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Abstract: We rigorously define the Liouville action functional for the finitely gener-
ated, purely loxodromic quasi-Fuchsian group using homology and cohomology double
complexes naturally associated with the group action. We prove that classical action — the
critical value of the Liouville action functional, considered as a function on the quasi-
Fuchsian deformation space, is an antiderivative of a 1-form given by the difference
of Fuchsian and quasi-Fuchsian projective connections. This result can be considered
as global quasi-Fuchsian reciprocity which implies McMullen’s quasi-Fuchsian reci-
procity. We prove that the classical action is a Kihler potential of the Weil-Petersson
metric. We also prove that the Liouville action functional satisfies holography principle,
i.e., it is a regularized limit of the hyperbolic volume of a 3-manifold associated with
a quasi-Fuchsian group. We generalize these results to a large class of Kleinian groups
including finitely generated, purely loxodromic Schottky and quasi-Fuchsian groups,
and their free combinations.
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1. Introduction

Fuchsian uniformization of Riemann surfaces plays an important role in the Teichmdiller
theory. In particular, it is built into the definition of the Weil-Petersson metric on
Teichmiiller spaces. This role became even more prominent with the advent of string
theory, started with Polyakov’s approach to non-critical bosonic strings [Pol81]. It is
natural to consider the hyperbolic metric on a given Riemann surface as a critical point
of a certain functional defined on the space of all smooth conformal metrics on it. In
string theory this functional is called the Liouville action functional and its critical value
— the classical action. This functional defines the two-dimensional theory of gravity with
cosmological term on a Riemann surface, also known as Liouville theory.

From a mathematical point of view, the relation between Liouville theory and com-
plex geometry of moduli spaces of Riemann surfaces was established by P. Zograf
and the first author in [ZT85, ZT87a, ZT87b]. It was proved that the classical action
is a Kdhler potential of the Weil-Petersson metric on moduli spaces of pointed rational
curves [ZT87a], and on Schottky spaces [ZT87b]. In the rational case the classical action
is a generating function of accessory parameters of Klein and Poincaré. In the case of
compact Riemann surfaces, the classical action is an antiderivative of a 1-form on the
Schottky space given by the difference of Fuchsian and Schottky projective connections.
In turn, this 1-form is an antiderivative of the Weil-Petersson symplectic form on the
Schottky space.

C. McMullen [McMOO] has considered another 1-form on Teichmiiller space given
by the difference of Fuchsian and quasi-Fuchsian projective connections, the latter corre-
sponds to Bers’ simultaneous uniformization of a pair of Riemann surfaces. By establish-
ing quasi-Fuchsian reciprocity, McMullen proved that this 1-form is also an antideriva-
tive of the Weil-Petersson symplectic form, which is bounded on the Teichmiiller space
due to the Kraus-Nehari inequality. The latter result is important in proving that the
moduli space of Riemann surfaces is Kéhler hyperbolic [McMO0].

In this paper we extend McMullen’s results along the lines of [ZT87a, ZT87b] by
using the homological algebra machinery developed by E. Aldrovandi and the first author
in [AT97]. We explicitly construct a smooth function on the quasi-Fuchsian deformation
space and prove that it is an antiderivative of the 1-form given by the difference of Fuch-
sian and quasi-Fuchsian projective connections. This function is defined as a classical
action for Liouville theory for a quasi-Fuchsian group. The symmetry property of this
function is the global quasi-Fuchsian reciprocity, and McMullen’s quasi-Fuchsian reci-
procity [McMO0] is its immediate corollary. We also prove that this function is a Kéhler
potential of the Weil-Petersson metric on the quasi-Fuchsian deformation space. As it
will be explained below, construction of the Liouville action functional is not a trivial
issue and it requires homological algebra methods developed in [AT97]. Furthermore,
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we show that the Liouville action functional satisfies the holography principle in string
theory (also called AdS/CFT correspondence). Specifically, we prove that the Liouville
action functional is a regularized limit of the hyperbolic volume of a 3-manifold asso-
ciated with a quasi-Fuchsian group. Finally, we generalize these results to a large class
of Kleinian groups including finitely generated, purely loxodromic Schottky and quasi-
Fuchsian groups, and their free combinations. Namely, we define the Liouville action
functional, establish the holography principle, and prove that the classical action is an
antiderivative of a 1-form on the deformation space given by the difference of Fuchsian
and Kleinian projective connections, thus establishing global Kleinian reciprocity. We
also prove that the classical action is a Kihler potential of the Weil-Petersson metric.

Here is a more detailed description of the paper. Let X be a Riemann surface of genus
g > 1,and let {U,}qea beits open cover with charts Uy, local coordinates zq, : Uy — C,
and transition functions fyg : Uy N Ug — C. A (holomorphic) projective connection
on X is a collection P = {py}aeca, Where p, are holomorphic functions on U, which
on every Uy N Upg satisfy

ps = pao fup (i) +8Uup).

where prime indicates derivative. Here S(f) is the Schwarzian derivative,

f/// 3 f// 2
sh=+—-2(L).
=23 f’)

The space P(X) of projective connections on X is an affine space modeled on the vector
space of holomorphic quadratic differentials on X.
The Schwarzian derivative satisfies the following properties:

SD1 S(fog) =8(f)og (&) +S(g).
SD2 S(y) =0forall y € PSL(2, C).

Let 7 : Q2 — X be a holomorphic covering of a compact Riemann surface X by a
domain @ C C with a group of deck transformations being a subgroup of PSL(2, C).
It follows from SD1-SD2 that every such covering defines a projective connection on
X by P = {S,, (7 ")}qea. The Fuchsian uniformization X ~ I'\U is the covering
mr : U — X by the upper half-plane U where the group of deck transformations is a
Fuchsian group I', and it defines the Fuchsian projective connection Pr. The Schottky
uniformization X =~ '\ is the covering s : 2 — X by a connected domain Q2 C C,
where the group of deck transformations I is a Schottky group — finitely-generated,
strictly loxodromic, free Kleinian group. It defines the Schottky projective connection
Pgs.

Let T, be the Teichmiiller space of marked Riemann surfaces of genus g > 1 (witha
given marked Riemann surface as the origin), defined as the space of marked normalized
Fuchsian groups, and let &, be the Schottky space, defined as the space of marked nor-
malized Schottky groups with g free generators. These spaces are complex manifolds
of dimension 3g — 3 carrying Weil-Petersson Kéhler metrics, and the natural projection
map T, — G, is a complex-analytic covering. Denote by ww p the symplectic form
of the Weil-Petersson metric on spaces T, and &,, and by d = 9 + d — the de Rham
differential and its decomposition. The affine spaces P(X) for varying Riemann sur-
faces X glue together to an affine bundle B, — ‘¥,, modeled over the holomorphic
cotangent bundle of T,. The Fuchsian projective connection Pr is a canonical section
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of the affine bundle B, — %, invariant under the action of the Teichmiiller modular
group Modg. The Schottky projective connection is a canonical section of the affine
bundle ‘B, — &g, and the difference Pr — Ps, where Pr is considered as a section of
By — G, is a (1, 0)-form on S,. This 1-form has the following properties [ZT87b].
First, it is 0-exact — there exists a smooth function § : &, — R such that

1
PF—PS:ESS. (1.1)

Second, it is a d-antiderivative, and hence a d-antiderivative by (1.1), of the Weil-
Petersson symplectic form on &g,

d(Pr — Ps) = —i wowp. (1.2)

It immediately follows from (1.1) and (1.2) that the function —S is a Kéhler potential
for the Weil-Petersson metric on G, and hence on <,

39S = 2i wwp. (1.3)

Arguments using the quantum Liouville theory (see, e.g., [Tak92] and references
therein) confirm formula (1.1) with function S given by the classical Liouville action,
as was already proved in [ZT87b]. However, the general mathematical definition of the
Liouville action functional on a Riemann surface X is a non-trivial problem interesting in
its own right (and for rigorous applications to the quantum Liouville theory). Let CM (X)
be a space (actually a cone) of smooth conformal metrics on a Riemann surface X . Every
ds? € CM(X)isacollection {e%|dzy|?} where functions ¢, € C® (U, R) satisfy

aeA’

a0 fup +log|fagl* =¢p on Uy NUp. (1.4)

According to the uniformization theorem, X has a unique conformal metric of constant
negative curvature —1, called hyperbolic, or Poincaré metric. Gaussian curvature —1
condition is equivalent to the following nonlinear PDE for functions ¢, on Uy,

92 1
e 1 g

1.5
32(1820{ 2 ( )

In string theory this PDE is called the Liouville equation. The problem is to define the
Liouville action functional on Riemann surface X —a smooth functional S : CM(X) —
R such that its Euler-Lagrange equation is the Liouville equation. At first glance it
looks like an easy task. Set U = Uy, z = z4 and ¢ = ¢y, so that ds?> = e?|dz|? in
U. Elementary calculus of variations shows that the Euler-Lagrange equation for the

functional
i _
5// (|¢z|2+e¢) dz A d7,
U

where ¢, = d¢/0z, is indeed the Liouville equation on U. Therefore, it seems that the
functional £ [, w, where w is a 2-form on X such that

d¢o
@ly, = @a = 0z
o

2
+ e¢°‘) dzg AdZy, (1.6)
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does the job. However, due to the transformation law (1.4) the first terms in local 2-forms
wg do not glue properly on U, NUg and a 2-form w on X satisfying (1.6) does not exist!

Though the Liouville action functional can not be defined in terms of a Riemann
surface X only, it can be defined in terms of planar coverings of X. Namely, let I" be a
Kleinian group with the region of discontinuity €2 such that '\ >~ X; U---U X, —a
disjoint union of compact Riemann surfaces of genera > 1 including Riemann surface
X.The covering 2 — X;U---UX, introduces a global “étale” coordinate, and for large
variety of Kleinian groups (Class A defined below) it is possible, using methods [AT97],
to define the Liouville action functional S : CM(X; U ---u X,) — R such that its
critical value is a well-defined function on the deformation space ® (I"). In the simplest
case when X is a punctured Riemann sphere such a global coordinate exists already on
X, and the Liouville action functional is just ’5 [ x @, appropriately regularized at the
punctures [ZT87a]. When X is compact, one possibility is to use the “minimal” planar
cover of X given by the Schottky uniformization X =~ I'\€2, as in [ZT87b]. Namely,
identify CM (X) with the affine space of smooth real-valued functions ¢ on €2 satisfying

poy+logly'|>=¢ forall yeTl, (1.7)

and consider the 2-form w[¢] = (|¢z|2 + e¢)dz A dz on Q. The 2-form w[¢] can not
be pushed forward on X, so that the integral 5 [f @ depends on the choice of funda-
mental domain F for the marked Schottky group I'. However, one can add boundary
terms to this integral to ensure the independence of the choice of fundamental domain
for the marked Schottky group I', and to guarantee that its Euler-Lagrange equation
is the Liouville equation on I'\€2. The result is the following functional introduced in

[ZT87Db]:
Sle] = ’5// (I¢Z|2+e¢) dz AdZ
F

.8 7" wa
i 1 _
+3 Z/ <¢ -5 log |y,§|2> (y—k/dz — J/:k,ciz)
k=1"Ck Yk Yk
g

+47 Y " logle(y)l. (1.8)
k=1

Here F is the fundamental domain of the marked Schottky group I' with free generators
Y1, ..., Yg,bounded by 2g non-intersecting closed Jordan curves C1, . . ., Cy, Ci, e, Cé
such that C; = —y(Cx), k =1,..., g, and c(y) = c fory = (¢ 1). Classical action
§ : 6, — R that enters (1.1) is the critical value of this functional.

In [McMO0O] McMullen considered the quasi-Fuchsian projective connection Pgr
on a Riemann surface X which is given by Bers’ simultaneous uniformization of X and
fixed Riemann surface Y of the same genus and opposite orientation. Similar to formula
(1.2), he proved

d(Pr — Pgr) = —i wwp, (1.9)

so that the 1-form Pr — PgFr on T, is a d-antiderivative of the Weil-Petersson symplec-
tic form, bounded in Teichmiiller and Weil-Petersson metrics due to the Kraus-Nehari
inequality. Part 0(Pr — Pgr) = —iwwp of (1.9) actually follows from (1.1) since



188 L.A. Takhtajan, L.-P. Teo

Ps — PgF is a holomorphic (1, 0)-form on &g. Part 9(Pr — Pgr) = 0 follows from
McMullen’s quasi-Fuchsian reciprocity.

