 7 e
where ¢ > 0 is a constant. Therefore, the set J' is R'c-regular. O
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10.3. Case B, away from the center

10.3. Case J, C B,y (kn), 1 <k, <K

In this section, we prove the expansion estimate holds when the wandering domain is inside B but
far away from the bad region. Although the rescaling trick does not work in the non-degenerate
case, we still can apply it to the limiting degenerate Hénon-like map G to prove the expansion
estimate for G. Then we show that the estimate can be promoted to Hénon-like maps that are close
to G because of continuity and K is a fixed number.

Observe in the limiting case, we have

lim £, (x.5) = (¢().)

and
lim 9, (x,y) = (=2)(g(x),¥)-
Then . . .
lim & (x,y) = ([(=2)g)’ (x),(=24)"y)
and

lim @] o £ (x,y) = ([(~A)g)’ 0 g(x), (~1)%x)

where [(—A)g]’ means the function x — (—A)g(x) is composed j times.
The next lemma is a version of the rescaling trick (Lemma8.3) in the limiting case.

Lemma 10.6 (Rescaling trick). Assume that j > 0 is an integer. Then
[(~2)g) 0g(x) = g((~2)x) (1022)

forall xwith ¢'(j—1) <x < q"(j—1).
Proof. Prove by induction on j. The base case j = 0 is clear.

Assume the equality holds for j. For the case j+ 1, assume that |x| < (%)ﬂl. The induction
hypothesis yields

. | o
(~2)g* o g(x) = (~A)gog(—A)x) = (~A)g’ ("(—liﬁ )

since |x| < (%)] By the functional equation li we get

[(—2)gl og(x) = g((—2)7"'x)

since |(—A4)/ x| < 1.
Therefore, the equality is proved by induction. 0
Then we estimate the size of expansion in each rescaling level.
Lemma 10.7. There exist constants E.E’ > 1 such that
o dl(=A) el .
EM < w <E'M (10.23)

(x)
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10. The Good Region and the expansion estimate

forall x € By(j) and j > 0.
Proof. By the rescaling trick and chain rule, we have

d[(=2)g)’ g

T )= (=) (=) )

for all |x| < (%)1 By Proposition [4.39| there exists E > 1 such that

g'(x)| > E
for all % < |x| < 1. Also, by compactness, there exists E’ > 0 such that

g (0)| <E'

for all x € I. This yields (10.23) since L < |(=2)ix| < 1 forall (£)""" <|x| < (L), 0

Assume that J C B, (j) is a wandering domain. As usual, we estimate the size of expansion by
iterating a pair of horizontal endpoints. In order to apply the mean value theorem to the horizontal
endpoints, the map ®;, o F;, has to be defined on a convex (rectangular) neighborhood of B, (). To
promote the expansion estimate to the Hénon-like map F,,, we also need to show that the partition
element B, (/) is close to the partition element of the limiting case G when € is small. The technical
details are left to the reader.

Lemma 10.8. Given 8 >0and I’ > I" 5 I. For all d > 0 and integer j > 1, there exist a constant
€=¢(d, j) > 0and two closed intervals U' C [¢'(j—1) —d,q'(j) +d] and U™ C [¢"(j) —d,q"(j —
1) +d] such that the following properties hold:

Let F € I5(I" x I'€) and U = U' UU". Then for all n > 0, we have

1. BL(j)cU'xI', B(j) CU" x I, and

2. the map dD,J; o F, is defined on U x I where U = U' UU".

We also show that the expansion estimate, Lemma[[0.7] also applies to the nondegenerate case.
Lemma 10.9. Given § > 0 and I' O I" 3 I. For all integer j > 1, there exist constants €(j) > 0,
E > 1, and E' > 1 such that for all F € J5(I" x I' | €), the estimate

87rxoCI>¥;an

J < < E'2J
EA < I (x,y)| <E'A

holds for all (x,y) € U x I, and n > 0 where U is the set given in Lemmall0.8]

Proof. By analytic continuation, the map x — [(—A)g]/ 0 g(x) has an analytic extension to a neigh-
borhood of B,(j). By continuity, the expansion estimate (10.23) (with possibly different constants)
holds on some neighborhood of B,(j). That is, there exist E > 1, E’ > 1, and d = d(j) > 0 such
that _
. — J ,

E)LJS d[( tlg] 08 SE/)LJ

(x)
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10.3. Case B, away from the center

forall x € [¢/(j—1) —d,¢'(j) +d]U[q"(j) —d,q"(j — 1) +d]. Also, the map 7, o ®} o F, (and
its derivative) depends continuously on the sup-norm ||F — G|| since we are considering a class of
analytic maps that has a holomorphic extension to a small neighborhood of the domain. Together
with Lemma 10.8] there exist € = €(jj) > 0 and a union U of two open intervals such that B, (j) C
U x I and

oM, odloF,

VEM < o (x,y)| < VE'AI

forall F € 5(I" x I' €) and (x,y) € U x I O

Finally, we estimate the size of expansion.

Lemma 10.10. Given § >0 and I' D I" 1. For all K > 0 and R > 0, there exist constanrs
€ =¢(K,R) >0 and E > 1 such that for all F € Z5(I" x I' €, the following properties hold for
alln > 0:

Assume that J C B, (k) is a connected closed R-regular set and k < min (K Kn). Then J' =
ko Fy,(J) is an R-regular set in C, 1 x(0) = Ay UW) (0)UB,1y and

1(J') > EAXI()). (10.24)

Proof. Let € = €(K) > 0 be sufficiently small such that the expansion estimate in Lemma m
holds for all j < K. Let J C B, (k) be a connected closed R-regular set with k < min (K,K,) and
n>0. Also, set G = ®* o F, and G, = m, 0 G. Then J' = G(J). We prove the lemma for the case
of J C Bl (k). The other case J C B’;(k) is similar. Let (x1,y;),(x2,y2) € J be a pair of horizontal
endpoints. By Lemma G is defined on U’ x I!'. We can apply the mean value theorem. There
exist & € (x1,x2) and 1 € (y1,y2) such that

Guloa,12) ~ Gelor12) = 22 (2, y) )

and 96
Gy(x1,y2) — Gx(x1,51) = a—yx(xl,n)(yz = y1)-
By triangular inequality and J is R-regular, we get
I(J)) > |Gy(x2,2) = Galx1,y2)| = |Gx(x1,52) — Gi(x1,31)]

)| 1)~ | ) )
Bt

> (|5 - [ Rlel ™) 1)
dG,

The first term can be estimated by Lemma [10.9] To bound the second term a—y(xl,n), we
compute

Vv

G, 97, 0 Dk o¢,
a—y(xl,n) = Tan(xl,n)a—y(xun)~
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10. The Good Region and the expansion estimate

[e] k = » .
By compactness, one can find a constant ¢ > 0 that bounds ngq)" for all £ < K and all Hénon-like

maps that are close to the limiting map G. Then

)| < §lsi.

We get
R
1(J') > EAF (1 — g—ER |!an3/4) 1(J) > VEAKL(]) (10.25)
for some constant £ > 1 when € > 0 is small
To prove that J' is R-regular, we apply (10.25) and h(J') = (Hl;(zj(%*l /lj+n) I[(J). Assume that
€ = €(K) is small enough such that HS.;}) Ajin <2A7forall 1 <i<K andn > 0. Thus,

h(J')
1)

2A51(7 2 _
< 2D 2 Rl

VEAI(J)  VE

when € = €(R) is small enough. O

10.4. The expansion estimate for a closest approach

Finally, we establish the expansion estimate when the elements in a closest approach stay in the
good region.

Proposition 10.11. Given 6 > 0 and I' D I" 5 I. There exist constants € >0, E > 1, and R > 0
such that for all F € Z5(I" x I'|€), the following properties hold:

Assume that J C AUB is a connected closed R-regular subset of a wandering domain of F and
{In}_y is the J-closest approach. If k, < K, (n) for alln < m, then J, is R-regular for alln <m+1
and

l,o1 > El, (10.26)

foralln < m.

Proof. We fix a constant R > 0 from Lemma [10.3] that makes the property regular to be invariant
under the construction of a closest approach. Also set K > 0 be a large number such that (10.7)
gives a strict expansion. Then the expansion estimate (10.26) follows from Lemma [10.2] Lemma

[10.10] and Lemma([10.3] O
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11. The Bad Region and the Thickness

In this chapter, we cover the case of the bad region then prove the nonexistence of wandering
domains.

In the good region, we showed that the horizontal sizes of the elements in a closest approach
expand at a definite rate by estimating the expansion of the horizontal endpoints. However, we
lose control of the horizontal sizes when the expansion estimate breaks down in the bad region.
Even worse, the situation of having a wandering domain in the bad region is unavoidable. The next
lemma shows that an infinitely renormalizable Hénon-like map must have a wandering domain in
the bad region if it has any wandering domain. This produces the main difficulty of proving the
nonexistence of wandering domains.

Lemma 11.1. *Given § > 0 and I' O I" 5 I. There exists € > 0 such that for all non-degenerate
Hénon-like maps F € Z5(I" x I' |€), the following property holds.

If F has a wandering domain in D then F has a wandering domain in the bad region of B and a
wandering domain in the bad region of C.

Proof. Recall that K is the boundary of the good region and the bad region for Fy = F (Definition
@. Let j > K).

If F has a wandering domain in D, then F; also has a wandering domain J’ in D; by Corollary
By iterating the wandering domain, we can assume without lose of generality that J' C F;(D).

N —1
Set Jc = <<I>6> (J'). Then J¢ is a wandering domain of F in the bad region of C.
N -1
Moreover, since J' C Fj(D;), we have Jo C (@{)) (F;(D;)) C F(D). LetJg = F~'(J¢). Then

Jp 1s a wandering domain of F' in the bad region of B. 0

To proceed, we first introduce thickness to determine a lower bound of the horizontal size when
the expansion estimate breaks down.

After studying the relationships between horizontal size and thickness, we are able to control the
lower bounds of the horizontal sizes of all elements in a closest approach. However, Proposition
[IT.12]shows that a strong contraction applies to the horizontal size whenever the closest approach
enters the bad region. The whole proof leads to a dead-end if contraction occurs infinitely many
times. The breakthrough is the observation that a closest approach can have at most finitely many
entries to the bad region (Proposition[I1.16). This is done by proving the two-row-lemma (Lemma
[LT.14). Finally, we combine all of the work and prove the nonexistence of wandering domain.

11.1. Thickness and largest square subset
When the element J,, enters the bad region, we are not able to estimate the horizontal size of the

proceeding element J,,;1 from the horizontal size of the current element J, as explained by the
vertical line argument (Chapter [9). On the other hand, the main difference from one-dimensional
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11. The Bad Region and the Thickness

systems is that a wandering domain is an open set. It has area. At this moment, the size of a
horizontal cross-section gives a good lower bound for the horizontal size. In this section, we
introduce “thickness” to quantify the size of an horizontal cross-section.

When a wandering domain J,, is contained in a bad region, we cannot continue to estimate the
horizontal size of the proceeding elements in the closest approach because of the following two
reasons. First, the horizontal size of the next element J,; | cannot be estimated by the horizontal
size of the previous element J, because the expansion estimate in Chapter[I0]breaks down. At this
moment, the horizontal size /,,.| is dominated by the size of its horizontal cross-section. Second,
the proceeding elements are no longer regular sets. The expansion estimate (Proposition [I0.TT))
does not apply to the elements even if they all stay in the good regions.

To resolve the two issues, it requires the following:

1. A quantity to approximate the size of a horizontal cross-section of a wandering domain,
called the thickness.

2. Keep track of the thickness of the elements in a closest approach. When an element J,, enters
the bad region, the horizontal size of the next element J,,; will be estimated by its thickness.

3. A method to select a subset S from the wandering domain J,, | that makes S an R-regular set
with horizontal size close to the size of J, ;. The subset will be defined by a largest square
subset of J;,1 1.

In this section, we define the thickness and a largest square subset of a wandering domain then
study the properties of these two objects in a closest approach.

Definition 11.2 (Square, Largest square subset, and Thickness). A set S C R? is a square if S =
[x1,x2] X [y1,¥2] and |x —x1| = |y2 — y1|. This means that S is a closed square with horizontal and
vertical sides. The thickness of a set J C R? is the quantity w(J) = sup {/(S)} where the supremum
is evaluated over all square subsets S C J. A square subset S C J is a largest square subset if
I(S) = w(J). Figure shows a comparison between the horizontal size, the vertical size, and
the thickness of a set.

Lemma 11.3. A largest square subset of a compact set exists.

Proof. The lemma follows from compactness.
Let J C R? be a compact set. Also let {In}n21 be a sequence of square subsets 7, C J such that

[(I, is increasing and converge to w(J). Write I, = x("),x(n) X y(") ,y(n) . Without loss of
n>1 1 %2 102

generality, we may assume that (x;,y;) = limn%w(xgn),ygn)) and (x2,y2) = lim,_e (xén),yg")) exist

by the compactness of J. Define I = [x1,x2] X [y1,y2]. Then

(1) = xp =2 = lim 5" —x{" = 1im I(1,) = w(J).
and / is a square by the similar reason.

It remains to show that I C J. Given (x,y) € I.

For the case that x; <x <x; and y; <y < y,. There exists n large enough such that xgn) <x< xg")

and yg") <y< yé"). Then (x,y) € I, C J.
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11.1. Thickness and largest square subset

[

Figure 11.1.: The horizontal size /, the vertical size &, and the thickness w of a set J. In this picture,
S is a largest square subset of J.

For the case that x = x| and y; <y < y;. There exists N large enough such that y(ln) <y< ygl)

for all n > N. Then (xgn), y) € I, C J for all n > N. By the compactness of J, we get (x,y) =

Timy, e (x\",y) € 7.
The other cases are similar. O]

Next, we study the contraction of thickness when a wandering domain is iterated. The contrac-
tion of thickness is similar to how the area is contracted: the amount of contraction has the same
order as the Jacobian of the map.

Lemma 11.4. Given 8 > 0and I' O I" 5 I. There exist constants € > 0 and ¢ > 0 such that for all
F € I5(I" x I, €), the following property holds for all n > 0:
If S C Dy, is a square, there exists a square S' C F,(S) such that

€l

1(S")>c
131

I(S).
Proof. The lemma is trivial when F is degenerate. We assume that F' is non-degenerate.

By the definition of # and |i we have %—sy” > 0 for all » > 0. Assume that » > 0 1s a small con-
stant which will be determined later. Let S = [x,a| X [y1, 2], (xi,x? = Fy(x,y2), (x5,x) = Fy(x, 1),
and W = b(xh —x|) = b[g,(x,y2) — &(x,y1)] > 0. Define x’ = @ and §' = [x' — AW, X' + JW] x
[x,x+W].

To prove S’ C F,(S), we show that the inequality

1 1
hn(t,yz)<x’—§W<x'+§W<hn(t,y1) (11.1)

holds for all # € [x,x+ W]. The four components in the inequality are associated to four points on
the horizontal cross section y = . See Figure [[1.2]for an illustration. If the inequality is true, then
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11. The Bad Region and the Thickness

-0.6970[
-0.6975

-0.6980 [-

-0.6985

™ ossmo (hu(t.y2).0) ('~ W/2,)

~0.6995 -

-0.7000 [

Eo(o'x)

-0.7005 [

(x2'x)

X

Figure 11.2.: Four points on the cross section y =¢.

there exists 1) € (y1,y2) such that

I(S)=w = baa? (x, )I(S).

by the mean value theorem. Apply (5.3), we proved the lemma

since F € J5(I" x I' ).
We prove the first half of the inequality (IT.T])

1
hy(t,y2) < x' — EW'

I . . . I . . . I . . . I . . . I .
-0.094 -0.092 -0.090 -0.088 -0.086

. I .
-0.082

By the mean value theorem and Lemma|6.23| there exist & € (x,¢) and E > 1 such that

dhy,

n32) =] = n(.32) = a3 = | 528 32

We get

(x/— %W) Ch(tyy) =

|t —x| <EW.

. LA
-0.080

when b < ﬁ Therefore, the first half of the inequality is proved. Similarly, we prove the second

part of the inequality (11.1])
1
ﬂ+§W<mﬁJQ
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11.1. Thickness and largest square subset

By the mean value theorem, there exists & € (x,7) such that

dhy,
in.30) =24 = hft.30)— )] = | G2 o) = < W

Similarly, we get

it = (¥ 3w) = o= (v 39)] = i)

> (220 Ly Zpw
- 2 2
1 1
= |:§_ (§+E) b} (x’z Xll)
> 0
Thus, the second part of the inequality is proved. [

Finally, we estimate the expansion of the thickness when a wandering domain is rescaled.

Lemma 11.5. Given § >0 and I' D I" 5 I. There exists € > 0 such that for all F € F5(I" x I' | €),
the following property holds for all n > 0:
If S C G, is a square, there exists a square S' C ¢,(S) such that

1(S) = Al(S).

Proof. Let S = [x1,x] X [y1,y2], W =1(S), x = %[hn(xz,m) + hy(x1,y1)], and §” = [x — %W,x—f—
$W] x [y1,y2). Then S” is a square with [(S”) = I(S).
First we show that S C H,(S). It suffice to prove the inequality

1 1
hn(xz,t)<x—§W<x+§W<hn(x1,t) (11.2)
holds for all ¢ € [y;,y]. The four components in the inequality are associated to four points on the
horizontal cross section y = ¢. See Figure [[1.3|for an illustration.
We prove the first half of the inequality (11.2). By the mean value theorem, there exist & €
(x1,x2) and N € (yy,¢) such that

dhy
hn(-xlyyl)_hn(x27yl) = ’ ax (gvyl)

(X2 —x1)

and 3
En
hn(x27t) _hn(x2aJ’1) = a—y(Xz,n)(t—y1)~

By Lemma [6.22] there exists E > 1 such that

(x—%W)—hn(xz,t) = [x_hn(x27yl)]_[hn<x27t)_hn<x27y1)]_%w

107



11. The Bad Region and the Thickness

0.502
0.48;
[ H,(S) S
L hycd0,0) (x=3W.1) (+37.0) | (o
L (Ul RS Ul ]
0.44;
0.42;
0.40;
0.‘35 ‘ ‘ ‘ ‘ 0,‘40 ‘ ‘ ‘ ‘ 0.;5 ‘ ‘ ‘ ‘ 0.‘50

X

Figure 11.3.: Four points on the cross section y =¢.

g,
(E,y1)| (2 —x1) — ‘a—y(xz,n)

2[5
> (5-5lel-3)w
- 2

0

>

v

1
(f—)ﬁ)—EW

when € > 0 is small. Thus, the first half of the inequality is proved.

Similarly, we prove the second half of the inequality (I1.2). By the mean value theorem, there
exists N’ € (y1,t) such that

e,
Sn(xlat)_en(xlayl):a_(xlan/)(t_yl)'
y
Compute
1 1
o) = (x4 3W) = D) =21 [en<x1,r>—en<x1,y1>]—§vv
de, , 1
> 5‘ (S.31) )—‘a—y(xl,n) (t=y1)=5W
E
> (£-3lal- )
> 0.

Thus, the right inequality is proved.
Finally, let S = A,(S”). Then § is a square subset of ¢,(S) and

1(S) = Al (S") = Al(S).
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11.1. Thickness and largest square subset

As before, we adapt the subscript n to the notation of the thickness w, = w(J,). By Lemma
[I1.4]and Lemma|[I1.5] the contraction rate of the thicknesses for elements in a closest approach is
estimated by the following.

Proposition 11.6. Given § > 0 and I" O I" 5 1. There exist constants € > 0 and ¢ > 0 such that
forall F € F5(I" x I' €), the following property holds:

Assume that J C AUB is a compact subset of a wandering domain of F and {J,,}, _, is the
J-closest approach. Then

€]

Ly

Wyl =€ n

foralln > 0.

Proof. Let € >0 be small enough such that Lemma|[11.4Jand Lemma[11.5]holds. The sets {J,},_
are compact by the continuity of Hénon-like maps and rescaling.

For the case that J, C A, (), let I be a largest square of J,. By Proposition there exists a
square I C Fy,)(I) C Ju11 such that

We get

€l

L)
For the case that J, C B,(,), let I be a largest square of J,. By Proposition E[‘, there exists a

square Iy C Fy(,)(I) C Fp(y)(Jn) such that

Wil > 1IN > ¢

Also by Proposition|1 1.5} there exists a square [j+1 C @) (1;) C CIDi (n) © Fyn) (J) such that

I(Ijv1) = Apny1L (1)
for all 0 < j < k,. We get

ky—1 £, -
Wn+121(1k,,)=(H lr<n>+j)l(lo)zc” ol = el
j=0

O

Remark 11.7. The original proof was based on the area and horizontal cross-section estimates
briefly mentioned in the beginning of this chapter instead of tracking the sizes of the largest square
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11. The Bad Region and the Thickness

subsets. However, the area argument is discarded by two reasons. First, to estimate the horizontal
cross-section of a set, we need to find the lower bound of a/I. This means that we need to repeat the
arguments in Chapter 10| to find the upper bound for / and the lower bound for a. This makes the
argument several times longer than the current one. Second, to select a subset from the wandering
domain after it enters the bad region, the area approach makes it hard to find the upper bound of /
for the subset.

Since ||€,|| decreases super-exponentially and |I)/| increases exponentially as the number of
renormalizations n approaches to infinity, we can simplify the estimate.

Corollary 11.8. Given 8 > 0 and I' D I" 5 I. There exist constants € > 0 and ¢ > 0 such that for
all F € Z5(I" x I' €), the following property holds:

Assume that J C AUB is a compact subset of a wandering domain of F and {J,,},_, is the
J-closest approach. Then

e

foralln > 0.

11.2. Double sequence

In this section, we study the relationships between the horizontal sizes and the thicknesses of
the elements in a closest approach. We first define a sequence with two indices, called a double
sequence. A double sequence consists of rows. Each row is a closest approach (Definition [7.6) and
represents an entry to the bad region.

Definition 11.9 (Double sequence, Row, and Time span in the good regions). Let 6 > 0 and I" D
I" 5 1. Assume that € > 0 is small and F € .#5(I" x I',€) is a non-degenerate open map.

inen g square subset J C AU B of a wandering domain of F'. Define {Jr(,j )}nzo,o <j<j { Fn(j ) _
(f,Ej) - s,g]),x)}nz()’oSK;, and {”(j)}ogjg for some j € NU {O,w by induction on j.

Base case: For j =0, set J(go) =J and FO(O) =F.

Row: The super-script j is called row. The first set J(()j ) of a row is a square subset of a
wandering domain of Fo(j ) in A(Fo(j )) U B(Fo(j )). The elements {J,(,j )} . in the row
n=
form a J(g" )_closest approach. See Definition
Induction step: Consider a row j. If an element from the row enters the bad region, i.e. k,(ij ) >

K ((Jj)) for some n > 0, let J U) be the first element. The nonnegative integer n\¥) is
rl)(n) n()

called the time span in the good region of row j. Define the first element Jéj U of the

next row j+ 1 to be a largest square subset of J}%H and set Fo(j ) _ Fr(d:)) (a1 1) If

the elements in the row stay in the good region forever, then the construction stops,
set j = jand nl) = co. If the construction never stops, set j = oo.

IFor the case j = oo, this means that the sequence is defined for all finite positive integers j.
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Square  Good Bad 0 .0
(0) (0) (0) #(n(©) " r(n(0)) (0)
T 01 0 Lo —"
largest square spibsdt
v
largest square spibsdt ’ /
( (I)k<J U ) OF(ji—_l)
G-1) , (-1) (G=1) | o) ) (-1 ,
JO Jn e | JnG* n(7*1)+1
J
e Good
J9 /0

Figure 11.1.: The construction of a double sequence.

The sequence { ,Sf' ) with two indices is called a double sequence generated by J or a

}n>0 0<j<j
J-double sequence. The integer j is the total number of rows (enters the bad region j times). Figure
[ITL.1lshows an illustration of the construction.

Remark 11.10. Unlike the J-closest approach, a J-double sequence may not be unique because the
way of selecting a largest square subset of a set may not be unique.

To be consistent, the superscript is assigned to the row and the subscript is assigned to the renor-
malization scale or the index of the element in a closest approach. For example, the superscript

is introduced to the notations: A}’ :A(Fn(j)), BY = B(F, FY )) 0 = C(Fn(j)), Dy = D(Fn(])),

1) = l(J,gj)), ) = h(J,(,j)), wi) = w(J,sj)), and k) = k(J,g )). In the following, we write r(n) =
#/)(n) when the context is clear. For example Fr((jn)<j>+1) = Fr((J )) ( D1y Also, let /) = 8((’2( 0y
KU) = Kr((j}z( iy and k\/) = kfl{j)). For convenience, set m\/) = n(/) +

Example 11.11. Figure [T1.2] shows an example of the construction of a double sequence. In

0) _

this example, the Hénon-like map is the same map as in Example Given a square J;

[—0.6642, —0.6632] x [0.320,0.321] C A and let +?(0) = 0.

By the construction of the closest approach, Jl(o) = Fr((%)) (Jéo)) and 9 (1) = r(9(0) = 0. From
the figure, we see that Jfo) C B,(0)(1). The term & from the Hénon-like map is so large such that
C;(1) intersects the image Fy(Dg). Thus Kr(?l)) = Kéo) =0 and Jl(o) is contained in the bad region.

Set n® = 1.

Then we start a new row j = 1. SetJ | (O) = CIDkEO) 0) oFr((On)(O () 7 o) = ¢(§0) oF (0)( (O)). At this
(0) 0)

H gives a good approx1mat10n of the horlzontal size [ n0)41 S shown

(0)
F 041"

moment, the thickness w

in Figure|11.2d| Let J(() ) be a largest square subset of J (Flgure 11.2e)) and Fo( ) =
We continue to add new rows until the sequence stops to enter the bad region.
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11. The Bad Region and the Thickness

|

&

0.002
-0.662
0.322} 0
Jf,m)) 0.
0 (/0
JBO) -0.664 / F,(, (B,un) (Jf,(u)) )
0320} 0,002
-0.666
0318 ‘ ‘ -0.004
-0.666 -0.664 -0.662 -0.004 -0.002 0. 0814 0816 0818
(0) (0) (0) ( 4(0)
(a) J () © £ (49
{ 0.004002f ,
)
0.006 B St
[] (e) 0.004
I . i
0.004 JiV
0.002| ]
‘ ‘ ‘ 0.003998 | ‘
0908 091 0912 0914 0911254 0911256
(d) s (e) The beginning of a new
n(0)+]

row.

Figure 11.2.: An example of a double sequence. The graphs are the domains of FO(O) and FI(O) =

FO(I) from the left to the right. The arrows indicate an iteration or a rescaling from
one element to the other one. The sub-figures (a), (b), (c), (d), and (e) are elements
of the double sequence in a zoomed scale. The scales of (a), (b), (c), and (d) are the
same.
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11.2. Double sequence

Next, we study the relationships between the horizontal sizes and the thicknesses of the elements
in a double sequence. Consider a row j, the first element J(()J ) of the row is a square. So léj ) = w(()" ),

When the elements stay in the good region (n < n/)), the horizontal sizes of the elements expand

at a definite rate by the expansion estimate l,(li) 2 E l,(,j ) (Proposition |10.11)). The horizontal sizes
() ({)
n'\

keep growing until an element J\/) enters the bad region. At this moment, the horizontal size [/’
n (J ) 7) —+1

of the next element J ( ) (U ) of the current element
n<1>+] n(])

J’% To take back control, we have to make use of the thickness w i to bound the horizontal
(J)
n(i)

cannot be estimated by the horizontal size [
()

n)

size [

H from below. Then we apply Proposition [11.6| to relate the thickness WE,J(E)H with the
()

horizontal size [ of the first element. Finally, by definition, the horizontal size l(()j +1) and the
thickness wéj 1 of the first element J(()J 1 of the next row j+ 1 equal to the thickness wi{3>+ L
From the discussion, we are able to control the horizontal size of any element in the double

sequence.

Proposition 11.12. Given § > 0 and I' © I" 5 I. There exist constants € > 0 and E > 1 such that
for all non-degenerate open maps F € I5(I" x I'€), the following properties hold:

Let J C AUB be a square subset of a wandering domain of F and {J,Sj ) } 00 i be a J-double
n>0,0<j<j
sequence. Then

1. Y > 2mn HeU)H +1n1Y forall 0 < j <71 and

2. I,SQI > El,(,j)for alln <n) and all 0 < j < 7.

Proof. Let € > 0 be small enough such that Proposition [10.11|and Corollary hold.
By Corollary|11.8} we relate l(()J ) Wwith l(()J ) by the inequality

D 0

(el o= s )

2
= <c3

where ¢ > 0 is a constant. Apply the nature logarithm to both sides, we get

i > %m(j) (mHg(j)HJr%lnc)Hnl(()j)
> zm(j)lnHe(j)H + il

Here we assume that € is small enough such that %lnc > %ln“e(j)“ foral0<j<j—1to

assimilate the constants. .
The second inequality follows from Proposition [10.11} the definition of n\/), and a square is
R-regular when € is small. U
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11. The Bad Region and the Thickness

The next proposition relates the perturbation € of two consecutive rows.

Proposition 11.13. Given § > 0 and I' O I" 5 I. There exist constants € > 0 and o > 0 such that
for all non-degenerate open maps F € I (Ih x I, €), we have

He(ﬂrl)” < He(j)’ ||

(11.3)

forall0<j<j—1.

Proof. By Proposition[5.26] we have

G+1)

i+1
HE(H )H = || Ernti+n)

Do <e (e ) =< ()

for some constant ¢ > 0. Apply the logarithm to the both sides, we get

€

<[]

In HeU“) H <2 Hs(j) H fine <2811 He(f> H (11.4)

when € > 0 is small enough.
Consider the entry to the bad region in row j, we have k) > K/). By Proposition [9.4]and the
change base formula, we get

In2

O ) konmr L 1 ™
ok S oKV ()L ) > —— (11.5)
||

for some constant ¢/ > 0. Let o = 61{:12/1 > (. Combine (11.4) and (11.5)), we obtain

3a 2a
e <5 (i) e < (qetg) ]

when € > 0 is small enough. Note that In He(j ) H < 0. Here we also assume that € is small enough

such that o
C_/ ; >c_/(i)a> 1
2 Hg(J')H — 2 g

for all j > 0. This proves the proposition. [

11.3. A closest approach have only finite entries to the bad region

According to Proposition [IT.12] a strong contraction applies to the horizontal size whenever an
element in a closest approach enters the bad region. This conflicts our final goal of showing that
the horizontal sizes approach infinity. In this section, we resolve the problem by showing that a
double sequence can have at most finitely many rows, and conclude that the amount of contraction
is bounded.
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11.3. A closest approach have only finite entries to the bad region

contraction ] | el | ‘ w41

7\

o le e )
owj o I o IO e

owjr1 T E Y E B ) e e

(. J/
-~

. (j+1)
expansion E”

(0 i ()

n(])

Figure 11.1.: The contraction, the expansion, and the sizes of the elements in the j-th and the
(j+ 1)-th rows.

We first prove the two-row-lemma.

Lemma 11.14 (Two-row-lemma). Given § > 0and I’ O I" 5 I. There exist constants € > 0, E > 1,
and o > 0 such that for all non-degenerate open maps F € I5(I" x I' | €), the following property
holds:

Let J C AUB be a square subset of a wandering domain of F and {J,(lj) } 00 i< be a J-double
n=20,0<j<;

sequence. Then the time span in the good region nl) =ml) —1 of row j is bounded below by

o
G) s _ IME ) L o)
() R (1o

forall0 < j<j—2.