Our first result is an analog of the formula (1.1) for the quasi-Fuchsian case. Namely,
let I' be a finitely generated, purely loxodromic quasi-Fuchsian group with region of
discontinuity €2, so that '\ 2 is the disjoint union of two compact Riemann surfaces with
the same genus g > 1 and opposite orientations. Denote by ® (I") the deformation space
of I' — a complex manifold of complex dimension 6g — 6, and by ww p — the symplectic
form of the Weil-Petersson metric on D(T"). To every point I’ € ©(I") with the region
of discontinuity €’ there corresponds a pair X, Y of compact Riemann surfaces with
opposite orientations simultaneously uniformized by I'/, that is, X U Y ~ I'"\Q'. We
will continue to denote by Pr and Pgr the projective connections on X LI Y given by
Fuchsian uniformizations of X and Y and Bers’ simultaneous uniformization of X and
Y respectively. Similarly to (1.1), we prove in Theorem 4.1 that there exists a smooth
function S : ®(I") — R such that

1
Pr — Por = 3 05. (1.10)

The function § is a classical Liouville action for the quasi-Fuchsian group I" — the
critical value of the Liouville action functional S on CM (X 1 Y). Its construction uses
double homology and cohomology complexes naturally associated with the I"-action on
2. Namely, the homology double complex K, , is defined as a tensor product over the
integral group ring ZI" of the standard singular chain complex of 2 and the canonical
bar-resolution complex for I', and the cohomology double complex C** is bar-de Rham
complex on 2. The cohomology construction starts with the 2-form w[¢] € C>°, where
¢ satisfies (1.7), and introduces 6[¢] € C''! and u € C!-? by

1 y// 7 _
0, 1[pl= o — =log|y' > ) | =dz — =dz ],
y-110] (¢ 3 0g|y|><y, TS

and
1 /12 VZH ’ V_ZN 7=
Uyt ot == 5 loglyyl (V—z, oyiy dz — yzé oY1y dz
1 v "o
+§10glyz/oy1|2 Ldz - Laz).
"1 Y1

Define ® € C%? to be a group 2-cocycle satisfying d® = u. The resulting cochain
Vgl = w[p] — 0[¢] — O is a cocycle of degree 2 in the total complex Tot C. The
corresponding homology construction starts with a fundamental domain F € K ¢ for
' in © and introduces chains L € K;j and V € Kgz suchthat ¥ = F+ L —Visa
cycle of degree 2 in the total homology complex Tot K. The Liouville action functional
is given by the evaluation map,

i

S[¢l = 2(‘1’[¢>],2>, (1.11)

where (, ) is the natural pairing between C”¢ and K, .
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In the case when I" is a Fuchsian group, the Liouville action functional on X ~ I'\U,
similar to (1.8), can be written explicitly as follows:

. .8
Sig1 =3 f/w[¢]+’52(f eak[cp]—f 9ﬁk[¢]>
fr k=1 agk by

5 2 (O (@6 (0)) = O BO) + Ot (B (0)))

1~
[~

w-
I
—

-

l
3 22Oyt it (s (0D,

»
I
.

where
‘ 2
Oy 0 (2) = / Uy, +4micy, ,(2log2 + log|c(y2)]9),
)4
p € R\ I'(co) and

1 if p < y(o0) <y 'p,
Eypp =11 if p > ya2(00) > Vl_lp,
0 otherwise.

Here a; and by, are the edges of the fundamental domain F for I" in U (see Sect. 2.2.1)
with initial points ag(0) and by (0), ox and Sy are corresponding generators of I" and
Vi = Qg ,Bkak_lﬂk_ ! The action functional does not depend on the choice of the fun-
damental domain F for I', nor on the choice of p € R\ I'(c0). Liouville action for
quasi-Fuchsian group I is defined by a similar construction where both components of
2 are used (see Sect. 2.3.3).

Equation (1.10) is the global quasi-Fuchsian reciprocity. McMullen’s quasi-Fuchsian
reciprocity, as well as the equation d(Pr — Pgr) = 0, immediately follow from it. The
classical action S : ©(I") — R is symmetric with respect to Riemann surfaces X and
Y,

S(X,Y) =S, X), (1.12)

where X is the mirror image of X, and this property manifests the global quasi-Fuchsian
reciprocity. Equation (1.9) now follows from (1.10) and (1.1). Its direct proof along the
lines of [ZT87a, ZT87b] is given in Theorem 4.2. As an immediate corollary of (1.9)
and (1.10), we obtain that the function —S is a Kéhler potential of the Weil-Petersson
metric on D ().

Our second result is a precise relation between two and three-dimensional construc-
tions which establishes the holography principle for the quasi-Fuchsian case. Let U3 =
{Z = (x,y,1) € R?|t > 0} be hyperbolic 3-space. The quasi-Fuchsian group I" acts
discontinuously on U® U2 and the quotient M ~ I'\ (U US) is a hyperbolic 3-manifold
with boundary '\ Q2 >~ X L1Y. According to the holography principle (see, e.g., [MMO02]
for a mathematically oriented exposition), the regularized hyperbolic volume of M —
on-shell Einstein-Hilbert action with a cosmological term, is related to the Liouville
action functional S[¢].
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In the case when I" is a classical Schottky group, i.e., when it has a fundamen-
tal domain bounded by Euclidean circles, the holography principle was established by
K. Krasnov in [Kra00]. Namely, let M ~ I'\ (U3 U ) be the corresponding hyperbolic
3-manifold (realized using the Ford fundamental region) with boundary X ~ I'\Q2 — a
compact Riemann surface of genus g > 1. For every ds* = e?|dz|* € CM(X) con-
sider the family H, of surfaces given by the equation f(Z) = 1e?®/2 = ¢ > 0, where
z=x 41y, and let M, = M N 'H,. Denote by V,[¢] the hyperbolic volume of M., by
A¢[¢] — the area of the boundary of M, in the metric on H, induced by the hyperbolic
metric on U3 , and by A[¢] — the area of X in the metric ds?. In [Kra00] K. Krasnov
obtained the following formula:

1 1
lim <Vs[¢] — 7 Acldl+ (2g =27 IOgE) ==, SI¢1—Alo). (1.13)

e—0

It relates three-dimensional data — the regularized volume of M, to the two-dimensional
data — the Liouville action functional S[¢], thus establishing the holography principle.
Note that the metric ds? on the boundary of M appears entirely through regularization by
means of the surfaces H,, which are not I'-invariant. As a result, arguments in [Kra00]
work only for classical Schottky groups.

We extend homological algebra methods in [AT97] to the three-dimensional case
when I' is a quasi-Fuchsian group. Namely, we construct the I'-invariant cut-off func-
tion f using a partition of unity for I', and prove in Theorem 5.1 that the on-shell
regularized Einstein-Hilbert action functional

) 1
Elpl =—4 hrr}) (Ve[¢] - 5A5[¢] +27(2g —2) 10g8> ;
E—>
is well-defined and satisfies the quasi-Fuchsian holography principle

E[¢1 = Slg] — / / d’z — 8w (2g —2)log 2.

e

As an immediate corollary, we get another proof that the Liouville action functional S[¢]
does not depend on the choice of fundamental domain F of I" in €2, provided it is the
intersection of the fundamental region of I' in U3 U Q with Q.

We also show that I'-invariant cut-off surfaces H, can be chosen to be Epstein sur-
faces, which are naturally associated with the family of metrics dsg2 =47 %e?|dz)? €
CM (X) by the inverse of the “hyperbolic Gauss map” [Eps84, Eps86] (see also [And98]).
This construction also gives a geometric interpretation of the density |¢|* + ¢? in terms
of Epstein surfaces.

The Schottky and quasi-Fuchsian groups considered above are basically the only
examples of geometrically finite, purely loxodromic Kleinian groups with finitely many
components. Indeed, according to a theorem of Maskit [Mas88], every geometrically
finite, purely loxodromic Kleinian group which has finitely many components in fact
has at most two components. The one-component case corresponds to the Schottky
groups and the two-component case — to the Fuchsian or quasi-Fuchsian groups and
their Z,-extensions.

The third result of the paper is the generalization of the main results for quasi-Fuch-
sian groups — Theorems 4.1, 4.2 and 5.1, to Kleinian groups. Namely, we introduce the
notion of a Kleinian group of Class A for which this generalization holds. By definition,
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anon-elementary, purely loxodromic, geometrically finite Kleinian group is of Class A if
it has fundamental region R in U3 U which is a finite three-dimensional C W-complex
with no vertices in U3. The Schottky, Fuchsian, quasi-Fuchsian groups, and their free
combinations are of Class A, and Class A is stable under quasiconformal deformations.
We extend three-dimensional homological methods developed in Sect. 5 to the case of
the Kleinian group I' of Class A acting on U3 U . Namely, starting from the funda-
mental region R for ' in U3 U €, we construct a chain of degree 3 in total homology
complex Tot K, whose boundary in 2 is a cycle X of degree 2 for the corresponding
total homology complex of the region of discontinuity 2. In Theorem 6.1 we establish
the holography principle for Kleinian groups: we prove that the on-shell regularized
Einstein-Hilbert action for the 3-manifold M ~ I'\(U3 U Q) is well-defined and is
related to the Liouville action functional for I', defined by the evaluation map (1.11).
When I' is a Schottky group, we get the functional (1.8) introduced in [ZT87b]. As in
the quasi-Fuchsian case, the Liouville action functional does not depend on the choice
of a fundamental domain F for I' in €2, as long as it is the intersection of a fundamental
region of I" in U3 U Q with Q. Denote by ©(I") the deformation space of a Kleinian
group I". To every point I'" € ©(I") with the region of discontinuity €’ there corresponds
a disjoint union X; U --- U X,, =~ ["\' of compact Riemann surfaces simultaneously
uniformized by the Kleinian group I'’. Conversely, by a theorem of Maskit [Mas88], for
a given sequence of compact Riemann surfaces X1, ..., X, there is a Kleinian group
which simultaneously uniformizes them. Using the same notation, we denote by Pr
the projective connection on X U --- U X, given by the Fuchsian uniformization of
these Riemann surfaces and by Px — the projective connection given by their simulta-
neous uniformization by a Kleinian group (Px = Pgr for the quasi-Fuchsian case). Let
S : D) — R be the classical Liouville action. Theorem 6.2 states that

1
Pp — Py = =08,
F K=3
which is the ultimate generalization of (1.1). Similarly, Theorem 6.3 is the statement

d(PF — Px) = —i wwp,

which implies that —S is a Kéhler potential of the Weil-Petersson metric on ©(I"). As
another immediate corollary of Theorem 6.2 we get McMullen’s Kleinian reciprocity —
Theorem 6.4.

Finally, we observe that our methods and results, with appropriate modifications,
can be generalized to the case when quasi-Fuchsian and Class A Kleinian groups
have torsion and contain parabolic elements. Our method also works for the Bers’
universal Teichmiiller space T (1) and the related infinite-dimensional Kéhler manifold
Diff . (S')/ Mab(S!). We plan to discuss these generalizations elsewhere.

The content of the paper is the following. In Sect. 2 we give construction of the
Liouville action functional following the method in [AT97], which we review briefly
in 2.1. In Sect. 2.2 we define and establish the main properties of the Liouville action
functional in the model case when I" is a Fuchsian group, and in Sect. 2.3 we consider the
technically more involved quasi-Fuchsian case. In Sect. 3 we recall all necessary basic
facts from deformation theory. In Sect. 4 we prove our first main result — Theorems 4.1
and 4.2. In Sect. 5 we prove the second main result — Theorem 5.1 on the quasi-Fuchsian
holography. Finally in Sect. 6 we generalize these results for Kleinian groups of Class
A: we define the Liouville action functional and prove Theorems 6.1, 6.2 and 6.3.
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2. Liouville Action Functional

Let I be a normalized, marked, purely loxodromic quasi-Fuchsian group of genus g > 1
with region of discontinuity €2, so that '\2 ~ X 1 Y, where X and Y are compact Rie-
mann surfaces of genus g > 1 with opposite orientations. Here we define the Liouville
action functional St for the group I' as a functional on the space of smooth confor-
mal metrics on X LI Y with the property that its Euler-Lagrange equation is the Liouville
equation on X LY. Its definition is based on the homological algebra methods developed
in [AT97].

2.1. Homology and cohomology set-up. Let I be a group acting properly on a smooth
manifold M. To this data one canonically associates double homology and cohomology
complexes (see, e.g., [AT97] and references therein).

Let S, = S, (M) be the standard singular chain complex of M with the differential
d’. The group action on M induces a left ['-action on S, by translating the chains and
S. becomes a complex of left '-modules. Since the action of I on M is proper, S, is a
complex of free left ZI'-modules, where ZI" is the integral group ring of the group I'.
The complex S, is endowed with a right ZI'-module structure in the standard fashion:
coy=y"0.

Let B, = B4 (ZI") be the canonical “bar” resolution complex for I with differential
9”. Each B, (ZT) is a free left '-module on generators [y1] . . . | ¥, ], with the differential
0" : B, — B,_; given by

n—1
'l Ayl =vilnal vl + YD Il vl Dyl
k=1
+ D"yl vl n> 1
Myl=y[1-11, n=1,

where [y1] ... |y,]is zero if some y; equals to the unit element id in I". Here B (ZI') is a
ZTI'-module on one generator [ ] and it can be identified with ZI" under the isomorphism
that sends [ ] to 1; by definition, 8”[ ] = 0.

The double homology complex K, , is defined as S, ® 7z B,, where the tensor prod-
uct over ZI" uses the right ['-module structure on S,. The associated total complex Tot K
is equipped with the total differential 8 = 3’ 4+ (—1)”3” on K, ;, and the complex S,
is identified with S, ®7 Bg by the isomorphism ¢ — ¢ ® [ ].

The corresponding double complex in cohomology is defined as follows. Denote by
A* = A% (M) the complexified de Rham complex on M. Each A" is a left I'-module
with the pull-back action of T, i.e., ¥ - @ = (y ~')*w for @ € A® and y € I'. Define
the double complex C”¢ = Homc(B,, A”) with differentials d, the usual de Rham
differential, and § = (3”)*, the group coboundary. Specifically, for @ € CP4,

q
_ k
(8w))/1,'--,1/q+1 =V Oy yy T § :(_1) Wy, ViVl Vatl
k=1

+ =DMy, Ly,

We write the total differential on C”'4 as D = d + (—1)78.
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There is a natural pairing between C”*¢ and K, , which assigns to the pair (@, c ®
[¥1l...1y4]) the evaluation of the p-form @, ... ,, over the p-cycle c,

(@, c® [yl lvg)) :/wyls"'syq'
c

By definition,

(8w, c) = (w, 3"c),
so that using Stokes’ theorem we get

(Dw, c) = (w, dc).

This pairing defines a non-degenerate pairing between corresponding cohomology and
homology groups H*(Tot C) and H,(Tot K), which we continue to denote by (, ). In
particular, if @ is a cocycle in (Tot C)" and C is a cycle in (Tot K),, then the pairing
(P, C) depends only on cohomology classes [®] and [C] and not on their representatives.

It is this property that will allow us to define the Liouville action functional by
constructing the corresponding cocycle W and cycle X. Specifically, we consider the
following two cases.