The two-row-lemma is the key lemma. It relates the size of the bad region with the contraction
and the expansion of the horizontal sizes of the elements in two consecutive rows, the j-th and the
(j+ 1)-th row. See Figure for an illustration. The right hand side of contains three
terms. The first term comes from the expansion of the elements in the (j + 1)-th row, equation
(TL.8) from the proof . If the expansion is large, then the contraction of the j-th row is strong
because the size of the element J}i{ jt})) cannot exceed the size of the bad region. The second term
comes from the size of the bad region of the (j+ 1)-th row, equation from the proof. The

quantity is large since the size of the bad region HSUH) H of the (j+ 1)-th row is much smaller

than the contraction rate for the thickness Hs(j ) H of row j (Proposition|11.13]). This is because a

large amount of rescalings k) was applied to the step Ji{% — J’E{ J?>

i during the first entry to the

bad region. The last term comes from the size of the initial element J(()j ),

Proof. (Proof of Lemma|l1.14) First, we consider the (j+ 1)-th row. The horizontal size of Jr(l{;:))

is bounded by the size of the bad region. By Proposition[9.4] there exists a constant ¢ > 0 such that
(+1) j
L5 <2cq/|ebtD]). (11.7)
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11. The Bad Region and the Thickness

Also, the horizontal sizes of the elements in the (j+ 1)-th row expands at a definite rate. There
exists a constant £ > 1 such that G .
EVTVITD < Ut (11.8)

= "pl+D)

by Proposition [I1.12] After combining the equations (I1.7) and (T1.8), we get

lnléjﬂ) < _m(j+1) lnE + %h’l He(j+1) H —+ (lnE —|—11’12C) . (119)

Then, we consider the j-th row. The thickness of the elements in the j-th row contracts. By

Proposition[IT.12]and (11.9)), we have

2D e < g~ ngf

. 1 ; j
< —mUtDnmE+ 51n Hg(J“)H + (InE +1n2c¢) —lnl(()J).

Since In He(j) H < 0, we solve

. |
InE (Hn+1mWUHH InE-+In2c  Iniy

() z
ST 0 K T 0 BT ) T 0 )

Finally we apply Proposition [IT.13]to simplify the second term. Compute

2o
() InE (j+1) l 1 InE +1n2c 1 )
"2 e _+4<H5”H T om0 T 2mfeo] ™
)“]

mE ey, [ il 1 “+mE+m%
—2m 0] leDfl )[4\ gD}~ 2mn[eW]

()
TR

el

o

InE . 1 1 ;
= (D) ()
~2m el " +<He<f>u> om0

Here we assume that € is sufficiently small such that

1 “+mE+m%
4\ [leW 21n ||l

for all j > O to assimilate the constants. ]

a
> 1

&

Next, we use the two-row-lemma to prove that a double sequence have at most finitely many
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11.3. A closest approach have only finite entries to the bad region

rows. Before carrying out a careful proof, we first use a reduced version

o
L ) I (L
() R

of the inequality (11.6)) to give an intuition of how the two-row-lemma works in the proof.

First, we consider the first two rows: the O-th and 1-st rows. At this moment, we do not have any
information from the time span in the good region m") of row 1. The recurrence relation (11.10
gives a large lower bound from the second term

o
1
Mm>0+(ﬁﬁﬂ>' (11.11)

The large lower bound comes from the fact that the size of the bad region of the 1-st row is much
smaller than the contraction rate of thickness from the O-th row.

Then, we include one additional row into the estimation. Consider the first three rows: the 0-th,
1-st, and 2-nd rows. We apply recurrence relation (11.10) to the 1-st and 2-nd rows. By the same

reason, we have o
1
MU><WEW>' (11.12)

Then, we apply the recurrence relation (T1.10) to the O-th and 1-st rows

a o
(0) ! 1 1
> e (o) +(jeor) - s

~~ >
improvement from the new row

Unlike the lower bound estimated from only two rows, the additional row gives an im-
provement to the lower bound by knowing that m) is large. In fact, the improvement (the first
term) is much larger than the original estimate (the second term) because of Proposition [[T.13]

Then we continue to add more rows. Each time when we include another row, we improve the
lower bound of the time span in the good region. By induction, we will show that the lower bound
approaches infinite if a double sequence has infinitely many rows. Therefore, a double sequence
cannot have infinitely many rows.

The complete argument is done by the following lemma.

Lemma 11.15. Given 8 > 0 and I’ O I" 5 I. There exist constants € > 0 and o. > 0 such that for
all non-degenerate open maps F € Z5(I" x I' ), the following property holds:

Let J C AUB be a square subset of a wandering domain of F and {J,(lj ) } 00<ic be a J-double
n>0,0<j<j

sequence. Then the time span in the good regions nt) of row j is bounded below by
2k N 1
le||*  —2In[|eW]

m) =n) 41> i’ (11.14)
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11. The Bad Region and the Thickness

forall jand k with0 < j < j—2and 0 <k < (j—2) — j. In particular for the case j =0

k
0) _ (0) 2 1 (0)
m® = n +1>HE(O)HOCJF_zmng(o)HlnzO (11.15)

forall0 <k<j—2.

Proof. In the lemma, the value k42 is the number of rows that we use to estimate the lower bound.
We prove that (11.14) holds for all 0 < j < j —k — 2 by induction on k < j —2. Let € be small
enough such that Proposition [TT.12] Proposition [IT.13] and Lemma [IT.14] hold.

Consider the base case k = 0. By (11.6)), we have

o
. InE - 1 1 '
() _mE (D ()
"7 o] *‘(Hdﬂﬂ) ETIED
1 1 ;

> i/

[e0 ] " —2m]Je0]

forall jwith0 < j<j—2.

Assume that there exists k with 1 < k < j— 2 such that (11.14) holds for all j with 0 < j <
j—k—2 Ifk+1<j-2and0<j<j—(k+1)—2,thenk<j—2and 1 <j+1<j—k—2.
By the induction hypothesis, we have

S S S — (11.16)
et =2l " -
Substitute (TT.16)) into (TT.6)), we get
(/) InE 2¢ InE 1 (41)
" [0 el [[F T —2mn][e0)] —21n][el ]| nly
)
* —2In ||eW|| Inlg". (11.17)

To simplify the first term of (I1.17), we apply the inequality Inx < x and Proposition [TT.13]
Then

InE ok mE [ 1 allel - 1\
n k| nL k+2
2[00 Jei[7 | 2 (HdﬂH> = (HdﬂH> |

Here, we assume that € is small enough such that

5> =)
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11.3. A closest approach have only finite entries to the bad region

and e
aHs(j)H 2>«
for all j > 0.
For the second term of (11.17)), we apply Proposition|11.12} Compute
InE 1 a G
~2in el —2mn][e0] "

&

[T "™ " 2 [[e0] 2l ] M0

Combine the results to (11.17]), we obtain

o
() wokt2| 1 o WmE 1 _ hE )
mee2 (new\») o feT " S e\ Sam sG] ) M0

Then
InE .
- = (J)
(”—zmnewﬂw)m

o
(e 1 _mE 0
B (HE(")H> T om0 <1+_21HHS<J-+1)”>11110 ,

Solve for m{/ ), we get

—1 o
() k42 InE 1 1 ()
S (”—zlnuMn) (Hew\\) IETICT R

To simplify the inequality, we assume that € is small enough such that

InE InE

“2mnf[e0] = —2mnE

for all j > 0. Therefore, we showed that the inequality also holds for £+ 1
2k+1 1

()
" et 2mem] ™0

m\

and the lemma is proved by induction. 0

The lemma shows that the contraction of the size of the bad regions beats the contraction of
thicknesses because lower bound of (11.15]) tends to infinity as k approaches infinity. This proves
that

Proposition 11.16. Given § > 0 and I’ O I" 5 I. There exists a constant € > 0 such that for all
non-degenerate open maps F € I5(I" x I',€), the following property holds:
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11. The Bad Region and the Thickness

Let J C AUB be a square subset of a wandering domain of F and {J,(lj ) } 00 s be a J-double
n>0,0<j<

sequence. Then the number of rows j is finite.

11.4. Nonexistence of wandering domains

Finally, we prove the main theorem.

Theorem 11.17. Given § > 0 and I’ O I" 5 I. There exists a constant € > 0 such that a open map
F € J5(I" x I' ) does not have wandering domains.

Proof. Assume that € > 0 is small enough such that Propositionholds and F € J5(I" x I €).
There exist 0 < 8g < § and I € I}y C I" such that F,, € 4, (I} x I}, €) for all n > 0.

Prove by contradiction. Assume that F has a wandering domain. Let € > 0 be small enough
such that Proposition and Proposition @I holds for 8z and Iﬁ X II@. By Proposition m

there exists N > 0 such that Fy € ng (It x I3 E). Set F = FN|1£X11;$.

By Corollary Fy has a wandering domain J in D(Fy) C I"(Fy) x I};. 1If J C B(Fy), then
J C I} x I and so F2(J) C B(Fy) N (If x I}). If J C A(Fy), there exists n > 0 such that F"'(J) C
B(Fy) by Proposition If J C C(Fy), then F(J) C B(Fy). Without lose of generality, we may
assume that J C B(Fy) N (I} x I}}). Hence, J C B(F') is a wandering domain of the restriction .

Let J be a nonempty square subset of J and {J,l] )} 00 i be a J-double sequence. By Propo-
n>0,0<j<j

sition|11.16} j is finite. Then the second property of Proposition|11.12|implies that
(/)

lim ;) = oo
n—soo
which is a contraction. Therefore, F' does not have wandering domains. O

Remark 11.18. Theorem also applies to infinitely CLM-renormalizable maps. This is be-
cause without loss of generality, we can always start from a Hénon-like map that is close to the
map G by the hyperbolic of the renormalization operator, and all maps that are close to G are
renormalizable.

As an immediate consequence, we have
Corollary 11.19. Given § >0 and I’ O I" 5 I. There exists a constant € > 0 such that for any non-

degenerate open map F € Jg(I b1 v €), the union of the stable manifolds for the period doubling
periodic points is dense in the domain.

From the classification of the w-limit sets [GvST89, [LM11], almost all orbits approach to the
renormalization Cantor set which is conjugated to the dyadic adding machine. However, the theo-
rem shows that the orbits that do not approach to the Cantor set form a dense set in the domain.
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Nomenclature

Notation Description

A,B,C
A,B,C
o)

A~~~ /—~~

TR DO QS TmMe o AAn

EF§

SN

Partition of the domain D for unimodal map
Partition of the domain D for Hénon-like map
Critcal point and its orbit

Subpartition for C,, with rescaling level j

Left component of C,,(f)

Right component of C, ()

The Hénon-like map is defined to be a self-map on D C I" x I"
Perturbation component for Hénon-like map
Hénon-like map

Unimodal component for Hénon-like map
Fixed point for R

Fixed point for R,

Nonlinear part of the Hénon rescaling
x-component for Hénon-like map

Reflection point

Class of Hénon-like maps

Vertical size

Horizontal domain for a Hénon-like map
Vertical domain for a Hénon-like map

Class of infinite renormalizable unimodal maps
Class of infinite renormalizable Hénon-like maps.
J-closest approach

Level of rescaling

Boundary for good and bad regions

Horizontal size

Affine part of the Hénon rescaling

Universal constant 2.5029. ..

/

Sn

Time span in the good region for row j in a double sequence of wandering
domain .
Periodic point with period 2/ for the unimodal map f,
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Page
23
45
23
54
54
54
43
41
41
41
50
35
48
41
23
41
77
41
41
24
50
76
76
83
77
49
34
50
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Nomenclature

Notation
pu(Jj)

Description

Periodic point with period 2/ for the Hénon-Like map F,
Hénon rescaling

Nonlinear rescaling from renormalization level n to n+ j
Periodic point in C with period 2" for g

8(q(Jj))

Periodic point in B with period 2" for g

Negative value of ¢°(j)

Positive value of ¢°(f)

Level of renormalization of the sequence of wandering domain J,
Renormalization operator about the critical point
Renormalization operator about the critical value

Affine part of the Hénon rescaling

Affine rescaling about the critical point

Affine rescaling about the critical value

The tip of an infinite renormalizable Hénon-like map
Class of unimodal maps

Class of renormalizable unimodal maps

Class of unimodal maps with holomorphic extension on a §-neighborhood
Thickness

Local stable manifolds of p(0)

Local stable manifolds of p(—1)

Local stable manifold of p,(j)

122

Page
54
49
50
36
56
36
63
63
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24
49
24
24
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23
23
41
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Part Il.

Other combinatorics
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12. Outline

The proof for nonexistence of wandering domains is motivated from the case of unimodal maps.
In Chapter[I3] we present a proof for the nonexistence of wandering intervals for infinitely renor-
malizable unimodal maps with stationary combinatorics other than period-doubling combinatorics.
The theorem is first proved for the case of admissible combinatorics (Section [13.4) then the result
is extended to other stationary combinatorics (except the period-doubling combinatorics) by the
shifting trick (Example [[3.24)). The main goal of this chapter is to introduce a Markov partition
formed by gaps and trapping sets (Section [I3.3]) which is designed to visualize the expansion of
the topology. From the expansion of the topology, we prove an estimate on the hyperbolic length
(Proposition [I3.61)): the hyperbolic length of a rescaled orbit of a wandering interval, called the
closest approach, expands uniformly. The partition and the expansion estimate will be generalized
to Hénon-like maps (Section [I7). As a result, if a wandering interval exists, then the hyper-
bolic length of the sequence elements diverges to infinity which leads to a contradiction. Therefore,
wandering intervals cannot exist.

In Chapter [I4] we give an introduction to the renormalization of Hénon-like maps. Separators,
vertical strips, and induced unimodal maps (Section[14.2)) are the tools which allow us to study the
topology of Hénon-like maps by unimodal maps. The topology of a Hénon-like map is character-
ized by the local stable manifolds of the periodic points. For a strongly dissipative renormalizable
Hénon-like map, the structure of how the local stable manifolds are allocated is similar to a renor-
malizable unimodal map of the same combinatorics type in the macroscopic scale. Therefore, the
Markov partition and its dynamical properties for unimodal maps can be generalized to Hénon-
like maps (Section by using the same definitions and proofs. Then we give a review of the
Hénon-renormalization operator based on the framework developed by Hazard [Haz11]. Most of
the other materials in this chapter can be found from the papers [dCLMOS5, LM11, Haz11].

The proof of the main theorem are covered by Chapters[I5] [I6] [I7] and[I8] The idea of the proof
is described as follows.

Assume the contrapositive, a Hénon-like map has a wandering domain J. We define a rescaled
orbit {J,},~( of J that closest approaches to the tip by iterating and rescaling J. The orbit is
called the J-closest approach (Definition [[4.45). Each element is also a wandering domain of
some renormalizations of the Hénon-like map. The transition between two constitutive sequence
elements J, — J,,+1 is called one step. The two elements are related by one iteration plus possibly
many rescalings. Motivated from the period-doubling case [Oul’7/] and the unimodal case (Chapter
13)), our goal is to show that the sizes of the orbit elements from a closest approach tends to infinite
and hence wandering domains cannot exist.

Motivated from the proof of the period-doubling case, we define the good region and the bad
region in Chapter [I5] The good region is an area in the domain where the Hénon-like map be-
haves like an unimodal map; the bad region is an area where it behaves different from a unimodal
map. In particular, we will show in Chapter [16| that the topological arguments and the expansion
estimates from Chapter On the other hand, a strong contraction occurs whenever an element
from a closest approach enters the bad region. The definition and properties of the good region

125



12. Outline

and the bad region from the period-doubling case can also be used in the arbitrary stationary com-
binatorics because the geometric properties used in the definition and proofs are universal for all
combinatorics.

In Chapter [I6] we define hyperbolic size to study the expansion of the elements from a closest
approach. The hyperbolic size measures the relative horizontal size of a set in some larger base set
by using the hyperbolic metric. It is a generalization of hyperbolic length to two-dimensions. A
class of C3 curves, called regular curves, is used to measure the hyperbolic size. For each regular
curve, the hyperbolic size of a set on the curve is the hyperbolic length of the intersection of the set
with the curve. The hyperbolic size of a set is the supremum over the measurements on all regular
curves (Definition [16.3]and Figure[16.I).

After defining the hyperbolic size, in Chapter we study the expansion of the orbit elements
in the good regions by using hyperbolic size. This replaces the Euclidean expansion estimates
in the proof of the period-doubling case. We proved that the restriction of the Hénon-like map
or the rescaling map to a regular curves is a map with negative Schwarzian derivative when the
Hénon-like map is close to a unimodal map with negative Schwarzian derivative. And proved that
the class of regular curves is invariant under iteration and rescaling. The two results show that the
hyperbolic size of a set expands under iteration. In fact, the topology of the Hénon-like map also
expands under iteration and rescaling by applying the tools for induced unimodal maps (Section
[14.2) to the expansion argument for the unimodal maps (Section[I3.6.1). Therefore, the hyperbolic
size of the sequence elements in a closest approach expands uniformly when the elements stay in
the good region (Proposition [17.32).

Finally, we take care of the contraction of hyperbolic size when a sequence element enters the
bad region in Chapter [[§8] The arguments from the period-doubling case also applies to arbitrary
stationary combinatorics. When a sequence element J,, enters the bad region, the (horizontal)
size of the next element J,, | is determined its horizontal cross-section, and the cross-section can
be estimated in terms of the area. Thus, a strong contraction on hyperbolic size is applied to
the step J, — J,+1 because the Jacobian of a strongly dissipative Hénon-like map is small. The
key observation is the sequence can enter the bad region at most finitely many times (Proposition
[I8.11) and hence the total amount of contraction is bounded. Of course, the reader can follow the
original proof from the period-doubling case to reproduce Proposition [I8.11] But here we present
a different proof for Proposition

To summarize, we study the hyperbolic size of the elements in a closest approach. The expansion
argument shows that the hyperbolic size expands uniformly when the elements stay in the good
regions. However, the size contracts whenever an element enters the bad region. We show that
contraction is bounded and hence the hyperbolic size approach infinity. Therefore, a wandering
domain cannot exist.
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13. Expansion Argument for Unimodal Maps

In this chapter, we study the topological structure of an infinite renormalizable unimodal map with
stationary combinatorics. The topological structure of a map is characterized by its periodic orbits.
We will use the periodic orbits to define three types of intervals: cyclic intervals (Section [I3.2),
trapping intervals, and gaps (Section [I3.3). The periodic intervals allows us to define unimodal
renormalization. The trapping intervals and gaps form a partition on the domain. We will study
the dynamics of the unimodal map on these intervals.

The main goal of this chapter is to introduce an expansion estimate for hyperbolic length (Propo-
sition[I3.61). It can be used to reproduce a classical theorem: an infinite renormalizable unimodal
maps with stationary combinatorics does not have a wandering interval (Theorem [13.63). For
a strongly dissipative infinite renormalizable Hénon-like map with stationary combinatorics, the
topological structure is similar to an infinite renormalizable unimodal map with the same com-
binatorics type in the macroscopic scale. Hence, the three types of intervals and the expansion
estimate can be generalize to Hénon-like maps under some proper conditions. The generalization
of the expansion estimate is one of the key ingredients for proving the nonexistence of wandering
domains for Hénon-like maps.

13.1. Class of Unimodal Maps

Definition 13.1 (Class of unimodal maps). Assume that ¥ > 0, 6 > 0, and I" is an interval that
contains [—1,1]. Denote % (I") to be the class of real analytic maps f : I" — I" that has the
following properties:

1. The map has a unique critical point ¢ such that ¢ € [—1,v — k| where v = f(c) is the critical
value. The critical point is nondegenerated.

2. The point —1 is the unique expanding fixed point with positive multiplier (derivative) A >
1 + k. It satisfies the identity f(1) = f(—1) = —1.

3. The map can be factorized as f = Qo ¢ where Q(x) =v— (v+ 1)x? and ¢ is a R-symmetric
univalent map on I"(§).

4. The map has negative Schwarzian derivative.

Denote % = % «([—1,1]). This means that the map ¢ in the third condition is a real analytic
map on [—1,1].

Given € > 0 and a unimodal map g € % ,(I"). An open €-ball %; ,(I",g,€) is defined to be
the set of unimodal maps f € % ,(I") with 1f = &llms) <%

The notations defined in this chapter will also be adopted to Hénon-like maps. In the remaining
part of the article, we fix k¥ > 0 to be a small number and suppress it from the subscript % (I") =
02/3’,<(Ih). If there are multiple unimodal maps in the discussion, the subscript of will be used
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13. Expansion Argument for Unimodal Maps

to distinguish the objects that belongs to a specific unimodal map. For example, the value c; is
defined to be the critical point of g € %5 (I").

A unimodal map in interest will always have two fixed points, one has a positive multiplier and
the other one has a negative multiplier. Denote & to be the fixed point with positive multiplier and
B to be the fixed point with negative multiplier. The preimages of the fixed points will contain
a “bar” in their notations. In particular, the point &« = —1 and & = 1 from the convention in
the definition and B is the point (on the other side of the critical point) such that f(B) = B and
E # B. For an infinitely renormalizable map which is introduced later, there will also be two
collections of periodic points. Each collection is associated to the fixed point ¢ and the fixed point
B respectively. Those periodic points will also be named by () and B(j). It means the periodic
points associated to the j-th renormalized map. See definition[I3.9} For consistency, set &t(0) = c,
a(0) =a, B(0) = B, and B(0) = B. In the case of Hénon-like maps, there will also be two types of
local stable manifolds that are similar to the period orbits. The two types of local stable manifolds
will inherit the same name o and f3.

Another object P(j) is defined for the intervals that are invariant under some number of iterates.
Similarly, the value j means the invariant interval is associated to the j-th renormalized map. For
the class of unimodal maps in the definition, set P(0) = [ct(0), &(0)] = [—1,1]. This is an interval
invariant under one iteration. For a renormalizable unimodal map, the interval P(1) will be defined
to be an interval that is invariant under some number of iterations. See Definition In the case
of Henon-like maps, each of these intervals will be an area bounded by two vertical local stable
manifolds which is called a vertical strip.

13.2. Renormalization

To define the renormalization of a unimodal map, we need to find an interval P to define the self-
return map on that interval. The construction is as follows.

Definition 13.2 (Cycle). Assume that f € % has a unique fixed point § = B(0) with negative
multiplier. Also assume that the fixed point 8 is noncontracting. Set $(0) be the solution of
f(x) = B(0) with orientation opposite to 3(0). There are two cases: p =2 and p > 3.

For the case p = 2, we focus on the fixed point 3(0). Assume that the multiplier A of B(0)
satisfies A2 > 1 + k. Set & be the two cycle on Z,. Let (1) = o°(1) = ' (1) = B(0).

For the case p > 3, assume that the unimodal map has a periodic orbit of period p with expanding
positive multiplier A > 1+ k. The unimodal map f acts on the periodic orbit like a cyclic permu-
tation o on Z,. Let at(1) € (B(0), ®(0)) be the largest point in the orbit and &’ (1) = f(o(1)) for
t=0,---,p—1.

For both cases, define the sequence {a/ (1) f:ol of orbit such that

1. f(o(1))=ot*1(1) fort =0,---,p—2,
2. flar=1(1)) = a’(1),
3. the map has same orientation at o (1) and /(1) fort =0,--- ,p—2, and

4. the map has opposite orientation at a”~!(1) and aP~1(1).
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13.2. Renormalization

(0) al(1) Bi(1)  BI(1) a®(1)  aO(1p(0)  a(0) BT a(l)e’(l) O (0)
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(a) Period-doubling renormalizable (b) Period-tripling renormalizable

Figure 13.1.: The cyclic intervals of renormalizable unimodal maps

Set (1) = a%(1).

The sequence {P' = [o/ (1),05[—(1)]};’;01 is a cycle of period p (or of combinatorial type o) if
the interior of the intervals are disjoint and f(PP~!) C PY. An interval in a cycle is called a cyclic
interval. Set P(1) = P°. See Figures and for illustration.

Remark 13.3. From the definition, a two-cycle exists if and only if f([3(0),v]) C [3(0),B(0)].

Assume that {P' }fz_ol is a sequence of cycle. By definition, the restriction of f to P' — P'*lisa
diffeomorphism forr = 0,---, p — 2. Hence, f defines a self-return map on the cycle. This yields
the definition of renormalizable.

Definition 13.4 (Renormalizable). A unimodal map f € % is said to be renormalizable with com-
binatorial type ¢ (or -renormalizable) if there exists a cycle with combinatorial type o. The class
of renormalizable unimodal maps with combinatorial type o is denoted as % °.

A cyclic permutation o is called a unimodal permutation if there is a renormalizable unimodal
map of combinatorial type ©.

Two types of renormalization are introduced here. One is the usual unimodal renormalization
about the critical point. The cyclic interval P’~! contains the critical point. The renormalization
operator is defined to be the affine rescaled first return map f” : PP~ — PP=! on PP~!. Another is
the Hénon renormalization. The cyclic interval P? contains the critical value. The renormalization
operator is defined to be the nonlinear rescaled first return map f7 : P° — P? on P°. This will be
used in Section [I4.4] later for Hénon-like maps because Hénon-like maps cannot be renormalized
around the critical point. The definitions are stated below.

Definition 13.5. Assume that ¢ is a unimodal permutation and f € Z°.
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13. Expansion Argument for Unimodal Maps

1. The unimodal renormalization R* : % ° — % is defined to be R“f = s" o fP o (s*) "' where
st ij_l — Pres(0) is the affine map such that s”(ajf_l (1)) = ages(0) and s“(ozjf_1 (1) =

2. The Hénon renormalization R" : % ° — % is defined to be R"f = ¢ o fP o ¢! where ¢ :
Pr(1) — Pri¢(0) is a diffeomorphism defined by ¢ = s" o fP~1 and s” is the affine map that
satisfies @ (0 (1)) = Otgnr(0) and ¢(ar(1)) = agn (0).

One can easily verify from the definition that the two notions of renormalization coincides for
unimodal maps.

Proposition 13.6. Assume that ¢ is a unimodal permutation and f € % °. Then
1. s* =s"and
2. R“f =R"f.

From now on, we remove the super scripts u and /& because the two definitions are equivalent.

From the definition, it can be possible that a unimodal map is simultaneously renormalizable
under two different combinatorial types. For example, we will show in Section [13.4] that renor-
malizable maps of combinatorial type (1,4,3,5,2,6) is also period-doubling renormalizable and
the renormalization operator is a composition of a period-doubling renormalization with a period-
tripling renormalization. Define prime combinatorics to be the case when the permutation cannot
be decomposed into two nontrivial permutations. If the unimodal map is simultaneous renormal-
izable under two combinatoric types ¢ and p, then the super-scripts R° and RP will be used to
distinguish the two different renormalizations if necessary. . .

Given a unimodal permutation ¢ and a positive integer j. Denote % ' = ﬂfl;(l)R*”% % to be the
class of j-renormalizable unimodal maps with stationary combinatorics ©.

If a unimodal map can be renormalized recursively infinitely many times, then it is called in-
finitely renormalizable. In this paper, we will only consider infinitely renormalizable maps f such
that f,Rf,R>f,--- are all renormalizable with the same combinatorial type. This is called infinitely
renormalizable with stationary combinatorics. The class of infinitely renormalizable map with sta-
tionary combinatorics o is denoted as % ° . Both prime and periodic combinatorics are covered
in the case of stationary combinatorics. When the combinatorics ¢ is not a prime, it is infinitely
renormalizable with periodic combinatorics. For a unimodal map f € % ° , write f, = R"f. The
value n is called the renormalization level. The subscript n is used to indicate the associate renor-
malization level of an object. For example, 3, is the fixed point with negative multiplier for f,.
Also define @} = ¢, j_j0---0¢, for j > 1 and @Y = id. The map ®j, is a diffeomorphism that
maps from the renormalization level n to level n + j.

For each unimodal permutation o, there exists a unique fixed point of the renormalization op-
erator R with combinatorial type o. The existence of such map is provided by [EL81, ICERS2]
for period-doubling case and [Sul92] for other combinatorics. The fixed point will be denoted
as fg with the associate affine rescaling map s (x) = Agx where |Ag| > 1. By the hyperbolic-
ity of the renormalization operator [Lyu99], the renormalization R" f converges to the fixed point
geometrically.

For an infinitely renormalizable unimodal map with stationary combinatorics, the critical point
and the critical value satisfy the relations:
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13.3. Topological Structure of a Renormalizable Map

Proposition 13.7. Assume that f € %°  where & is a unimodal permutation and p = |c|. Then

1 cp= P! o, (cpi1) and
2. 0n(vp) = vt
foralln > 0.

Proof. Since ¢, is the critical point of f,,1 |, we have

0=f11(car1) = (o sl 00, ") (cat):

Then f, o fL o @§y(cy41) =0 for some 7 € {0,---, p— 1} by the chain rule. In fact, t = p — 1 because
. is a diffeomorphism from P, --- B} ! to their images. This proves the first equality.

The second equality follows directly from the first equality and the definition of renormalization.
O

As a consequence of the first equality, we have the following.

Corollary 13.8. Assume that f € %° where G is a unimodal permutation and p = |c|. Then ¢,

belongs to the forward orbit of (dD{l) (Cntj)-

13.3. Topological Structure of a Renormalizable Map

The topological structure of a renormalizable unimodal map is studied in this section. The topology
is determined by the orbit of its periodic points. There are two types of periodic point in interested.
Each type is related to the fixed point @ and the fixed point 3 respectively. A Markov partition
will be defined by using those periodic points. The dynamics of wandering interval will be studied
inside the partition.

Definition 13.9 (Periodic Points from deeper levels). Assume that f € % "' \where & is a uni-
modal permutation and N € {O, l,--- o0}

_ - N1, . N —1 Yany e
Define a(j) = (@ ) a(j) = (/) (). B(j) = (®/) " (B;). B(j) = (/) " (B)).
and P(j ( ) 1 for integers 0 < j < N. The definition is consistent with the previous
deﬁnmon of a(j), ( ),andP( ) for j =0and I.

Remark 13.10. For p # 2, the points &(j) and () are both periodic points of f with period p/.
For p =2, the points coincide &(1) = (0). Unlike the p # 2 case, the points &(0) and c(1)
are both fixed points of f and o(j) is a periodic point of f with period 2/~ for j > 1.

Remark 13.11. The rescaling map @}, is a differomorphism from P, () to P, x(j—k) for 0 < k < j.

Next, we focus on the periodic point B(1) € int(PO) and its orbit. The point B(1) is also a
periodic point of period p for f. The orbits {B" (1)}, !and {B*(1) o, ! are defined to be similar
to the orbits {o' (1)}, and {a (1)}~ as follows.
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13. Expansion Argument for Unimodal Maps

Definition 13.12 (Period orbit $7(1)). Assume that f € % ® where o is a unimodal permutation
and p = |o]|.
Define /(1) = f*(B(1)) and /(1) = f*(B(1)) fort =0,--- ,p—1.
For the point m the preimage ! (m) contains two points. Define 87 and 67 to be the left
and right point of the preimage respectively.
Remark 13.13. By definition, the points form an orbit 6%, 68 — BO(1) — --- — Br=1(1) — B°(1) —
= Br(1) = BO(1).

By using the periodic orbits, we define a partition on the domain by trapping intervals and gaps.

Definition 13.14 (Trapping Interval and Gap). Assume that f € % °® where o is a unimodal per-
mutation and p = |o|.

A trapping interval for f is an interval of the form 7" = [B*(1),B/(1)] where 0 <7 < p—1.

A gap is an interval between two neighboring trapping intervals. Precisely, it is a connected
component of [B1(1), BO(1)]\U”) T*.

The center trapping interval is TP~! and the center cyclic interval is PP~

See Figure [I3.1|for an illustration of the cases p =3 and p = 5.

Whether a trapping interval or gap contains its boundaries or not is not important for studying
the dynamics of a wandering interval because a wandering interval cannot contain any periodic or
pre-periodic point. In the remaining discussion, we will be careless about the boundaries of those
intervals.

The next proposition summarizes the topological properties of the trapping intervals, cyclic
intervals, and gaps.

Proposition 13.15 (Topology of trapping intervals, cyclic intervals, and gaps). Assume that f €
U where o is a unimodal permutation and p = lo|.

1. Each cyclic interval P! contains a unique trapping interval T/ and T’ € P/.
2. Any two distinct trapping intervals contains at least one gap in between.

3. The leftmost cyclic interval is P' and the rightmost cyclic interval is P°. The order of the

points in those intervals are o' (1) < (1) < B1(1) < &' (1) and a(1) < B(1) < B(1) <
a(l).

4. The unimodal map is monotone on each gap, trapping interval, and cyclic interval except
the center trapping interval and the center cyclic interval.

Proof. The proposition is left to the reader. [

13.4. Admissible Permutation

Admissible permutation is a restriction applying to the combinatorics ¢. The condition includes
all prime combinatorics with p > 3 and all non-prime combinatorics with odd order. To proof the
nonexistence of wandering domain for Hénon-like maps (or nonexistence of wandering intervals
for unimodal maps), we will first prove the case for admissible permutations then extend the result
to non admissible permutations with p > 3 by applying a shifting trick. See Example and
the proof of Theorem[13.63] The condition is defined as follows.
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Figure 13.1.: The cyclic intervals, trapping intervals, and gaps.
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13. Expansion Argument for Unimodal Maps

Definition 13.16 (Admissible Permutation). Assume that o € Z, is a unimodal permutation of
order p. The permutation o is not admissible if the order p = 2n is even and o({1,---,n}) =
{n+1,---,2n}. This condition automatically implies that c({n+1,---,2n}) = {1,--- ,n}. The
converse is called admissible.

Example 13.17. 1. The first nontrivial period is p = 4. The period has two unimodal permu-
tations. The first one is (1,3,2,4). This is not an admissible permutation and the renor-
malization operator is a composition of two period-doubling renormalization operators. The
second one is (1,2,3,4). This is an admissible prime permutation.

2. The second nontrivial period is p = 6. The period has five unimodal permutations. The
first one is (1,4,3,5,2,6). This is not an admissible permutation and the renormalization
operator is a composition of the period-doubling renormalization operator with the period-
tripling renormalization operator. The second one is (1,3,5,2,4,6). This is an admissible
permutation and the renormalization operator is a composition of the 3-renormalization op-
erator with the 2-renormalization operator. The remaining permutations are (1,2,4,5,3,6),
(1,2,3,5,4,6), and (1,2,3,4,5,6). The permutations are all admissible and prime.

The goal of this section is to prove Proposition [I3.22] The proposition gives the relation be-
tween non admissible permutations and period-doubling renormalization. It’s corollary also gives
a topological property that will be used in Proposition to prove that a rescaled orbit of a
wandering interval will always stays in the domain in interested.

The proof of the proposition will be separated into several lemmas. The first lemma proves a
topological property for non admissible permutation.

Lemma 13.18. Assume that ¢ is a unimodal permutation. If the permutation © is not admissible
then Br(0) < at(1) forall f € %°.

Proof. The lemma is true for p = 2 by the definition of period-doubling renormalization. The
unimodal permutation for p = 3 is admissible. We will only consider the case for p > 4.

If the conclusion is not true, then o' (1) < B(0). The unimodal map is increasing on [ct(0),c].
After iterating the inequality, we get o' (1) < at?(1) < B(0). Since f(x) > x for all x < $(0) and the
cyclic intervals are disjoint, we get a(1) < a*(1). However, this contradicts to ¢ is not admissible
because ! (1) < (1) < o(1) < a®(1). Therefore, the inequality 8(0) < a'(1) holds. O

The next lemma proves that the topological property implies period-doubling renormalizable.

Lemma 13.19. Assume that ¢ is a unimodal permutation. If B(0) < Oc}(l) for some unimodal
map f € %°, then f([B(0),v]) C [B(0),B(0)]. In particular, the unimodal map f is period-
doubling renormalizable.

Proof. By the definition of the fixed point B, we have f([B(0),3(0)]) = [B(0),v].
The interval [3(0), v] can be decomposed into two subintervals [3(0),v] C [B( ), a?(D]ula®(1),

a9(1)]. The iteration of the first subinterval becomes f([8(0),a’(1)]) = [« (1),[3( )] € [B(0),
B(0)] by the assumption B(0) < a'(1). The iteration of the second interval is f f([o O(1),a%(1)]
= [a!(1),a'(1)]. Since the interior of the interval [a! (1), ! (1)] cannot contain B(0) and it is the
left most cyclic interval, we get B(0) < o!(1) 1) < a”~!(1) < B(0) and hence f([a®(1),

a®(1)]) € [B(0),B(0)]. Therefore, f([B(0),v]) C [B(0),B(0)]. B
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13.4. Admissible Permutation

Lemma 13.20. Assume that f € % ° N %" where W is the two cycle, then PP~ C [B(0), B(0)].

Proof. The lemma is true because the two points a”~!(1) and a?—1(1) are the preimage of o(1),
a(1) C [B(0),v), the restrictions f : [3(0),c] — [B(0),v] and f : [¢,(0)] — [B(0),v] are homeo-
morphisms, and the intermediate value theorem. 0

The last lemma proves that period-doubling renormalizable implies non admissible. In addition,
the renormalization operator of a non admissible permutation can be factorized into a period-
doubling renormalization with another renormalization.

Lemma 13.21. Assume that & is a unimodal permutation. If there exists a o-renormalizable map
f € %°C that is also period doubling renormalizable, then G is not admissible.

In addition, if p # 2, then there exists a unique unimodal permutation p with order |G| /2
such that p acts like 6% on the even numbers. The period-doubling renormalization R*f is a
p-renormalizable map and the renormalization operator has a factorization R® f = RP o R* f.

Proof. Let 1 be the two cycle and (0) = a#-0(1). For a period-doubling renormalizable map, the
interval P#0U PH:1 = [B(0), B(0)] is invariant under iteration. Let {P' = [o/(1), a’(l)]}p:_l be a
o-cycle. Since the center cyclic interval PP~! is contained inside the interval by Lemma |13.20] the
whole cycle must stays inside the interval under iteration. Also, the interior of a cyclic interval can-
not contain the fixed point B(0). Thus, a cyclic interval must belongs to either P*! = [3(0), 8(0)]

or P40 = [B(0), B(0)]. Since the two intervals are mapped to each other under iteration, the per-
mutation o is not admissible. In fact, one can check that all the odd cyclic intervals P',- .., P21
are in P! and all the even cyclic intervals PY.... P2P=2 are in P* 0,

Assume that p # 2. Let ¢ be the rescaling for the period-doubling renormalization. Set
Otgu (1) = " (a* (1)) and Otu (1) = oH (a2 (1)) fort =0,---,p/2. The points {che,if(l)}f:/é
form a periodic orbit for R* f and the renormalized map R* f acts on the orbit as a cyclic permu-
tation p on Z,, that preserves the natural order. One can easily check that the orbit defines a
p-cycleand R°f = RP oR* f. O]

By combining the lemmas, we obtain the equivalent relations for non admissible permutations.

Proposition 13.22. Let 6 be a unimodal permutation and W be the two cycle. The following
conditions are equivalent:

1. The permutation G is not admissible.

2. Forall f € %°, the inequality Br(0) < Oc}(l) holds.

3. There exists amap f € % ° such that the inequality B¢(0) < a}(l) holds.
4. The inclusion % ° C U* holds.

In addition, if p # 2 and one of the conditions holds, there exists a unique unimodal permutation p
with order |G| /2 such that p acts like 62 on the even numbers. The inclusion R*% °© C %P holds
and the renormalization operator has the factorization R° = RP o RM.
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13. Expansion Argument for Unimodal Maps

Proof. The second property follows from the first property by Lemma[I3.18] The second property
automatically implies the third property. The last property follows from the second property by
Lemma[I3.19] And the first property and the factorization of the renormalization operator follows
from the last property by Lemma [I3.21] or follows from the third property by Lemmas [13.19]and
13.21] ]

Similarly, the converse also satisfies the properties.

Corollary 13.23. Let ¢ be a unimodal permutation and U be the two cycle. The following condi-
tions are equivalent:

1. The permutation © is admissible.

2. Forall f € %°, the inequality Oc}(l) < Bf(0) holds.

3. There exists amap f € % ° such that the inequality Oc}(l) < Bf(0) holds.
4. The two classes of renormalizable maps are disjoint % ° NU* = ¢.

Example 13.24 (Shifting trick). For an infinitely renormalizable unimodal map with non admis-
sible stationary combinatorics (1,4,3,5,2,6) (periodic renormalizable of the two-three type), the
proposition says that the period-doubling renormalization of the map is an infinitely renormalizable
unimodal map with admissible stationary combinatorics (1,3,5,2,4,6) (periodic renormalizable of
the three-two type). Thus, if a unimodal map is not infinitely period-doubling renormalizable, the
problem of non admissible combinatorics can always be reduced to the problem of admissible
combinatorics by applying some number of period-doubling renormalizations. This is called the
shifting trick.

13.5. Dynamics of Wandering Intervals

The goal of this section is to study the dynamics of wandering intervals in the Markov partition
formed by trapping intervals and gaps. We will focus on the case of admissible permutations due
to the second property of Proposition [I3.29]and the second property of Proposition [13.30]

First, recall the definition of wandering interval.

Definition 13.25 (Wandering Interval). A wandering interval J of a unimodal map f € % is a
nontrivial interval int(J) # ¢ such that

1. the orbit intervals J, f(J), - - - are pairwise disjoint and
2. the orbit intervals do not tend to a periodic orbit.

From the definition, a wandering interval can be constructed by iteration and rescaling as fol-
lows.

Proposition 13.26. Assume that f € % ° where G is a unimodal permutation.

1. IfJ C P(0) is a wandering interval of f, then f(J) C P(0) is also a wandering interval of f.
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13.5. Dynamics of Wandering Intervals

2. IfJ C P¢(1) is a wandering interval of f, then ¢ (J) C Prs(0) is also a wandering interval of
Rf.

Unlike the period-doubling case, the dynamics of a wandering interval will be studied inside the
smaller intervals, iteration interval and rescaling interval, instead of the larger intervals, P(0) and
P(1). The reason is to visualize the expansion from the topology to gain uniform expansion on the
hyperbolic length. The intervals are defined as

Definition 13.27. Assume that f € % °® where © is a unimodal permutation.

The iteration interval is D = [B'(1),9(1)]. The rescaling interval is R = [3°(1),v].

The prerescaling interval is Q = [6%,0%]. Tts left and right components are QF = [8,c| and
QR = [C7 OR]

See Figure for an illustration of the period-tripling case.

Remark 13.28. The iteration interval D and rescaling interval R here are smaller than the sets
defined for the period-doubling case (Definition 4.4). In the period-doubling case, the iteration
interval is P(0)\P(1) and the rescaling interval is P(1). The adjustments are necessary to obtain
uniform expansion of the hyperbolic length.

The rescaling interval R and the prerescaling interval Q satisfy the following properties:

Proposition 13.29. Assume that f € % > \where G is a unimodal permutation.
1. The restrictions f : Q% — R and f : Q8 — R are homeomorphisms.
2. The inclusions TP~'(1) € Q € PP~\(1) hold. In addition, if p > 3, then PP~'(1) € D.

We will consider wandering intervals that belongs to the iteration interval D or the iteration
interval R. A wandering interval will be iterated or rescaled by the following rules:

1. If the wandering interval is in the iteration interval D, then it is iterated by f.
2. If the wandering interval is in the rescaling interval R, then it is rescaled by ¢.

The next proposition shows that the rescaled orbit of a wandering interval that follows the rule
always stays inside the iteration interval and the rescaling interval.

Proposition 13.30. Assume that f € %° where & is a unimodal permutation. The iteration and
rescaling intervals satisfies the following properties:

1. fu(Dy) =Dy UR,.

2. In addition, if 6 is admissible, then ¢,(R,) C Dpy1 UR, 1.

Proof. The iteration interval D,, contains two branches [B,!(1),c] and [c,89(1)]. The unimodal
map f, maps [B,(1),c] homeomorphically to [2(1),v] and maps [c, 39(1)] homeomorphically to
[B,)(1),v]. Thus, the first property follows.

The second property follows from Proposition [13.7] and the second equivalent condition of

Corollary [13.23] O
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Jn fn+1
) ()
Dy <— 0y Dn—i—lg On
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(a) Brief diagram of the dynamics in different levels.
Jn
()
Dy G, G, N
f Mf
-1 (i L iy i
¢n71 \ ¢n
Ry Ry —---

(b) Details of the step D), Iy D,, are illustrated in the rectangle. The double arrows
=> are the steps where uniform expansion occurs.

Figure 13.1.: The dynamics of a wandering interval on the partition when the permutation is ad-

missible. The arrow f# means iterated by f;,, % means rescaled by ¢,,, and — means
belong to the target interval without iteration or rescaling.

Under the rules, the dynamics of a wandering interval on the partition follows the diagram in
Figure[I3.1] Figure[I3.1a]is the diagram obtained from Proposition[13.29]and Proposition [13.30]
Figure [I3.1D] contains the details of the step D — D.

Trapping intervals and gaps form a partition on the iteration interval D. A wandering interval
cannot intersect the boundaries of those intervals because it cannot contain periodic or pre-periodic
points. Thus, it must be contained fully inside a trapping interval or a gap. In the remaining part
of this chapter, we will study the expansion of hyperbolic length on the partition.

If a wandering interval is inside a gap, then it can be mapped either to a gap or to a trapping
interval because the boundaries of a gap are mapped to boundaries of gaps and trapping intervals.
If a wandering interval is simultaneously inside a gap and the prerescaling interval Q,, then the
gap must be adjacent to the center trapping interval T}’ -1

If a wandering interval is inside a trapping interval 7/, then the orbit must follows the path
T2 — ... 5 TP~' C 0, — R, by definition.

If a wandering interval is inside the prerescaling interval Q,, first it is mapped into the rescaling
interval R,. Then it gets rescaled into either the iteration interval D, or the rescaling interval
R, 11 of the next level of renormalization. If it enters the rescaling interval again, then we repeat
rescaling the wandering interval. Finally, the rescaling stops when it enters the iteration interval
D, 1 of some renormalization level. The whole process then repeats. The maximal number of
possible rescaling is called the rescaling level:

Definition 13.31 (Rescaling level). Assume that f € % " andJ C D,UR,isa wandering interval
where o is a unimodal permutation. Define the rescaling level k(J) as follows. If J C R, define
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13.6. Expansion Estimate

k(J) > 1 to be the maximal integer such that V) (J) C Dpyi(y)s if J C Qy, define k(J) = ko fu(J);
otherwise if J C D, \Qp, define k(J) = 0.

It is sufficient to consider the problem of wandering intervals in the smaller domains D and R
due to the following proposition.

Proposition 13.32. Assume that G is a unimodal permutation and f € % °. If f has a wandering
interval in P(0), then f has a wandering interval in [3(0), B(0)]. In particular, if G is an admissible

. 2 . ;
permutation and f € % °, then f has a wandering interval in D.

Proof. The interval P(0) can be partitioned into three subintervals: [a(0),(0)], [3(0),B(0)], and
[B(0),x(0)]. The last interval [$(0),t(0)] is mapped into the first two by definition. The first
interval [¢¢(0),(0)] is mapped into the first two. By the definition of unimodal maps, we have
min, 1. 55 (f(x) —x) > 0 forall y € (a(0), 3(0)]. Thus, the orbit of a wandering interval cannot
stay in the first interval forever and the proposition is proved by applying Proposition [13.26]

If ¢ is an admissible permutation, then [3(0),3(0)] C D by the second equivalent condition of

Corollary O

Finally, we define a rescaled orbit of a wandering interval, called closest approach, by following
the rules of iteration and rescaling.

Definition 13.33 (Closest approach). Assume that ¢ is an admissible unimodal permutation, f €
%", and J C D does not contain any periodic point and preimages of a periodic point. Define a
sequence {J,,},_ and the associate renormalization level {r(n)},_, by induction such that J, C
D,y for all n > 0 as follows.

1. SetJy =J and r(0) =0.
2. Abbreviate the rescaling level k, = k(J,,) whenever J, is defined.
3. 1IfJ, C Dr(n)\Qr(n)a set 41 = fr(n) (Jn) and I”(I’l—|— 1) = I’(l’l)

4. 1 Jy C Qp)s st St = Pt 0 foi)(Ja) and r(n+1) = r(n) + k.

The transition between two constitutive sequence element J,, — J,,. 1, one iteration together plus
some number of rescaling if possible, is called one step. The sequence {J,}, _, is called the
rescaled iterations of J that closest approaches to the critical value, or J-closest approach for short.

In the remaining sections, we will study the expansion of hyperbolic length for the elements in
a closest approach.

13.6. Expansion Estimate

In this section, we will introduce a way of measuring the hyperbolic lengths of the elements in
a closest approach. While the elements stay in the trapping intervals and gaps by definition, we
will measure the hyperbolic length in a larger interval that is called the base interval. We will
show that the base intervals are designed to visualize the expansion of the topology and produces
a definite expansion to the hyperbolic length. Our final goal is to show that the hyperbolic lengths
of the sequence elements expand at a uniform rate (Proposition[13.61). This will be generalized to
Hénon-like maps in Chapter[17]
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13. Expansion Argument for Unimodal Maps

13.6.1. Expansion from iteration

We first study the expansion of hyperbolic length while the sequence elements in a closest ap-
proach stays in the iteration interval D. The iteration interval D is partitioned by trapping intervals
and gaps. To measure the hyperbolic length of a wandering interval, an interval, called the base
interval, is assigned to each partition element. The hyperbolic length of a wandering interval will
be measured inside the base instead of the partition element that it belongs to. It is defined as
follows.

Definition 13.34 (Base interval). Assume that f € % ® where o is a unimodal permutation.
1. If T/ is a trapping interval with 2 < j < p — 1, define its base interval to be Base(T’/) = P/.

2. If G is a gap, define its base interval to be Base(G) = Ty, UG U Tg where Ty, and Tk are the
two adjacent trapping intervals of G.

A side of the base interval Base(S) is a connected component of Base(S)\S. Each base interval has
two sides, one on the left and the other on the right of the partition element S.

Remark 13.35. From Propositions [2.12] and [2.13] the hyperbolic length measured inside the base
set is comparable with the Euclidean length because the two sides have definite length.

Definition 13.36. If J C D,, is a wandering interval, the base interval of the wandering interval is
defined to be Base(J) = Base(S) where S a partition element containing J. Denote the hyperbolic
length of the wandering interval as

I(J) = |J|Base(J) :

Uniform expansion of hyperbolic length comes from the expansion of the unimodal map’s topol-
ogy. The partition and the base intervals are designed to produce the expansion. A base element
contains its associate partition element (trapping interval or gap) and an extra spacing on each side
of the partition element. The reason to include the two extra spacing is to gain uniform expan-
sion from the expansion of the topology. When a partition element S is iterated several times, the
iterated set expands and not only covers another partition element but also contains its base set
(Lemmas [13.42] and [13.44)). The two extra spacings from the base set of the original partition ele-
ment visualizes the expansion of the topology. We will show that the number of iterations for this
to happen is bounded and the embedding of a wandering interval from the base set of the original
partition element Base(S) to the partition element S yields uniform expansion to the hyperbolic
length by applying Proposition

Assume the case when a wandering interval belongs to a gap. The image of the gap is partitioned
by trapping intervals and gaps which has the form of GT - -- GT G or GT - - - GT where G represents
a gap and T represents a trapping interval. This is because of Lemmal[I3.44]later and the boundaries

of a gap are mapped to boundaries of the trapping intervals and gaps. For the case G i> 79, the
wandering interval inside G is also contained in Q because 70 C R. This is the case when the
iterated wandering interval leaves the iteration interval D and will be studied later in Section|13.6.2]

for the case of Q i) R. The case G i> T! cannot happen because the iteration interval does not

contain 7! and Proposition {13.30, Thus, there are only two possible itineraries when a wandering

interval is inside a gap: Gi> GandGi> T/ forj=2,---,p—1.
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Figure 13.1.: A summary of all expansion estimates. The arrow — represents expansion and the
arrow = represents uniform expansion.

Assume the case that a wandering interval belongs to a trapping interval 7/ with j #0,1,p — 1.
The map f maps T/ — T/F! bijectively by definition (Lemma .

In the remaining part of this section, the expansion of topology will be studied separately in the
three cases:

1. ¢La,

2. GL Tiwithj=2,--- p—1,and

3. 70 L T with j=2,---  p—2.

The expansion estimates are summarized in Figure The goal of this section is to build of the
proof for the next two propositions.

Proposition 13.37 (Expansion for one iteration). Assume that f € U * \where & is a unimodal
permutation and J is a wandering interval of f. If the two intervals J and f(J) are both in D, then

1(f(1) = 1(J).

Proof. The proof follows by Corollary [13.41{(G % G), Corollary [13.45/(G & T), and Corollary
13.47/(T7 L5 T7+1) later, 0

Proposition 13.38 (Uniform expansion for iterations). Assume that & is a unimodal permutation,
fE %62, ming< j<p—1 ’Tj} > K for some constant K > 0, and J is a wandering interval of f. If
the intervals J, f(J),---, fP(J) are all in D, then

I(fP() > E-1(J) (13.1)
for some constant E > 1 that depends only on K.

Proof. Assume the expansion theorems in the later subsections.

IfJ,f(J), -+, fP(J) all belong to gaps, then (13.1)) follows by Corollary|13.43|(G L G).
If /(J) C T/ for some 0 <t < p— 1, let t be the smallest integer. The integer t # 0 because T°
and T! are not in D. This means that the prior intervals J,-- -, f~!(J) belongs to some gaps and
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13. Expansion Argument for Unimodal Maps

the later intervals f*(J),---, f7(J) belong to some trapping intervals. Then

1) = > 1)) (13.2)
by Corollary|13.41/(G & G),
(f(I)ZE-1(f'() (13.3)
by Corollary [13.45(G 2 T), and
I(fP(J) == 1(f'(J)) (13.4)

by Corollary [13.47 (17 Ly T7+1). The inequality (13.1) follows by combining (13.2), (13.3), and

(13.4).

It follows from the proposition that 0

Corollary 13.39. Given an admissible unimodal permutation ¢ and a unimodal map f € U o?
If the unimodal map f has a wandering interval in the iteration interval D, then it also has a
wandering interval in the rescaling interval R.

Proof. Assume that f has an wandering interval J C D. Set K = ming< j<,—1 |T/|.

By Proposition [I3.38] the hyperbolic length of the orbit of J diverges to infinity if the orbit
stays in the iteration interval D forever. This cannot happen because the hyperbolic length of the
partition elements are uniformly bounded in their base intervals. Thus, the orbit of the wandering
interval eventually leaves D, i.e. there exists an integer n > 0 such that f*(J) C R C P(1). By
Proposition the set f"(J) is a wandering interval in R. O

The case G —f> G The first lemma shows the expansion of the topology for the case G —f> G in

one iteration.

Lemma 13.40 (Topological expansion for G ER G). Assume that © is a unimodal permutation,

few > and the intervals G' and G* are gaps. If f(G") contains G?, then there exists an interval
I C Base(G") such that the interval is disjoint from TP~ and Base(G*) C f(I).

Proof. Let Ty and Ty be the two trapping intervals adjacent to G'.

If both 7, and Tk are not TP~!, then set I = Base(G").

Otherwise, without lose of generality, assume that Tz = TP~!. Set I = T, UG'. Then f(I)
is bounded between the two trapping intervals f(7;) and Ty. See Figure Thus, f(I) D
Base(G?). O

From the topological expansion, one deduce the expansion of hyperbolic length as follows.

Corollary 13.41 (Expansion for G i> G). Assume that © is a unimodal permutation, f € U 62,
and the intervals G' and G* are gaps. If J C G and f(J) C G?, then

|f(J)|Base(G2) Z |J’Base(Gl) )
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T G! TP

Titl @ o

Figure 13.2.: The case of G i> G when TP~ is adjacent to one of the boundaries.

Proof. Let I be given by Lemma Since f has negative Schwarzian derivative and f is
injective on /, we get

|f(J)|Base(G2) > |f(‘])|f(1) > |J|[ 2 |J|Base(G')
by Proposition [2.10]and Corollary [2.15] O

Uniform expansion may not be guaranteed from one iteration. The proof of Lemma [I3.40] only
shows the possibility of getting a extra spacing from one side of the base interval. To obtain
uniform expansion, it requires extra spacing from both sides of the base set by Proposition [2.17
We will see that extra spacings on both sides can be obtained in a bounded number of iterations by
tracking the orbit of the boundaries.

Assume that a wandering interval J belongs to a gap G. The two sides of its base set Base(G)
are trapping intervals. Fix a side 7/ and study the orbit of that side. Under iteration, there are two
cases:

1. no trapping interval sits between f(J) and the side 7/*! (Figure j and
2. anew trapping interval T' sits between f(J) and the side 7/ (Figure13.3b).

For the first case, the adjacent trapping interval 7/+! of the gap that contains f(J) is inherited
from the adjacent trapping interval T/ of the original gap G. No extra spacing is gained from the
base interval Base(G) on that side.

For the second case, the side of Base(J) is changed. The new adjacent trapping interval T sits
between the wandering interval and the inherited adjacent trapping interval 7/*!. The side T/ can
be excluded when comparing the hyperbolic length between J and f(J). Thus, an extra spacing 7/
is obtained from the base interval Base(G) whenever the side is changed (comes from a different
orbit).

Furthermore, both sides are changed within p iterations as shown in Figure The figure
shows the orbit of a fixed side of a gap. The orbit starts from the gap containing the boundary
B%(1) because no gap contains the boundary B'(1). The side that shares the boundary B2(1) is
T?. After p — 3 iterations, the side becomes 77! (second row of Figure . Then we iterate
the gap and the trapping interval 77! again. In this step, the trapping interval 77! is mapped
to [B°(1),v] C R and T is adjacent to the interval. If the orbit of a wandering interval still
stays inside a gap, then the new trapping interval T sits between the wandering interval and the
inherited side [ﬁo(l),v]. Thus, an extra spacing is gained from 7P~!. This procedure repeats in
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(c) Orbit of a side. The superscript of 6 is not labeled be-
cause it depends on the combinatorics G.

1 Q

Figure 13.3.: Iteration on one side of a gap.

every p-iterations if no trapping interval T/ with j # 0 sits between the wandering interval and the
boundary. Therefore, an extra spacing from a side is gained within p iterations.

This argument visualizes the expansion of topology in a bounded number of iterations. It is
summarized as follows.

Lemma 13.42 (Topological expansion for G g G). Assume that ¢ is a unimodal permutation,
fe U, and {Gj}?zo is a sequence of gaps. If f(G/) D G/ for all 0 < j < p— 1 then there

exists a sequence of intervals {Ij }1;:0 such that

1. the intervals I/ are disjoint from the center trapping interval TP~
2. f)Y o> for j=0,--- ,p—1,
3.°=G° ' >G/forj=1,---,p—1, and I’ = Base(GP).
Proof. First, we define the intervals I/. Write G/ = [a/,b/] for 0 < j < p so that f(a/) < a/t! <

bt < F(bT) if f(al) < f(b) and f(al) > a/t' > bITE > £(bI) if f(a) > f(bT). Also, set T/
and T} be the trapping intervals adjacent to G/ such that @/ is the common boundary of 7} and G/
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and b/ is the common boundary of G/ and TI{ . Let

L T/ ifa/t! = f(al),---,a” = f(a"""), and
¢  otherwise

and
pi Tk if b/t = f(b7),-- ,bP = f(bP~'), and
¢  otherwise.
Define I/ = L/ UG/ UR/.
By definition, I/ C Base(G/) for j =0,---,p— 1 and I” = Base(GP?).
To show that the intervals I’ are disjoint from the center trapping interval TP~1, it suffice
to prove that L/ and R/ are not the center trapping interval 77~ !, If T = TP~!, then a/ €

{Br=1(1),Br-1(1)} and o
o’ < BO(1) £ BO1) = f(d).
Thus, L/ = ¢ by definition. The case when TJ TP~ is similar.

Now we prove the second property I/ 7! C f(Ij). If TL’Jrl = f(T}), then either L/ *! = f(L/) # ¢
or L/t =L/ =¢. If TLjJrl + f(TLj), then TLjH C f(G/) because G/*1 C f(G/). For any of those
cases, we get L/t C f(L/UG/). Similarly, R/t! C f(R/UG/). Consequently, I/*! C f(I/).

Finally, the last property follows from LY = R® = ¢ because the change of side a/*! # f(a/) or
bI*1 2 f(b7) (Figure[13.3b) happens within p iterations. O

From the expansion of topology, the uniform expansion of hyperbolic length is obtained as
follows.

14
Corollary 13.43 (Uniform expansion for G f: G). Assume that ¢ is a unimodal permutation,
fe %62, ming< <, 1 }Tj‘ > K for some constant K > 0, and {Gj}i;o is a sequence of gaps. If J
is a set such that f/(J) C G/ for 0 < j < p, then

’fp(‘]) |Base(Gl’) >E ’J’Base(Go)

for some constant E > 1 that depends only on K.
Proof. Let {I’ }5:0 be given by Lemma|13.42, Let L and R be the left and the right component of

Base(G°)\I° respectively. Then, Base"( & BaseR( &0y > % By Proposition [2.17, we get

‘J|IO >E ’J‘Base(Go) (13.5)

for some constant £ > 1 that depends on K.
Since f has negative Schwarzian derivative and f is injective on /; for all j, we obtain

1P (Dl gasecry = [P D par1y > | PN "7 Nyt > ‘fpil(f)‘fgp—z) > >\ (13.6)
by Proposition [2.10]and Corollary
The corollary follows by combining (13.5) and (13.6). O
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L G R

I ] ] ]
i T T 1

extra spacing extra spacing
— l f

I ] G 1 Tj 1 G ] ]

i T Pj T 1
Figure 13.4.: The case G — T.

The case G i> T. The next lemma shows if the image of a gap contains a trapping interval 7/

with j # 0, then it also contains its associated cyclic interval P/. This also shows that the allocation
of the image of a gap must be either GT ---GTG or GT ---GT GT° where G represents a gap and
T represents a trapping interval.

Lemma 13.44 (Topological expansion for G é; T). Assume that ¢ is a unimodal permutation,
fe U, and G is a gap. If f(G) contains a trapping interval T/ with j # 0, then f(G) D P/.

Proof. First we prove that f(G) and T/ does not share a common boundary by contradiction.
Assume that f(G) and T/ has a common boundary.

If the common boundary has the form /(1) for 1 < j < p— 1, then $/=!(1) must be a boundary
of G. This is because the boundaries of G belongs to {B8°(1),---,B7~1(1),80(1),---,Br=1(1)}
and the points follow the orbit

BO(L) = -+ BP=I(1) = BO(1) = -+ — BPH(1) = BO(1).