1. T is purely hyperbolic Fuchsian group of genus ¢ > 1 and M = U - the upper
half-plane of the complex plane C. In this case, since U is acyclic, we have [AT97]

Ho(X,7) = Ho(T, Z) = Hy(TotK),

where the three homologies are: the singular homology of X ~ I'\U, a compact
Riemann surface of genus g > 1, the group homology of I', and the homology of
the complex Tot K with respect to the total differential 9. Similarly, for M = IL — the
lower half-plane of the complex plane C, we have

H (X,7) = Hy(T',Z) = H,(TotK),

where X ~ I'\L is the mirror image of X — a complex-conjugate of the Riemann
surface X.

2. T is purely loxodromic quasi-Fuchsian group of genus g > 1 with region of discon-
tinuity €2 consisting of two simply-connected components €21 and €2, separated by
a quasi-circle C. The same isomorphisms hold, where X ~ I'\2; and X is replaced
by ¥ >~ I'\Q,.

2.2. The Fuchsian case. Let I be a marked, normalized, purely hyperbolic Fuchsian
group of genus g > 1, let X ~ I"'\U be the corresponding marked compact Riemann
surface of genus g, and let X ~ I'\IL be its mirror image. In this case it is possible
to define Liouville action functionals on Riemann surfaces X and X separately. The
definition will be based on the following specialization of the general construction in
Sect. 2.1.
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2.2.1. Homology computation. Here is a representation of the fundamental class [X]
of the Riemann surface X in H(X, Z) as a cycle ¥ of total degree 2 in the homology
complex Tot K [AT97].

Recall that the marking of I' is given by a system of 2g standard generators oy, . . . , og,
B1, ..., Bg satisfying the single relation
Vi ye =id,

where yx = [og, Bl = arBray, ! B ! The marked group I' is normalized, if the attract-
ing and repelling fixed points of « are, respectively, 0 and oo, and the attracting fixed
point of B is 1. Every marked Fuchsian group I" is conjugated in PSL(2, R) to a nor-
malized marked Fuchsian group. For a given marking there is a standard choice of the
fundamental domain F C U for I' as a closed non-Euclidean polygon with 4g edges
labeled by ay, a;, by, by satisfying ay(a;) = a, pe(by) = br, k = 1,2,..., g (see
Fig. 1). The orientation of the edges is chosen such that

g
OF = (ax+bj —ai — by).
k=1
Set 8'ay = ax (1) —ar(0), 0'by = by (1) — by (0), so that ai (0) = by_1(0). The relations
between the vertices of F' and the generators of I' are the following: o 1(ak ) =

br(1), ﬂ{l(bk(())) = ax(1), vk (br(0)) = br_1(0), where by(0) = bg(0).
According to the isomorphism S, >~ K, o, the fundamental domain F is identified
with F ® [ ] € Ky,0. We have 3” F = 0 and, as it follows from the previous formula,

g
o'F =" (B b — b — o @) + i) = 0L,
k=1

where L € K| | is given by

8
L=Y (@Bl —ax ®lex). @1

k=1

There exists V € Kp 3 such that 3"V = 9’L. A straightforward computation gives the
following explicit expression:

V=3 (ar(0) @ lewl el = bx(0) @ [Bela] + b0 @ [ 7l ])

k=1

g—1
=Y b [y v 22)
k=1

Using 8”"F = 0,3'F = 3"L, 9"V = 9'L, and 3’V = 0, we obtain that the ele-
ment ¥ = F + L — V of total degree 2 is a cycle in TotK, that is X = 0. The
cycle ¥ € (TotK); represents the fundamental class [X]. It is proved in [AT97] that
the corresponding homology class [X] in H,(Tot K) does not depend on the choice of
the fundamental domain F for the group I'.
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Fig. 1. Conventions for the fundamental domain F

2.2.2. Cohomology computation. The corresponding construction in cohomology is the
following. Start with the space CM (X) of all conformal metrics on X =~ I'\U. Every
ds* € CM(X) can be represented as ds> = e?|dz|?, where ¢ € C*®°(U, R) satisfies

poy+logly'|>=¢ forally eT. (2.3)
In what follows we will always identify CM (X) with the affine subspace of C*°(U, R)

defined by (2.3).
The “bulk” 2-form w for the Liouville action is given by

wlp] = (|¢z|2 + e¢) dz AdZ, (2.4)

where ¢ € CM(X). Considering it as an element in C>? and using (2.3) we get
Swlgp] = do[e],
where 8[¢] € Cl! is given explicitly by
0,-11¢] = (¢ - %log |y’|2) (J;—/:dz - Vy:’:dz> . 25)
Next, set

u =3860[¢p] € C2.

From the definition of # and 8> = 0 it follows that the 1-form u is closed. An explicit
calculation gives

1 712 VZN / Vzﬁ — -
Uy ot == S loginl y_z/oyl Vi dZ—)/:z/Oyl y1dz
1 oo
+ 5 loglysonl? | Trdz— —dz ), (2.6)
Y1 4!

and shows that u does not depend on ¢p € CM(X).
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Remark 2.1. The explicit formulas above are valid in the general case, when the domain

Q ¢ C is invariant under the action of a Kleinian group I'. Namely, define the 2-form
w by formula (2.4), where ¢ satisfies (2.3) in Q2. Then the solution 6 to the equation
Sdw[¢p] = dO[¢] is given by the formula (2.5) and u = 50[¢] — by (2.6).

There exists a cochain ® e C?2 satisfying
d® =y and §® = 0.
Indeed, since the 1-form u is closed and U is simply-connected, ® can be defined as a

particular antiderivative of u satisfying §® = 0. This can be done as follows. Consider
the hyperbolic (Poincaré) metric on U

|dz|?

ePr @ |dz|? = —— z=x+iyel.
y

This metric is PSL(2, R)-invariant and its push-forward to X is a hyperbolic metric on
X. Explicit computation yields

wlPnypl = 2eP0r dz A dZ,
so that dw[@pyp] = 0. Thus the 1-form &[¢py,] on U is closed and, therefore, is exact,
Oldnypl = dl,
for some [ € CO1. Set
O =4l 2.7
It is now immediate that §® = 0 and §0[¢] = u = dO for all ¢ € CM(X). Thus

V[p] = w[¢] — O[¢] — O is a 2-cocycle in the cohomology complex Tot C, that is,
DWV[¢] = 0.

Remark 2.2. For every y € PSL(2, R) define the 1-form 6, [q’)hyp] by the same formula
(2.5),

1 72 yH 7 -
O, -1ldnypl = — | 2logy + 3 log |y’| 7dz - :/dz . (2.8)
14
Since for every y € PSL(2, R),

1
(8log y),-1 =log(y o) —logy =  log Y%,

the 1-form u = 860[¢] is still given by (2.6) and is a Al(U)-valued group 2-cocycle for
PSL(2, R), thatis, (§u)y,,,,y; = Oforall y1, y2, y3 € PSL(2, R). Also O-form ® given
by (2.7) satisfies d® = u and is a A%(U)-valued group 2-cocycle for PSL(2, R).
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2.2.3. The action functional. The evaluation map (W[¢], ) does not depend on the
choice of the fundamental domain F for I' [AT97]. It also does not depend on a partic-
ular choice of antiderivative [, since by the Stokes’ theorem

(©,V)=(1,V)=(1,3"V)=(,d'L) = (Olnyp], L). (2.9)

This justifies the following definition.

Definition 2.1. The Liouville action functional S[-; X] : CM(X) — R is defined by
the evaluation map

i

S[e; X] = > (V[o], 2), ¢ € CM(X).

For brevity, set S[¢] = S[¢; X]. The following lemma shows that the difference of
any two values of the functional S is given by the bulk term only.

Lemma 2.1. For all ¢ € CM(X) and o € C*(X,R),

SI¢ + 01— Slp] = // (I + (7 + Ko = 1)) a2,
F

where d*z = dx A dy is the Lebesgue measure and K = —2¢~%¢,z is the Gaussian
curvature of the metric ®|dz|*.

Proof. We have

wlg + 0] — olp] = wl¢; o]+ db,

where
wlp; 0] = <|az|2 + (e" + Ko — 1) e¢) dz ANdZ,
and
0 =0 (¢zd7 — ¢.dz) .
Since

5 v v
80,1 =0 | —dz — =dz | = 0[¢ + o] - 0[¢],
v/ v/

the assertion of the lemma follows from the Stokes’ theorem. 0O

Corollary 2.1. The Euler-Lagrange equation for the functional S is the Liouville equa-
tion, the critical point of S — the hyperbolic metric ¢y, is non-degenerate, and the
classical action — the critical value of S, is twice the hyperbolic area of X, that is,

47 (2g — 2).
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Proof. As it follows from Lemma 2.1,

= // (K + Doe®d?z,
t=0
F

so that the Euler-Lagrange equation is the Liouville equation K = —1. Since

= /f (2|az|2 +02€¢h.vp) d*z>0 if o #0,
t=0
F

the critical point ¢y, is non-degenerate. Using (2.9) we get

dS[¢ + to]
dt

d*S[pnyp + to]
dt?

. . 42
Sldiap) = 5 Vbl B) = 3 0ldny), F) =2 / / S =ang-2)
F

O

Remark 2.3. Let A[¢] = —e~?9,; be the Laplace operator of the metric ds* = e?|dz|?
acting on functions on X, and let det A[¢] be its zeta-function regularized determinant
(see, e.g., [OPS88] for details). Denote by A[¢] the area of X with respect to the metric
ds? and set

det A[¢]

Algl -

Polyakov’s “conformal anomaly” formula [Pol81] reads

1(¢] =log

Ilp + 0] —I[p] = —ﬁ // (|az|2 + Ko e¢) d*z,
F

where o € C*®°(X, R) (see [OPS88] for rigorous proof). Comparing it with Lemma 2.1
we get

1 1 -
Il¢ + o]+ ?S[d) + o] =I[¢] + ——S[&].
T 12

where S[¢] = S[¢] — Al].

Lemma 2.1, Corollary 2.1 (without the assertion on classical action) and Remark 2.3
remain valid if ® is replaced by ® + ¢, where c is an arbitrary group 2-cocycle with
values in C. The choice (2.7), or rather its analog for the quasi-Fuchsian case, will be
important in Sect. 4, where we consider classical action for families of Riemann surfaces.
For this purpose, we present an explicit formula for ® as a particular antiderivative of
the 1-form u.

Let p € U be an arbitrary point on the closure of U in C (nothing will depend on the
choice of p). Set

Z
l,(z) = / 0, [Gnyp] forall y €T, (2.10)
P
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where the path of integration P connects points p and z and, possibly except p, lies
entirely in U. If p € Roo = RU {00}, itis assumed that P is smooth and is not tangent to
R at p. Such paths are called admissible. A 1-form ¢ on U is called integrable along
the admissible path P with the endpoint p € Ry, if the limit of f[f/ ¢,as p’ — p along
P, exists. Similarly, a path P is called I'-closed if its endpoints are p and yp for some
y €T',and P\ {p, yp} C U. A I'-closed path P with endpoints p and yp, p € Ry,
is called admissible if it is not tangent to R, at p and there exists p’ € P such that the
translate by y of the part of P between the points p’ and p belongs to P. A 1-form @

is integrable along the I'-closed admissible path P, if the limit of f;’,p "985 p — p

along P, exists.
Let

W= (Pt @ Lol Bl = P ® Bl + P @ [ e ])

8

k=1
g—1

-) P® [)/g‘l -~~Vk_+11|)/k_l] e Kia, @2.11)

k=1

where Py is any admissible path from p to b¢(0), k =1, ..., g, and P, = Py. Since
P (1) = br(0) = aj4+1(0), we have

AW =V-U,

where

=~

U= Xg: (p ® [aklBr] — p Q [Brlax] + p ® [Vk_l Iakﬂk])
-1
8

|
—_

- p®[ygl---yk’+lllyk’l] eKia. (2.12)
k=1

We have the following statement.

Lemma 2.2. Let 9 € CU! be a closed 1-form on U and p € U. In case p € Ry
suppose that 89 is integrable along any admissible path with endpoints in I - p and ¥
is integrable along any I'-closed admissible path with endpoints in " - p. Then

W, L) = (80, W)

8 a'p B'p P Vi1V P
+ Z / ﬂﬁk - / ﬁﬁtk +/ ﬂakﬁk - / 19]/—1 )
— \/»r P p p :

where paths of integration are admissible if p € Ru.

Proof. Since 1, is closed and U is simply-connected, we can define function /, on U

by
Z
L(2) = / .
p
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where p € U. We have, using Stokes’ theorem and d (§]) = §(dl) = év,

(9, L) =(dl,L) = (I,d'L) = (1,3"V) = (81, V)
— (81, 9 W) + (81, U) = (d(8]), W) + (81, U)
= (80, W) + (8, U).

Since

-1
Yy P

(51)y1,y2(l9) = f 19]/23

p

we get the statement of the lemma if p € U. In case p € Ry, replace p by p’ € U.
Conditions of the lemma guarantee the convergence of integrals as p’ — p along
corresponding paths. O

Remark 2.4. Expression (8/, U), which appears in the statement of the lemma, does not
depend on the choice of a particular antiderivative of the closed 1-form . The same
statement holds if we only assume that the 1-form §? is integrable along admissible
paths with endpoints in I" - p, and the 1-form ¢ has an antiderivative / (not necessarily
vanishing at p) such that the limit of (81),, ,,(p), as p’ — p along admissible paths,
exists.

Lemma 2.3. We have
Z
Oypn(2) = / Uy .y 1Py (2.13)
p

where p € R\ I'(c0) and integration goes along admissible paths. The integration
constants n € C%2 are given by

N(P)yy.n = 47ie(D)yy 1, (210g 2 +log |c(12) %), (2.14)

and

1 ifp < ya(c0) <y 'p,
&Py =1-1 ifp>y(c0) >y 'p,
0 otherwise.

Here for y = (? Z) we set c(y) = c.

Proof. Since

Z V171P
Oy, (2) =/ ”Vm/z"‘/ Oy, [@nyp].
p

p

it is sufficient to verify that

] vip 4log2 +2loglc(y)|* ifp < yz_l(oo) <Y1p,
0,1 [fnyp] = § —4log2 = 2logle(y)I> if p > y; ' (00) > 1 p,

2mwi .
P 0 otherwise.
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From (2.8) it follows that 9),71 [ényp]is a closed 1-form on U, integrable along admissi-
ble paths with p € R\ {y ~!(c0)}. Denote by 9)(/8,)1 its restriction on the line y = ¢ > 0,
z=x+1iy. When x # yz_l (c0), we obviously have

uniformly in x on compact subsets of R \ {)/2_1 (00)}.
It )/2_1 (00) does not lie between points p and y1 p on R, we can approximate the path
of integration by the interval on the line y = ¢, which tends to 0 as ¢ — 0. If y2_1 (c0)

lies between points p and y; p, we have to go around the point y{l (o0) via a small
half-circle, so that

yip
[ tysrtonar = tim [ 6,citgn

where C, is the upper-half of the circle of radius r with center at y{l (00), oriented
clockwise if p < yz_l(oo) < y1 p. Evaluating the limit using the elementary formula

T
/ logsint dt = —m log 2,
0

and the Cauchy theorem, we get the formula. O

Corollary 2.2. The Liouville action functional has the following explicit representation:

S[¢l = %((w[aﬁ], F) =(0[¢]. L) + (u, W) + (n, V).

Remark 2.5. Since (®, V) = (u, W)+ (n, V), itimmediately follows from (2.9) that the
Liouville action functional does not depend on the choice of point p € R\ I'(c0) (actu-
ally it is sufficient to assume that p # y1(00), (y1y2)(00) for all y1, y» € I' such that
Vii,y» # 0). This can also be proved by direct computation using Remark 2.2. Namely,

let p’ € Ry be another choice, p’ = 0~ 'p € Ry, for some o € PSL(2, R). Setting
z = p in the equation (6®)y,y,,,, = 0 and using (§u)s,y,,,, = 0, where y1, y2 € I', we
get

-1

olp
f Uy yp = _(Sn(p))a,yl,yza (2.15)
P

where all paths of integration are admissible. Using
N(Poyin =16 Py + 1(Poys
we get from (2.15) that

V4 V4
f Uyryy 1Py = /, ty 1P )y10n + G00)y1 305
p p

where (75), = 1(p)s,y is a constant group 1-cochain. The statement now follows from

(811, V) = (05, 8"V) = (0, 8'L) = (d15, L) = 0.
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Another consequence of Lemmas 2.2 and 2.3 is the following.

Corollary 2.3. Set

W
s, = *—dz — ==dz e CI1.
14 y!

Then
(22, L) = 4mi(e, V) =4mi x(X),
where x(X) = 2 — 2g is the Euler characteristic of Riemann surface X ~ I'\U.

Proof. Since §3¢ = 0, the first equation immediately follows from the proofs of Lemmas
2.2 and 2.3. To prove the second equation, observe that

2 =0, where i =—¢.dz+¢z;dz and dix =2¢;z;dz Adz.
Therefore
(3¢, L) = (8301, L) = (301, 8"L) = (501, 3'F) = (ds1, F).

The Gaussian curvature of the metric ds? = ¢?|dz|? is K = —2e~?¢.z, so by Gauss-
Bonnet we get

(ds, F) = sz $zdz AdZ =2i // Ke®d?z = 4miy(X).
F rnu

Using this corollary, we can “absorb” the integration constants n by shifting 0[¢] €
C!! by a multiple of closed 1-form s. Indeed, the 1-form #[¢] satisfies the equation
dw[¢] = dO[¢] and is defined up to addition of a closed 1-form. Set

6,161 = 6,[¢] — 2log2 + log [c(¥)*) 75y, (2.16)

and define i = 86[¢]. Explicitly,

} e (vi =
=1 ot =t ot — log ———— | S oyiydi—=on yidz

le(ry)? \ vs v
2 " W
+log PRI (T 0 T gz 2.17)
oo \y 7

where u is given by (2.6). As it follows from Lemma 2.2 and Corollary 2.3,

i

SI¢1 =5 ((@lg. F) — 018). L) + (i, ). 2.18)

The Liouville action functional for the mirror image X is defined similarly. Namely,
for every chain c in the upper half-plane U denote by c its mirror image in the lower
half-plane IL; the chain ¢ has an opposite orientation to c. Set ¥ = F + L — V, so that
3% = 0. For ¢ € CM(X), considered as a smooth real-valued function on L satisfying
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(2.3), define w[¢] € C*°, 9[¢] € C"! and ® € C2 by the same formulas (2.4), (2.5)
and (2.7). Lemma 2.3 has an obvious analog for the lower half-plane L, the analog of
formula (2.13) for z € L is

Z
Oy (2) = / Uyryy = NPy (2.19)
)4
where the negative sign comes from the opposite orientation.

Remark 2.6. Similarly to (2.15) we get

—1

o p
/ Uyyyn = (1P y1.y25 (2.20)
p

where the path of integration, except the endpoints, lies in L. From (2.15) and (2.20) we
obtain

fcum,n = =200(P)s,y1.125 (2.21)

where the path of integration C is a loop that starts at p, goes to o ~! p inside U, contin-
ues inside L and ends at p. Note that formula (2.21) can also be verified directly using
Stokes’ theorem. Indeed, the 1-form u,, ,, is closed and regular everywhere except
points y1(00) and (y1y2)(o0). Integrating over small circles around these points if they
lie inside C and using (2.14), we get the result.

Set W[¢p] = w[p] — 0[¢] — ©, so that DW[¢p] = 0. The Liouville action functional
for X is defined by

(9 X1 =~ 5 (Wig), 5).
Using an analog of Lemma 2.2 in the lower half-plane I and
n, V)y=,V),
we obtain
165 X1 = =5 ((@l6], F) — 0161, ) + @, W) — (0, V).

Finally, we have the following definition.

Definition 2.2. The Liouville action functional St : CM(X UX) — R for the Fuchsian
group T acting on U U L is defined by

Srlp] = Sle; X1+ Sle; X1 = %(‘I/[¢], -5

= = ((@lg). F = F) = (011, L = L) + (. W = W) +2(n. V).

where ¢ € CM(X U X).



204 L.A. Takhtajan, L.-P. Teo

The functional St satisfies an obvious analog of Lemma 2.1. Its Euler-Lagrange
equation is the Liouville equation, so that its single non-degenerate critical point is the
hyperbolic metric on U U L. The corresponding classical action is 87 (2g — 2) — twice
the hyperbolic area of X L1 X. Similarly to (2.18) we have

i

Sig1 =5 ((@lg). F = F) = @191 L L) + i, W = W)) (2.22)

Remark 2.7. In the definition of St it is not necessary to choose a fundamental domain
forI" in IL to be the mirror image of the fundamental domain in U since the corresponding
homology class [X — X] does not depend on the choice of the fundamental domain of
F'inUUL.

2.3. The quasi-Fuchsian case. Let I be a marked, normalized, purely loxodromic
quasi-Fuchsian group of genus g > 1. Its region of discontinuity €2 has two invari-
ant components €21 and €2, separated by a quasi-circle C. By definition, there exists a

quasiconformal homeomorphism J; of C with the following properties:

QF1 The mapping J; is holomorphic on U and J;(U) = i, Ji(L) = Q», and
J1R) = C.

QF2 The mapping J; fixes 0, 1 and oo.

QF3 The group I' = Jl_1 o I' o Jj is Fuchsian.

Due to the normalization, any two maps satisfying QF1-QF3 agree on U, so that the
group_f‘ is independent of the choice of the map Jj. Setting X ~ I'\U, we get T\UUL =~
X UXand I'\Q2 >~ X 1Y, where X and Y are marked compact Riemann surfaces of
genus g > 1 with opposite orientations. Conversely, according to Bers’ simultaneous
uniformization theorem [Ber60], for any pair of marked compact Riemann surfaces X
and Y of genus g > 1 with opposite orientations there exists a unique, up to a conjugation
in PSL(2, C), quasi-Fuchsian group I" such that "'\Q2 >~ X LY.

Remark 2.8. 1t is customary (see, e.g., [AhI87]) to define quasi-Fuchsian groups by
requiring that the map J; is holomorphic in the lower half-plane L. We will see in
Sect. 4 that the above definition is somewhat more convenient.

Let o be the Beltrami coefficient for the quasiconformal map Ji,

CAx
(J1)27

that is, J| = f** — the unique, normalized solution of the Beltrami equation on C with
Beltrami coefficient . Obviously, u = 0 on U. Define another Beltrami coefficient
by

1) — @ ifzel,
plor= u(z) ifz el..

Since /i is a symmetric, normalized solution f” of the Beltrami equation,

) = p@ )
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is a quasiconformal homeomorphism of C which preserves U and L. The quasiconform-
almap J, = Jio(f =1 is then conformal on the lower half-plane L and has properties
similar to QF1-QF3. In particular, J; ' o[ o J» = [' = f* o T o (f#)~! is a Fuchsian
group and IA“\IL =~ Y. Thus for a given I' the restriction of the map J> to IL does not
depend on the choice of J> (and hence of J;). These properties can be summarized by
the following commutative diagram:

Ji=fH
UURymQUL —— QiUCURQ

lfﬂ le

UURyxUL ——> UURL UL

where maps Ji, J> and f I intertwine corresponding pairs of groups I, [and I

2.3.1. Homology construction. The map J; induces a chain map between double com-
plexes K o = S, ®7r B, for the pairs UUL, " and 2, T', by pushing forward chains
Se(WUL) 3 ¢ Ji(c) € Se(£2) and group elements I's yt>Jioyo J1_1 el'. We
will continue to denote this chain map by J;. Obviously, the chain map J; induces an
isomorphism between homology groups of corresponding total complexes Tot K.

Let ¥ = F + L — V be total cycle of degree 2 representing the fundamental class of
X in the total homology complex for the pair U, T, constructed in the previous section,
and let ¥’ = F’ + L' — V’ be the corresponding cycle for X. The total cycle X(I") of
degree 2 representing the fundamental class of X LI Y in the total complex for the pair
Q, T can be realized as a push-forward of the total cycle ©(I') = = — ¥’ by Jj,

(M) = W) = /(D) — L(E).

We will denote push-forwards by J; of the chains F, L, V inU by F1, L1, V1, and push-
forwards of the corresponding chains F’, L', V' in L — by F», Ly, V», where indices 1
and 2 refer, respectively, to domains 2] and 2.

The definition of chains W; is more subtle. Namely, the quasi-circle C is not gen-
erally smooth or even rectifiable, so that an arbitrary path from an interior point of <2;
to p € C inside €2; is not rectifiable either. Thus if we define W as a push-forward by
J1 of W constructed using arbitrary admissible paths in U, the paths in W; in general
will no longer be rectifiable. The same applies to the push-forward by J; of the corre-
sponding chain in IL. However, the definition of (x, W) uses integration of the 1-form
uy, y, along the paths in Wy, and these paths should be rectifiable in order that (u, W)
is well-defined. The invariant construction of such paths in €2; is based on the following
elegant observation communicated to us by M. Lyubich.

Since the quasi-Fuchsian group I' is normalized, it follows from QF2 that the Fuch-
sian group = J; ooy 1 1s also normalized and @ € ["isadilation a1z = Az With the
axis iR>p and 0 < x< 1. Corresponding loxodromic element oy = Jj o &/} o J1 el
is also a dilation o1 z = Az, where 0 < |A| < 1. Choose zp € iR>¢ and denote by
I = [Z, 0] the interval on iR>0 with endpoints Zp and 0 — the attracting fixed point
of &@. Set zo = J1(30) and I = J;(I). The path I connects points zg € £2; and
0 = J1(0) € Cinside 21, is smooth everywhere except the endpoint 0, and is rectifiable.
Indeed, set io = [Zo, 5»20] C iR- ¢ and cover the interval I by subintervals fn defined
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by in+1 = dl(in), n=20,1,...,00.Corresponding paths I, = Jl(in) cover the path
I, and due to the property I,,+1 = «1(I,), which follows from QF3, we have

o0
I={Jef o).
n=0

Thus

[
1) = ZM"U(!) <o,

where /(P) denotes the Euclidean length of a smooth path P.
The same construction works for every p € C \ {oo} which is a fixed point of an
element in I', and we define I"-contracting paths in €21 at p as follows.

Definition 2.3. Path P connecting points 7 € Q1 and p € C \ {00} inside Q21 is called
["-contracting in Q21 at p, if the following conditions are satisfied.

C1 Paths P is smooth except at the point p.

C2 The point p is a fixed point for I.

C3 There exists p’ € P and an arc Py on the path P such that the iterates y" (Py), n €
N, where y € T has p as the attracting fixed point, entirely cover the part of P from
the point p' to the point p.

As in Sect. 2.2, we define I"-closed paths and I"-closed contracting paths in 21 at p.
The definition of I"-contracting paths in €25 is analogous. Finally, we define I"-contract-
ing paths in 2 as follows.

Definition 2.4. Path P is called I'-contracting in Q, if P = P; U Py, where Py N Py =
p €C,and P1\{p} C Q1 and P\ {p} C Q2 are I'-contracting paths at p in the sense
of the previous definition.

["-contracting paths are rectifiable.

Lemma 2.4. Let T and I be two marked normalized quasi-Fuchsian groups with re-
gions of discontinuity Q and ', and let f be a normalized quasiconformal homeomor-
phism of C which intertwines T and T’ and is smooth in Q. Then the push-forward by
f of a T-contracting path in Q is a I''-contracting path in Q.