Thus, G and T/~! shares the same boundary B/~1(1) and j — 1 # p — 1. By Proposition @L f
has the same orientation on the both intervals G and T/~!. It implies that the gap G contains 7/~!
because f(G) contains T”. This is impossible by the definition of gaps. Thus, f(G) and T cannot
share a common boundary.

The case when f(G) and T has a common boundary of the form /(1) is similar.

Therefore, f(G) 3 T/. It follows that f(G) D P/ because the only trapping interval that inter-
sects P/ is T/ and the boundaries of T/ is in the interior of f(G). O

The corollary provides the uniform expansion to the hyperbolic length as follows.

Corollary 13.45 (Uniform expansion for G é T). Assume that ¢ is a unimodal permutation,
fe % ming<j<p—1 ‘Tj| > K for some constant K, and G is a gap. If J C G and f(J) C T/ with
Jj#0, then

|f(J)|Base(Tj) >E |J|Base(G)

for some constant E > 1 that depends only on K.

Proof. Let L and R be the left and the right component of Base(G)\G respectively. See Figure

13.4] Then, Basé(c) , IW() > 2 By Proposition 2.17, we get

|J|G >E |J|Base(G)
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for some constant £ > 1 that depends on K.
Also, since f has negative Schwarzian derivative and f is injective on G, we obtain

by Proposition [2.10} Corollary [2.15] and Lemma|[I3.44] This completes the proof of the corollary.
[

The case T /s T The next lemma studies the steps T'! o Lot Figure|13.1

Lemma 13.46. Assume that f € U o \where & is a unimodal permutation. The following iterations
are diffeomorphisms.

0Lt 4 Ty et
Pt pt L prt
Proof. The lemma follows from the definition of the intervals. [

Corollary 13.47 (Expansion for T i> T). Assume that f € U * Wwhere o is a unimodal permuta-
tion. If J C T’ where 0 < j < p—2, then

|f(J)’Base(Tf“) > |J|Base(Tj)'

Proof. The corollary follows from Lemma[I3.46] and Proposition[2.10] O

13.6.2. Expansion from rescaling

We then study the expansion of hyperbolic length when a sequence element of a closest approach
enters the rescaling interval R. To study the hyperbolic length in the rescaling and prerescaling
interval, the hyperbolic length will also be measured inside of the base interval instead of the
rescaling and prerescaling interval itself. The base intervals are defined as follows.

Definition 13.48 (Base interval). Assume that f € % o? (I") where o is a unimodal permutation.

1. For the prerescaling interval Q, define the base intervals to be Base(Q") = [aP~"1(1),¢]
and Base(QR) = [c, P~ 1R (1)] where a?~ 1L (1), aP~ 1R (1) € {@”~'(1),aP~(1)} such that
aP~ V(1) < aP~BR(1).

2. For the rescaling interval R, define its base interval to be Base(R) = [a°(1),v].
See Figure for an illustration of the period tripling case.

Remark 13.49. The definition of base interval for the prerescaling and rescaling interval cannot
be generalized directly to Hénon-like maps. It is because a Hénon-like map does not have critical
point. See Definition and Remark later for Hénon-like maps.
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13. Expansion Argument for Unimodal Maps

When an element enters the prerescaling interval, the step follows the path

Dn an — Qn f# Rn ﬁ ¢ﬂ+_k>72 Rn+k—1 P Dn+k

where k is the rescaling level of the element. The step that involves rescaling is separated into three
itineraries

1. G, TP~ ' — Q,
2. 0 LR,

3. Ry B Ryt, and Ry & Dy

In the remaining part of this section, the expansion of topology will be analyzed separately in the
three cases. The expansion theorems are summarized in Figure[I3.1] The goal of this section is to
prove the following proposition.

Proposition 13.50 (Uniform expansion for rescaling). Assume that o is a unimodal permutation,
feEUT K< 1811 (0) = us1 (0)|, [vas1 — BY 1 (1)| for some constant K >0, and J is a wan-
dering domain of f,. If J C Q, and ¢, ¢ J, then

(@1 o fu(d) 2 E-10)
for some constant E > 1 that depends only on K.

Proof. Assume the expansion theorems in the later subsections.
Since ¢, ¢ J, we have J C Q' where i = L or R. By Corollary |13.52| (G — Q) and Corollary

13.54/ (TP~ < Q), we have

| gase(oiy = L) (13.7)

By Corollary (13.56/(Q i) R), we have

o) | Base(ry) = W | Base(0i) - (13.8)

Also by Corollary [13.58| (R, 2 R,,.1) and Corollary [13.60{ (R, 24 D,,+1), we get

UL 0 fulD) 2 E 1) pase(r,) (13.9)

where the constant £ > 1 is obtained by Corollary|13.60| (R, & Dyi1).

The lemma follows by combining (13.7), (13.8), and (13.9). O

The case G — Q. The following lemma allows us to convert the hyperbolic length from the
base of G to Q.

Lemma 13.51. Assume that © is a unimodal permutation, f € % o and Gisa gap. IfGNQ' # ¢
where i = L or R, then Base(Q') C Base(G).
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ar—1(1) 0 Bpil(l) c ﬁ!’—ll(l) 0 Ocpjl(l)
l 1 *

Figure 13.5.: The case Q — R.

Proof. If GNQ' # ¢, then TP~ is one of the neighbor trapping interval of G and G D [a?~ (1), BP~1i(1)].
Thus
Base(Q') = [~ (1), BP~ M (1)U [BP1(1),c] € GUTP™! C Base(G).

O

Corollary 13.52 (Expansioq for G < Q). Assume that G is a unimodal permutation, f € U "2,
and G is a gap. If ] C GN Q' where i = L or R, then

|J‘Base(Qi) > ’J|Base(G) :

Proof. The corollary follows directly by Lemma[I3.51] and Corollary [2.15] O

The case 77! < Q.  The following lemma allows us to convert the hyperbolic length from
the base of 777! to Q.

Lemma 13.53. Assume that & is a unimodal permutation and f € U > Then Base(QF), Base(QF) C
Base(TP~1).

Proof. The lemma follows by the definition of the intervals. [

Corollary 13.54 (Expansion for 77~ < Q). Assume that & is a unimodal permutation and f €
o IfJ C TP~'N Q! where i = L or R, then
’J|Base(Qi) 2 |J’Base(TP*1) :

Proof. The corollary follows directly by Lemma[I13.53]and Corollary O

The case O NS

Lemma 13.55. Assume that ¢ is a unimodal permutation and f € U > The following maps are
homeomorphisms
0" LR O LR
Base(QF) ER Base(R),Base(QF) ER Base(R)

Proof. The lemma follows by the definition of the intervals. See Figure[I3.3] O
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13. Expansion Argument for Unimodal Maps

Corollary 13.56 (Expansion for Q i> R). Assume that & is a unimodal permutation and f € U o’
IfJ C Q' where i = L or R, then

|f(J)|Base(R) > |J‘Base(Qi)'

Proof. The corollary follows from Lemma[I3.55]and Proposition[2.10] O

The case R, ﬁ Ry11

Lemma 13.57. Assume that & is a unimodal permutation and f € U o> Then Base(R,+1) C
On(Base(Ry)).

Proof. The Lemma is true because ¢, (Base(Ry)) = [0y41(0),vp41] D Base(Ry11) = [0, (1), vnt1]-
[

Corollary 13.58 (Expansion for R, % R, 11). Assume that o is a unimodal permutation and f €
% If J is a wandering interval of f,, such that J C R, and ¢,,(J) C Ry, then

‘¢n<‘])|Base(Rn+1) 2 |J‘Base(Rn) :

Proof. The corollary follows from Lemma [I3.57] Proposition [2.10} and Corollary O

The case R, i> Dy

Lemma 13.59 (Topological expansion for R, i’ﬁ Dy 11). Assume that © is an admissible uni-
modal permutation, f € U o and S C D1 is a trapping interval or a gap. Then Base(S) C
On(Base(Ry)). In fact, ¢,(Base(R,))\Base(S) has two components adjacent to the two sides
of Base(S): the left component contains [, 11(0),B.).,(0)] and the right component contains

[ﬁ,?Jrl(l)aVn—i-l}-

Proof. The Lemma is true because ¢, (Base(J)) = [a,+1(0), v,+1] contains the base of any trapping
interval and gap in D, 4. The two intervals [a,41(0), .., (0)] and [BY (1), v,+1] are contained
in ¢, (Base(R,)) but disjoint from Base(S). O

Corollary 13.60 (Uniform expansion for R, i@ D, +1). Assume that & is an admissible unimodal
permutation, f € %°, and K < 1B11(0) = us1 (0)|, [vas1 — BY 1 (1)| for some constant K > .
IfJ C R, and ¢,(J) C Dy, then

|¢n(‘])|Base(¢n(J)) >E |J|Base(Rn)

for some constant E > 1 that depends only on K.

Proof. Let L and R be the left and the right component of @, (Base(R,,))\Base(§,(J)) respectively.

Then, Base@”( 7 Base(ﬁn( 77 > E by Lemma|13.59| since L contains [0,41(0), ., ,(0)] and R con-

tains [BY, | (1),vn+1]. By Proposition 2.17, we get

|¢n<‘]) |Base(¢!n(J)) > E |¢n<J) |¢n(Base(Rn))
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13.7. Nonexistence of wandering intervals

for some constant £ > 1 determined by K.
Also, since ¢, = s, 0 f¥ ! has negative Schwarzian derivative and ¢, is a diffeomorphism from
Base(R,) to its image, we obtain

|¢fl (J) ’(pn(Base(Rn)) > ’J|Base(Rn)
by Proposition This completes the proof of the corollary. 0

13.6.3. The expansion estimate for a closest approach

Finally, we summarize the expansion estimates by Proposition[I3.61] The proposition says that the
hyperbolic lengths of the elements in a closest approach expand at a definite rate. It can be used to
prove the absence of wandering intervals (Theorem [I3.63).

Proposition 13.61 (Uniform expansion). Assume that ¢ is an admissible unimodal permutation.
There exist € > 0 and E > 1 such that for all f € %° with || f, — fs|| < € for n > 0, the following
property holds:
Assume that J C D is a wandering interval of f and {J,},_ is the closest approach of J. If
Cr(n) & Jn for all n > O, then
L,>E""P.[

foralln > 0.

Proof. Let K be a positive constant such that K < inf; min { )TJQ‘ R
2

p—1
Ty

.|B©) ~ 0y (0] |y~ BY(1) |}
where the infimum is evaluated over all unimodal maps f € Z° with || f — fo|| < €. The constant
K can be chosen to be positive when € > 0 is small enough.

/4
The proposition follows by Proposition |13.37| (D, f# D,,), Proposition |13.38| (D, é& D,), and

. Ppofn
Proposition (13.50((Q, = Dy ).

o n . .
In any p steps J; — -+ — Ji4p, if the rescaling O, ”:>f Dy, j occurs, then uniform expansion
Dhof, . . .
happens in the p steps by Proposition (13.50| (Q, ”:>f D, ;). Otherwise, the wandering domain

P
are all in the iteration interval D,, for some n. Then Proposition|13.38|(D,, é& D,,) provides uniform
expansion for the p steps. [

13.7. Nonexistence of wandering intervals

In this section, we present a proof for the nonexistence of wandering intervals by using the expan-
sion estimate (Proposition [I3.61). This is a classical theorem [Guc79, [dMvS88| |[dMvS89 Lyu89,
BL89, IMdMvS92||. The strategy of the proof in this article motivates the proof for the Hénon-like
maps.

By the following proposition and the hyperbolicity of the renormalization operator, without lose
of generality, we may start from a deep level of renormalization and assume that the map is close
to the limiting map f5.
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13. Expansion Argument for Unimodal Maps

Proposition 13.62. Assume that ¢ is an admissible unimodal permutation and f € U* U U o
where L is the two-cycle. The unimodal map f has a wandering interval in P¢(0) if and only if its
renormalization Rf has a wandering interval in Pg¢(0).

Proof. The converse follows directly from Proposition[13.26]

For the period-doubling case, we may assume that f has a wandering interval J in P! by Propo-
sition Then ¢ o f(J) is a wandering interval of Rf in Pg/(0) by Proposition

For the admissible permutation case, the unimodal map f has a wandering interval D ¢ by Propo-
sition [T3.32] Also, by Corollary [T3.39] later, the map has a wandering interval in Ry. Finally, by
Proposition [[3.26] the renormalization R f has a wandering interval in Pgr. [

As an consequence, we obtain

Theorem 13.63. Assume that the unimodal map f is infinitely remormalizable with stationary
combinatorics but not period-doubling infinitely renormalizable. Then the map does not have a
wandering interval.

Proof. Prove by contradiction. Assume that f € %° has a wandering interval. By the shifting
trick and Proposition|13.62, we may assume that the map f is admissible.

We can assume that the unimodal map f is sufficient close to the hyperbolic fixed point fs by
Proposition[13.62]and the hyperbolicity of the renormalization operator. That is, || f, — fs|| < € for
all n > 0 where € is given by Proposition Also, we may also assume that J is a wandering
interval of f such that the J-closest approach is disjoint from the critical point in its associate
renormalization level by selecting some forward iterates of a wandering interval and Corollary
13.8]

Proposition [I3.61] shows that hyperbolic length of the J-closest approach diverges to infinity.
However, this is impossible because the hyperbolic length of gaps and trapping intervals are uni-
formly bounded when the unimodal map is close enough to fs. Therefore, a wandering interval
cannot exist. [
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14. Hénon-like Maps

An introduction to the theory of Hénon-like maps developed by the articles [dCLMOS, LM11),
Haz11] is given in this chapter. The tool for vertical graphs in Section [14.2] are new in addition
to the papers which allows us to study the topology of the stable manifolds by the results from
unimodal maps.

14.1. Class of Hénon-like maps

Definition 14.1 (Hénon-like map). Assume that I and I’ are compact intervals with ' D I" 5 I
and § > 0. A Hénon-like map on I" x I" is a map F of the form

F(x,y) = (h(x,y),x)

where /(x,y) is an R-symmetric holomorphic map defined on I"(8) x I'(8) and f(x) = h(x,x) €
Us(I"). Define €(x,y) = f(x) — h(x,y) to be the perturbation. The reason to choose this convention
is to ensure that the fixed points are preserved when varying €. The Hénon-like map can be written
as its standard form

F(x7y> = (f(x) —8(x,y),x).
Denote the class of Hénon-like maps as .75 (I" x I").
We are interested in strongly dissipative Hénon-like maps, the case when the perturbation € is

small (4 is close to a unimodal map). Assume that € > 0 is small. The class %5 (I" x I",€) are the
maps F = (f —&,m,) € 55(I" x I') such that

1€l n(5yxr(5) < E-

Fix a unimodal map g € %s(I""). The subset /5 (I" x I', g, €) is the class of the Hénon-like maps
F=(f—¢,m) € (1" x I',€) such that f € %;5(I", g, €). This is an open g-cylinder centered at
the degenerate Hénon-like map i(g).

Degenerate Hénon-like maps are important examples of Hénon-like maps. They are maps that
has zero perturbation € = 0. In this case, the x-component /4 is exactly the unimodal map f and the
dynamics of the Hénon-like map is fully determined by the unimodal dynamics of f. Unimodal
maps %s(I") can be identified with degenerate Hénon-like maps .575(I" x I",0) by i(f) = (f, )
for f € %s(I"). The difference between degenerate and non-degenerate Hénon-like maps lead to
the main difficulty of proving the absence of wandering domains.

For a Hénon-like map, the point a = a(0) = (—1,—1) is a fixed point of F. When € is small, the
fixed point a is saddle. It has two multipliers A; and A, with 0 < [A;| <dand A, > 1+Kk—d > 1
where d is a small number that has the order of € and x > 0 is the value defined for %. The sign
of the contracting direction A; is determined by the sign of Jacobian det DF = g—i at the fixed point

and the sign of A; is positive.
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14. Hénon-like Maps

14.2. Separators and Lipschitz curves

Separators and Lipschitz curves are introduced in this section to study the topology of a Hénon-like
map. For a strongly dissipative Hénon-like map, a periodic point has a stable manifold of dimen-
sion one that is associated to the perturbation €. Some connected components of the manifolds
are separators. They are used to define a partition on the domain which is similar to the partition
defined for unimodal maps.

Definition 14.2 (Separator). Assume that " and I” are intervals. Identify I” x I" as a subset in the
RR? plane.

A separator o is the vertical graph @ = {(u(t),t);t € I"} of a continuous curve u : I — I". The
separator o is said to have Lipschitz constant L if the curve u is a Lipschitz function with constant
L.

A simple (total) order < can be defined on a collection of disjoint separators 2~ by the order of
the intersection of separators with any horizontal line. The order does not depend on the choice of
horizontal line because a separator intersect a horizontal line at a unique point and the separators
are disjoint. A collection of disjoint separators has the induced order topology [Mun00, Section
14]. The notion of intervals on a ordered set from Section [2.1]is used here.

Definition 14.3 (Vertical Strip). Assume that 2" is a collection of disjoint separators and I C 2" is
an interval. A vertical strip S induced by I is the set consists of all points (x1,x2) € I" x I" between
any two separators o and 3 in I. If a vertical strip S is induced by an interval of the form I = [o, ],
then the vertical strip S is called a vertical strip with boundaries and the separators o and 3 are
called the boundaries of S. In this article, vertical strips will be identified with intervals of disjoint
separators whenever there is no confusion.

Lipschitz curves are graph of Lipschitz functions which are transverse to separators. In Chapter
later, Lipschitz curves will be used to measure the hyperbolic size of a set. The proof of
nonexistence of wandering domain relies on the study of the hyperbolic size for the orbit of a
wandering domain.

Definition 14.4 (Lipschitz Curve). A Lipschitz curve with constant R > 0 is the graph I' = {(z,r(¢));
t € I'} of a Lipschitz function r : I” — I" with constant R defined on a subinterval I" C I”.

Lemma 14.5. Assume that R and L are non-negative constants with 0 < RL < 1. Then the inter-
section of a Lipschitz curve with constant R and a separator with Lipschitz constant L have at most
one point.

Proof. Prove by contradiction. Let r be a Lipschitz function with constant R and @ be the vertical
graph of a Lipschitz curve u with constant L. Assume that the Lipschitz curve of r intersects the
separator @ at two distinct points (a,r(a)) and (b, r(D)).

For the Lipschitz curve r, since r is a Lipschitz function with constant R, we have

|r(b) —r(a)] <R[b—al. (14.1)
For the separator w, since u is a Lipschitz function with constant L, we have

[b—al = |u(r(b)) —u(r(a))| < L[r(b) —r(a)|. (14.2)
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Combine (14.1]) and (14.2) and the inequality RL < 1, we get

b—a| < |b—al
which is a contradiction. This proves the lemma. O

Next, we show that the order of a collection of disjoint separators is preserved on the intersection
of the separators with a Lipschitz curve.

Proposition 14.6. Assume that 2" is a collection of disjoint separators with Lipschitz constant L,
r:la,b] — IV is a Lipschitz function with constant R, 0 < RL < 1, and a,p € X .

1. If oo < B and the graph of r intersects & and B at (a,r(a)) and (b,r(b)) respectively, then
a<b.

2. In addition, if ® € (a, ), then the graph of r intersects ® at a unique point (w,r(w)) with
a<w<b.

Proof. For the first property, if r(a) = r(b) then the intersection belongs to the same horizontal
line y = r(a). Thus, the property follows from the definition of @ < 3.

Assume the case that r(a) # r(b). Let (¢, (D)) be the intersection of the horizontal line y = r(b)
with o. By the definition of a < 3, we have ¢ < b. Then

b—a>c—a>—|c—ad|. (14.3)
Since o is a vertical graph of a Lipschitz curve with constant L, we have
lc —a| < L|r(b) —r(a)| (14.4)
Also, since r is a Lipschitz function with constant R, we have
r(b) —r(a)| <R|b—al. (14.5)
Combine (14.3)), (14.4)), and (14.5]), we obtain
a—b<L|r(b)—r(a)l <RL|b—al <|b—al.

The only possibility to make this inequality holds is a < b. This proves the proposition.

The second property follows from connectivity. The separator @ splits the whole domain
into two connected components: one contains o and the other contains 3. The segment I" =
{(z,r(t));t € [v,w]} must intersects @ because the two endpoints belong to different components.
Therefore, the inequality follows from the first property and the uniqueness follows from Lemma
14.51 O

14.2.1. Induced unimodal map

Induced unimodal map is a tool to study the dynamics of a Hénon-like map on a partition formed by
separators. Strongly disspative Hénon-like maps are similar to unimodal maps in the macroscopic
scale. Induced unimodal map characterizes the similarities of the topology between the two types
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of maps. It will be used later to generalize the dynamical properties on the partition from unimodal
maps to Hénon-like maps.

Compatible separators for Hénon-like maps are analogs of the periodic orbits for unimodal
maps. An example will be given in the next section. It is defined by the following.

Definition 14.7 (Compatible Separators and Induced Map). Given constants € > 0 and 6 > 0,
intervals I and I’ with I € I" C I, and a Hénon-like map F € % (I" x I',€). A pair of collection
of disjoint separators (2", %) for F is compatible if for all @ € 2", there exists B € % such that
F(a) C B. The separator 8 is unique because separators in ¢ are disjoint. The induced map
5 Z — % on the pair is defined to be f(E) =y if FE)Cyforé e Zandye#. A
collection of separators 2" itself is compatible if (2", Z") is compatible.

An induced map f* is said to be increasing (resp. decreasing) on an interval .# C 2" if f5(y) <
F5(E) (resp. f5(y) > f5(&)) whenever a < B for a,8 € 2. The induced map is said to be
monotone on an interval .# C 2 if it is either increasing or decreasing on the interval. An induced
map g is said to be unimodal if there exists a union 2" = 21 U Z of nonempty disjoint intervals
Z1 and Zx with w < { for all w € 27 and { € 2% such that

1. f*isincreasing on 27 and decreasing on Z and

2. if y € Z;fori=LorRthen F~'(f*(y))NS(Z;) = v where S(%) is the vertical strip in
I" x I' induced by the interval Z;.

In the remaining part of the article, the function f* will be the induced unimodal map of the
Hénon-like map of interest and the domain of compatible separators will contain all local stable
manifolds in interest.

The first proposition says that we can enlarge the domain of an induce map by taking the union
of two smaller domains.

Proposition 14.8. Given constants € > 0 and 8 > 0, intervals I" and I' with I € I" C I', and a
Hénon-like map F € ,%%(Ih X IV €). If % and Z are two collections of compatible separators,
then & =% U % is also a collection of compatible separators.

In addition, if the two induced maps on % and Z are both unimodal and the two collections
of separators % U %7 and %r U Z are disjoint intervals in &~ where % = %1 U %k and & =
21U Zr are the decomposition of the increasing and decreasing intervals, then the induced map
is also unimodal on X' .

Proof. The proposition follows from definition. [

The next two propositions are important applications of induced unimodal map. One can think
of the induced maps are maps that record the combinatorics properties of a unimodal map or a
Hénon-like map. The first proposition says that if the combinatorics properties of a unimodal map
g and the induced map f* are the same which is identified by the monotone map 1, then the induced
unimodal map f* acts like the unimodal map g on a monotone branch.

Proposition 14.9. Let g : I" — I" be a unimodal map, the set 2 is a collection of compatible
separators, and the induced map f° on 2 is unimodal. Assume that there exists a monotone map
1:X CI" = 2 such that g(X) C X, tog = f*ot and maps points in a monotone branch of g
to the associated monotone branch of f°. If o,B1,00,B, € X, g is monotone on [0y, B1], and

8([o, Bi]) = [0, Ba), then f*([t(en), 1(Br)]) = [t(eu), t(Br)]-
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Proof. Since g is monotone on [, B1], boundary points are mapped to boundary points. Without
lose of generality, we assume that g(a;) = o and g(B1) = B2. Then f*oi1(oy) = 0p and f*o
1(B1) = B since f* is conjugate to g. This shows that f*([t(a;),t1(B1)]) = [t(et1),1(B1)] since f*
is monotone on [1(ay),1(B1)]. O

The second proposition says that the Hénon-like map F acts like the induced unimodal map on
a monotone branch. The two propositions together allow us to generalize the dynamical properties
from unimodal maps to Hénon-like maps of the same combinatorics type.

Proposition 14.10. Assume that 2 is a collection of compatible separators and the induced map
ffon Z isunimodal. If ay, B1,00,B: € 2, f* is monotone on [y, B1], and f*([ou, B1]) = [0, B2,
then F (o, B1]) C [on, B2].

Proof. Let 2" = % U Z be the decomposition into the increasing and decreasing intervals. As-
sume the case that [a, 1] C #. The other case [ay, 1] C Z is similar.

Prove by contradiction. Assume that z; is a point in the vertical strip [ct;, 1] and zp = F(z1)
such that z5 & [0, B2].

Let I" be the horizontal line segment connecting ¢; and f3; that intersects z;. Then I C L and
the image F(I') is a curve connecting & and 3, that intersects z. Since z &€ [, B2], the interior
of the curve F(I') intersects a boundary of the vertical strip [0, ;] at some point by connectivity.
Without lose of generality, assume the case that F(T') intersects o at F(u) where u € I'. Thus,
u € o because F~ () NS(#) = o by the definition of induced unimodal map where S(%) is
the vertical strip induced by %. This contradicts to the fact that a horizontal line have at most one
intersection with a separator.

Therefore, F([a,B1]) C [0, Ba]. O

Remark 14.11. In the statement of the proposition, the equality f*([ay, 01]) = [0, B2] means the
interval [ay, B1] C 2 is mapped to the interval [ap, B] C 2" by the induced unimodal map f*.
The equation F([a;,B1]) C [0, B2] means the vertical strip [, B] is mapped to a subset of the
vertical strip [@, B2] by the Hénon-like map F. This type of identification between intervals and
vertical strips will also be used later in this article. The reader should not be confused with this.

14.3. Cycle and Renormalizable

In this section, we begin to study the dynamics of a Hénon-like map by defining two vertical strips
P(0) and P(1) on I" x I" that are invariant under some iterations. The set P(0) turns the Hénon-
like map into a self-map which enables us to study the dynamics. The other set P(1) defines a first
return map of a Hénon-like map which allows us to setup the notion of Hénon renormalizable. The
vertical strips are similar to the intervals and the boundary separators are similar to the periodic
orbits that are defined for unimodal maps. The same notation for the intervals and periodic orbits
from unimodal maps will be adopted to Hénon-like maps in this section.

A Hénon-like map in interest has two saddle fixed points. First, consider the fixed point a(0)
with the expanding positive multiplier as follows.

Definition 14.12. Given € > 0 small, § > 0, intervals I and I” with I € I" C I, and a Hénon-like
map F € #5(I" x I',€). The fixed point a(0) is saddle. The expanding multiplier is positive and
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associated to the direction tangent to the graph of the unimodal part f. The contracting multiplier
is associated to the strongly dissipative part €. We focus on the stable manifold associated to the
contracting multiplier.

1. If the connect component of the stable manifold that contains a(0) is a separator, define o/(0)
to be the component.

2. If the preimage F~!(o(0)) has two components, one of the component is & (0) itself. Define
o.(0) to be the other component if it is also a separator.

3. Define P(0) to be the vertical strip [(0), o (0)].
Then, consider the other fixed point »(0) with the expanding negative multiplier as follows.

Definition 14.13. Given € > 0 small, § > 0, intervals I” and I’ with I € I" C I, and a Hénon-like
map F € (1" x I',€). Write F = (f —€,x). Assume that f has a unique fixed point b, with
negative multiplier that satisfies A> > 1 4 k and € < k. Then the Hénon-like map has a saddle
fixed point b = b(0) = (by,bx). The contracting multiplier is associated to the strongly dissipative

part €. And the expanding multiplier is negative. The separators (0) and f3(0) are components of
the stable manifold for b(0) that are defined similar to the stable manifolds in Definition |14.12

The domain P(0) turns the Hénon-like map to be a self-map as follows.

Proposition 14.14. Given § > 0 and intervals I" and I' with I € I" C I'. There exist € = €(x) > 0
and ¢ > 0 such that for all F € 56(I" x I',€), the following properties hold:

1. The separators a(0) and a(0) exist. They are separators with Lipschitz constant c ||€||.

2. The set {a(0),a(0)} forms a collection of compatible separators and f* is an induced uni-
modal map on the separators.

3. F(P(0)) C P(0).
In addition, if f has a unique fixed point by that satisfies the properties in Definition|[4.13} then

4. The separators B(0) and B(0) exist. They are also separators with Lipschitz constant c ||€]].

5. The set {a(0),(0),B(0),B(0)} forms a collection of compatible separators and f* is an
induced unimodal map on the separators.

Proof. The first and second properties follow from the graph transformation. See [LM11, Lemma
3.1, 3.2] for the period-doubling case.

The third property follows from the definition of the local stable manifolds when € = €(x) > 0
is sufficiently small. [

Cyclic sets are analog of cyclic intervals for the unimodal maps in Definition [[3.2] They are
defined as follows.

Definition 14.15 (Cycle). Given 8 > 0, intervals /" and I with I € I" C I", a unimodal permutation
o, a unimodal map g € % (I"), and € > 0 small. Assume F € (1" x I',g,€) is a Hénon-like

map and the two separators 3(0) and B(0) exist. Let p = |o]|.
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1. First, we assume that there exist a periodic orbit {af(l)}f’:_o1 and an orbit of separators

{o(1) fz_ol which are all local stable manifolds containing the periodic points that satisfy
the following properties. There are two different cases: p =2 and p > 3.

For the case p = 2, seta(1) = a®(1) = a'(1) = b(0) and a(1) = a®(1) = a' (1) = B(0).
For the case p > 3, when € is small, assume the map has a saddle periodic orbit {a'(1) fz_ol
on P(0) with period p that is close to the periodic orbit of the degenerate map i(g). The orbit
has two multipliers. The contracting multiplier is associated to the strongly dissipative part
€. The expanding multiplier is positive and satisfies A, > 1 + kK —d > 1. For each point z in
the periodic orbit, assume that the connected component of the stable manifold that contains
z 1s a separator. The p separators are disjoint and defines an order mentioned in Definition
Define o (1) to be the largest separator containing the periodic point a(1). Also, define
a'(1) = F'(a(1)) and o/ (1) be the separator that contains a'(1) fort = 0,---,p— 1. The
order of the separators coincide with the order of the periodic points of g and the induced
map f* acts like the unimodal permutation ¢ on the separators.

2. Assume the preimage F~'(a®(1)) has two components. The component containing the
periodic point a?~1(1) is @”~1(1). Define a?~1(1) to be the other component if it is also a
separator. The vertical strip PP~! = [a?~1(1),aP~1(1)] is called the center cyclic set. The
complement P(0)\ int(PP~!) contains two components L and R. One can think L and R are
the orientation preserving and reversing parts of the Hénon-like map. The sets L and R will
be extended to some larger sets that are monotone later in Definition

3. Define {o/(1) ;7:—01 by induction in the reverse order on ¢. Assume that o/ T1(1) exists. If
a'(1) C L, define o’ (1) = F~'(a!*1(1)) NL if it is a separator. Similarly, if a/(1) C R,

define o (1) = F~! (a1 (1)) NR if it is a separator. Set a(1) = a0(1).

4. Define P’ be the vertical strip [a/ (1), !(1)] fort =0,---,p— 1.

5. Assume that the sets {P'}” 701 exists. The collection {P’ }f;ol is called a cycle if the sets are

disjoint and F(PP~1') C P’. A setin cycle is called a cyclic set. Set P(1) = P°.
See Table for a summary of the notations.

Remark 14.16. By definition, the local stable manifolds form an orbit &%(1) — --- — aP~1(1) —
a’(1) = --- — aP~1(1) = (1) of the induced map f*.

Remark 14.17. By identifying the periodic orbits of the unimodal map g with the orbits of the local
manifolds, the unimodal map g is conjugated to the induced unimodal map f* from the periodic
orbits to the local stable manifolds because orbit points are mapped to orbit points. See Figure[14.1]
The identification is monotone because the order is preserved by the definition of renormalizable.
Thus, the topological results for the unimodal map g also holds for the induced unimodal map f*
by Proposition Moreover, the topological properties for the induced unimodal map f* (on
a monotone branch) can be generalized to the Hénon-like map F by Proposition [I4.10] This will
be used later in the proof of the expansion argument to generalize the topological properties for
unimodal maps to Hénon-like maps.

The next proposition and corollary show the existence of the objects and allow us to define a
first return map for the Hénon-like map.
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orbits of . orbits of
o . monotone Ob_]eCtS Ot,ﬁ )
periodic points local manifolds
J 4 |
orbits of . orbits of
. . . monotone ObJeCtS a, ﬁ '
periodic points local manifolds

Figure 14.1.: The relation between the unimodal map, induced unimodal map, and the Hénon-like
map.

Proposition 14.18. Given § > 0, intervals I" and I’ with I € I" C I', a unimodal permutation
o, and a unimodal map g € Ug (I"). There exist € =€(c) > 0 and ¢ > 0 such that for all F €

H5(I" < I, g, €) the following properties hold:

1. The periodic orbit a' (1) and the separators o' (1) and a'(1) exist fort =0,--- ,p—1. In

fact, o' (1) and a' (1) are separators with Lipschitz constant c ||€|).

2. The set {at(0),a(0),a%(1),a0(1),---,aP~ (1), aP=1(1)} forms a collection of compatible
separators and f°* is an induced unimodal map on the separators. The map f° is increas-
ing on [0(0), P~ VE(1)] and decreasing on [a? 1R (1), o (0)] where aP~VE(1), aP~1R(1) €
{oP=1(1), 0P~ 1(1)} with aP~1L(1) < aP~LR(1).

Proof. The first and second properties are proved by graph transformation. See [LM11, Lemma
3.1, 3.2] for the period-doubling case. [

Corollary 14.19. Given 6 > 0, intervals " and I' with I € I" C I', a unimodal permutation O,
and a unimodal map g € Ug (I"). There exists € =€(0) > 0 such that for all F € 75(I" x I", g, €)

the sets {Pt}f:ol exists and F(P") C P for0<t < p—1.

Proof. The corollary follows from f*(P') = P'*!, £* is monotone on P', and Propositions [14.10)
and [14.18] O

Remark 14.20. The corollary does not say that the inclusion F (PP~!) c P holds for all Hénon-like
maps close to the degenerate map g. In other words, it does not guarantee that the sets P’ form a
cycle.

Finally, renormalizable is defined as follows.

Definition 14.21 (Renormalizable). Given § > 0, intervals /" and I” with I € I" C I", a unimodal
permutation ¢, a unimodal map g € % (I"), and € = €(c) > 0 small. A Hénon-like map F €

H5(I" x I, g,€) is said to be renormalizable of combinatorial type o if

1. the map has a cycle {P’}f:ol and

2. the order of the separators o (0), o(0), B(0), B(0), a®(1), ---, a?~1(1), aO(1), ---, aP~1(1)
coincide with the order of the corresponding periodic points for a renormalizable unimodal
map g.
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14.4. Renormalization operator

The class of renormaizable Hénon-like maps of combinatorial type o is denoted as JZ5° (I" x
I',g,€). Set AF (I"x I' &) = uge%o(,h)%c(lh xI",g,€).

Remark 14.22. From the definition, the topological properties for unimodal maps can be general-
ized to induced unimodal maps on separators because the order of the separators is preserved for
all renormalizable maps with the same combinatorics ¢ by definition. Proposition [I4.10| can be
used to generalize the dynamical properties from unimodal maps to Hénon-like maps.

14.4. Renormalization operator
When a Hénon-like map is renormalizable, the cyclic sets forms a periodic orbit
P1)=P"— ... pr~1 5 pY

Thus, a first return map can be defined on P(1). However, it is no longer a Hénon-like map by
direct computation. The article by [Hazl1] generalized the renormalization operator to arbitrary
stationary combinatorics. It introduced a nonlinear rescaling H (x,y) = (0 FP~1(x,y),y) to turn
the first return map into a Hénon-like map. The following proposition defines the renormalization
operator.

Proposition 14.23 (Renormalization operator). Given 6 > 0, intervals I"and I’ withl € I" C I,
and a unimodal permutation ©. There exist constants € > 0 and ¢ > 0 such that for all F €
Hy (I" x I'|€) there exists an R-symmetric affine map s = s(F) that depends continuously on F
and its orientation depends only on G so that the following properties hold:

Let A(x,y) = (s(x),s(y)) and ¢ = AoH.

1. The renormalization RF = ¢ o FP 0 ¢~ is an Hénon-like map in the class of A (Ih x 1) for
some 8g > 0 and intervals I}y and Iy. The intervals satisfy I, O It 3 [—1,1] and I}, = s(I").

2. The domain It x I, contains Pgr(0).

3. The rescaling map ¢ : Pr(1) — Prp(0) is a diffeomorphism on the restriction. It has a
holomorphic extension on some complex neighborhood of Pr(1) with image containing
1%(8) x I4(8R). It preserves the orientation on the x-direction.

4. The renormalization has the representation RF = (fr — €g,x) where fr € Us,(I%). It satisfies
the relations

= RF 50 < cllel

and
1€ 150 x50 < € lIEN”- (14.6)

Proof. See [dCLLMOS, Section 3.5] for the period-doubling case and [Haz11, Section 3.2] for arbi-
trary stationary combinatorics. [

From the renormalization operator, we are able to define infinitely renormalizable maps for
strongly dissipative Hénon-like maps.
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Definition 14.24 (infinitely Renormalizable). Assume that € > 0 is sufficiently small, 6 > 0, in-
tervals /" and I" with I € I" C I', and © is a unimodal permutation. Denote £ (I" x I',€) C
Hy (I" x I',€) to be the class of infinitely renormalizable Hénon-like map with stationary combi-
natorics o.

For an infinitely renormalizable map F € ,%’js"m (I" x I',€), define F,, = R"F. The subscript
n is called the renormalization level. Subscript is used to indicate the associate renormalization
level of an object. For example, the maps H,, s,, A,, and ¢, with subscript n are the rescaling
functions for F, in Proposition The vertical domain I satisfies I = I” and the recurrent
relation I/ | = s,(1;;) for all n > 0. The points a,(0) and b,(0) are the saddle fixed points of F,.

The separators ¢,(0), 0,(0), B(0), Ba(0), a,(1), and o, (1) are the local stable manifolds for
F, defined in Definitions [14.12| and [14.15] The sets P,(0) and P,(1) are the vertical strips for F,
defined in Definitions [14.12]and [14.13l

Also, define @}, = @, j_10--- 0, for j > 1, ) =id, and A, = 5/, (x).

Recall from page that fs € % is the fixed point of the unimodal renormalization operator
with combinatorics ¢ and A is its rescaling constant.

The renormalization operator is hyperbolic. The following proposition summarizes the proper-
ties of an infinitely renormalizable Hénon-like map.

Proposition 14.25 (Hyperbolicity of the Renormalization operator). Given 8 > 0, intervals I" and
I’ with I € I" C I, and a unimodal permutation ©. There exist p < 1 (universal), € >0, ¢ >0
such that for all F € %”8600 (I" x I’ | €) there exist a constant 8g with 0 < 8g < §, an interval It with

le Iﬁ C I", and a constant b = b(F) € R so that the following properties hold:
Let F, = R"'F be the n-th renormalization of F. Then F,, € ,%”Sg (It x I}, €) for all n > 0 and its

representation F,, = (f, — €,,x) satisfies

L= follpsey < cP™ 1 = i(fo) |l sp) ()

. v’
2. H8n+f||1,g(5R)x1;+j(5R) <c ||8"||1,’g(6R)x1,g(5R)’

3. &,(x,y) = b ag(x)(y —x)(1+0(p")) (universality)

for all n > 0 where as(x) is a universal analytic positive function. The value S in the estimates
can be replaced by any smaller positive number.

Proof. See [dCLMOS, Theorem 3.5, 4.1, 7.9, and Lemma 7.4] for the period-doubling case and
[Haz11), Theorems 3.10, 3.11, and 6.1] for arbitrary stationary combinatorics. O

Remark 14.26. The value b is called the average Jacobian of F. See [dCLMO0S, Section 6] and
[Haz11, Definition 3.19].

Abbreviate ||&,|| = ||&|| 18R < 13(5%) when the context is clear.

To study wandering domain, it is enough to consider Hénon-like maps that are close to the
hyperbolic fixed point i(fs). By Proposition later, an infinitely renormalizable Hénon-like
map F has a wandering domain in D(F) if and only if F, has a wandering domain in D(F;) for
all n > 0. Also, the n-th renormalized map converges to the fixed point i(fs) as n — o by the
hyperbolicity of the renormalization operator (Proposition[I4.25)). Thus, without lose of generality,
we may focus on a small neighborhood of the fixed point i(f5).
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Definition 14.27. Given € > 0 small, § > 0, intervals /" and I’ with I € I" C I", and a unimodal
permutation . Define .¥J (I" x I €) to be the class of non-degenerate infinitely renormalizable

Hénon-like maps F € ji”"w (I" x I',€) that are sufficiently close to the hyperbolic fixed point

L1 i g-close to the limiting case D/ (fL) fort €
€,

i(fo): |Fn—i(fs)|l <€, the partial derivative 2 a :
{1727"' 7p} and] € {1a273}’ |An_A'G| < 8’ ||Sn( ) ( 2’CT)XHIh < 8 and ‘
for all n > 0.

o 2 il

Remark 14.28. The technical conditions for the partial derivatives are required by Propositions
[7.3][17.26] and[17.29] These theorems are used to generalize the expansion of hyperbolic length
under the iteration by unimodal maps with negative Schwarzian derivative to Hénon-like maps.

Remark 14.29. For any Hénon-like map F € 5 S7(I" x I',€) with € > 0 sufficiently small, the

9&,
W llhxpy = |1 "
comes from the unlversahty of the tip. See Lemma 5.3 1| for the proof of the period-doubling case.
It controls the Jacobian of the map and is required by the area argument (Proposition [18.2) later.

condition ‘ | ||€,|| from Definition |14.27| holds for all n large enough. The condition

14.5. Topological Structure of Infinitely Renormalizable Maps

Stable manifolds form the topology of a Hénon-like map. The macroscopic scale of the topology
is characterized by the stable manifolds of the fixed points a and b. If the Hénon-like map is
renormalizable, it means that the microscopic structure of the topology is controlled by the pull-
back of a similar topology from some deeper level of renormalization using the rescaling map.
Therefore, the condition infinitely renormalizable builds a self-similarity of the topology between
the macroscopic and microscopic scale.

In this article, two types of local stable manifolds () and B(j) are used to study the topology.
They are associated to the two types of fixed points a (with a positive expanding multiplier) and b
(with a negative expanding multiplier) respectively. The value j means the associate scale (pulled
back from j-deeper level) of the local stable manifold. The definitions are as follows.

Definition 14.30 (Periodic Points). Given € > 0 sufficiently small, 6 > 0, intervals I h and I with
[ € I" C I', a unimodal permutation &, and F € ffg’w (I" x I',€). See Table m for a summary
of the notations.

- N -1
Define a,(j) = (CID,11> (an+j) and by(j) = <<I>,’l> (bn+j) for integers n > 0 and j > 0.

Define oy, (j) = <CI)J> l(an+j) O‘n( ) = <CI)]> l(an+j)a B.(j) = <CD£>_1 (ﬁn+j)’ ﬁn—m =
<<I>,’1> B (Butj)> and By (j) = (CI){l> - (P,(0)) for integers n > 0 and j > 0.

Remark 14.31. The definition is consistent with the previous definition of a(j), a(j), o(j), and
P(j) for j=1.

The next proposition summarizes the properties of the local stable manifolds for an infinitely
renormalizable Hénon-like map with stationary combinatorics.

Proposition 14.32. Given 0 > 0, intervals " and I' with I € I C I, and a unimodal permutation
0. There exist € >0, ¢ > 0, and ¢ > 1 such that for all F € %”6"00 (Ih x I',€), the following
properties hold for all n > 0:
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14. Hénon-like Maps

letter; /) (k)

letter

F Hénon-like map

[ Rescaling map

P Rescaling from level n to level n+ j

a Periodic or fixed point with a positive expanding multiplier
b Periodic or fixed point with a negative expanding multiplier
Tip

Greek | Separator (or local stable manifold): «, 8, T

o Local stable manifold of a

B Local stable manifold of b

T Stable manifold of the tip ¢

capital | Vertical strip: B,C, D, P, T, Q, R

B The vertical strip [8%(1), a®(1)]

The vertical strip [ot! (1), B1(1)]

Iteration set

Cyclic set (Sets invariant under iterations)

Trapping set

Prerescaling set / Prerescaling level

oI (N|T| T |0

Rescaling set / Rescaling level

Renormalization level. The object belongs to the domain of F;, = R"'F.

Time. The superscript is neglected when ¢t = 0.
e.g. Fl =F,0---0F, (t times) , ®, = ¢, 1;_10---0@, 100,
e.g. P(1)=p0, PO I pt Iy p2 I Ty ol

Row. See Definition|18.4

Rescaling level. The point or set that is pulled back from k levels deeper.
e.g P(2) % Pyt (1) 5 Bria0).

e.g. B (Pu(2)) C Pa(2), B (Pa(1)) C Bu(1), E (Pa(0)) C Po(0)

e Ru(2) 2 Rui1 (1) 75" Ruy2(0) € Dyis UBuyo

Table 14.1.: Summary of notations.
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14.5. Topological Structure of Infinitely Renormalizable Maps

1. The points an(j) and by(j) are periodic points of Fy. When p # 2, the points an(j) and by (j)
has period p’ for all j > 0. When p =2, the points coincide an(j+1)=by(j) and b,(j) has
period p’ forall j > O.

2. The sets a,(j) and oy, (j) are local stable manifolds of the periodic point a,(j) and the sets
Bn(j) and B,(j) are local stable manifolds of the periodic point b,(j).

3. (analog of the critical value) The intersection contains exactly one point

{ta} == (@) (P,,+ O (1h X Ih>> .

The point t,, is called the tip of the Hénon-like map F,.

4. (geometric property) The local stable manifolds 04,(), 0 (j), Bu(j), and Bu(j) are separa-
tors with Lipschitz constant ¢ ||&,|| for all j > 0. The local stable manifolds all converges to
the “local stable manifold of the tip” T, as j — oo. On the horizontal slice that intersects the
tip t,, the manifolds satisfies the inequality

1/ 1\% _ 1N\
? (E) < |Zn(])—tn| <c (l_c>

where z,,(j) is the intersection point of any one of the local stable manifolds o4, (j), 0y (j),
Bn(j), and B, (j) with the horizontal line that intersects the tip t,.

5. (self-similarity) The local stable manifolds satisfies the order

0 () < Bu(J) < Bu(j) < 0u(j+1) < a(j+1) < 0ta(})

forall j > 0.

Proof. The first two properties follow from the definition of the rescaling map ¢, and the definition
of renormalization.

The third property comes from [dCLMOS, Chapter 5] for the period-doubling case and [Haz11),
Section 3.4 and Chapter 5] for the arbitrary stationary combinatorics case.

The proof of the fourth property is similar to [LM11, Proposition 3.5]. The next lemma, Lemma
proves that the local manifolds are separators with Lipschitz constant c ||&,||. The estimation
of the cross-section comes from [Hazl1, Proposition 5.6]. They all converges to the same set 7,
as j — oo because no open sets can be rescaled infinity many times since the horizontal domain is
bounded.

The fifth property is true because it holds for j = 0 by the definition of renormalizable. The
property also holds for other j values because the rescaling map ¢, preserves the orientation along
the x-direction. O

Remark 14.33. One can also define the orbit a'(j) = F'(a(j)) of the periodic point a(j) for t =
0,---,p’ — 1. The reason to start from the index # = 0 here and in Definition |14.15|is because of

the equality d},, | (j) = $u(az’ (j+1)) fort =0,---,p/ — 1.
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Lemma 14.34. Given 6 > 0, ¢ > 0, intervals I" and I' with I € I" C I', and a unimodal permuta-
tion ©. There exists € > 0 such that for all F € ,%’g’ (I" x I, €) the following property holds for all
n>0:

Assume that ® is a separator with Lipschitz constant c||egr|| in Prr(0). Then y = ¢~ (@) is a
separator with Lipschitz constant c||€p|| in Pr(1).

Proof. The proof is similar to [LM11} Proposition 3.5]. [

14.6. Trapping Sets and Gaps

Trapping sets and gaps are introduced in this section. They are generalizations of the intervals
from Definition Extending the topological properties from unimodal maps to Hénon-like
maps are routine but not trivial. It relies on the tools developed in Section [14.2| and the definition
of Hénon-renormalization. Justifications will be left to the reader for properties that are similar
to unimodal maps. To obtain the uniform expansion of the hyperbolic size, the dynamics of the
Hénon-like map will be studied on a smaller set partitioned by trapping sets and gaps instead of
the larger domain P(0).

Definition 14.35 (Trapping Set and Gap). Given € > 0 sufficiently small, § > 0, intervals I" and
IY with I € I" C I, a unimodal permutation &, and F € £ (I" x I'€).

Define B°(1 ) B(1) and BO(1) = B(1). The sequence of local stable manifolds {B’(1 )} y
and {B’(1 )}p o are defined similar to the local stable manifolds {co/ (1)}?2 and {o/ (1)},
Definition [14.151 L

The trapping sets are defined to be 77 = [B7(1), B/(1)] fort =0,--- ,p— 1. The set T”~! is called
the center trapping set.

A gap is a vertical strip be between two neighboring trapping intervals. Precisely, it is a connected

component of [B1(1), (1) MU, Lint(T7).
For the local stable manifold B (1), assume the preimage F~!(B(1)) contains two components

and the two components are separators. Define 8 and 6 to be the left and right components of
the preimage respectively.
Figure [I4.1a] shows an example for the period-tripling case.

The following proposition summarizes the geometric properties of the local stable manifolds.

Proposition 14.36. Given 0 > 0, intervals " and I' with I € I C I, and a unimodal permutation
0. There exist € > 0 and ¢ > 0 such that for all F € jfg’m (I" x I'|€), the following properties
hold:

1. The separators B'(1), B'(1), 6%, and 6 exist fort =0,---,p — 1. In fact, the local stable
manifolds are separators with Lipschitz constant c |||

2. Tl’lesel{OC(O),WJ;(O),W,060(1),ao(l),ﬁ0(1)7ﬁ0(l),~-- 7ap—1(1) ar- 1( ) Bp 1( )
Br=1(1),8%, 68} forms a collection of compatible separators and f* is an induced unimodal
map on the separators. The induced unimodal map f* is increasing on [0t (0), P~ 11(1)]
and decreasing on [BP~VR(1), at(0)] where BP~1E(1), P~V R (1) e {BP~1(1), Br=1(1)} with
BPLE(1) < B K1),
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14. Hénon-like Maps

Proof. The first and second properties are proved by graph transformation. See [LM11, Lemma
3.1, 3.2] for the period-doubling case. [

Corollary 14.37. Given § > 0, intervals " and I’ with I € I C I', and a unimodal permutation
o. There exists € > 0 such that for all F € 7§ (I" x I'€), we have

1. F(TY) C T for0<t < p—1and

2. F(TP1) C [B(1), @2(1))

Proof. The first property follows from g(7") = T**!, Propositions [14.10| and|14.36]

For the second property, we have F(T?~!) C [a%(1),a0(1)] = P° by the definition of a renor-
malizable map. The image F(T?~") is disjoint from the interior of the vertical strip [a(1), 3°(1)]
because that the interior of the preimage F~!([a?(1),8°(1)]) = [ar=1(1), 7' (1)] U [BP~1(1)
,oP~1(1)] is disjoint from 7P~1, O

14.7. Dynamics of Wandering Domain

The dynamics of a wandering domain is studied in this section. Recall the definition of a wandering
domain.

Definition 14.38 (Wandering domain). Given € > 0 sufficiently small, § > 0, and intervals "
and 1" with I € I" C I’'. Assume that F € J%(I" x I',€), P(0) exists, and F is an open map
(diffeomorphism from P(0) to its image). A nonempty connected open set J C P(0) is a wandering
domain of F if the orbit elements {F"(J) }, - are disjoint from the stable manifolds of any periodic
point.

A wandering domain can be constructed from a wandering domain by iteration and rescaling.

Proposition 14.39. Assume that € > 0 is sufficiently small, § > 0, I" and I' are intervals with
1 €I" C I", 6 is a unimodal permutation, and F € H§ (I" x I' €).

1. If J C P(0) is a wandering domain of F, then F (J) C P(0) is also a wandering domain of F.
2. IfJ C Pr(1) is a wandering domain of F, then ¢ (J) C Pgp(0) is a wandering domain of RF .

A wandering domain will be iterated or rescaled based on the dynamics on the iteration set and
the rescaling set. The sets are similar to the intervals defined for the unimodal case with some
adjustments due to the fact that F(PP~!) ¢ [a"(1), 7] for the non-degenerate case where 7 is the
local stable manifold of the tip ¢ defined in Proposition[14.32] The sets are defined as follows.

Definition 14.40. Given € > 0 sufficiently small, 6 > 0, intervals Mand I' withI€el"c I, a
unimodal permutation ¢, and F € ,%’3"00 (Ih xI', €

The iteration set is defined to be D = [$1(1), B°(1
(1) a(2)
BG+1

The rescaling set is defined to be R = [B
R(j) = R"(j) UR"(j) where R"(j) = [B(j
Let R = U7 |R(j) and RF = UT_ | RR(j).

)]
)]. The rescaling level j in R is defined to be
)] and R¥(j) = [ae(j +2),a(j+1)] for j > 0.
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14.7. Dynamics of Wandering Domain

The prerescaling set is defined to be Q = [0%, 0K]. The rescaling level j in Q is defined to be
0(j) =F~'(R(j)) for j > 1. -

Define B = [3°(1),@%(1)] and C = [a!(1),8(1)].

See Figure [I4.T]for an example of the period-tripling case.

Remark 14.41. The rescaling levels in Q cannot be defined by boundary separators. This is because
that the preimage of the local stable manifolds may not be separator in general. The levels where
this happen are the locations where the expansion argument breaks down. See Figure Figure

and Proposition later.

The rescaling level of a set on the rescaling set R or the prerescaling set Q is defined as follows.

Definition 14.42 (Rescaling level). Assume that U C R is a connected set that does not intersect
any stable manifolds. The rescaling level of U in the rescaling set R is the positive integer k(U)
such that U C R(k(U)).

Similarly, if U C Q is a connected set that does not intersect any stable manifolds, the rescaling
level of U in the prerescaling set Q is the positive integer k(U) such that U C Q(k(U)). For
convenience, set k(U) =0if U C BUCU (D\Q).

We will consider wandering domains that belongs to B, C, D, or R. A wandering domain will be
iterated or rescaled by the following rules:

1. If the wandering domain is in B, C, or D, then it is iterated by F'.
2. If the wandering domain is in R, then it is rescaled by ¢.

The next goal is to shows that the rescale orbit of a wandering domain that follows the rule always
stays inside the sets B, C, D, and R. The vertical strips B and C, which are addition to the unimodal
case, come from the case when the orbit of a wandering domain enters the bad region which will be
defined later in Chapter[I5] The following proposition generalizes Proposition|[13.30|to Hénon-like
maps.

Proposition 14.43. Given & > 0, intervals " and I’ with I € I" C I', and a unimodal permutation
0. There exists € > 0 such that for all F € ,%%Gm (Ih x I",€) and n > 0, the iteration set and
rescaling set satisfy the following properties:

~

F,(Q,) Cc T°UB =R, URR(0).
2. F,(D,) C D,UR,URR(0).

3. Fy(By) C G,

4. F,(C,) C G, C D, if p > 3 where G, is the gap left to T?.

5. Ru=U_ Ru())- For j>1, u(Ra(j)) = Rus1(J—1), 9u(Ry(J)) = R, 1 (j—1), and §a(RF ()
:R§+1(j— 1).

6. ¢u(Ry) = Ry+1(0)UR, 41 and RR(0) C B,,. If o is admissible, then R5(0) C D,
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14. Hénon-like Maps

In addition, when the map F is close to the fixed point i(f5), i.e. F € J¢ (I" x I' | €) for some small
€ > 0, the first two conditions can be improved as

1. F,(Q,) CR,and

2. Fy(Dy) C DyUR,.

Proof. The first property is true because F, (7" ) ¢ [B2(1), a%(1)] by Corollary 14.37)and f£;;( [6F,
D) = f(BY (1), 6]) = T, where B7E(1), BE (1) € {BE(1). B (1)} and
L) < BPTYR(1). Thus, Fy(Qn) C Ry U[06:(2), ax(1)] by Proposition [14.10

To prove the second property, the iteration set D, can be separated into three parts [8,! (1), 6%,

(6%, B0(1)], and Q,,. The iteration of the first two components are

2([B)(1),6;1) = [B2(1), BY(1)] € Dy

and

£(65,BY(D)]) = [BI(1),B(1)] € Dy

Thus, the second property follows from Proposition [14.10]

The third property follows from f5(B,) = C, and Proposition[14.10]

The fourth property follows from f5(C,) = [a2(1), 32(1)], Proposition 14.101, and the vertical
strip [o2(1), B2(1)] is inside the gap left to 7,> when p > 3.

The fifth property follows from definition of the boundary local stable manifolds and Proposition
[14.321

For the last property, ¢,(R,) = R,+1(0) UR, 1 follows from the fifth property. The property
RR(0) c B, follows from the fifth property of Proposition See Figure If o is ad-
missible, then the property RL(0) C D, holds because Hénon-like maps preserves the order of the
period orbits from unimodal maps. See the second property of Proposition [13.30] for the proof.
Note that the results for admissible permutations also apply to Hénon-like maps.

When the map is close to the fixed point i(f5), we have F,(P,(0)) NRE(0) = ¢ by Proposition
(first property of the good region) later. This gives the improvement of the first two conditions.

]

It 1s sufficient to study the problem of wandering domain in the iteration set because of the
following proposition.

Proposition 14.44. Given & > 0, intervals 1" and I’ with I € I" C I', and a unimodal permutation
G. There exists € > 0 such that if F € L (I" x I'€) has a wandering domain in P(0), then it

also has a wandering domain in the vertical strip [B(0),B(0)]. In particular, if © is an admissible
permutation and F € %”862 (I" x I'|€), then F has a wandering domain in D.

Proof. The proof is similar to the unimodal case Proposition[13.32] The vertical strip P(0) can be
partitioned into three components: [o(0),3(0)], [B(0),B(0)], and [B(0),a(0)]. The components

satisty f*([(0), B(0)]) = *([B(0), «(0)]) = [a(0), B(0)]U[B(0), B(0)]. Thus, we only need to
consider the orbit of a wandering domain on the vertical strip [@(0),8(0)]. When a wandering
domain is close to the saddle fixed point a(0), its orbit follows the unstable manifold and moves

away from the point. When a wandering domain is far from the saddle fixed point, the x-component
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14.7. Dynamics of Wandering Domain

Fy
/ \
(Pnfl R’l,{ (Pn

(a) Brief diagram of the dynamics in different levels.

RE(0) —= D& =G, G,N
\ l/Fn
2 Fa Fy ..

aa—re

(b) Details of the step D, — D,, are illustrated in the rectangle.

Figure 14.1.: The dynamics of a wandering domain on the partition when the Hénon-like map is
close to the hyperbolic fixed point of the renormalization operator. The arrow ki

means iterated by F,, the arrow ﬂ) means rescaled by ¢,, and the arrow — means
belongs to the target interval without iteration and rescaling. The dashed arrow ---»
emphasizes the paths that are addition to the unimodal case (compare Figure @)

of its orbit is increasing when € = €(k) > 0 is sufficiently small. Therefore, the proposition follows
by Proposition [14.39] O

The dynamics of a wandering domain will be studied on the iteration set and the rescaling set.
Figure describes the dynamics on the iteration set and the rescaling set from Proposition
when the Hénon-like map is close to the hyperbolic fixed point i( f5) of the renormalization
operator. Similar to the unimodal case, the iteration set can be partitioned by trapping sets and
gaps. A wandering domain is contained fully inside a partition element because it cannot intersect
any stable manifolds. Thus, the dynamics of a wandering domain follows the dynamics of trapping
sets and gaps. A more detail diagram for the dynamics on the partition elements is illustrated in
Figure [[4.1b] The details are left to the reader.

Finally, if a Hénon-like map has a wandering domain, a subsequence of a rescaled orbit of
the wandering domain, called the closest approach, can be constructed to study the dynamics of
the wandering domain. The construction follow the rules for iteration set and rescaling set. The
sequence is defined as follows.

Definition 14.45 (Closest approach). Assume that € > 0 is sufficiently small, § > 0, I" and I" are
intervals with I € I" C I", an admissible unimodal permutation, and F € %f;’w (I"x I"E).

Given a set J C BUCUD that does not intersect any of the stable sets. Define a sequence
of sets {J,,},_, and the associate renormalization level {r(n)}, _, by induction such that J, C
B, () UCo(n) UD r(n) for all n > 0 as follows.
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14. Hénon-like Maps

1. SetJy=J and r(0) = 0.
2. Abbreviate the rescaling level k,, = k(J,) whenever J, is defined.
3. IfJ, C B, (n) UCr(n) U (Dr(n)\Qr(n))’ set Jui1 = Fy(n) (Jp) and r(n+1) = r(n).

4. T Jy C Qs set Jpp1 = q:’;'(ln) 0 Fyny(Jn) and r(n+1) = r(n) +ky.

The transition between two constitutive sequence element J,, — J,,. 1, one iteration together plus
some number of rescaling if possible, is called one step. The sequence {J,},_, is called the
rescaled iterations of J that closest approaches to the tip, or J-closest approach for short.
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15. The Good Region and the Bad Region

In this chapter, the rescaling levels {R,(j)}_, and prerescaling levels {Q,(j)}7-, will be grouped
into two regions, called the good region and the bad region.

The regions were introduced in Chapter [9] to prove the nonexistence of wandering domain for
the period-doubling case. The good region is an area when the rescaling levels j are small. In the
good region, the topology and the dynamics of a Hénon-like map behave similar to a unimodal
map. In particular, a prerescaling level is the union of two vertical strips (Figure [[5.Ta) and the
expansion argument holds. On the contrary, the bad region is an area when rescaling levels j are
large. It is a special feature in higher dimension: a degenerate Hénon-like map does not have bad
region. In the bad region, the topology and the dynamics behave different from a unimodal map.
In particular, a prerescaling level has only one component which looks like an arc (Figure [I5.1b)
and the expansion argument fails.