Proof. Obvious: if p is the attracting fixed point for y € T, then p’ = f(p) is the
attracting fixed pointfor y’ = foyo f~leI’. O

Now define a chain W for the Fuchsian group I by first connecting points Pi(1), ...,
P (1) to some point Zg € iR by smooth paths inside U and then connecting this point
to 0 by 7. The chain W’ in L is defined similarly. Setting Wi = J; (W) and W» = J{ (W),
we see that the chain Wi — W» in Q consists of I'-contracting paths in €2 at 0. Connecting
Pi(1), ..., Pg(1) to O by arbitrary I'-contracting paths at O results in 1-chains which are
homotopic to the 1-chains W; and W> in components €21 and €25 respectively. Finally,
we define chain U; = U, as push-forward by J; of the corresponding chain U = U’
with p = 0.
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2.3.2. Cohomology construction. Let CM (X UY) be the space of all conformal metrics
ds? = e?|dz|*> on X LY, which we will always identify with the affine space of smooth
real-valued functions ¢ on 2 satisfying (2.3). For ¢ € CM (X U Y) we define cochains
w[@], O[¢], u, n and O in the total cohomology complex Tot C for the pair 2, T by the
same formulas (2.4), (2.5), (2.6), (2.14) and (2.13), (2.19) as in the Fuchsian case, where
p = 0 € C, integration goes over I'-contracting paths at 0, and y € I are replaced by
y=Jioyol/ L' eI The ordering of points on C used in the definition (2.14) of the
constants of integration 7,, ,, is defined by the orientation of C.

Remark 2.9. Since 1-form u is closed and regular in 1 U €23, it follows from Stokes’
theorem that in the definition (2.13) and (2.19) of the cochain ® € C%2 we can use any
rectifiable path from z to O inside €2 and €2, respectively.

As opposed to the Fuchsian case, we can no longer guarantee that the cochain w[¢] —
0[p] — © is a 2-cocycle in the total cohomology complex Tot C. Indeed, we have, using
Su =20,

Jp ups + Oy = @y iz € QL

. (2.23)
sz Uyyys = @Myrangs = (@2y1nys 12 € Qo

(6O)y 10,15 (2) = {

where paths of integration P; and P, are I'-closed contracting paths connecting points
0 and yfl (0) inside 21 and 2 respectively. Since the analog of Lemma 2.3 does not
hold in the quasi-Fuchsian case, we can not conclude that di = d» = 0. However,
dy, d> € C%3 are z-independent group 3-cocycles and

(di —d2)y .1 =/ Uys,ys T 2060y 90.95 (2.24)
C

where C = P; — P, is a loop that starts at 0, goes to yfl (0) inside €21, continues inside
€2 and ends at 0. In the Fuchsian case we have Eq. (2.21), which can be derived using
the Stokes’ theorem (see Remark 2.6). The same derivation repeats verbatim for the
quasi-Fuchsian case, and we get

_/C”yz,yz = =20My,1.v>

so that d; = dy. Since H? (I', ©) = 0, there exists a constant 2-cochain « such that
8k = —d; = —d,. Then ® +« is a group 2-cocycle, that is, § (® + ) = 0. As the result,
we obtain that

W[p] = w[p] — O[] — O —k € (Tot C)?
is a 2-cocycle in total cohomology complex Tot C for the pair @, T, thatis, DW[¢] = 0.

Remark 2.10. The map Jj induces a cochain map between double cohomology com-
plexes Tot C for the pairs U U L, T" and Q, T, by pulling back cochains and group
elements,

Jy - w));l ,,,,, 7= Jl*wyl,_._,yq e CP1(UUL),
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where w € CP9(Q) and y = Jl_l oy o J1. This cochain map induces an isomorphism
of the cohomology groups of corresponding total complexes Tot C. The map J; also
induces a natural isomorphism between the affine spaces CM (X 1Y) and CM(X U X),

Ji-¢=¢olJ +log|(J):|> e CM(X UX),

where ¢ € CM(X U Y). However,
(1 - @) dz AdZ # TF (Id)zlzdz A dz) ,

and cochains w[¢], 8[¢], u and ® for the pair 2, I’ are not pull-backs of cochains for
the pair UU L, T corresponding to J; - ¢ € CM(X U X).

2.3.3. The Liouville action functional. Discussion in the previous section justifies the
following definition.

Definition 2.5. The Liouville action functional Spr : CM(X 1Y) — R for the quasi-
Fuchsian group T is defined by

1

Srlg] =3 (W9l B(D) = ’Ew[«m, T — %)

:% (wl@], F1 — F2) — (0l¢]. L1 — L2) + (O +«, V1 = V2)),

where p € CM(X LY).

Remark 2.11. Since W[¢] is atotal 2-cocycle, the Liouville action functional Sr does not
depend on the choice of fundamental domain for I" in €2, i.e on the choice of fundamental
domains Fy and F; for I' in 2 and 2. In particular, if X and X are push-forwards
by the map Jj of the total cycle ¥ and its mirror image X, then («, Vi — V3) = 0 and
we have

Srle] = %((w[dﬂ, Fi — F2) — (0[@], L1 — L) + (u, Wi — Wa) +2(n, V1)).
(2.25)

In general, the constant group 2-cocycle x drops out from the definition for any choice
of fundamental domains F; and F, which is associated with the same marking of I,
i.e., when the same choice of standard generators a1, ..., g, B1, ..., B, is used both
in 1 and in 5. Indeed, in this case V; and V, have the same B, (ZI')-structure and
(k, V1 — V) = 0. Moreover, since the 1-form u is closed and regular in Q21 U 7, we
can use arbitrary rectifiable paths with endpoint 0 inside €21 and €25 in the definition of
chains W and W, respectively.

Remark 2.12. We can also define chains W and W, by using I'-contracting paths at any
I'-fixed point p € C \ {oo}. As in Remark 2.5 it is easy to show that

(O,Vi = V2) = (u, Wi — Wa) +2(n, V1)

does not depend on the choice of a fixed point p.



Liouville Action and Weil-Petersson Metric 209

As in the Fuchsian case, the Euler-Lagrange equation for the functional St is the
Liouville equation and the hyperbolic metric e?»|dz|? on Q is its single non-degener-
ate critical point. It is explicitly given by

—1 / 2
@ = Ui V@I

(Im /-1 (2)? fzeQ, i=12 (2.26)
mJ; (z

Remark 2.13. Corresponding classical action St[¢yy,] is no longer twice the hyperbolic
area of X LI'Y, as it was in the Fuchsian case, but rather non-trivially depends on I". This
is due to the fact that in the quasi-Fuchsian case the (1, 1)-form w[¢yy,] on 2 is not a
(1, 1)-tensor for I', as it was in the Fuchsian case.

Similarly to (2.22) we have
Srlg1 = 5 ((@lgl. Fi = F2) = 018). Ly — La) + (@ Wi = W2)) . 227)

where F and F, are fundamental domains for the marked group I' in 2] and €2, respec-
tively.

3. Deformation Theory

3.1. The deformation space. Here we collect the basic facts from deformation theory of
Kleinian groups (see, e.g., [Ahl87, Ber70, Ber71, Kra72b]). Let I" be a non-elementary,
finitely generated purely loxodromic Kleinian group, let 2 be its region of discontinuity,

and let A = C\ Q be its limit set. The deformation space ©(I") is defined as follows. Let
A~L1(I) be the space of Beltrami differentials for I — the Banach space of u € L>(C)
satisfying

v'(2)
v'(2)

u(y(2) = u(z) forally €T,

and
mla =0.
Denote by B! (I") the open unit ball in A~ 1(I") with respect to the || - ||oo norm,

| 1 lloo=sup|u(z)| < 1.

zeC

For each Beltrami coefficient © € B~11(I') there exists a unique homeomorphism
fH: C — C satisfying the Beltrami equation

sz = I’szM
and fixing the points 0, 1 and co. Set I'* = fHoT o (f“)_1 and define
) =B8N0/ ~,

where u ~ v if and only if f* = fY on A, which is equivalent to the condition
flroyo(fM 1= floyo(fV) 'foraly erl.
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Similarly, if A is a union of invariant components of I', the deformation space
D(I', A) is defined using Beltrami coefficients supported on A.
By Ahlfors finiteness theorem €2 has finitely many non-equivalent components

Q1,...,2,. Let T'; be the stabilizer subgroup of the component 2;, I'; = {y €
'y (R;) = 2;} and let X; ~ I';\2; be the corresponding compact Riemann surface
of genus g; > 1,i =1, ..., n. The decomposition

M\ =T\Qu---ulp\Q,
establishes the isomorphism [Kra72b]
D) =D, Q1) x -+ x DTy, Q).

Remark 3.1. When T' is a purely hyperbolic Fuchsian group of genus g > 1, 9(I", U) =
T (I") — the Teichmiiller space of I'. Every conformal bijection '\U — X establishes
an isomorphism between T(I") and T(X), the Teichmiiller space of marked Riemann
surface X. Similarly, ®(I", ) = E(I"), the mirror image of T(I") — the complex mani-
fold which is complex conjugate to T(I"). Correspondingly, I'\I. — X establishes the
isomorphism T(I") 2~ T(X), so that

D) ~ F(X) x T(X).

The deformation space ®(I") is “twice larger” than the Teichmiiller space ¥ (I") because
its definition uses all Beltrami coefficients p for I', and not only those satisfying the
reflection property ©(Z) = 1 (z), used in the definition of T(I").

The deformation space ® (I") has a natural structure of a complex manifold, explicitly
described as follows (see, e.g., [Ahl87]). Let H~L1(I") be the Hilbert space of Beltrami
differentials for I with the following scalar product:

(1, 12) = / / H1jlap = / / ()22 p(z) d*z, (3.1)

e e

where 1, ua € H~1(I") and p = e®» is the density of the hyperbolic metric on I'\ Q.
Denote by Q~1-1(I") the finite-dimensional subspace of harmonic Beltrami differentials
with respect to the hyperbolic metric. It consists of 1 € H~"1(T") satisfying

9;(op) = 0.

The complex vector space Q11 (I") is identified with the holomorphic tangent space to
®(T) at the origin. Choose a basis u1, ..., ug for Q11 M),letu =1+ -+eqid,
and let f* be the normalized solution of the Beltrami equation. Then the correspondence
(€1,...,8q) = " = fF ol o (f*)~! defines complex coordinates in a neighborhood
of the origin in ®(I"), called Bers coordinates. The holomorphic cotangent space to ® (I")
at the origin can be naturally identified with the vector space 2%°(I") of holomorphic
quadratic differentials — holomorphic functions g on €2 satisfying

qy2)y'(2)* = q(z) forally €T.
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The pairing between holomorphic cotangent and tangent spaces to 2 (I") at the origin is

given by
q(u) =//q,u=//q(z)u(z)d2z.

e ne

There is a natural isomorphism ®* between the deformation spaces © (I") and ® (I'*),
which maps I'V € D(I") to (I"'*)* € D(I'*), where, in accordance with f” = f* o f*,

()

The isomorphism ®* allows us to identify the holomorphic tangent space to D (I") at I'*
with the complex vector space Q- LI(r#), and holomorphic cotangent space to D (I") at
I'* with the complex vector space Q0(I'*). It also allows us to introduce the Bers coor-
dinates in the neighborhood of I'* in ®(I"), and to show directly that these coordinates
transform complex-analytically. For the de Rham differential d on D (I") we denote by
d = 0 + 0 the decomposition into (1, 0) and (0, 1) components.

The differential of the isomorphism ®* : ©(I") ~ ®(I'*) at v = p is given by the
linear map D* : QLI —» @ LK),

"
V= Dﬂv = Pfl,l |:<1 _I]M'Z%) O(fu)_1:| 5

where P", | is orthogonal projection from H~!!'(I'*) to Q~"!(I'*). The map D*
allows to extend a tangent vector v at the origin of ®(T") to a local vector field 3/d¢, on
the coordinate neighborhood of the origin,

0
dey

= DMv e Q LI(H).
N

The scalar product (3.1) in Q1 (I'*) defines a Hermitian metric on the deformation
space D (I"). This metric is called the Weil-Petersson metric and it is Kéhler . We denote
its symplectic form by ww p,

- % (D, D*v), p,veQ D).

3.2. Variational formulas. Here we collect necessary variational formulas. Let [ and m
be integers. A tensor of type (I, m) for I' is a C*°-function w on 2 satisfying

w(r2)y' 'Y @) " =w() foraly eT.

Let ® be a smooth family of tensors of type (I, m) for I'**, where u € QLT and
¢ € Cis sufficiently small. Set

(FEY* (@) = 0 o FERCFE Ry,
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which is a tensor of type (I, m) for I' — a pull-back of the tensor w® by fé*. The Lie
derivatives of the family ® along the vector fields d/d¢,, and 9/0¢,, are defined in the
standard way,

d
Lyow=— (f*")*(@®) and Lo = —

EUNK €
9|,y % () (@).

e=0
When w is a function on O (I") — a tensor of type (0, 0), Lie derivatives reduce to
directional derivatives

Lyw=0w(u)and Lo = 5a)(/1)

— the evaluation of 1-forms dw and dw on tangent vectors p and [i.
For the Lie derivatives of vector fields v = D*v we get [Wol86] that L, v = 0
and L v is orthogonal to QL. In other words,

0 a1 [ 9 ] _0
de, dey | L Be, 98, ]
at the point I' in ®(T").

For every I'* € ©(T"), the density p* of the hyperbolic metric on Q* is a (1, 1)-ten-
sor for I'*. Lie derivatives of the smooth family of (1, 1)-tensors p parameterized by
®(I") are given by the following lemma of Ahlfors.

Lemma 3.1. For every u € Q-LIM),
Ly,p=Lzp=0.

Proof. Let Q1, ..., 2, be the maximal set of non-equivalent components of €2 and let
Iy, ..., T, be the corresponding stabilizer groups,

MNQ=TN\Q U U\~ X U U X,

For every €; denote by J; : U — ; the corresponding covering map and by I'; — the
Fuchsian model of group T';, characterized by the condition f‘i \U >~ I\ Q2; >~ X; (see,
e.g., [Kra72b]).