The concept of the regions can be generalized from the period-doubling case to arbitrary sta-
tionary combinatorics directly. Recall the definition from the period-doubling case (Definition

0:1).

Definition 15.1 (The Good Region and the Bad Region). Fix a constant » > 0. Assume that € > 0 is
sufficiently small and F € .7 (I" x I' €) so that geometric properties of the local stable manifolds

0, (), (), Bu(j), and B, () hold (Proposition [14.32)). For each n > 0, define K,, = K,,(b) to be
the largest positive integer such that

ﬂxzr(z()) (Kn) — Tty

>b|&l

where z,(lo) (Ky) is the intersection point of ,(K,) with the horizontal line through the tip #,.

The rescaling level R,(j) (resp. prerescaling level Q,(j)) is said to be in the good region if

Fmage T ——rr——prercscaliﬂg

(a) Good region (b) Bad region

Figure 15.1.: Topology of the good region and the bad region
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15. The Good Region and the Bad Region

Jj < Ky; in the bad region if j > K,. The sequence K, is called the boundary for the good region
and the bad region.

The next proposition summarizes the properties of the good region and the bad region.

Proposition 15.2 (Geometric properties for the good region and the bad region). Given o > 0,
intervals I" and I' with I € I" C I, and a unimodal permutation 6. There exist € >0, b > 0, and
¢ > 1 such that for all F € 9§ (I" x I' | €) the following properties hold for all n > 0:

The boundary K, = K,,(b) satisfies the estimation

11 1
- <AK<¢ . (15.1)
C

In the good region, we have

1 RE(J)NEu(Pa(0)) = ¢ for 0< j < Ky +1,

2. |z — mety| > % €| for all z € R,(j) N F,(P,(0)) and 1 < j < K, +1,
3. | mz— myta| > %\/||8n||f0rallz €EQn(j)and 1< j<K,+1,

4, ‘%’Z(Z)‘ > L /Tedl for all z € Qu(j) and 1 < j < K, +1,

5. The preimage anl(ﬁn—(j)) contains exactly two components for 1 < j < K, +2. The two
components are both separators with Lipschitz constant c+\/||€,||. Denote the left and right
components as 6L (j) and OF(j) respectively. The prerescaling level Q,,( ) is the union of two
disjoint vertical strips Q%(j) and QR (j) for 1 < j < K, + 1 where QL(j) = [6L(j),0EF(j+1)]
and Qf(j) = [0 (j+ 1), 67 ()]-

In the bad region j > K,, we have
1. |mz— mty| < cll&q]] for all z € Ry(j) N E,(P,(0)) and
2. |mz—mo BN ty)| = |z — myta| < e/|&a] for all z € Qn(j).

Proof. The fourth property of the good region follows from the third property and the proof of
Lemma [6.211

The sixth property of the good region follows from the graph transformation and the fourth
property.

Other properties are similar to the period-doubling case. The proof depends only on the pertur-
bation € and the geometric structure of the local stable manifolds and the tip which are the same
as the period-doubling case. See Proposition and Proposition [0.4] for the proof. 0

Remark 15.3. By definition, 81(1) = 8% and 6% (1) = 6R.

In the remaining part of this article, the parameter b will be a fixed large value that makes the
proposition hold so the boundaries K, are also constants that depends only on the Hénon-like map.
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16. Hyperbolic Size

Hyperbolic size is introduced in this chapter. It is a generalization of the hyperbolic length from the
dimension one setting. It measures the relative horizontal displacement of a set inside a vertical
strip. The expansion of hyperbolic size for the sequence elements in a closest approach will be
studied later to prove the nonexistence of wandering domain.

Regular curves are used to measure the hyperbolic size of a set inside a vertical strip. It is defined
as follows.

Definition 16.1 (Regular curve). Given a parameter R > 0. The graph of a C? function r : [a,b] C
I" — IV is said to be R-regular (with respect to the Hénon-like map F) if

/ R
1' ||r || < H8H1/4’
/" R
2. Hl’ H < HEH’
3. 17 < ﬁ, and
471N < B

el

Remark 16.2. These are the conditions that make the restriction of a Hénon-like map to a regular
curve preserves the property of negative Schwarzian derivative. This produces the expansion of
hyperbolic size for a set under iteration. See the proof of Lemma and Remark later.
Chapter [I0] has a geometric explanation for the first condition.

_R

R The tools for Lipschitz curves

An R-regular curve is also a Lipschitz curve with constant
in Section [[4.2] applies to regular curves.

If a set is inside a vertical strip, then we can measure the hyperbolic size of the set by R-regular
curves.

Definition 16.3 (Hyperbolic Size). Assume that € > 0, § > 0, I" and I" are intervals with I € I" C
I', F € (1" x I' ) is a Hénon-like map, R and L are positive constants with RL < 1, and 2" is a
collection of disjoint separators with Lipschitz constant L ||€|| /4 Given a vertical strip S = [, B]
and a setJ C S where a, € 2.

The hyperbolic size of J in S is defined to be

s = sup [[c,d]|fy

(re,d)

where the supremum is evaluated over all R-regular curves r : [a,b] — I" and all constants c,d €
(a,b) that satisfies

1. the two ends (a,r(a)) and (b,r(b)) of the graph are attached to the two boundaries & and 3
of the strip S respectively and
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16. Hyperbolic Size

Figure 16.1.: Hyperbolic size measured by regular curves.

2. the two points (c,r(c)) and (d,r(d)) on the graph belong to the set J.

See Figure[16.1] for illustration.

The following proposition is an analog of Corollary [2.15] It says that the hyperbolic size is
larger when measuring the hyperbolic size inside a smaller base set.

Proposition 16.4. Assume that € >0, § >0, I" and I’ are intervals with I € I" C I', F € ;1" x
I',€) is a Hénon-like map, R and L are positive constants with RL < 1, and 2" is a collection of
disjoint separators with Lipschitz constant L ||€|| 14

If S| and S, are vertical strips with boundaries in 2 such that S, C Sy, then
s, > M1s,
for all subsets J in the vertical strip S, where the hyperbolic size is measured by R-regular curves.

Proof. Assume that S| = [ay, B1] and Sy = [0, B;] with oy < B and oy < B». Then oy < o <
B2 = Bi.

Let r: [a;,b1] — I" be an R-regular curve that intersects J at (¢, r(c)) and (d, r(d)) with ¢ < d and
the two endpoints (a1, r(a;)) and (b, r(by)) are attached to ¢ and 31 respectively. By Proposition
the curve intersects o and f3, at (ap,7(az)) and (b, 7(bs)) respectively and a; < ap < ¢ <
d < by < by. Then

s, = Mlesdllia, 5y = llesdll g, o

by Corollary and the definition of hyperbolic size. Therefore, the proposition follows because
r, ¢, and d are arbitrary chosen. OJ

The next proposition is an analog of Proposition It is an important property that allows us
to quantify the expansion of hyperbolic size when a wandering domain is embedded from a larger
vertical strip to a smaller vertical strip. The expansion depends on the two spacing between the
larger vertical strip and the smaller vertical strip. In Chapter[I7]later, the proposition will be used
to estimate the size of the expansion given by the expansion from the topology.

Define the minimal displacement of two separators & and 3 as

SDisp(a, B) = inf{|ay — by|; (ax,ay) € o, (by,by) € B} (16.1)
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and the maximal displacement as

LDisp(et, B) = sup{|ax — by|; (ax,ay) € o, (by,by) € B}.

Proposition 16.5. Assume that€ >0, § >0, I" and I' are intervals with I € I" C I', F € (1" x
I',€) is a Hénon-like map, R and L are positive constants with RL < 1, and 2" is a collection of

disjoint separators with Lipschitz constant L ||€|| 14

If Sy = a1, Bi] and Sy = [0, Ba] are vertical strips with a; < 0 < Ba < By, %m > M,
d SDisp(B1.p2)

IDisplas B) > M for some constant M > 0, then

an

1
s, = =37 Mls,

for all subsets J in the vertical strip S» where the hyperbolic size is measured by R-regular curves.

Proof. The proof is similar to Proposition[16.4]

Let r: [aj,b1] — I' be an R-regular curve that intersects J at (c,r(c)) and (d,r(d)) with ¢ < d
and the two endpoints (ay,r(a;)) and (by,r(b;)) are attached to c; and ) respectively. By Lemma
the curve intersects o and f3, at (ap,7(az)) and (b, 7(b>)) respectively and a; < ar < ¢ <

d < by < by. Then

\az—a1| > M ‘bl—b2| M
maly, ¥ g 217220 2
by —ai| ~ |1 b —a| T 1"

By Proposition and the definition of hyperbolic size, we get

1
s, = [le, ]}y, 00 > ] |lesd]l -
Therefore, the proposition follows because r, ¢, and d are arbitrary chosen. U

The hyperbolic size can be compared with the Euclidean size. The first proposition says that
if the two sides have definite size, then the hyperbolic size is bounded above by the horizontal
Euclidean displacement.

Proposition 16.6. Assume that € >0, 6 > 0, I" and IV are intervals with [ €I" C I", F € %(lh X
I',€) is a Hénon-like map, R and L are positive constants with RL < 1, and 2" is a collection of
disjoint separators with Lipschitz constant L ||€|| 14

IfS1 = [a1, Bi] and S, = [aw, Ba] are vertical strips with o < ap < B < B1, SDisp(o, ) > M,

and SDisp(B1,B2) > M for some constant M > 0, then there exists ¢ = c¢(M) > 0 such that

2
Vs, < i ssup{|x2 —x1| : (x1,y1), (x2,¥2) € J}
for all subsets J in the vertical strip Sy where the hyperbolic size is measured by R-regular curves.

Proof. Assume that r is an R-regular curve such that its graph is attached to o and fB; at (a,r(a))
and (b,r(b)) respectively and intersects the set J at (¢, 7(c)) and (d,r(d)) from left to right. Also,
let (d’,r(d")) and (b',r(b")) be the intersection of the graph with o, and 3, respectively. Then
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16. Hyperbolic Size

1 1 2
el < (g4 jmg ) @0 < gysuplliz =il (). b €9} (162)

by Proposition 2.13] Therefore, the proposition follows because the regular curve r is arbitrary
chosen. [

The next proposition says that the hyperbolic size is bounded below by the size of the horizontal
cross-section.

Proposition 16.7. Assume that € >0, 6 > 0, I" and IV are intervals with [ €I" C I", F € %%(Ih X
I',€) is a Hénon-like map, R and L are positive constants with RL < 1, and 2" is a collection of
disjoint separators with Lipschitz constant L ||€|| 1/4

If S = [a, B] is a vertical strips with oo < B, then there exists ¢ > 0 such that

c
Jg >——-——- — X1 J
g, > LDisp(c B) sup{|xz —x1| : (x1,¥), (x2,y) € J}

for all subsets J in the vertical strip S where the hyperbolic size is measured by R-regular curves.

Proof. We may assume that J is compact. Let x — (x,yo) be a horizontal line that intersects J and
up —uy = sup{|xz — x| : (x1,y), (x2,y) € J} for some (uy,yo), (u2,y0) € J. Also let r(x) = yo be
the constant function. It is clear that r is R-regular. The curve intersects the boundaries o and f3 at
points a and b respectively. Then

1(J) = [[u1,u2]| (4 p) -

By Proposition [2.12] there exists a constant ¢ > 0 such that

Uy —ug c )
|1, 2]l p) = € . > LDisp(a, B) -sup{loy —xi| : (x1,y), (x2,y) € J}.
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17. Expansion of Hyperbolic Size in the Good Region
This chapter generalize the expansion argument from unimodal maps to Hénon-like maps. The

proof follows the work from Chapter |1 3| with three necessary adjustments:

1. Expansion from iteration by generalizing the measurements from hyperbolic length to hy-

perbolic size. (Propositions [17.3] [17.26] and [17.29)

2. Adjustments of the base sets for the prerescaling set and the rescaling set to avoid regular
curves intersecting the bad region. (Definition

3. Additional steps that comes from the Hénon rescaling. (B LcandCcE D)

Figure summarizes all the expansion estimates. The goal of this chapter is to prove Proposition
17.32}, the hyperbolic size of the elements in a closest approach expands uniformly.

17.1. Expansion from iteration

This section will generalize the expansion argument from unimodal maps to Hénon-like maps for
the steps containing only iteration without rescaling. Our first goal is to prove Proposition[17.3] a
generalization of Proposition [2.10] It states that the hyperbolic size of a set expands under iteration
when the set is away from the center trapping set.

To prove the proposition, we first show that the tools for negative Schwarzian diffeomorphisms
apply to a Hénon-like map when the map is close to a unimodal map with negative Schwarzian
derivative. The first condition says that the restriction of the Hénon-like map to an R-regular curve
is also a map with negative Schwarizan derivative. The second condition says that the class of
R-regular curves is invariant under iterations. This allows us to generalize the expansion estimates
from unimodal maps to Hénon-like maps.

K

BY AT 5t

Qo( /) (good)

_ PP
Lem [[712&{17.13] Lem[I7.09
I714l| F
Lem 0 m}

i R Fy

S TpflL o "\ (bad
Lem[IZ.13 0 Lem O(])( a )

. dooFo  _j . 0 Pj-1 L((v\C _
00 (good 2o R~ 1) =2 o Vo R (0) )

Figure 17.1.: A summary of all expansion estimates. The arrow — represents expansion and the

arrow = represents uniform expansion. The dash arrows are the paths addition to the
unimodal case (compare Figure [T3.1).
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17. Expansion of Hyperbolic Size in the Good Region

Lemma 17.1. Given & > 0, intervals I" and I' with I € I" C I', a unimodal permutation G, and a
unimodal map g € 02/5600 (I"). For all R > 0 sufficiently small (depending on g) and € > 0 sufficiently
small (depending on g and R ﬂ there exists ¢ = c(g) > 0 such that the following properties hold
forall F € %’%Gw(lh x1',g,€):

Assume that ry : |ay,by] — I' is an R-regular curve (associated to F). Let f(x) = m.o F (x,r{ (x))
= h(x,r1(x)). If the graph of ry is disjoint from the center trapping set TP, then

1. the map f is diffeomorphic to its image and has negative Schwarzian derivative and
2. the image of the graph of r1 (under the iteration of F') is the graph of an R-regular curve r; :
laz, by] — I'. In fact, the derivatives of the curve ry are uniformly bounded ||r5|| , ||F5 1|, |75 || <

C.

Proof. Proposition [2.7]is used to prove the first property. To estimate the C*> norm of f', compute

R e oe
70 =] = | =)+ Gt 5o )
<cillf =gl +erllel +eiR P, (17.1)
d%e d%e d%e s de
. // / e ge n
’_ +(92+233 (rl)+ay2 (rl) +8y (rl)
<ci|f—gll+erlle] +eiRlle]>* +ci1R?[|e]| /> + e1R, (17.2)
and
. e 3¢ 3¢ ’
|f///( /// ‘_’( m_ ”/)+ﬁ+3m'(ri> _|_3rayz. (7’/1)
d’e d%e % ,, e

F5E () 35 () #3553 () () + 5 (1)

<c1|lf — gl +erllell +3ciR|e]** 431 R? e ]|+ ci R [l /4 + T R.
(17.3)

In the equations, the partial derivatives are evaluated at (x,r;(x)). Also, the derivatives are esti-
mated by the C° norm using Lemma and ¢ is the positive constant. The inequalities show
that the map f’ is C? close to g'. Since g is a map with negative Schwarzian derivative, the map
f also has negative Schwarzian derivative by Proposition when € and R are sufficiently small
(depending on g).

Next, we show that f is diffeomorphic to its image. Note that the curve r; is exactly the inverse
F~1 because the two curves r; and r, satisfy the relation

A

(f(0),1) = F(t,r1(2)) = (x,r2(x)).

I'This means that there exists R > 0 depending on g. And for all R with 0 < R < R, there exists & > 0 depending on
R. Then the properties hold for all € with 0 < € < €.
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17.1. Expansion from iteration

Let ¢; > 0 be a constant such that ’ S (x y)‘ > ¢y whenever (x,y) ¢ TP~!. The constant exists

because the points are away from the critical locus, and the constant is chosen so that the estimate
holds for all Hénon maps F close to the degenerate map i(g) (€ is sufficiently small). Then

e

dh
3y )

P2 [Snon)|-

1
4] 22— 5 lell ||

LR lelp s
> o~ <Rllel* =
when € and R are small. By the inverse function theorem (Lemma , the curve rn, = f —1 exists
and is C°.
It remains to prove that r» is R-regular. The derivatives of f are uniformly bounded on I because
they are close to derivatives of g by (17.1)), (17.2), and (17.3)) and I” is compact. By computing the
derivatives of the inverse function, we have

‘rzofA(x)‘ = |f/1x)’ <2/cy <cs,
noop }]M(X)‘ 4 5
r2of('x)|_ ‘f/(x)|2§% f (X)’<C3,

and

ol == s {7l W -3 (7l

|/// ‘ (é)5{|f,( /// }—|—3’f” |}§c3

for some constant c3 > 0. We get

, R
2] <es < W
Hr H S < || ||
"
I} < H R
and
whenever € is sufficiently small (depending on R). Therefore, the curve r, is R-regular. [

Remark 17.2. The condition regular is defined to ensure the inequalities (17/.1)), (17.2), and (17.3))
are small.

Finally, the proposition generalizes Proposition [2.10] to Hénon-like maps. It says that when a
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17. Expansion of Hyperbolic Size in the Good Region

Hénon-like map is close to a unimodal map with negative Schwarzian derivative, the hyperbolic
size of a set away from the center expands under iteration.

Proposition 17.3. Given 6 > 0, intervals " and I’ with I € I" C I, a unimodal permutation O,
and a unimodal map g € %5600 (Ih) For all R > 0O sufficiently small (depending on g) and € > 0
sufficiently small (depending on g and R), the following property holds for all F & ,%%Gw (Ih X
I",g,€):

Assume that . X — % is an induced unimodal map on the pair of compatible separators
2 and % with Lipschitz constant L||€|| % and RL < 1. If Sy and S, are vertical strips of &
and % respectively, Sy is disjoint from the center trapping region TP, and f*(Sy) = Sy, then the
hyperbolic size expands under iteration:

[FWDls, = Vs,

for all J C Sy. The hyperbolic size is measured by R-regular curves.

Proof. Let R and € be the constants given by Lemma Given an R-regular curve ry : [aj,b] —
I} such that the two endpoints (aj,r(a;)) and (by,r;(by)) of its graph are attached to the two
boundaries of S} and the two points (c1,71(c1)) and (dy,r1(d;)) on the graph belong to J.

By Lemma the image of the graph of ry is the graph of an R-regular curve r; : [a2,bs] —
I'. The endpoints (az,r(az)) and (b, r2(by)) of its graph are attached to the two boundaries
of S, because boundaries of S; maps to boundaries of Sy. Also, the two points (c¢2,72(c;)) and
(dy,r2(d>)) belong to F(J) where c; = f(cy), do = f(dy), and f(x) = m.0 F(x,r(x)). Hence, r
is an R-regular curve that satisfies the conditions for measuring the hyperbolic size. We get

IFU)s, = [[c2:d2]l{ay 1) - (17.4)

Moreover, the map f has negative Schwarizan derivative by Lemma This yields the ex-
pansion of hyperbolic length

|le2,d2]| (4, p,) = ‘[fA(Cl)»]?(dl)]’[f(al)f(blﬂ > |[er,di]ljg, py] (17.5)
by Proposition [2.10} Combine (17.4) and (17.5), we get

F()s, > ller,di]lig, y)-

The inequality holds for all R-regular curves ry that satisfy the conditions for measuring the hyper-
bolic size. Therefore, the proposition is proved. 0

The proposition does not guarantee that the expansion of hyperbolic size is uniform. Propo-
sition [[6.5] is the tool that allows us to estimate the size of expansion from the expansion of the
topology. The topological results from Section [[3.6.1| showing the expansion of a unimodal map’s
topology also apply to this context with the help of the induced unimodal map f*. This produces
the expansion of topology for a Hénon map in a bounded number of iterations and ensures definite
expansion on the hyperbolic size.

Fix the induced unimodal map f* defined by Proposition Given R > 0 sufficiently
small by Proposition The local stable manifolds are separators with Lipschitz constant
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17.1. Expansion from iteration

Ll|e||=(L H8H3/4) IEd| 1/4 by Propositions |14 18| and |14 36L Thus, the separators satisfy the con-

d1t10 L]l < 1 when the perturbation € is sufficiently small. Therefore, Propositions
i and ﬁ apply to the vertical strips defined by the separators &(0), t(0), B(0),B(0),
1),B0(1),-- ar~ (1), ar=1(1), 7~ (1), Br-1(1), 6%, 6%.

To measure the hyperbohc size of a wandering domain, a base set is assigned to each partition
element: B, C, trapping set, and gap. The hyperbolic size of a wandering domain will be measured
inside the base set of the partition element that contains the wandering domain instead of the
partition element itself. It is defined as follows.

Definition 17.4 (Base set). 1. If T/ is a trapping set with 2 < j < p — 1, define its base set as
Base(T/) = P/.

2. If G is a gap, define its base set as Base(G) = Tp UG U Tg where Ty and Ty are the two
adjacent trapping sets of G.

3. The base set of B is Base(B) = [B(0), at(0)].

4. The base set of C is Base(C) = [a(0),(0)].

If J C BUCUD is a wandering domain, its base set is defined to be Base(J) = Base(S) where
S is one of the vertical strips above that contains J. Denote the hyperbolic size of the wandering
domain as

l(J) = |J|Base(l) :
Remark 17.5. The third and fourth definitions are new in the Hénon setting. See Proposition [14.43]

and Figure[14.1]

The final goal of this section is to prove the following two propositions. The first proposition
shows that the hyperbolic size of a set expands under iteration.

Proposition 17.6 (Expansion for one iteration). Given & > 0, intervals "and I' with € I" C I,
a unimodal permutation o, and a unimodal map g € dZ/({’m (I"). For all R > 0 sufficiently small
(depending on g) and € > O sufficiently small (depending on g and R), the following property holds
forall F € %’%"w(lh x1',g,€):
Assume that J is a wandering domain of F. If J C D and F(J) C D then
I(F(J)) = 1(J)

where the hyperbolic size is measured by R-regular curves.

Proof. Assume the expansion estimates in the later subsections hold. The proposition follows from
Lemmal(17.12(G 5 G), Lemma|17.14{(G = TJ), and Lemma|[17.15(T7 & T/*1) later. 0

The next proposition shows that a definite amount of expansion can be obtained in a bounded
number of iterations.

Proposition 17.7 (Uniform expansion for iterations). Given § > 0, intervals I" and I" with I €
I" C I', a unimodal permutation o, and a unimodal map g € 52/5000 (Ih) For all R > 0 sufficiently
small (depending on g) and € > 0 sufficiently small (depending on g and R), the following property
holds for all F € 7§ (I" x I g,€):
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17. Expansion of Hyperbolic Size in the Good Region

Assume that J is a wandering domain of F and ming<;<,_1 SDisp(B'(1), (1)) > K for some
constant K > 0. If the sets J,F (J),--- ,FP(J) are all in the iteration set D, then

[(FP(J)) = E-1(J)
for some constant E > 1 that depends only on K/ ‘Ih ‘ The hyperbolic size is measured by R-regular
curves.

Proof. Assume the expansion estimates in the later subsections hold. If the sets J, F(J),--- ,FP(J)
all belong to gaps, then
I(FP(J)) = E-1(J)

by Lemmal17.13{(G 2 G).
If F'(J) C T/ for some 0 <t < p— 1, let t be the smallest integer. The integer ¢ # 0 because 7°
and T"! are disjoint from D. Then

I(F'(J)) = E-1(F"'(J)) (17.6)

by Lemma|17.14|(G Lo ). The sets F'(J),---,FP(J) belong to trapping intervals implies that

I(FP(J)) > - > I(F'(J)) (17.7)

by Lemmal17.15(T7 5 T7+1). Also, the sets J,- - , F'~!(J) belong to gaps implies that

IFH ) > > 1)) (17.8)

by Lemmal|l7.12|(G £> G). After combining (17.6), (17.7), and (17.8), we obtain

I(FP(J)) > E-1(J).

O

An immediate consequence is the orbit of an wandering domain cannot stay in the iteration set
forever. The orbit must eventually enters the prerescaling set and the rescaling set.

Corollary 17.8. Given 0 > 0, intervals " and I’ with I € I" C I', a unimodal permutation &, and
a unimodal map g € %60“ (Ih). For all € > 0 sufficiently small (depending on g), the following
property holds for all F € %”6600 (I"x 1", g,€):

If the map F has a wandering domain in D, then it also has a wandering domain in the rescaling
set R.

Proof. Let ¢ be a unimodal permutation, g € % (Ih) be a unimodal map, R > 0 and € > 0 be
two constants sufficiently small by Proposition , F e %”5600 (I"xI",g,€),and K = ming<;<,—|
SDisp(B'(1), /(1)) > 0. Assume that J is a wandering domain of F.

By Proposition the hyperbolic size of the orbit of J diverges to infinity if the orbit stays in
the iteration set D forever. This cannot happen because the hyperbolic size of gaps and trapping
sets are bounded inside their base sets. Thus, F’(J) C R for some ¢ > 0. By Proposition

F'(J) is a wandering domain in R. O
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17.1. Expansion from iteration

al(l)  BH(1)  BY1) | Ofo(l) Bo(1) (1)
o fri— *0 O
Base(C) | Base(B)
a(0) B(0) a(0)

Figure 17.1.: The iteration from B to C.

Another immediate consequence is the expansion constant E can be chosen to be uniform when
the Hénon-like map F it is sufficiently close to the hyperbolic fixed point i( fi) of the renormaliza-
tion operator.

Corollary 17.9. Given § > 0, intervals I" and I' with I € I" C I', and a unimodal permutation .
There exists a constant E > 1 such that for all R > 0 sufficiently small and € > 0 sufficiently small
(depending on R), the following property holds for all F € 7§ (I"x I €):

Assume that J is a wandering domain of F. If J,F (J),--- ,FP(J) C D, then

I(FP(J))>E-1(J)
where the hyperbolic size is measured by R-regular curves.

Proof. Set g = f in Proposition The constant K > 0 can be chosen to be uniform for all
Hénon-like maps close enough to i( f5). Thus, the expansion constant E is uniform. 0

The remaining part of this section generalizes the expansion argument in the iteration set by
using Proposition For the unimodal map, the expansion of the hyperbolic length is fully de-
termined by the expansion of the topology under iteration. For Hénon-like maps, the topology of a
Hénon-like maps inside the good region behaves like unimodal maps under iteration. Precisely, the
order of the local stable manifolds for a renormalizable Hénon-like map are the same as the order
of the associate periodic points for a renormalizable unimodal map with the same combinatoric
type. Thus, the expansion argument for unimodal maps can be fully adopted to Hénon-like maps
by using the induced unimodal map f*. The following subsections will study the expansion case

by case according to Figure|14.1{ The three cases G LNYe (Subsection|17.1.3), G L 7i (Subsection
17.1.4), and T/ Lo+ (Subsection |17.1.5|) are similar to Section 13.6.1l The two cases B 5 C
(Subsection|17.1.1) and C LG (Subsection|17.1.2)) are addition in the Hénon settings.

17.1.1. B 5 ¢

Lemma 17.10 (Expansion for B LY O). Given 8 > 0, intervals I" and I’ withI € I" C I', a unimodal
permutation ©, and a unimodal map g € “2/5‘700 (I"). For all R > 0 sufficiently small (depending
on g) and € > 0 sufficiently small (depending on g and R), the following property holds for all
FeAf (I"xI',g?):
If J C B, then
|F(J)|Base(C) 2 |J|Base(B)

where the hyperbolic size is measured by R-regular curves.
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17. Expansion of Hyperbolic Size in the Good Region

a(0) el C B(0)
al(18! 1) Bl(1) RN el }p—lL p—1.R T
(g FH Bo) BrH(1) BrR() (0)

| 7
71— Fo—t—r— B(0) —ro— [
a(0) a2(1) B BN BO(1)  B°(1)a(0)
Lspacing— G+——— * spacing J

Figure 17.2.: The iteration from C to G.

Proof. By definition, the vertical strip Base(B) is disjoint from the center trapping set 77~ and
f*(Base(B)) = Base(C). See Figure[I7.1] The lemma follows from Proposition O

171.2. c £ G

Lemma 17.11 (Expansion for C £> G). Given & > 0, intervals "and I’ with 1 € I" C I, a uni-
modal permutation o, p > 3, and a unimodal map g € U 8600 (I"). For all R > O sufficiently small
(depending on g) and € > O sufficiently small (depending on g and R), the following property holds
forall F € ji‘%"m(lh x 1, g,€):

Assume that SDisp(B°(1), (1)) > K and SDisp (a(0),B'(1)) > K for some constant K > 0.
IfJ CCand F(J) C G for some gap G, then

|F(J)|Base(G) > E |J|Base(C)

for some constant E > 1 that depends only on K/ ‘I h ‘ The hyperbolic size is measured by R-regular
curves.

Proof. See Figure for illustration. Assume that 37~1£(1) be the left separator in {7~1(1),
BP=1(1)}. Then C C [a(0), 87~ 1E(1)] C Base(C). We get

‘Jl[a(0)7ﬁp71‘l‘(1)} = |J’Base(C) (17.9)

by Proposition[16.4]
Then we iterate the sets J and [¢(0), 87~ 1£(1)]. The vertical strip [a(0), B7~1E(1)] is disjoint
from the center trapping set 77~! and f*([a(0), ®]) = [«(0), 8°(1)]. By Proposition|16.4, we get

F Dl ia).po01)) = Mlia).pr-12(1) (17.10)

Consider the images F(J) and [a(0), 8°(1)]. The set [a(0), 8°(1)]\Base(G) contains a compo-
nent on each side of the vertical strip Base(G). The left component contains [o¢(0), 3'(1)] and the

right component contains [3°(1), 3°(1)] because p > 3. By Proposition , we obtain

|F ()| Base() = E F (D[ 0),80(1)) - (17.11)
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17.1. Expansion from iteration

for some constant £ > 1 determined by K/ ‘Ih| The lemma follows by comblmng
and (I7.11).

171.3. ¢ LG

Lemma 17.12 (Expansion for G LA G). Given 8§ > 0, intervals I" and I' with 1 e I" C I', a
unimodal permutation o, and a unimodal map g € 52/5600 (Ih) For all R > O sufficiently small
(depending on g) and € > 0O sufficiently small (depending on g and R), the following property holds
forall F € %’%Gw(lh x1',g,€):

IfJ C G' and F(J) C G? for some gaps G' and G? in D, then

|F(‘])|Base(G2) 2> |J‘Base(G1)

where the hyperbolic size is measured by R-regular curves.

Proof. The proof is similar to Corollary [I3.41]

The result of Lemma[I3.40]can be generalized to Hénon-like maps. There exists a vertical strip
I that is disjoint from the center trapping set 7”~! such that Base(G') D I and f*(I) D Base(G?).
By Proposition and Proposition|17.3] we get

‘FH(J)|Base(G2) > |FH(J)’fS(1) > ‘J’I = |]|Base(G1) :
0

Lemma 17.13 (Uniform expansion for G g G). Given 8 > 0, intervals I" and I' with 1 € I" C I,
a unimodal permutation o, and a unimodal map g € %5"% (I"). For all R > 0 sufficiently small
(depending on g) and € > O sufficiently small (depending on g and R), the following property holds
forall F € %’%"w(ﬂ’ x1I',g,€):

Assume that mino<,<,—1 SDist(B(1), (1)) > K for some constant K > 0. If F/(J) C G/ for
0 < j < p where G/ are gaps in D, then

|FP(J)|Base(GP) > E ’J|Base(G0)

for some constant E > 1 that depends only on K/ ’Ih ‘ The hyperbolic size is measured by R-regular
curves.