Let u € Q~L1(I"). For every component ; the quasiconformal map f# gives rise
to the following commutative diagram:

v 2 v

s Lo (3.2)

e
Q; f—)Q

where F¢% is the normalized quasiconformal homeomorphism of U with Beltrami dif-
ferential /i; = J*u for the Fuchsian group I';. Let p be the density of the hyperbolic
metric on Us; it satisfies o = J*p, where p is the density of the hyperbolic metric on

Q;. Therefore, the Beltrami differential [i; is harmonic with respect to the hyperbolic
metric on U. It follows from the commutativity of the diagram that

(fE)*pft = (IS Vo fomy b = (FM o g7 p = (J7 ) (FRiy* .
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Now the assertion of the lemma reduces to

d

2| (FYh =0,

e=0
which is the classical result of Ahlfors [Ahl61]. O

Set
. |
f = 5 fsu’
de e=0
then
. 1 z2(z—=Duw) ,
=—_ d“w. 33
F@ n// (w—w(w —1) v G-
C
We have
fi=n
and also
0
— [t =o0.
0¢ |,—g

As it follows from Ahlfors lemma,

d
de

(o 0 fo1£512) =0.

=0

Using p = e®» and the fact that f¢* depends holomorphically on &, we get

9 e en) _ .
5 =0 (d)hyp °f ) =—f (3.4
Differentiation with respect to z and z yields
0 o ewpen\ g
8_8 =0 (( hyp)z of fz =—fu (3.5)
and
9 el FEIL . .
% e=0 << hyl?)z o fsﬂfz = — ((Qbhyp)zfz + fZZ) . (36)

Fory € I'set y®* = fe* oy o (fe*)~1 € I'*. We have
() o fEf = [l oy Y,
and

log [(y*") o f + log | f£#|* = log | f£* o y|* + log |y'|%.
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Therefore

” (IOg (v o fg“|2> =foy — [,

e=0

and, differentiating with respect to z,

0
de

h 1 (h.\> h 3
si=(52) -3 (3) =53
z/z z z

the Schwarzian derivative of the function 4.

s\ ) )
o <((J;8M))/ o faﬂfzsﬂ> = fuoy V' — fu

Denote by

Lemma 3.2. Set

Then forall y € T,
: . fovy" (7Y
szV—fz=W+ =1,
and is well-defined on the limit set A. Also we have
. — . y" .
fzovy — faz =7fz,
"

ryo_
y'  cz+d’

fzzOVV/_fzz Zz(fzoy+fz) forally €T.

Proof. To prove formula (i), consider the equation

foy=y+v'f,

(3.7)

(3.8)

®

(i)

(iii)

(3.9)

which follows from y®* o f¢* = fé* o y. Differentiating with respect to z gives (i).
Since f is a homeomorphism of C and y /y’ is a quadratic polynomial in z, formula (i)

shows that f. oy — f. is well-defined on A. )
The formula (ii) immediately follows from f; = wu and

iz
woy s = y el

To derive formula (iii), twice differentiating (3.9) with respect to z we obtain

frovy' =y +v'f+V fu
and

V' (fezovy = f) =v"+v"f+2y" f. = fooyy.
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Since

y/// 3 (y//)2
2y

)

as it follows from S(y) = 0, we can eliminate y” f from the two formulas above and
obtain

. . y" 3
frzovy = fu=3 (fzoy+fz)_ _/_Ej//)z'
Using 2c = —y”/(y")*/?, we see that the last two terms in this equation are equal to
—2¢/(cz + d), which proves the lemma. O

Finally, we present the following formulas by Ahlfors [Ahl61]. Let F&* be the quas-
iconformal homeomorphism of U with Beltrami differential /1 for the Fuchsian group
[. If /i is harmonic on U with respect to the hyperbolic metric, then

7o F;;’; (2) =0, (3.10)
&=l

3 o J—

3 F ()= —5PRQ). (3.11)
e=0

4. Variation of the Classical Action

4.1. Classical action. Let I' be a marked, normalized, purely loxodromic quasi-Fuch-
sian group of genus g > 1 with region of discontinuity 2 = QU Qp,let X UY ~ "'\ Q
be corresponding marked Riemann surfaces with opposite orientations and let

D) =D, Q1) x DT, Q)

be the deformation space of I". Spaces ©(I", €21) and D (T, Q27) are isomorphic to the
Teichmiiller spaces T(X) and Z(Y) — they are their quasi-Fuchsian models which use
Bers’ simultaneous uniformization of the varying Riemann surface in ¥(X) and fixed Y
and, respectively, fixed X and the varying Riemann surface in T(Y). Therefore,

D) = T(X) x T(Y). 4.1)

Denote by ‘B(I') — D(I") the corresponding affine bundle of projective connections,
modeled over the holomorphic cotangent bundle of ©(I"). We have

P@) = P(X) x P(Y). (4.2)

For every I'* € D(I") denote by Srr = Sru[¢nyp] the classical Liouville action. It
follows from the results in Sect. 2.3.3 that Sr. gives rise to a well-defined real-valued
function S on ®(I"). Indeed, if u ~ v, then the corresponding total cycles f*(X(I"))
and fV (X (")) represent the same class in the total homology complex Tot K for the pair
QH*, TH, so that

(W [bnyp] s FHEMD) = (¥ [nyp], fU(ED)).
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Moreover, real-analytic dependence of solutions of the Beltrami equation on parameters
ensures that the classical action S is a real-analytic function on ®(I").

To every TV € ©(T") with the region of discontinuity £’ there corresponds a pair of
marked Riemann surfaces X’ and Y’ simultaneously uniformized by I'’, X'0Y’ ~ I'"\ .
Set S(X’, Y') = Spv and denote by Sy and Sy restrictions of the function S : D(I') — R
onto T(X) and T(Y) respectively. Let ¢ be the complex conjugation and let ' = «(T") be
the quasi-Fuchsian group complex conjugated to I'. The correspondence > to ot
establishes the complex-analytic anti-isomorphism

D) ~ D) ~ T(Y) x T(X).
The classical Liouville action has the symmetry property
SX',Y)=SY',X). 4.3)
For every ¢ € CM(I"\ ) set
9[¢] = 26 — ¢2.

Itfollows from the Liouville equation that % = ¥[¢py,] € Q20(IN),ie. isa holomorphic
quadratic differential for I'. It follows from (2.26) that

2S (I (@ ifz € i,
D(z) = . . (4.4)
25(J; ) () if z € Q2.

Define a (1, 0)-form # on the deformation space D (I") by assigning to every I’ € D(T")
the corresponding ¥[¢;,,,,1 € Q2%(I"") — a vector in the holomorphic cotangent space to
D) at .

For every I'" € ©(I") let Pr and Pgr be Fuchsian and quasi-Fuchsian projective
connections on X’ U Y" ~ I\, defined by the coverings 7y : UUL — X' uY’
and morF @ 1 U Qo — X' 1Y’ respectively. We will continue to denote corresponding
sections of the affine bundle P(I") — D (I") by Pr and Pgr respectively. The difference
Pr — Por is a (1, 0)-form on D(I").

Lemma 4.1. On the deformation space ©(I"),
% =2(Pr — Pgr).

Proof. Consider the following commutative diagram:

UUL —1> QU

R
XuYy —— Xuy,

where the covering map J is equal to the map J; on the component U and to the map J> on
the component L. As explained in the Introduction, Pr = S( 1) and Por = S(w é }p),
and it follows from the property SD1 and commutativity of the diagram that

(5(e5") - 38) emar =5 (57,
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4.2. First variation. Here we compute the (1, 0)-form 9.5 on ©(T").
Theorem 4.1. On the deformation space O ("),

38 = 2(Pr — Pyr).

Proof. Tt is sufficient to prove that for every u € Q~11(I")

LS =®(u) = // S 4.5)

e

Indeed, using the isomorphism ®" : ©(I") — ®D(I'"), it is easy to see that the variation
formula (4.5) is valid at every point I'V € ©(I) if it is valid at the origin. The actual
computation of L, S is quite similar to that in [ZT87b] for the case of Schottky groups,
with the clarifying role of a homological algebra.

Let I' be the Fuchsian group corresponding to ' and let & = F + L — V be
the corresponding total cycle of degree 2 representing the fundamental class of X in
the total complex Tot K for the pair U, I". Asin Sect. 2.3.1, set =(I') = J; (T — £). The
corresponding total cycle for the pair Q°#, '®* = f* o " o (f*)~! can be chosen as
2([eH) = fE-(X(T)). According to Remark 2.11,

Spen = %(\IJ[ fop] : fs“(E(r))>.

Moreover, as it follows from Lemma 2.4, we can choose I"*#-contracting at O paths of
integration in the definition of ®¢# or, equivalently, paths in the definition of W;" —W;",
to be the push-forwards by f* of the corresponding I"-contracting at 0 paths. Denoting

o = w [4’ng] L] [4’;5;;]’ and using (2.27) we have

Spen = % ((ww, F{' — Byl — (051, LS — L) + (et wit — Wzsu>)~

Changing variables and formally differentiating under the integral sign in the term
(@, wit — wit), we obtain

a

L,S=— Sre
" de e

e=0

i . .
= ((Lﬂw, Fi — Fy) — (Lu6, Ly — Ly) + (Lyii, Wy — W2>) .

We will justify this formula at the end of the proof. Here we observe that though w®*, 6¢#
and 17°# are not tensors for ['*#, they are differential forms on 2¢# so that their Lie deriv-
atives are given by the same formulas as in Sect. 3.2.

Using Ahlfors lemma and formulas (3.4)—(3.6), we get

Luw = - ((¢hyp)z fzz + ((bhyp)Z ((¢hyp)z fZ + fzi)) dz Ndz
= 9udz Adz — dE,
where

& =2(bnyp), f:dZ — Pnypd f-. (4.6)
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Since ¢ is a (1, 1)-tensor for I', § (P u dz A dz) = 0, so that L, = —8d&. We have
(dE, Fi — F2) = (§,9'(F1 — F2)) = (§,8"(L1 — L)) = (8¢, L1 — La).
Set x = 6§ + L,ﬁv. The 1-form x on €2 is closed,
dy = 8(d€) + L,d6 = §(—Lyw) + Lydw =0,
and satisfies
8x =8(Lu0 +88) = L,80 = L.
Using (3.4), (3.7), (3.8) and part (ii) of Lemma 3.2, we get
« .y . . y" "
Luby-v==177 dz + Gnyp ((fzz oy y = fu)dz+ o dz) + fZ7 dz
t5 (- Uor =L de—touly P (o v = f)a

/

e . 7
—log|y’| 7f2 dz+ (fzov — f2) y: dz

. . » ” _//
_ <log le)? + 2log2) d(fooy—f) - ) Yz - Laz
cy) \v y'
.J/N . 7 B 1 . .
=— fidz+ fooy=dz—d(logly'P (feoy - f2)
4 y 2

+¢hypd (fz oy — fz) - (log |C(V)|2 + 210g2) d (fz oy — fz)

; " "
_in <y—dz - ”:/dz) .

cy) \ v/ y
Using
y// o " o "
81 = —275fz dZ = duypd (fooy — f2) +logly'I’d (f-0v).
we get

1 . . . .
Xy =d (5 togly'P (f o + f2) = (logle()? +210g2) (f o — fz)>

" 1 ; " Nz
_(fzoy+fz)y—,d2—2y—/fzd2—@ y—/dz—yzdz .
Y Y c(y) \v Y

Using parts (ii) and (iii) of Lemma 3.2 and
2¢ cy”

_cz—i-d = 27(2),




Liouville Action and Weil-Petersson Metric

we finally obtain

1 . . ;
xr = (oely P (oo + £+ 250)
— (logle)? +2+210g2) (feov - £))
=dl,-1.
‘We have
(dg, Fy — F2) + (L0, Ly — L) = (x, L1 — Ly) = {dl, Ly — L)

(1,8 (L1 — L2)) = (1, 3"(V1 — Vo))
= (61, Vi — V).

Using Lt = d8l we get
(Lyuti, Wi — Wa) = (81, 8" (W1 — Wa)) = (81, Vi — Va)
so that
L,S= %(z?p.dz ANdz, F1 — F),

as asserted.
Finally, we justify the differentiation under the integral sign. Set

— 7O 4 ;M
Ly =10 +1,

where
c(y) ) )
19 = 2 1001/ - (log lc()? + 2 + 2log 2) (f.oy — f),
Y c(y)
1 . .
1
L =S logly' P (foy + ).

219

Next, we use part (i) of Lemma 3.2. According to it, the function l)(/o) is continuous on

C\ {y(c0)}. Since

1 . . . .
@1, 1 =5 (loglvs e nP(f o v = fo) —log IV P (fz 0 oyt = fr o).

we also conclude that (8! (1))7,1,)/2, and hence the function (6/),,,,,, are continuous on

C\{y1(00), (¥1¥2)(c0)}. Now let Wl(") € Wj and Wz(") € W, be asequence of 1-chains
in 7 and €2, obtained from W7 and W, by “cutting” I'-contracting at O paths at points

py, € Q1 and p) € Q, where p),, p, — 0asn — oo. Clearly,

S = lim S,

n—o0

where

Sp="5 (to, Fr = Fa) = 0. Ly = L) + i, W = wi™)).

i
)
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Our previous arguments show that

LSy = %(ﬁﬂ«dz AdZ, Fi — F2) = (8D (py), Ur) + (8D (py), U2).

Since the function é/ is continuous at p = 0 and U} = U;, we get

lim LS, = % (O, F1 — Fa).

n—o00

Moreover, the convergence is uniform in some neighborhood of I' in ©(I"), since f**
is holomorphic at ¢ = 0. Thus

L,S= nll)n;o LSy,
which completes the proof. 0O

For fixed Riemann surface Y denote by Pr and Pgr sections of P(X) — T(X)
corresponding to the Fuchsian uniformization of X’ € T(X) and to the simultaneous
uniformization of X’ € (X) and Y respectively.

Corollary 4.1. On the Teichmiiller space T(X),
1
Pp — Por = 3 0Sy.
Remark 4.1. Conversely, Theorem 4.1 follows from the Corollary 4.1 and the symmetry
property (4.3).

Remark 4.2. In the Fuchsian case the maps J; and J; are identities and a similar compu-
tation shows that # = 0, in accordance with § = 87(2g — 2) being a constant function
on T(X) x T(X).

4.3. Second variation. Here we compute d## = d#. First, we have the following state-
ment.

Lemma 4.2. The quasi-Fuchsian projective connection Pgr is a holomorphic section
of the affine bundle P(I") — D(T).
Proof. Consider the following commutative diagram

fe
Q — Qe

e

Fen
XuyYy —— XeHYyeH

where p € Q~11(I"). We have
S () ) o P () S (P9 =5 (1) emgh (mgh). + S (k)
Z

Since f®* and, obviously F®, are holomorphic at ¢ = 0, we get

? s ((ng;)‘l) o,

88
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Using Corollary 4.1, Lemma 4.3 and the result [ZT87b]

0PF = —iwwp,

which follows from (1.2) since Pg is a holomorphic section of ‘B, — &,, we immedi-
ately get

Corollary 4.2. For fixed Y
33Sy = —23(Pr — Por) = —2d(Pr — Por) = 2i owp,
so that — Sy is a Kdhler potential for the Weil-Petersson metric on T(X).

Remark 4.3. The equation d(Pr — Pgr) = —i wwp was first proved in [McMO00] and
was used for the proof that moduli spaces are Kihler hyperbolic (note that the symplectic
form ww p used there is twice the one we are using here, and there is a missing factor
1/2 in the computation in [McMOO]). Specifically, the Kraus-Nehari inequality asserts
that Pr — PgF is a bounded antiderivative of —i ww p with respect to Teichmiiller and
Weil-Petersson metrics [McMOO]. In this regard, it is interesting to estimate the Kihler
potential Sy on ¥(X). From the basic inequality of the distortion theorem (see, e.g.,
[Dur83])

h'(z) _ 27 - 4
W A=z~ (1 =z»’

where £ is a univalent function in the unit disk, we immediately get

|(@yp)el® < 4ePor,
so that the bulk term in Sy is bounded on T(X) by 207 (2g — 2). It can also be shown
that other terms in Sy have at most “linear growth” on ¥(X), in accordance with the
boundness of 0Sy.
The following result follows from Corollary 4.2 and the symmetry property (4.3).

For completeness, we give its proof in the form that is generalized verbatim to Kleinian
groups.

Theorem 4.2. The following formula holds on O (T"),
d® =338 = —2i wwp,
so that —S is a Kdhler potential of the Weil-Petersson metric on D (I").

Proof. Let u,v € Q’l’l(F). First, using the Cartan formula, we get

av (<, L) =1, L,(® (|-, 2
()
=L, (L,S) — Ly(L,S) =0,
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which just manifests that 82 = 0. On the other hand,

d d _ 0 d
) <E g) =L, (3(®) — Ly (@ (w) — 8 ([E ;D

—— Lo [ ou

r\Q

__ / (Lo,

ne

since # is a (1, 0)-form.

The computation of L;# repeats verbatim the one given in [ZT87b]. Namely, con-
sider the commutative diagram (3.2) with i = 1, 2, and, for brevity, omit the index
i. Since (J&") Lo f& = F¥ o J! the property SD1 of the Schwarzian derivative
(applicable when at least one of the functions is holomorphic) yields

ST o £ (fE)? + S = S(F) o TV U2+ 8. @)

We obtain
0 N
S(JE -1 ey eny2 _ 7 S(F&Y _/_1 J—l 2
% | ) o ) 9% |y (F*)od 7 (J)
9 —1 —1\2
= E OFzgzvz ;)
e=l
1
=— EPV(Z),

where in the last line we have used Ahlfors formula (3.11). Finally,

ad ad
dv = =2
<38u 38,,) // wep = Lewr <8 351})

ne

4.4. Quasi-Fuchsian reciprocity. The existence of the function S on the deformation
space D (I") satisfying the statement of Theorem 4.1 is a global form of quasi-Fuchsian
reciprocity. Quasi—Fuchsian reciprocity of McMullen [McMO00] follows from it as a
immediate corollary.

Let o, v € Q~11(I") be such that x vanishes outside 2| and v — outside 2, so that
Lie derivatives L, and L, stand for the variation of X for fixed ¥ and variation of ¥ for
fixed X respectively.

Theorem 4.3. (McMullen’s quasi-Fuchsian reciprocity).

/f (LySUTHY) = / (LS ) v.
X Y
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Proof. Immediately follows from Theorem 4.1, since
L,L,S = 2// (LySUTH) m,
X

L,L,S= 2/ LSy H) v,
Y

and [L,,L,]=0. O

In [McMOO0], quasi-Fuchsian reciprocity was used to prove that d(Pr — Pgr) =
—i ww p. For completeness, we give here another proof of this result using earlier ap-
proach in [ZT87a], which admits generalization to other deformation spaces.

Proposition 4.1. On the deformation space ® ('),
o = 0.

Proof. Using the same identity (4.7) which follows from the commutative diagram
(3.2), we have

el B N
S(]év)—l o f&‘l) (fzsv)2 —_ S(FSV) o J—I(JZ—I)Z o S(fé‘l))
ey =0 dey e=0 ey e=0
il
- FEV —1 J—l 2 o 81)7
agv e0 [eed ( 4 ) 88]) £=0 fZZZ

where we replaced u by v and omit index i = 1, 2. Differentiating (3.3) three times
with respect to z we get

Y e = ——ff ACH I —9//K<z, wr)dPw,  G8)
ey |e—g (z—w?* w
ne

where

2
K(z, )_Z(y(w)

4
yell Z yw)

It is well-known that for harmonic v the integral in (4.8) is understood in the principal
value sense (as lims_,( of integral over C \ {jw — z| < §}). Therefore, using Ahlfors
formula (3.10) we obtain

(LyiH)(z) = ;—2// K (z, w)v(w)d*w
e
and
0 (u,v) = L, (v) — Ly ()
= f/(L,u?)(z) v(z)d*z —/ (Ly#)(w) p(w)d*w =0,
e e

since kernel K (z, w) is obviously symmetric in z and w, K (z, w) = K(w,z). O
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5. Holography

LetI" be amarked, normalized, purely loxodromic quasi-Fuchsian group of genus g > 1.

The group I' C PSL(2, C) acts on the closure 63 =13 UC of the hyperbolic 3-space
U3 = {Z = (x,y,t) € R}|t > 0}. The action is discontinuous on U U Q and

M = I'\(U? U Q) is a hyperbolic 3-manifold, compact in the relative topology of 63,
with the boundary X 1Y ~ I'\Q2. According to the holography principle, the on-shell
gravity theory on M, given by the Einstein-Hilbert action functional with the cosmolog-
ical term, is equivalent to the “off-shell” gravity theory on its boundary X LI Y, given by
the Liouville action functional. Here we give a precise mathematical formulation of this
principle.

5.1. Homology and cohomology set-up. We start by generalizing homological algebra
methods in Sect. 2 to the three-dimensional case.

5.1.1. Homology computation. Denoteby S, = S,(U3UQ) the standard singular chain
complex of U3 U2, and let R be a fundamental region of I" in U3 U Q such that RN Q is
the fundamental domain F = Fj — F; for the group I in €2 (see Sect. 2). To have a better
picture, consider first the case when I is a Fuchsian group. Then R is a region in US
bounded by the hemispheres which intersect C along the circles that are orthogonal to
R and bound the fundamental domain F (see Sect. 2.2.1). The fundamental region R is
a three-dimensional C W-complex with a single 3-cell given by the interior of R. The
2-cells — the faces Dy, D, Ex and Ei, k = 1,..., g, are given by the parts of the
boundary of R bounded by the intersections of the hemispheres and the arcs ay — ax,
ay — ay,, by — by and bj, — b;, respectively (see Fig. 1). The 1-cells — the edges, are given
by the 1-cells of F| — F, and by eg, e,l, fko, fk1 anddi, k=1, ..., g, defined as follows.
The edges e,? are intersections of the faces Ey_1 and Dy joining the vertices a (0) to
ay(0), the edges e,l are intersections of the faces Dy and E} joining the vertices ax (1)
to ai(1); f,? = egﬂ are intersections of Ej and Dy joining b (0) to b (0), fkl are
intersections of D; and Ej joining br(1) to bi (1), and d, are intersections of E and D;
joining a, (1) to a; (1). Finally, the O-cells — the vertices, are given by the vertices of F'.
This property means that the edges of R do not intersect in U3. When I' is a quasi-Fuch-
sian group, the fundamental region R is a topological polyhedron homeomorphic to the
geodesic polyhedron for the corresponding Fuchsian group I.

As in the two-dimensional case, we construct the 3-chain representing M in the total
complex Tot K of the double homology complex K, s = S, ®7z B, as follows. First,
identify R with R ® [] € K3,0. We have 3" R = 0 and

8
a’Rz—F+Z(Dk—D,Q—Ek+E,Q)
k=1
=—F+393"S,

where S € Ky is given by

8
S = Z (Er ® [Br] — Di ® [k ]) -
k=1
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Secondly,
g
'S = Z ((br — b) ® [Br] — (ax — ax) @ [o])

k=1

g

=3 ((A - ) @18 (ef — ¢f) @ )
k=1
=L-9"E,

where L = L1 — Ly and E € K| 5 is given by

E=Y" (e @ loxlBel = £ ® [Belos] + £ @ [y Bl

8
k=1

g—1
fgo ® [V;l cee Vk_.|_11|)/k_l]-
k=1
Therefore 3'E = V = Vi — V, and the 3-chain R — S + E € (Tot K)3 satisfies
I(R—SH+E)=—F—-L+V=-%, 5.1

as asserted.

5.1.2. Cohomology computation. The PSL(2, C)-action on U? is the following. Repre-
sent Z = (z, 1) € U3 by a quaternion

Z=x-1+y-i+t-j=(§_zt>,

and for every ¢ € C set

. cO
c:Rec-1+Imc-1_(OE).

Then for y = (4 Z) € PSL(2, C) the action Z — y Z is given by
Z> (@Z+b)(cZ+d)".

Explicitly, for Z = (z, 1) € U3 setting z(Z) = z and 1 (Z) =t gives

2r2) = ((az + bz +d) +acr?) J,(2), (5.2)
t(yZ) =1 1,(Z), (5.3)
where
Jy(Z) :

T ez dP + et
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Note that JS/ 2(Z) is the Jacobian of the map Z +— y Z, hence it satisfies the transfor-
mation property

Jyion(Z2) = Jy (2 2) ), (2). 5.4)
From (5.2) and (5.3) we get the following formulas for the derivatives:
az(yZ R
WD _ @Fara, (5.5)
0z
az(yZ
2 ), (5.6)
0z 4
az(yZ -
Z(a]; ) _ ez d)JX(2). (5.7)

In particular,

39z(Z2) — )+ O(tz), az(yZ2) _ O(tz), 0z(2)

0z 0z o 00 08

ast — Oandz € (@\{ y~1(00)}, where for z € C we continue to use the two-dimensional
notations
az+b 1 " —2c

)4
d yoo=— L@= .
cz+d M @ (cz+d)? vy @ cz+d

v(2) =

The hyperbolic metric on U? is given by

2 ldz* +dr?

ds 2 ,

and is PSL(2, C)-invariant. Denote by
1 i -
w3 = t—3dx/\dy/\dt = Fdz/\dz/\dt
the corresponding volume form on U3. The form ws is exact on U3,
w3 = dwy, where wy = —# dz A dZ. (5.9)

The 2-form wy € C*? is no longer PSL(2, C)-invariant. A straightforward computation
using (5.5)—(5.7) gives for y = (¢ %) € PSL(2, ©),

(Bw2)y -1 =y wr — w

] d c d
=lE Jy(Z) (|c|2dz ANdZ — @dz Adt + @d% A dt) .

Since ddwy = 8dw, = Sws = 0 and U3 is simply connected, this implies that there
exists w; € Cl'! such that dw; = Sw,. Explicitly,

B i ) y// W B
(W), 1 = —¢ log (|ct| Jy(Z)) <7dz - 7(11 . (5.10)
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Using (5.4) and (5.8) we get for w; € c'2?,

i le(y2)? yz o=
(Swy) -1 —1=——<10gJ (Z) +1log ———— oyividz— = oyy|dz
Y12 8 " lerayD? ) \ s : v} :
. 2 //
1 c _
- = (log Jy,(V1Z) + log M) )/1 — dz 1, dz
8 el J\y A
+ B, 1(2). (5.11)

Here BV—I y—l(Z) = O(tlogt) as t — 0, uniformly on compact subsets of C \
1 72

{ri ' (00), oy~ (c0)}.
Clearly the 1-form §w is closed,

d@wy) = 8(dw) = §(Swy) = 0.

Since U3 is simply connected, there exists wg € CY%2 such that w; = d wo. Moreover,
using H 3(I', C) = 0 we can always choose the antiderivative wg such that dwg = 0.
Finally, set ® = wy — w; — wg € (Tot C)2, so that

D® = ws. (5.12)

5.2. Regularized Einstein-Hilbert action. In two dimensions, the critical value of the
Liouville action for a Riemann surface X ~ I"'\U is proportional to the hyperbolic area
of the surface (see Sect. 2). It is expected that in three dimensions the critical value
of the Einstein-Hilbert action functional with cosmological term is proportional to the
hyperbolic volume of the 3-manifold M ~ I'\ (U> U ) (plus a term proportional to the
induced area of the boundary). However, the hyperbolic metric diverges at the boundary

of @3 and for quasi-Fuchsian group I (as well as for general Kleinian group !) the hyper-
bolic volume of F\(IU3 U Q) is infinite. In [Wit98], Witten proposed a regularization
of the action functional by truncating the 3-manifold M by surface f = ¢, where the

cut-off function f € C (U3, R~) vanishes to the first order on the boundary of U3.
Every choice of the function f defines a metric on U3

2
ds* = f2 (ldzl” +dr?),

belonging to the conformal class of the hyperbolic metric. On the boundary of @3 it
induces the metric

- f 2(z D)

lim

t—0

ldz].