Proof. The proof is similar to Corollary [13.43]
The result of Lemma [13.42| can be generalized to Hénon-like maps. Let {I/ }fzo be vertical
strips similar to the intervals in the lemma. The vertical strips satisfy the properties:

1. the vertical strips I/ are disjoint from the center trapping set 777!,
2. (Yo I* for j=0,---,p—1,

3.'=G% I >G/for j=1,---,p—1,and I” = Base(GP).
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17. Expansion of Hyperbolic Size in the Good Region

The two components of Base(G®)\I? are both trapping sets. By Proposition we have
|J|IO > E |J|Base(G0) (17.12)

for some constant E > 1 determined by K/ |Ih ‘
Since f*(I/) D I'*! for j =0,---,p— 1 and the vertical strips I/ are disjoint from the center
trapping set 77!, we get

‘FP(J)‘Base(GP) = ‘Fp(‘])‘f“(ﬂ’*l) = |Fp71(‘])‘1p71 > ‘Fpil(.])

fs(Ipr) 2 e Z |J‘IO (1713)

by Proposition [16.4] and Proposition [I7.3] The lemma follows by combining (I7.12) and (I7.13).
O

17.1.4. G = 17 with j#£0,1

Lemma 17.14 (Uniform expansion for G £> T9). Given 8 > 0, intervals I" and I' with € I" C I,
a unimodal permutation G, and a unimodal map g € 52/6600 (I"). For all R > 0 sufficiently small
(depending on g) and € > O sufficiently small (depending on g and R), the following property holds
forall F € %”({’m(lh x 1, g,€):

Assume that ming<;<,—1 SDist(B'(1),B!(1)) > K for some constant K > 0. If J C G for some
gap G, F(J) C T/ with j # 0, then

|F<J)|Base(Tj) > E ’J|Base(G)

for some constant E > 1 that depends only on K/ ’I h ‘ The hyperbolic size is measured by R-regular
curves.

Proof. The proof is similar to Corollary
The set Base(G)\G has a component on each side of G. Both components are trapping sets. By
Proposition the hyperbolic size has definite expansion

’J|G >E |J‘Base(G) (17.14)

for some constant E > 1 determined by K/ |Ih ‘
Moreover, by Proposition [17.3] the hyperbolic size expands under iteration

FW)l gy 2 Wl (17.15)
The result from Lemma|13.44] can be generalized to Hénon-like maps: f*(G) D P/. Hence,
IF (D) pase(riy = 1F s (17.16)

by Proposition[16.4]
The lemma follows by combining (17.14)), (I7.13), and (17.16). O
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17.2. Expansion from rescaling

17.1.5. 77 5 7/ with j< p—2

Lemma 17.15 (Expansion for T — T). Given 8 > 0, intervals I" and I' with I € I" C I, a uni-
modal permutation &, and a unimodal map g € ?/6"00 (I"). There exist R > 0 sufficiently small
(depending on g) and € > 0 sufficiently small (depending on g and R) such that the following
property holds for all F € %”6"00 (I"xI",g,€):

IfJ C T/ where 0 < j < p—2, then

’F(J)‘Base(TfH) 2 |J’Base(Tj)
where the hyperbolic size is measured by R-regular curves.

Proof. By the definition of the trapping sets, we have F(J) C T/*! and f*(P/) = P/*!. The
inequality follows from Proposition [

17.2. Expansion from rescaling

In this section, we study the expansion of hyperbolic size for the case when a step in a closest
approach contains rescaling.

Recall from Proposition the constant K, is the boundary for the good region and the bad
region of F, and 6(j) and 8F(j) are the two separators such that F, ' (B,(j)) = 65(j) U8R () and
6L (j) < GR( j) for j=1,---,K, +2. Fix the induced unimodal map f3 : 2, — @ where 2, =

{od " (1), 087" (1),0E(1), 68(1),8(2),08(2), -+ . BF (K +2), R (Ky +2)} and %, = {a(1),
Bn( )7Bn( )7 '7Bn(Kn+2>}-

To measure the hyperbolic size in the rescaling set and the prerescaling set, a base set is assigned
to each level as follows.

Definition 17.16 (Base set). Assume that € > 0 is sufficient small such that Proposition holds,
Fe8(I"xI"€),and 1 < j <K,.

1. The base set of RE(j) = [B(j), B.(j+ 1)] is defined to be

Base(Ry (j)) = [0(0), Ba(j +2)] = [06(0), Bu (/)] UR; (/) URZ (j + 1)
for all j > 0. See Figure 14.1b| for an illustration of the base sets of RE.

2. The base set of Q',(j) = [6i(}),6i(j+1)] is defined to be
Base(Q,,(j)) = [of =" (1), 6,(j +2)] = [oh =" (1), 6,(NI U (U Gy (j + 1)

fori=L or Rwhere a "F(1),af 7" ®(1) e {a 7' (1), o' (1)} with of M E(1) < 1R (1),

Remark 17.17. Compare to the unimodal case, the definition for the base sets of the prerescaling
set and the rescaling set here are adjusted to avoid an R-regular curve intersecting the bad region.
Compare with Definition[13.4§]

The hyperbolic size for the step containing rescaling will be studied in four separated parts:
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17. Expansion of Hyperbolic Size in the Good Region

1. Conversion of the hyperbolic size from the iteration set to the prerescaling set (Subsection

(721D — Q).

2. Expansion of the hyperbolic size under one iteration plus one rescaling (Subsection
N F N O .
On(j) = Ry (j) = Ry (j = 1))

3. Expansion of the hyperbolic size under the remaining rescalings (Subsection [17.2.3|RE () ﬁ
Ry (j=1).

4. Conversion of the hyperbolic size from the rescaling set back to the iteration set (Subsection

17.24R}(0) = Dy).

The final goal of this section is to prove the following proposition.

Proposition 17.18 (Uniform expansion for rescaling). Given § > 0, intervals I" and I' with I €
I" C I", and an admissible unimodal permutation 6. For all R > 0 sufficiently small and € > 0
sufficiently small (depending on R), there exists E > 1 such that the following property holds for
all F € Z¢(I" x I €) and all n > 0:

Assume that J is a wandering domain of F,,. If J C Q,, is in the good region, then

1@ o F,(1)) > E-1(J)
where the hyperbolic size is measured by R-regular curves.

Proof. Assume the expansion estimates in the later subsections. Fix the cylindrical neighborhood
to be centered at the fixed point g = f in Lemmas[17.19}[17.20] and[17.31] Also, select a constant

K for Lemmal17.31|{(RL(0) — D) such that SDisp (- (0), BL(1)) > K and SDisp <BF(1), BF(2)> >
K forall F € .73 (I" x I',€). The constant K can be chosen to be positive when the Hénon-like

maps are sufficiently close to the hyperbolic fixed point i( f5 ), i.e. € > 0 is sufficiently small. Thus,
the expansion constant E from Lemma|17.31 (RL(0) — Dy) is uniform on & (I" x IV €).

By Lemma[I7.19](G — Q) and Lemma[I7.20(T — Q), we have

Y Base(0i (k(r))) = 1) (17.17)

where i = L or R such that J C Q',(k(J)). Also, by Corollary(17.27|(Q, (/) Iy RL(j) Lt RE (1)),
we have

|90 0 Fn ()| pase(rt, k(1) 1)) = M |Base(0i k(7)) - (17.18)
Finally, by Corollary|17.30 (RL( ) Lt RE(j—1)) and Lemma|17.31|(R5(0) = D,), we get
k(J
U@ 0 o)) > E (000 Fald) pase(rr., (k0)-1) (17.19)

where the constant E > 1 is obtained by Lemma|17.31|(R5(0) = D,).
The lemma follows by combining (17.17)), (I7.18), and (17.19). OJ
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17.21. D, — Q, good

When a wandering domain is in the prerescaling set (, it can be in either the center trapping set
TP~ or the gap adjacent to the center trapping set. The first lemma studies the case of gap.

Lemma 17.19 (Expansion for G < Q(1)). Given § > 0, intervals I" and I' with 1 € I" C I",
a unimodal permutation o, and a unimodal map g € %5600 (I"). For all R > 0 sufficiently small
(depending on g) and € > O sufficiently small (depending on g and R), the following property holds
forall F € #F (I"xI",g,€):

IfJ C GNQ/(1) for some gap G and i = L or R, then

|J|Base(Q’A(1)) > |J|Base(G)
where the hyperbolic size is measured by R-regular curves.

Proof. If GN Q/(1) # ¢, then TP~ is one of the adjacent trapping set of G. So Base(G) D
Base(Q'(1)) by definition. The lemma follows from Proposition [16.4] O

The next lemma studies the case in the center trapping set.

Lemma 17.20 (Expansion for TP~! < Q). Given § > 0, intervals I" and I' with 1 € I" C I,
a unimodal permutation o, and a unimodal map g € dZ/({’m (I"). For all R > 0 sufficiently small
(depending on g) and € > O sufficiently small (depending on g and R), the following property holds
forall F € %”6600(1}‘ x1',g,€):

IfJ C TP 'NQi(k(J)), i=LorR, and 1 <k(J) < Kp, then

|J|Base(Qi(k(J))) > |J|Base(T”_])
where the hyperbolic size is measured by R-regular curves.

Proof. By definition, Base(TP~!) = PP~! 5 Base(Q!(j)). The lemma follows from Proposition
164l O

17.2.2. 0,(j) B RE(j) & RL(j— 1) where 1 < j <K,

The goal of this section is to prove Proposition [[7.26] the hyperbolic size of a wandering domain
expands under one iteration plus one rescaling. Unlike the unimodal case, the combination of it-
eration and rescaling cannot be separated into two parts. This is because the class of R-regular
curves is not invariant under one iteration when the curves are close to the bad region. The trick is
to apply one additional rescaling to make the curves to be R-regular in the next level of renormal-
ization because the size of the perturbation term € is contracted by taking the power of p whenever
the map is renormalized by Proposition [14.23]

Similar to Proposition we first prove that the property of negative Schwarzian derivative is
preserved when restricting the combination of iteration and rescaling to an R-regular curve and the
class of regular curves is invariant under the composed map.

Lemma 17.21. Given 8 > 0, intervals I" and I’ with [ € I C I', a unimodal permutation o, and
p > 3. For all R > 0 sufficiently small and € > 0 sufficiently small (depending on R), the following
properties hold for all F € 7§ (I" x I",€) and n > 0:
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17. Expansion of Hyperbolic Size in the Good Region

Assume that ry : [ay,by] — I is an R-regular curve (associated to Fy). If the graph of ry lies in
the vertical strip (o6~ "(1),85(K, +2)] or [62(K, +2),af (1)) where off (1), af~"¥(1)
e {a? = (1), a1 (1)} with af V(1) < ol TVR(1), then

1. the map x — my o @, 0 Fy(x,ri(x)) is injective with negative Schwarzian derivative and

2. the image of the graph of r\ under ¢, o F, is the graph of an R-regular (associated to Fy,, 1)
curve ry : laz,bo] = I .

Remark 17.22. The two vertical strips o7 "“(1), 0F(K, +2)] and [6R(K, +2),af " (1)] are
exactly the union of all base sets of Q in the good region.

To prove the lemma, we need the estimates for the partial derivatives of 7, o Hf ~!. The estimates
will also be used to prove Lemma|l/.28|later.

Lemma 17.23. Given 8§ > 0, intervals I" and I' with I € I" C I', a unimodal permutation o,
and an integert € {1,2,---,p}. For all € > 0 sufficiently small (independent of t), there exists
¢ =c(t) > 0 such that for all F € I (I" x I'€) and n > 0 the inequalities hold

on.oF!| |9%moF!| |d°m,oF!| |d*m0F!| |d3m oF!| |d*m 0oF! <clel
¢
dy dxdy || dy? dx%dy dxdyr || dy? "
for all points in P,(0).
Proof. By Lemma2.1] there exists a constant ¢; = ¢1(8) > 0 such that
de,| | d%e, | |d%¢,| | I3¢, 3¢, | |93, <allel
c
dy | [9xdy|’| 9y2 || 9x2dy | [dxay2|’| 9y3 | =1
for all points in P,(0).
Prove by induction on ¢.
For the case t = 1, we have 8”5—;& = %gy” Also, the partial derivatives can be estimated by the

C? norm ||&,|| using Lemma Hence, the lemma holds fort = 1.
Assume the induction hypothesis for ¢. For the case ¢ + 1, apply the chain rule. We get

dom o FIFl :aﬂonntoF %
dy dx "oy’
dm o Fit! omoF!
R < |2 R o e

d%°m o FiH! _ d°m o F! oF,. oh,, ‘%_1_ d°m o F! oF, . de, N om oF! oF,. d%e, |
0xdy ox2 dx dy dxdy dy ox dxdy

2 i+1
‘8 meoFlT

S| <adlled e el +ac e,
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17.2. Expansion from rescaling

PmoFt Pmok, . (s 2+anonnf R
= ory | —=— Orly:
0y? ox? "\ dy dx oy

azn OFt+1
\# <CorllelP+eeallel,

dy?

PmoFt _dmok; (811,,)2 de, _93m.oF! oh, Oe,
_ oF,

929y ox o ) oy T aay Sy

3 ’ t 2 2

37Fx05nan‘%+9 7rx<;>F oF,. 8}12,,‘8en+ dh, 97&,

0xdy dy ox dx* dy dx dxdy
+282EXOF,§ oF . d’e, +87tx0F,§ oF d’e,

dxdy " Oxdy dx " 9x2dy’
d3meoFIF!

9323y <c163 |lell +2e(t)erca |l&all + c(t)er llenl® ez (crez el +2c1e2 &)

+2¢(t)er |leall® +erez lleall

Probt Pmoky . I <8e,,>2 Pmoky (aen)2

oy oo e \Gy) Taay M\ Gy
827ron,§oF' 2(98n.828n+3hn_828n aﬂonrfo | 3¢,
o " \Tay oxdy  ox 0y ax O axay
837-[ OFH-I
| =ddlal’ e lal’ +e (2dlal +eelal) + el

and

3 t+1 3 t 3 3 t 2 3 t 3
J ”xof" _9 ”XC;F" oF,- <ﬁ> 30k ﬂ);oF" an.%.a 82"+a ”"OzF" an._a 83"

dy ox dy dx?dy dy dy dxdy dy
837'Conrf+1

7 <ciea el +3¢(t)e e’ +c(t)er lleal .

- ‘
Note that the partial derivatives alg"jF” and %jhj” for j € {1,2,3} are uniform bounded above by
X- X-

the constant ¢, because the map F, is close to the hyperbolic fixed point i( f5) by the definition of
. This proves the induction step 7 + 1. O]

aﬂfon,i
d

Remark 17.24. Lemma does not apply to the partial derivatives of directly because the

lemma requires aﬂg 2 to be defined on a complex neighborhood of P,(0) and the constant depends

on the size of the neighborhood. It is not easy to find a neighborhood such that all maps are defined
on the same neighborhood.

Finally, we prove the lemma for the iteration and rescaling of a regular curve.

Proof of Lemma[I7.21} Let F = H,oF, and f(x) = m, o F(x,r1(x)) = m 0 FP(x,r(x)). For the
first property, it is sufficient to prove that f has negative Schwarzian derivative because s, o f(x) =
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17. Expansion of Hyperbolic Size in the Good Region

7o @y 0 Fy(x,r1(x)) and s, is an affine map. Let € > 0 be small such that the estimates in Lemma

[[Z.23]hold.

Proposition is used to prove the first property. To estimate the C> norm of f’, we apply
Lemma|17.23|and the definition of .#. Compute

N dm oFP om oFP
Fo0 = (78) () = | B2 - (08| + 25 ().
F ) = (8) (x)| <e+c1R &P, (17.20)
2 p\/ 3/4
. 92w, o FP 921, o FP 92w, o FP
7@ = (15)" (x) = {T - (fé’)"] F2 o () ()
om,oFP
)
') = (£8)" ()] <g+2eiR el + e R el + o (17.21)
and
. 3w o FP o3m o FP d3m. o FP
P = ()" ) = | T 55T - ()] #3743 (1)
d3m o FP 3 _d%m.oFP 921, o FP
+a—y3'(r'1) + Tay'(ril)+3a—yz‘(r'1) (1)
om.oFP

* dy ('),

7@ = (1)" ()| <€ +3eiR el + 3R el 2+ 1R a4+ Tei R (17.22)

for some constant ¢; > 0 given by Lemma In the equations, the partial derivatives are
evaluated at the point (x,71(x)). Also, the derivatives are estimated by the C° norm using Lemma
The inequalities show that the map f"is C? close to fg/ where f% is a map with negative
Schwarzian derivative. Thus, f has negative Schwarzian derivative by Proposition [2.7|when € and
R are small (depending on g).

Next we show that the map x — 7, o @, o F;,(x, 71 (x)) is diffeomorphic to its image and prove
the existence of the curve by finding the inverse function f~! using the inverse function theorem.
Observe that if the graph of u is the image of the graph of | under ¥, then r, = s,ouos, ! and
u = f ! because the two curves r; and u satisfy the relation

(F(0).0) = £, (1)) = (x,u(x)).

By the third property of the good region from Proposition [I5.2] there exists a constant ¢y > 0

such that ‘a;;’ (x, y)) > ¢2+/||€:|| whenever the point (x,y) belongs to one of the vertical strips
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17.2. Expansion from rescaling

(o2 M (1), 0L (K, +2)] or [6R (K, +2), " (1)] . Compute

wo o OmoR! ! Oy, om o R
P =25 o Fen () 5 (nn () + = o F(xn (3)
om o F?

g, () i (x)

’f’(x)‘ >ches ||8n||1/2—6’1 &l —c1 &l Hri”

1/2 3/4 0203 1/2
>exes leall ' — et leall —erRlleal P = =22 fleal]/

— . . o =l
whenever € and R are sufficiently small. For the first term, the partial derivative ‘9”)‘3—1;" is

bounded below by a constant c3 on (x,y) € P,(1) because P,(0) is away from the critical locus.
The constant c3 can be chosen to be independent of the Hénon-like map F;, when it is close to the
fixed point i(fs). The estimates for the remaining terms come from Lemma|17.23| Consequently,

the curve u = f~! exists and is C3 by the inverse function theorem (Lemma |A.1)).

It remains to prove that r» is R-regular. The derivatives of f are uniformly bounded on I because

they are close to derivatives of the limiting map f% by (17.20), (17.21), and (17.22)). By computing
the derivatives of the inverse function, we get

N 1
I/t/Of(.X) = ma

1/2 12
' o F(x \<—||s|| 2 <eqlle

2
) leall ™ < calleall

and

Y p—— Y SR S

[f’(x)]5
5
’u"'of(x)| S{{]ﬂ( W ( )’2} <;||3nH1/2) §C4H8n”75/2

for some constant ¢4 > 0 when € and R are sufficiently small.

By the definition of .#, the constant A, is close to As. We have |A,| > ¢5 for some constant
¢s > 0 when € is sufficiently small. By (14.6), we get

. _ R
15 = 1] < callenll ™2 < cace llewss |72 < T— (17.23)
nt
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17. Expansion of Hyperbolic Size in the Good Region

_ _ R

H H = | I| || ”H |A’ | || n|| < cat ||£n+1|| I/P < ||8n+1||,
_ _ R

1] = 2“ W] < M |2 leal| =2 < ci% e e T (17.24)
5 n
and
< cie 6 3/2p R
A < S et <

for some constant ¢ > 0 given by (14.6) whenever p > 3 and € is sufficiently small (depending on
R). Therefore, the curve r; is R-regular. O]

Remark 17.25. The estimates (17.23)) and (17.24)) are the inequalities that do not work for p = 2.
The proposition generalizes Proposition [2.10]to the step in the good region of Q.

Proposition 17.26. Given 6 > 0, intervals I" and I’ with I € I" C I', a unimodal permutation
o, and p > 3. For all R > 0 sufficiently small and € > O sufficiently small (depending on R), the
following property holds for all F € .9 (I"x I"€) and n > 0:

Assume that 2, is a collection of separators on I" x I’ with Lipschitz constant L| &l 14 Zi
is a collection of separators on I" x I' | with Lipschitz constant L ||&,41 || ,and RL < 1. If §;
and Sy are vertical strips of Z, and %, respectively, Sy is in the base set of the good region for
the prerescaling set Base(Q',(j)) where i = L or R, and the boundaries of S| are mapped to the
boundaries of Sy by ¢, o F;, then

w0 Fa(D)ls, = M1,

for all J C Sy. Here, the hyperbolic size of the sets are measured by R-regular curves on the sets’
associate renormalization level.

Proof. Let R and € be the constants given by Lemma Given an R-regular curve ry : [a1,b;| —
I} associate to F, such that the two endpoints (aj,r(a;)) and (by,r;(by)) of its graph belong on
the two boundaries of S| and the two points (c1,r1(c1)) and (dy,r1(d})) on the graph belong to J.

By Lemma(17.21] the image of the graph of r; is the graph of an R-regular curve r; : [az,by] —
I, | associate to Fy1. The boundaries (az,r2(az)) and (b2, r2(b2)) of its graph belong to the
two boundaries of S, because boundaries of S| maps to boundaries of ;. Also, the two points
(c2,m2(c2)) and (da,r2(d>)) belong to ¢, o F,(J) where ¢» = f(c1), do = f(dy), and f(x) = m, 0
On 0 Fy(x,r1(x)). Hence, rp is an R-regular curve that satisfies the conditions for computing the
hyperbolic size. We get

1900 Fa(J)s, > [[c2,62] gy o) - (17.25)

Moreover, the map f has negative Schwarizan derivative by Lemma|17.21| It implies the expan-
sion of hyperbolic length

[c2,da) (4 5, = |[F(c1), F ()]
by Proposition 2.10] Combine (17.25) and (17.26)), we get

(@00 Fa(J)s, = llersdi]lg,

Flar),fen)] = ler,di]lja py] (17.26)
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17.2. Expansion from rescaling

This inequality holds for all R-regular curves r that satisfy the conditions for measuring the hy-
perbolic size. Therefore, the proposition is proved. [

Finally, we conclude the expansion of hyperbolic size in the base sets from one iteration plus
one rescaling.

Corollary 17.27 (Expansion for Q,(j) Iy RL(j) Lt RL(j—1)). Given § > 0, intervals I" and I’
with I € I" C I', a unimodal permutation o, and p > 3. For all R > 0 sufficiently small and € > 0
sufficiently small (depending on R), the following property holds for all F € .7, 56 (Ih x I, €) and
n>0:

IfJ C Q.(j) for some 1 < j <K, and i =L or R, then

1900 Fn ()| pase(rt, (j-1)) = V| Base(0i ()

where the hyperbolic size is measured by R-regular curves in the sets renormalization levels.

Proof. By definition, the boundary separators of Base(Q! (j)) are mapped to the boundaries of

Base(RL (j—1)) by ¢, 0 F,. The boundary separators of Base(Q’(j)) have Lipschitz constant

L| &l 1/2 = (L IR 1/4) I8 1/4 by the fifth property of the good region from Proposition|15.2|and

the boundary separators of Base(RE, ,(j— 1)) have Lipschitz constant L ||, 1| = (L | €n+1 H3/ 4)

n+1
|| €n41 H1/4 by Proposition (14.32] Also, the inequalities RL H8nH1/4 < 1l and RL||€;41 H3/4 < 1hold
when € is small enough. Therefore, Proposition |17.26|applies to this corollary. 0

17.2.3. RL(j) B RL, (j—1)

When a wandering domain enters the rescaling set, it is then rescalied by ¢, according to the
procedure of defining a closest approach. This section will study the expansion of hyperbolic size
during the step of rescaling.

Again, we repeat the work done in the proof of Propositions [17.3| and [17.26] We first prove
that the property of negative Schwarzian derivative is preserved under rescaling when the rescaling
map is restricted to an R-regular curve.

Lemma 17.28. Given 8 > 0, intervals I" and I' with I € I" C I', and a unimodal permutation
o. For all R > 0 sufficiently small and € > 0 sufficiently small (depending on R), the following
properties hold for all F € 7§ (I"x I",€) and n > 0:

Assume that ry : [a;,b1] — I is an R-regular curve (associated to Fy). If the graph of ry is in
P,(1), then

1. the map x — m, o @, (x,r1(x)) is diffeomorphic to its image and has negative Schwarzian
derivative and

2. the rescaling ¢, of the graph of ry is the graph of an R-regular curve r : [az,by] — I .
associated to Fy 1.
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17. Expansion of Hyperbolic Size in the Good Region

Proof. Proposition [2.7]is used to prove the first property. Let ¢(x) = m, o ¢, (x,r(x)) and f(x)
= o Hy(x,r1(x)) = Mo B - (x,r1(x)). Then (ﬁ(x) = 5,0 f(x). It is sufficient to estimate the C2
17.23

norm of f’ because s, is an affine map. By Lemma |and the definition of .#, compute

- (") = [—a”";f o é"l)’] BB ),

P - () @

<E+c1R|g|*, (17.27)

2 p—1 2 p—1
ey (=" d°moFy 1Y d°m, o Fy; (
F) (G ) (x)—[ dx? (G ) +2 dxdy (1)
2m, o FP~! ) om o P! "
8—);2'<r1) —|—8—y-(7"1),
~ _ ! _
F'@ = (1571) )| <e+2eiRlen] + 1R ]| + R, (17.28)
and
-1 3 p—1 3 p—1
e N =1\ d*m o FY (1) °moF, (M °moF, (N2
1) (G ) (x)—[ ox3 ( ) 3 dx2dy (n)+3 dxdy? (1)
P oFl ! 3 2w, o FP1 92m, o P!
O e SRR )
871:on,{771

e GO

<+3ciR ||| * +3c1R? ||€a]| > + c1 R || €a]|'* + 31 R+ 3¢1R+ ¢1R

7= () W

(17.29)

for some constant ¢; > 0 from Lemma[I7.23] The derivatives in the equations are evaluated at the
point (x, 7 (x)). Thus, f has negative Schwarzian derivative when € and R are sufficiently small by

Proposition

Next, we prove that the map x — 7, o @, (x, 7 (x)) is diffeomorphic to its image and the curve r;
exists by finding the inverse function of f. Observe that the two curves ry and r; satisfy the relation

(sn0 £(6),snor (1)) = Gu(t,r1(1)) = (x,72(x)).

Thus, rp = s, 01 Of’1 os,jl.

To prove the existence of the inverse function f~!, compute

- -1
dm,oFF ! dm.oFF

P = | <x,r1<x>>| - ‘a—y(xml(X))r’l(X)
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17.2. Expansion from rescaling

>y —cilleall|[1] = 2 - iRl = e2/2

when € and R are small. The first term is bounded below by the constant ¢; > 0 because P,(0)
is away from the critical locus. The constant ¢, can be chosen to be uniform for all maps in a
neighborhood of i(f5). The second term is estimated by Lemma [17.23] and the definition of R-
regular curves. Consequently, the inverse function f~! exists and is C> by the inverse function
theorem (LemmalA.T).

It remains to prove that r» is R-regular. The derivatives of f are uniformly bounded on I”

because they are close to derivatives of the limiting map fgil by d17.27b, d17.28b, (]17.29[) and I"
is compact. By evaluating the derivatives of the inverse function, we have

1y 7 1 3
‘(f ) f(x)‘_|f/(x)‘§6_2§c57
o - 1)

and

()"0 f ) = [f'<1 7 [P0 -3 ["w)° ).

()" e i) < (3)3 {17 @@ +3]7 @} <es

&)

for some constant c3 > 0. By (14.6), we get

h=[ref " oss T [(F7) osi]

7] <esR || ™* < cacar ||gnsr |7/ <R |lgnpr |74,

2

1 A A A A
o :l_{(r/llof_] os;1) [(f_])/oS;]] +(f”/1 of—l OS;]) [(f_lyos,:l}},
n
1 _ _ C4 _ _ _
il < (BRIl ™+ esr el < T [ el P70 e e |47 R e

<R ”£n+1 H_l ’

r'2” :% { (r/l”of*1 osrfl) [(fl)/osnlr +3 (r'{offl) [(ffl),os;q [(ffl)//os;q
+ (o f ) [P os ]}
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17. Expansion of Hyperbolic Size in the Good Region

<5 [iRHsnu— +363R e, +eaR e ]

C4 _ _ _ _
<3 [ lena P77 133 e |70 4-ca w7 Rl
5
<R&n ],

and
2
3] 73] < 22 3R e |47 Rl |27V | R el < Rl

for some constant ¢4 > 0 given by (14.6) whenever € and R are sufficiently small. The constant
A, also has a bound |A,| > ¢5 for some constant ¢4 > 0 when € is sufficiently small because A, is
close to Ag by the definition of .#. Therefore, the curve r; is R-regular associated to F;, ;. ]

Proposition 17.29. Given 0 > 0, intervals " and I' with I € I'" C I, and a unimodal permutation
o. For all R > 0 sufficiently small and € > 0 sufficiently small (depending on R), the following
property holds for all F € f"(lh x IV, €) andn > 0:

Assume that %, is a collection of separators on I" x I’ with Lipschitz constant L ||&,|| Va
is a collection of separators on I" x I 1 with Lipschitz constant L||€,1]| V4 and RL < 1. If §
and Sy are vertical strips of %, and %, respectively, S| is in P,(1), and the boundaries of S are
mapped to the boundaries of S» by @, then

19:()s, = Vs,

for all J C Sy. Here, the hyperbolic size of the sets are measured by R-regular curves in their
renormalization level.

Proof. Let R and € be the constants given by Lemma Given an R-regular curve r; : [a1,b;| —
I} associate to F, such that the two endpoints (aj,r(a;)) and (by,r;(b1)) of its graph belong on
the two boundaries of S| and the two points (c1,71(c1)) and (dy,r1(d;)) on the graph belong to J.
By Lemma(17.28] the image of the graph of r; is the graph of an R-regular curve r; : [az,by] —
I, associate to Fyy1. The boundaries (az,r2(a2)) and (b2, r2(b2)) of its graph belong to the
two boundaries of S, because boundaries of S| maps to boundaries of S;. Also, the two points
(¢2,72(c2)) and (da,r2(d2)) belong to @,(J) where ¢ = ¢(c1), do = ¢(dy), and ¢(x) = m, o
On(x,r1(x)). Hence, rp is an R-regular curve that satisfies the conditions for measuring the hy-

perbolic size. We get
00l 2 [[e2.all gy - (17.30)

Moreover, the map ¢ has negative Schwarizan derivative by Lemma [17.28] It implies the ex-
pansion of hyperbolic length

|[C27d2” laz,bs] — H‘Is( 1) qS(dl)”[qS(al),qS(bl)] 2 Hcladl”[al,bl] (17.31)
by Proposition 2.10] Combine (17.30) and (17.31)), we get

0n(Dls, = lle1,d1]l1a, -
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17.2. Expansion from rescaling

i) r©® 5 agﬁl(l)%Basemf;_l(l)) Pr®) %-1(0)
R (VRE (2 R ]
By (1) Bn-1(2) =1 o, (2) .
n—1
Ba(2 T, o, (2)
Ry (1)— R
Tno 1
B.(1)  Ba(1) 0, (0)
Lspacng Lspacing-

Figure 17.1.: The rescaling of the last step from R to D.

This inequality holds for all R-regular curves that satisfy the conditions for measuring the hyper-
bolic size. Therefore, the proposition is proved. 0

Finally, we obtain the expansion of hyperbolic size in the base sets from rescaling.

Corollary 17.30 (Expansion for RL(j) = M X RL(j—1)). Given § > 0, intervals I" and I' with I €
I" C I, and a unimodal permutation &. For all R > 0 sufficiently small and € > 0 sufficiently small
(depending on R), the following property holds for all F € 7§ (I"x I"€) and n > 0:

IfJ CRE(j) and j > 1, then

190 |Base(rt , (7-1)) = M| Base(rE (1))

where the hyperbolic size of the sets are measured by R-regular curves in their renormalization
level.

Proof. First, [t,(1),B.(j +2)] C [e6,(0), B.(j +2)] = Base(RL(j)). By Proposmon | we have

o1 B 2) = W Base(rt i) (17.32)

The vertical strip [0,(1),B,(j+2)] is in P,(1) and its boundaries are mapped to the bound-
aries of Base(RL | (j— 1)) by the rescaling map ¢,. Also, the separators o, (1) and B,(j +2) have
Lipschitz constant L ||| = <L IES H3/ 4) llenll 1/4 and the boundary separators of Base(RL ,(j—1))
have Lipschitz constant L || &, || = <L [ ||3/4> ll€ns1]"/*. Then RL||€,|*/* < 1 and RL |41 |>/* <

1 hold when € > 0 is sufficiently small. Thus, Proposition [17.29|applies to the vertical strips and
the rescaling map. We get

|¢n( )|Base (] 1) = |J| m] (1733)

Therefore, the corollary follows by combining (17.32) and (17.33). O

17.2.4. RL(0) = D, (G or T)

Lemma 17.31 (Expansion for RL(0) = D,). Given § > 0, intervals I" and I' with I € I" C I', an
admissible unimodal permutation o, and a unimodal map g € %5600 (I"). For all R > 0 sufficiently

201



17. Expansion of Hyperbolic Size in the Good Region

small (depending on g) and € > 0 sufficiently small (depending on g and R), the following property
holds for all F € 7§ (I" x I, g,€):

Assume that SDisp (o (0), BA(1)) > K and SDisp (Bp(l), BF(2)> > K for some constant K > 0.
If J C S where S is a trapping set or gap in D,, then

|J|Base(S) > E |J|Base(R%(0))

for some constant E > 1 that depends only on K/ ’Ih ‘ The hyperbolic size is measured by R-regular
curves.

Proof. See Figure The set Base(RL(0))\Base(S) contains a component on each side of
Base(S). The left component contains [, (0), B, (1)] and the right component contains [B,(1), B,(2)].
By Proposition[16.5] we get

1 Base(s) = E | gase(rE(0)) (17.34)

for some constant E > 1 determined by K/ |I"|. O

17.3. Uniform expansion in the good region

This section summarize the uniform expansion of the hyperbolic length for a closest approach by
the following proposition.

Proposition 17.32 (Uniform expansion in the good region). Given § > 0, intervals I" and I’ with
[ € I" C I", and an admissible unimodal permutation 6. For all R > 0 sufficiently small and € > 0
sufficiently small (depending on R), the following property holds for all F € .9 (I"x I €):

Assume that J C BUCUD is a wandering domain of F and {J,,},_, is the J-closest approach.
If Jo, -+ ,Ju—1 belong to the good region, that is, 0 < k() (Jin) < Ky for all 0 < m < n, then

L,>E"P.[

for some constant E > 1 where the hyperbolic length is measured by R-regular curves.

Sketch of the proof. The proposition follows by Lemma [17.10{ (B, 2% C,), Lemma [17.11] (C, £
4
D,,), Proposition |17.6| (D, i D,,), Proposition |17.7| (D,, Fz’& D,), and Proposition (17.18| (D,, —
(ID,];OF,,
Qn - Dn+ j)~

In any p steps J; — -+ — Jyyp, if Cy 2& D, or the rescaling D, — Q,

(DjoF
=" D, occurs, then

jO
uniform expansion happens due to Lemma|17.11|(C, & D,,) and Proposition|17.18|(D,, — Q, Pl

Dy, j). Otherwise, the wandering domain are all in D,, for some n. In the later case, expansion of

14
definite size is provided by Proposition (17.7| (D, By D,) for every p steps inside D,,. [

202



18. Bad region and Thickness

When an element J,, from a closest approach enters the bad region, the expansion estimate breaks
down and the hyperbolic sizes have a strong contraction when the element is iterated and rescaled
from J,, to J,+1. This leads to the main difficulty of showing that the horizontal sizes approach
infinity. Our goal is to prove that the closest approach have at most finite entries to the bad regions
to show that the total amount of contraction is bounded.

To estimate the size of contraction, we first introduce the quantity “thickness” (Definition [I8.T])
. Thickness gives a good estimation for the lower bound of the hyperbolic size when the expansion
estimate breaks down. To study the number of entries to the bad regions, we define a sequence
with two indices, called a double sequence (Definition[I8.4). The sequence consists of rows. Each
row is associated to one entry to the bad region. Then we study the relationships between the
hyperbolic sizes and the thicknesses of the elements in a double sequence. From Propositions
[18.5 and we have a full control over the hyperbolic sizes and the thicknesses of all
elements in a double sequence.

Finally, we prove that the number of rows in a double sequence is bounded to show that the
amount of contraction is bounded (Proposition [I8.1T)). Of course, the reader can replicate the
proof from the period-doubling case. We proved a similar version of the expansion estimate for
hyperbolic size and contraction estimate for thickness for the case of other stationary combina-
torics. However, here we present a different but shorter proof.

As a result, if a wandering domain exists, then we study the sizes of the elements in a closest
approach. We showed that the hyperbolic sizes expand at a definite rate while the elements are in
the good regions (Chapter |1'/)), and the sizes have a strong contraction during every entries to the
bad regions which is estimated by the thickness (Section [I8.T)). The total amount of contraction is
bounded because the elements have at most finite entries to the bad regions (Proposition |18.11]).
This shows that the hyperbolic sizes approach infinity. However, the hyperbolic size of the gaps
and trapping sets are uniform bounded, and the sizes of the elements are bounded by the sizes of
the gaps and trapping sets. This is a contradiction. Therefore, a wandering domain cannot exist.

18.1. Thickness and largest square subset

Thickness is a quantity to estimate the size of the contraction when the expansion argument breaks
down. It was first introduced in Chapter [I1] to prove the nonexistence of wandering domain for
the period-doubling case. Whenever an element J,, in a closest approach enters the bad region,
the hyperbolic size of the next sequence element J,,; is determined by the set’s horizontal cross-
section. Thickness is defined to estimate the size of the horizontal cross-section in terms of area,
roughly speaking. Moreover, the element J,, is very thin because the area is contracted by the
size of its Jacobian which is very small for a strongly dissipative Hénon-like map. Thus, a strong
contraction on the hyperbolic length applies to the step J,, — Jj,41.

The universality for the tip [dCLMOS, Section 7.3] is the key property that allows us to estimate
the contraction of thickness in the period-doubling case. It gives a lower bound for estimating
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18. Bad region and Thickness

the Jacobian ‘3—§ in terms of the size of perturbation €. For the arbitrary stationary combinatorics

case, there is also a version for the universality [Hazl1, Section 6.1]. Therefore, the techniques
for thickness and largest square subset can be generalized to this context without making any
adjustment.

This section gives a brief review of thickness and largest square subset from Section[IT.1] Most
of the properties will be stated without proof.

Definition 18.1 (Square, Largest square subset, and Thickness). A set I C R? is a square if I =
[x1,%2] X [y1,y2] with x — x| = y» — y;. This means that / is a closed square with horizontal and
vertical sides.
Given a set J C R?. Define the thickness of J to be the quantity w(J) = sup {|I|} where the
1

supremum is evaluated over all square subsets I C J. A subset I C J is a largest square subset of

J if I is a square such that |I| = w(J). A largest square subset of a compact set always exists. See
Figure for illustration.

For a closest approach {J,},_,, write w, = w(J,). The contraction rate of the thickness is
estimated by

Proposition 18.2. Given 6 > 0, intervals " and I’ with I € I" C I', and a unimodal permutation
0. There exist € > 0 sufficiently small and ¢ > 0 such that the following property holds for all
FeJg(I"xI"¢):

Assume that J C BUCUD is a wandering domain of F and {J,,},_, is the J-closest approach.
Then
lerenll

Ly

Wyl =€ n

foralln > 0.

Proof. The proof is similar to Proposition[I1.6] It depends on the universality of Hénon-like maps
in Proposition[14.23] N

Since ||&,|| decreases super-exponentially and || increases exponentially, we can simplify

Corollary 18.3. Given 6 > 0, intervals " and I with I € I" C I', and a unimodal permutation
o. There exist € > 0 sufficiently small and ¢ > 0 such that the following property holds for all
Feg(I"xI"&):

Assume that J] C BUCUD is a compact subset of a wandering domain of F and {J,,},_, is the
J-closest approach. Then

e
foralln > 0.

18.2. Double sequence

Next, we study the number of times that a closest approach enters the bad region by defining a
double sequence of sets. The definition is the same as in the period-doubling case Definition|[I1.9]
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18.2. Double sequence

A double sequence is a sequence with two indices, one index represents the rows and the other

represents the columns. Each row in a double sequence is associated to entering the bad region

once. The total number of rows is the number of times that a closest approach enters the bad region.
Recall the definition.

Definition 18.4 (Double sequence, Row, and Time span in good region). Given § > 0, intervals I”
and I" with I € I" C I, and a unimodal permutation 6. Assume that € > 0 be sufficiently small so
that Proposition mholds and F € JJ (I h % I',€) is a non-degenerate open map.

Given a square subset J/ C BUC U D of a wandering domain for F. Define sets {J,(lj ) } c00<i<T
n J<i

Hénon-like maps { n = fn 8n , )} _, and non-negative integers {n(j)} _ for
n>0,0<j<j 0<j<j

some j € NU {0, oo}l by induction on j such that the following properties hold.
Base For j =0, set Jéo) =J and FO(O) =F.

Row The super-script j is called row. The first set Jéj ) of a row Jj 1s a square subset of a wan-
dering domain of FO( D in B(F, FY )) UC(F, FUY )) UD(FO(j)). Each row j is a I closest approach.
Precisely, if J(gj ) and FO(J ) are defined, set Fn(j ) = R”Fo(j ) and K,Sj ) be the boundary for the
good region and the bad region of Fn(j ). Let {J,(lj ) }: o and {r(j) (n) }: o be the J(gj ) closest
approach. See Definition [[4.45]and Definition [I5.1]

Induction step For a row j, if an element in the row enters the bad region, i.e. kf,j ) > Kr({])) - for
(J )

to be the first element. The nonnegative integer nY) is called the time

(+1)

some n > 0, set J

span in good region of row j. Define the first element J of the next row j+ 1 to be a

largest square subset of the next element J ({ ) andset F, (] _F ((]) o ... If the row never
n 7 +1 r 7 (n(])

+1)
enters the bad region, then the construction stops, set j = j and n\) = co. If the procedure
never stops, set j = oo.

The two dimensional sequence {Jr(lj )} is called a double sequence generated by J or a
n>0,0<<j

J-double sequence. The integer j is called the number of rows in the double sequence. It means
the double sequence enters the bad region j times.
Figure[I1.1]illustrates the construction.

To be consistent and avoid confusion, the superscript is assigned for the row and the subscript

is assigned for the renormalization level or the index of sequence element in the closest approach.
For example abbreviate D}gj) — D(Fn(j)), R’SJ) — B(Fn(j)), Tyf’(j) — Tl(Fn(J))’ P1;7(j) — Pl(Fn(j)), l,(,J) —
I( i )) ( ) = w( b )) and k) = k( ,S )) as before.

In the following, write (/) (n) = r(n) when the context is clear, for example F ((]n) 1) Fr((J )) (a1 1)"

Also, set el) = (() )y KU) = Kr(()( )y and k() = k( ) The quantities el ), K(J), and k) are the

representative quantities of those objects in the row. For convenience, let m\) = () 4 1.

IFor the case j = oo, this means that the sequence is defined for all finite positive integers j.
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18. Bad region and Thickness

First, we study the relations of hyperbolic size and thickness in a double sequence. The expan-
sion of hyperbolic size in a row was proved by Proposition [[7.32] The result is rephrased in terms
of double sequence by the next proposition.

Proposition 18.5. Given 6 > 0, intervals " and I’ with I € I" C I, and an admissible unimodal
permutation ©. There exist constants E > 1, R > 0, and € > 0 sufficiently small such that the
following property holds for all non-degenerate open maps F € J¢ (I"x I €):

Let J C BUCUD be a square subset of a wandering domain of F and {J,(lj)} _bea
n>0,0<j<j

J-double sequence. Then . .
l}'(lj) 2 En*pl(()J)

foralln < nY) and 0 < j < j. The hyperbolic size is measured by R-regular curves.

The relation of sizes between two consecutive rows are connected by the thickness. By defini-

tion, the first element J(()j 1 in row J+11is alargest square subset of the sequence element Jé{}>+ |

inrow j. This yields the relation w(()j g wfl{;)+ . The hyperbolic size of the elements in row j+ 1

cannot be obtained from the hyperbolic size of the elements in row j because the hyperbolic size

of J,(l{ ]?) fails to expand under iteration. The next proposition summarizes the relation of thickness
between two rows.

Proposition 18.6. Given § > 0, intervals I" and I' with I € I" C I', and a unimodal permutation .
There exists € > 0 sufficiently small such that the following property holds for all non-degenerate
open maps F € I (I" x I' €):

Let J C BUCUD be a square subset of a wandering domain of F and {J,gj)} _bea
n>0,0<;<j

J-double sequence. Then
g > 2 )] + 1wl

forall0<j<j—1.

Proof. The proof is similar to the proof of Proposition|(11.12] See also Corollary The details
are left to the reader. U

The next proposition allows us to relate the horizontal size with the thickness for the first element
in a row.

Proposition 18.7. Given 8 > 0, intervals I" and I’ with I € I" C I', and a unimodal permutation
0. There exist € > 0 sufficiently small and c = c(I") > 0 such that the following property holds for
all non-degenerate open maps F € J¢ (I"x I €):

Let J C BUCUD be a square subset of a wandering domain of F and {J,gj) be a

}n>0,0<j<j
J-double sequence. Then
l(()]) > CW(()])

forall 0 < j <.

Proof. The proposition follows from Proposition(16.7|and the set J(()j Jisa square by definition. []
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18.2. Double sequence

Next, we relate the perturbation € between two rows as follows.

Proposition 18.8. Given 8 > 0, intervals I" and I’ with I € I" C I', and a unimodal permutation
0. There exist € > 0 sufficiently small and o« > 0 such that the following property holds for all
non-degenerate open maps F € 9§ (I"x I €):

Let J C BUCUD be a square subset of a wandering domain of F and {J,(lj)} 00 i be a
n J<i

J-double sequence. Then
[l
(18.1)

2] = [

forall0<j<j—1.
Proof. The proof is similar to Proposition
By the definition of £/) and Proposition [14.25] we have

(/)
Jjt+1) H _

(/) P
r(n(]))

(j+1

(/)
. P
+1) || _
et = e |

(J)
gr(n(j)+1) scje

ol <le

:CHSU)

for some constant ¢ > 0. Here we assume that € > 0 is sufficiently small so that the size of the
perturbation € is decreasing in each row. Apply logarithm to both sides, we get

Lo Hs<f> H . (18.2)

e <] e

Here we assume that € > 0 is small enough such that

1 )
Inc < —Epkm In He(]) H

for all j > 0.
The element Jr(l{/)) enters the bad region, we have k) > KU), By Proposition|15.2/and the change
base formula, we get
Inp i
PR pkY (AK )‘“‘ > ¢ <#> (18.3)
et
for some constant ¢/ > 0. Let o0 = 41{1’1 > (0. Combine ((18.2)) and (18.3)), we obtain

Y / 2a . 1 a .
e <5 (i) < (eiog ) el

Here we also assume that € is small enough such that

(04
L) s
2\ [0

for all j > 0. This proves the proposition. 0
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18. Bad region and Thickness

18.3. Closest approach cannot enter the bad region infinitely many
times

From the vertical line argument, a strong contraction applies to the horizontal size whenever an
element in a closest approach enters the bad region. This conflicts our final goal of showing that
the horizontal sizes approach infinity. In this section, we prove that the total amount of contraction
is bounded. This is done by showing that a double sequence has at most finite number of rows
(Proposition [I8.TT].

When an element in a closest approach enters the bad region, a restriction also applies to the
element: the size of the element cannot exceed the size of the bad region. This is the key condition
that is used to prove Proposition[I8.11] The next lemma estimates an upper bound of the hyperbolic
size if an element is in the bad region.

Lemma 18.9. Given 8 > 0, intervals I" and I' with I € I" C I', and a unimodal permutation
0. There exist € > 0 sufficiently small and ¢ > 0 such that the following property holds for all
non-degenerate open maps F € ¢ (I"x I'€) and n > 0:

If the set J C Q,, is in the bad region, then

1) <cvll&ll-

Proof. The set J is in the center trapping set 7,/ ~! because J lands in the bad region. Since the
both sides of T/ ~! has definite size, the hyperbolic size of J is bounded by

I(J) < cp-sup{|xa —x1| : (x1,51), (x2,32) € J}

for some constant ¢; > 0 by Proposition[16.6] Also, the size of the bad region bounds the Euclidean
size of the set J by

sup{|xz —x1| : (x1,y1), (x2,y2) € J} < o/ || &

for some constant ¢, > 0 by Proposition [T5.2] (second property of the bad region). Therefore, the
lemma follows. [

Now, we had prepared all of the ingredients, Proposition [I8.5] Proposition [I8.6] Proposition

[18.8] Proposition and Lemma [I8.9] in order to prove Proposition [I8.11] Of course, the
reader can follow the arguments from the period doubling case (Section [11.3]) to obtain the same

result. Here, we present a different proof.
First, we derive a recurrence relation for the thickness.

Lemma 18.10. Given 8 > 0, intervals I" and I' with I € I" C I', and an admissible unimodal
permutation o. There exist € > 0 sufficiently small and a constant ¢ > 0 such that the following
property holds for all non-degenerate open maps F € 9§ (I"x I"€) and n > 0:

Let J C BUCUD be a square subset of a wandering domain of F and {J,(lj)} 00 i be a
n=>0,0<j<j

J-double sequence. Then the recurrence relation

lnw(()jH) > ca;-l-ajlnw(()j) (18.4)
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18.3. Closest approach cannot enter the bad region infinitely many times

holds for all j with0 < j < j—1 where aj = —ﬁln”emH > 0.

Proof. The element J U ) from the j-th row enters the bad region. By Lemma (18.9] the hyperbolic
size is bounded by

19 <1/ (18.5)

n(J)

for some constant ¢; > 0. From Proposition [I8.5|and Proposition we have
. (7 7
1) > BV > e W) (18.6)

for some constants ¢, > 0 and E > 1. Combine (18.5)) and (18.6), we get

PR I ~ ()
n/) Sﬁ {lncl —lncz—l——lnHe(])H —lnwoj ]
< — :
_4lnElnH H IHWO (187

when € is small.

By Proposition and (18.7), we have

o 22 g (s s 110w e
_ ! [ha 1 D +1nl|le? ||| | e® 1 1 Inwd/)
=g |21 —ney + )+an [JinfJe?]|+ (125 e )
1 . -
e )+ 1 (< tn e 1wy
_21nE< mEe U IET) M
when € > 0 is small since In He(j) H < 0. O

Then, we use the recurrence relation to conclude that a double sequence has finite number of
TOWS.

Proposition 18.11. Given 6 > 0, intervals " and I with I € I" C I, and an admissible unimodal
permutation ©. There exists a constant € > 0 sufficiently small such that the following property
holds for all non-degenerate open maps F € I¢ (I"x I"€) and n > 0:
Let J C BUCUD be a square subset of a wandering domain of F and {J,(,j)} 00 s be
_ n>0,0<j<j
J-double sequence. Then the number of rows j is finite.

Proof. Prove by contradiction. If the double sequence have infinite number of rows, then (18.4)
holds for all j > 0. We get

, J J
lnw(()jH) an?—kcaja?_l +---4c (Hak) a(2)+ (Hak> an(()O)

k=1 k=0
2
<H ak> <c —Hnw(()o))
Hk 0%k
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18. Bad region and Thickness

for some constant ¢ > 0.
In order to estimate the size of the lower bound, we estimate the ratio a;1/a;. By Proposition

[18.8] we have

R s T
aj+1 _ n : > Hg(])‘ *
a; el
. ~||—0)2
for some constant &« > 0 since In He(]) H < 0. Apply the inequality x > Inx to x = Hs(f) H , We
get
a; ~—a/2
L e]| g (18.8)
aj
for some constant ¢’ > 0. .
Finally, we estimate the size of the term a? / Hi:o ay. By (18.8), we have
2 i—1
as J —a/2
7 ZI'I(C/ g(k)’ />a0_
[Ti_oa =0
However, this implies that lim; .. In w(()j ) _ o which is a contradiction. Therefore, the number
of rows j is finite. O

18.4. Nonexistence of wandering domains

Finally, we put all of the ingredients together to prove the main theorem, an infinitely renormaliz-
able Hénon-like map with arbitrary stationary combinatorics does not have a wandering domain.
The proof assumes the contradictory, there exists a wandering domain. By the next proposition,
we may assume without lose of generality that the combinatorics is admissible by the shifting trick
(Example[13.24) and the Hénon-like map is close to the hyperbolic fixed point of the renormaliza-
tion operator with the same combinatorics (Propositions[14.25] [14.44] and [18.12).

Proposition 18.12. Given 8 > 0 and intervals I" and I’ with I € I" C I'. Assume that G is an
admissible unimodal permutation and W is a two-cycle and g € %5“ (I"u ?/5600 (I"). Set H =
%”5” (I"xI",g,€) ifg € %5“(1}‘) and 7 = (%%"m(lh x1',g,€)ifge 02/5600(1}’). There exists € > 0
(depending on g ) such that the following property holds for all Hénon-like maps F € F€:

The Hénon-like map F has a wandering domain in Pr(0) if and only if its renormalization RF
has a wandering domain in Pgr(0).

Proof. The proof is similar to the unimodal case Proposition The proposition follows from
Proposition |14.44| and Corollary [l

Finally, we prove the main theorem.

Theorem 18.13. Given 8 > 0, intervals I" and I' with I € I" C I", a unimodal permutation G
that is not the two cycle, and g € %5600 (I"). There exists € > 0 (depending on g) such that every

non-degenerate open Hénon-like map F € %”5"00 (I" x I', g, €) does not have a wandering domain.
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18.4. Nonexistence of wandering domains

Proof. Prove by contradiction. Assume that F has a wandering domain. Without lose of generality,
we may assume that the combinatorics ¢ is admissible and the Hénon-like map F is close to the
fixed point i(f5) by the shifting trick, Proposition and Proposition We may also
assume that the wandering domain is in D by[14.44]

Let J be a square subset of a wandering domain in Dr and {J,gj )} 00 i be a J-double
_ n>0,0<j<j
sequence. By Proposition [18.11} the number of rows j is finite. This implies that the amount of
contraction is bounded and _
fim 1§/ = oo
n—soo

by Proposition [18.5| However, this is impossible because the hyperbolic size of the trapping sets

and gaps are uniform bounded in their base sets when a Hénon-like map is close enough to the
hyperbolic fixed point i( f5). Therefore, a wandering domain cannot exist. U

As a consequence, the absence of wandering domain shows the size of the strange attractor is
small in the topological sense.

Corollary 18.14. Given 6 > 0, intervals " and I’ with I € I" C I, and an admissible unimodal
permutation ©. There exists € > 0 such that for every non-degenerate open Hénon-like map F €
Ig(I h % I'€), the union of the stable manifolds of the period points is dense in the domain Pr(0).
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Nomenclature

Notation Description

a

a'(1)

a(j)

Fixed point with a positive multiplier associate to its noncontracting di-
rection for a Hénon-like map

Periodic orbit of period p with a positive multiplier for a Hénon-like map
The family of periodic points with a positive multiplier for an infinite
renormalizable Hénon-like Map

(unimodal) Fixed point with positive multiplier

(Hénon) The connected component of the stable manifold of a(0) that
contains the point

(unimodal) The preimage of the fixed point ¢¢(0)

(Hénon) The connected component of the preimage of o(0) that does not
contain the point

(unimodal) Periodic orbit of period p with positive multiplier

(Hénon) The connected component of the stable manifold of a’(1) that
contains the point

(unimodal) Preimages of the periodic orbit o (1), page

(Hénon) Preimages of o/(1) that forms an orbit of local stable manifolds
(unimodal) The family of periodic points with positive multiplier
(Hénon) A component of the stable manifolds containing the periodic
point a(j)

The vertical strip [8°(1), a%(1)]

Fixed point with a negative multiplier associate to its noncontracting di-
rection for a Hénon-like map

The family of periodic points with a negative multiplier for an infinite
renormalizable Hénon-like Map

(unimodal) Fixed point of the unimodal map with negative multiplier

(Hénon) The connected component of the stable manifold of »(0) that
contains b(0)

(unimodal) The preimage of the fixed point 3(0)

(Hénon) The connected component of the preimage of $(0) that does not
contain b(0)

(unimodal) Periodic orbit of period p with negative multiplier

(Hénon) The connected component of the stable manifold of »'(1) that
contains the point

(unimodal) Preimages of the fixed point 8(1), page
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Page

153

159

163

128

158

128

158

128

159

129

159

131

163

169

158

163

128

158

128

158

132

166

132




Nomenclature

Notation Description

TN B B B

a®

s T Q

(Hénon) Preimages of B(1) that forms an orbit of local stable manifolds
(unimodal) The family of periodic points with negative multiplier

(Hénon) A component of the stable manifolds containing the periodic
point b(j)

The vertical strip [ot! (1), B1(1)]

(unimodal) Iteration interval

(Hénon) Iteration set

Perturbation part of a Hénon-like map

Hénon-like map

Unimodal map

Induced unimodal map on separators

The fixed point of the unimodal renormalization operatior with combina-
torial type ¢

Gap

Nonlinear part of the Hénon rescaling

The x-component of the Hénon-like map

Class of renormaizable Hénon-like maps of combinatorial type ¢

Class of Hénon-like maps with holomorphic extension on a &-
neighborhood
Degenerate Hénon-like map

Horizontal domain for a Hénon-like map
Vertical domain for a Hénon-like map

Class of infinite renormalizable Hénon-like maps with stationary combi-
natorics ©

The class of infinite renormalizable Hénon-like maps with combinatoric
type o that are close to the fixed point i(fs)

Number of rows in a double sequence
The J-closest approach

A J-double sequence

Rescaling level

Boundary for good region and bad region
(unimodal) Hyperbolic length

(Hénon) Hyperbolic size

Affine part of the Hénon rescaling

The scaler s/,

The rescaling factor for the fixed point fs

Time span in the good region for row j in a double sequence of wandering
domain
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Page

166

131

163

169

137

168

153

153

127

156

130

132}

166

161

153

161

153

153

153

153

162

163

205

139

(171

205

138

L1169

173

140

183

161

162

130

205




Nomenclature

Notation Description Page
P(0) (unimodal)The interval [a(0), ¢(0)]. The unimodal map is a self-map on 128
the interval L
P(0) (Hénon) The vertical strip of [a(0), &¢(0)] that makes the Hénon-like map (158
to be a self-map
P! (unimodal) Cyclic intervals 129
P (Hénon) Cyclic sets 159
[0} Hénon rescaling 130} (161
P} Nonlinear rescaling from renormalization level n to n+ j 162
0 (unimodal) Prerescaling interval 137
0 (Hénon) Prerescaling set 169
R Renormalization operator 130} (161
r(n) Renormalization scale of the closest approach J, 1390|171
R Parameter for regular curves 175
R (unimodal) Rescaling interval 137
R (Hénon) Rescaling set 168
s (unimodal) Affine rescaling for the unimodal renormalization 130
s (Hénon) Affine part of the Hénon rescaling 161
c Unimodal permutation 128
t Tip of a Hénon-like map 165
T! (unimodal) Trapping intervals 132
T! (Hénon) Trapping sets 166
0 Preimage of B(1) 132,166
wU Class of unimodal maps 127
Us Class of unimodal maps with holomorphic extension on a - (127
neighborhood
U° Class of renormaizable unimodal maps of combinatorial type o 129
w Thickness 204
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A. Tools

Lemma A.1 (Inverse function theorem). Assume that f : [a,b] — [c,d] is C? onto. If f'(x) # 0 for
all a € [a,b), then f has a inverse function s : [c,d] — [a,b] that is C and

1. 50 f(x) = 7k

2. "o f(x)= —[]J:;%, and

3. 5"0 () = ~ ks { W@ =3[P

Proof. The lemma follows directly from the inverse function theorem and chain rule. See for
example [Rob99, P.140]. ]

Lemma A.2. Assume that d > 0 and f, g are continuous function on J = [p—d,p+d|. If f is
decreasing and has a fixed point at p and ||f — g||; < d, then g has a fixed point in (p —d,p +d).

Proof. Consider the function x — x — g(x). Compute

p+d—gp+d) = (p+d—p)—(f(p+d)—p)+f(p+d)—g(p+d)

> d—|f-gl;>0
and
p—d—g(p—d) = (p—d=p)=(f(p—d)—p)+f(p—d)—glp—d)
< —d+|f—gl; <0
Therefore, g has a fixed point in (p —d, p +d) by the intermediate value theorem. O

The following technical lemma estimates the change of the root when a function is perturbed.

Lemma A.3. Let J = [c,d), m >0, and € > O with d — c > 2. Assume that f,g € C'(J) such that
If—gll; < eand|f'],|g'| > m. If f(u) = g(v) for some u,v € [c+ £.,d — £], then

E
lu—v| < —.
m

Proof. Without lose of generality, we may assume that f > m > 0 by multiplying —1 to f. By the
mean value theorem, there exist § € (u— £,u) and 1 € (u,u+ £) such that

f) = flu=") =€) >e
and e e
flut )= fw) = £ () >
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A. Tools

Since [f(u—£)—gu—£)| <eand [f(u+£)—gu+£)| <& wegetg(u—£) <g(v) and g(u+
£) > g(v). It follows by the intermediate value theorem, the unique solution v lies in the interval
(u—£,u+£). Thatis, ju—v| < £. O

We also need

Lemma A.4. For all oo > 0, we have x*Inx < 0 for all 0 < x < 1 and

lim x*Inx =0.
x—0+

Proof. The limit follow directly from the L’Hdpital’s rule. [
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B. Comparison of the Notations

In Part [] and Part [, we used two different systems of notations to express periodic orbits, local
stable manifolds, and vertical strips. Here, we give a conversion table to relate the notations.
Assume that the Hénon-like map is infinitely period-doubling renormalizable.

e Point:
Part|I Part|I1
p(=1) = a(0)
p(j) = a(j+1)=>b(j)
T =t

Part|[ Part|II
wo(-1) = «a(0)
Wi (-1) = a(0)
wo0) = a(1)=p(0)
w'(o) = a'(1)=B(0)
W2(0) = (1)
wWo(j) = a(j+1)=B(3)
W2(j) = a(j+1)
e Vertical Strip:

Part|[ Part|IT

B = P!

c = P'=pP(1)

D = PO
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