Clearly for the case of quasi-Fuchsian group I' (or for the general Kleinian case con-
sidered in the next section), the cut-off function f should be I"-automorphic. Existence
of such a function is guaranteed by the following result, which we formulate for the
general Kleinian case.

' Note that we are using the definition of the Kleinian groups as in [Mas88]. In the theory of hyperbolic
3-manifolds these groups are called Kleinian groups of the second kind.
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Lemma 5.1. Let " be a non-elementary purely loxodromic, geometrically finite Klei-
nian group with region of discontinuity 2, normalized so that oo ¢ 2. For every ¢ €
CM(T\Q) there exists the T-automorphic function f € C> (U U Q) which is positive
on U? and satisfies

f(Z)= 1?2 4 0%, ast— 0,
uniformly on compact subsets of 2.

Proof. Note that I"\ €2 is isomorphic to a finite disjoint union of compact Riemann sur-
faces. Let R be a fundamental region of I in U3 U Q which is compact in the relative

topology of ﬁ3. I. Kra has proved in [Kra72a] (the construction in [Kra72a] suggested
by M. Kuga generalizes verbatim to our case) that there exist a bounded open set V in
@3 such that R C V and a function n € C*®(U? U Q) — partition of unity for I" on
U3 U A, satisfying the following properties.

(i) 0<np<landsuppn C V.

(ii) For each Z € U3 U Q there is a neighborhood U of Z and a finite subset J of "

such that |, (yy =0 foreachy € I''\ J.
(i) Y, crn(y2) =1forall Ze VP UQ.

Let B = VN{(z,1) | z € A}. Since RN is compact, then (shrinking V if necessary)
there exists a #p > O such that B does not intersect the region {(z,7) € V | t < 1p}.
Define the function f : V — R by

te? @2 if (z,t) € V and t < 19/2,

3 ’[ = —
f@n =9, if (z,1)eV and t > 1,

and extend it to a smooth function f on V, positive on V N U3. Set

£ =Y _nvDf(y2).

yell

By the property (ii), for every Z € U? U this sum contains only finitely many non-zero
terms, so that the function f is well-defined. By properties (i) and (iii) it is positive on
U3. To prove the asymptotic behavior, we use elementary formulas

+b
(2 =2 4 04 =y () + 02,
cz+d
t(vZ :—+0t3 ast — 0,
(¢2) = g + O

where z # y~!(00). Since ¢ is smooth on € and

e? VD2 — #2104 g2,
we get for z € Q such that yZ € V and ¢ is small enough,

fyzy = (—— 3)) (s 2
foz) = <|cz+d|2+0(t )) (792 + 04?)

= 1e%@/2 0(t3),
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where the O-term depends on y. Using properties (ii) and (iii) we finally obtain

F@) =Y 02 (1e°972 4+ 0ah))

yell
= 1e%@/2 4 0(1‘3),

uniformly on compact subsets of Q. O

Returning to the case when I" is a normalized purely loxodromic quasi-Fuchsian
group, for every ¢ € CM(I'\2) let f be a function given by the lemma. For ¢ > 0 let
R. = RN {f > &} be the truncated fundamental region. For every chain ¢ in U3 let
ce = cN{f > &} be the corresponding truncated chain. Also let F, = 3'R. N {f = &}
be the boundary of R, on the surface f = ¢ and define chains L, and V, on f = ¢ by
the same equations 3’ F, = 3" L, and 3'L, = 3"V, as chains L and V (see Sects. 2.2.1
and 2.3.1). Since the truncation is I'-invariant, for every chain ¢ € S,(U?) and y € I’
we have

(yc)e = yee.

In particular, relations between the chains, derived in Sect. 5.1, hold for truncated chains
as well.

Let M, be the truncated 3-manifold with the boundary 8’ M,. For ¢ sufficiently small
9'M,; = X, U Y, is diffeomorphic to X U Y. Denote by V.[¢] the hyperbolic volume
of M,. The hyperbolic metric induces a metric on 3’ M., and A.[¢] denotes the area of
0’ M, in the induced metric.

Definition 5.1. The regularized on-shell Einstein-Hilbert action functional is defined by

1
erlgl = —481i_r)1}) (V£[¢] = 7 Aeld] = 2mx (X) 10g8> ,

where x(X) = x(Y) = 2 — 2g is the Euler characteristic of X.
The main result of this section is the following.

Theorem 5.1. (Quasi-Fuchsian holography) For every ¢ € CM(I'\Q) the regularized
Einstein-Hilbert action is well-defined and

Erle] = Srigl,
where Sr [¢] is the modified Liouville action functional without the area term,
Srl4] = Srle] - / / ePd? — 8 (28 — 2) log2.
e
Proof. 1t is sufficient to verify the formula,

Velo] - %Ag[m =2mx(X)loge — %gr[qb] +o(l) ase—0, (5.13)

which is a counter-part of the formula (1.13) for quasi-Fuchsian groups.
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The area form induced by the hyperbolic metric on the surface f(Z) = ¢ is given by
dx nd
(e (G ()
fi fi t
Jx

f t
E@)-wmm+mﬁ md?§m=5%@+OML

we have as ¢ — 0,

Using

/\dy

Ae[p] = //\/1+—(¢x+¢)(z)+0(t4)

f/ dx“ly -f b.=dx A dy + o(1)
dx/\dy
[/ @I6). F) + o(1).

Here we have introduced

] = wlp] — e?dz Adz = |$,*dz A dZ, (5.14)

and have used that for Z € F;,
t=ee @2 L 0(e?), (5.15)

uniformly for Z = (z,¢) where z € F.
Next, using (5.1) and (5.12) we have,

Veldl = (w3, Re)

(w3, Re — S¢ + Eg)

(D(w2 — w1 —wp), Re — S + E¢)
(w2 —wy —wo,  (Re — S + E¢))

= —(wy, F¢) + (w1, Lg) — (wo, Ve).

The terms in this formula simplify as ¢ — 0. First of all, it follows from (5.9) that

dx/\dy
_<w2’ FE -

Secondly, using (5.15) and J,,(Z) = |y’ (2)| + 0(t2) ast — 0, we haveon L.,

i _ y// 7 B
(wi)y-1 = —3 log (Ics|Ze ¢ h,/(z)l) (7(11 - 7(11 +o(1)

i 1 72 2 VN 7 =
——|2loge — ¢+ = log|y'|” + log|c(y)| —dz — =dz | +o(1).
8 2 y’ v/
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Therefore, as ¢ — 0,

i i v
(wi, L) = _Z(%’ L)(loge —log2) + §(9[¢], L) +o(1),
where 1-forms s, and éy [¢] were introduced in Corollary 2.3 and formula (2.16) respec-
tively. Finally,

(wo, Ve) = (wo, 3'E¢) = (dwo, Ee) = (Sw1, E¢) = (Swi, E) + o(1),

where we used that the 1-form §wj is smooth on U? and continuous on C \ I"(00). Since
it is closed, we can replace the 1-chain E by the 1-chain W = W; — W, consisting of
I"-contracting paths at O (see Sect. 2.3). It follows from (5.11) that sw; = ’git +o(1) as
t — 0, where the 1-form i,, ,, was introduced in (2.17), so that

—(wo, Ve) = —%W, W) +o(1).

Putting everything together, we have as ¢ — 0,

1 ] [ ¥
Velg] = 3Ac[@] = — 7 (. L)(loge — log2) — = ((6l4). F) - (@191, L)
+(it, W) + o(1).

Using Corollary 2.3, trivially modified for the quasi-Fuchsian case, and (2.27)
conclude the proof. O

A fundamental domain F for I in Q is called admissible, if it is the boundary in C of
a fundamental region R for I in U3 U Q. As an immediate consequence of the theorem
we get the following.

Corollary 5.1. The Liouville action functional St[¢] is independent of the choice of
admissible fundamental domain.

Proof. Since Vi[¢], A:[¢] are intrinsically associated with the quotient manifolds
M ~ T\(U*UQ) and X UY ~ I'\Q, the statement follows from the definition of
the Einstein-Hilbert action and the theorem. 0O

Although we proved the same result in Sect. 2 using methods of homological algebra,
the above argument easily generalizes to other Kleinian groups.

Remark 5.1. The truncation of the 3-manifold M by the function f does depend on
the choice of the realization of the fundamental group of M as a normalized discrete
subgroup I' of PSL(2, C). Different realizations of 71 (M) result in different choices of
the function f, since f has to satisfy the asymptotic behavior in Lemma 5.1, where the
leading term 7e® /2 is not a well-defined function on M.

Remark 5.2. The cochain wo € C%2 was defined as a solution of the equation dwp = wi
satisfying dwg = 0. However, in the computation in Theorem 5.1 this condition is not
needed — any choice of an antiderivative for w; will suffice. This is due to the fact that
the chain in (Tot K)3 that starts with R € K3 ¢ does not contain a term in Ko 3, hence
0’E = V. Thus we can trivially add the term (Swg, R, — Se + E¢) = 0 to Ve[¢], which
through the equation D® = w3 —dwy still gives (wg, V) = (dwo, E). Thus the absence
of Ko 3-components in the chain in (Tot K)3 implies that each term in E produces two
boundary terms in V which cancel out the integration constants in the definition of wy.
As aresult, Sr[¢] does not depend on the choice of wyg. In the next section we generalize
the Liouville action functional to Kleinian groups having the same property.
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5.3. Epstein map. Construction of the regularized Einstein-Hilbert action in the pre-
vious section works for a larger class of cut-off surfaces than those given by equation
f = e. Namely, it follows from the proof of Theorem 5.1, that the statement holds for
any family S; of cut-off surfaces such that for Z = (z,¢) € S,

t=ee %92 L 03 ase— 0, (5.16)

uniformly for z € F.

Given a conformal metric ds? = ¢?@|dz|? on Q C C there is a natural surface
in U? associated to it through the inverse of the hyperbolic Gauss map. Corresponding
construction is due to C. Epstein [Eps84, Eps86] (see also [And98]) and is the following.
Forevery Z € Uland z € C thereisa unique horosphere H based at point z and passing
through the point Z: H is a Euclidean sphere in U3 tangent to z € C and passing through
Z, or is a Euclidean plane parallel to the complex plane for z = co. Denote by [Z, 7]
an affine parameter of the horosphere H — the hyperbolic distance between the point
(0, 1) € U3 and the horosphere H considered as positive if the point (0, 1) is outside
H and negative otherwise. Denote the corresponding horosphere by H(z, [Z, z]). The
Epstein map G : @ — U3 is defined by

PO | = G03] 2|dZ|2
1+ |z

and it is '-invariant
Goy=yoGforally el
if p € CM((T'\Q).

Remark 5.3. Note that our definition of the Epstein map corresponds to the case f = id
in Definition 3.9 in [And98].

Geometrically, the image of the Epstein map is the Epstein surface H = G(2), which
is the envelope of the family of horospheres H (z, o(z)) with

1
0(2) = log (5(1 + |z|2)> + @,

parametrized by z € 2, where G(z) is the point of tangency of the horosphere H (z, 0(z))
with the surface H. Explicit computation gives

(5.17)

= 2¢ip (w) 2ph(w)/2
G(w) = (w + W) |¢w(w)|2’ ePw) |¢w(w)|2 , e Q.

Remark 5.4. The square of Euclidean distance between points w and G(w) in 63 is
4/(e?™ + ¢, (w)|?). This gives a geometric interpretation of the density |¢,|> + ¢? of
the (1,1)-form w introduced in (2.4).

Now to a given ¢ € CM(I'\R) we associate the family ¢, = ¢ + 2log2 —
2loge € CM(I'\2) with ¢ > 0, which corresponds to the family of conformal metrics
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dsg = 4g72e?®)|dw|?, and consider the corresponding I'-invariant family M, of
Epstein surfaces. It follows from the parametric representation

262y (w)
, 5.18
< 14e9W) { £2(¢, (w) 2 ©-18)
dped@))2
(5.19)

t= ,
480 1 2, (w) 2
that for & small the surfaces H, embed smoothly in U3 and as ¢ — 0,

z=w+ 0(?),
t=ee P24 0@,

uniformly for w in compact subsets of 2. These formulas immediately give the desired
asymptotic behavior (5.16). The choice of Epstein surfaces H, as cut-off surfaces for
definition of the regularized Einstein-Hilbert action seems to be the most natural. It is
quite remarkable that independently Eqgs. (5.18), (5.19) appear in [KraOl] in relation
with a general solution of “asymptotically AdS three-dimensional gravity”.

6. Generalization to Kleinian Groups

6.1. Kleinian groups of Class A. Let T be a finitely generated Kleinian group with the
region of discontinuity €2, a maximal set of non-equivalent components 21, ..., 2,
of €2, and the limit set A = C \ €2. As in the quasi-Fuchsian case, a path P is called
I'-contracting in €2, if P = P; U P», where p € A \ {00} is a fixed point for I', paths
P\ {p}and P, \ {p} lie entirely in distinct components of €2 and are I"-contracting at p
in the sense of Definition 2.3. It follows from arguments in Sect. 2.3.1 that I"-contracting
paths in €2 are rectifiable.

Definition 6.1. A Kleinian group T is of Class A if it satisfies the following conditions.

Al T is non-elementary and purely loxodromic.

A2 T is geometrically finite.

A3 T has a fundamental region R in U3 U Q which is a finite three-dimensional CW -
complex with no 0-dimensional cells in U? and such that RN Q. C QiU---UQ,.

In particular, Property A1 implies that I' is torsion-free and does not contain parabolic
elements, and Property A2 asserts that I" has a fundamental region R in U? U Q which
is a finite topological polyhedron. Property A3 means that the region R can be chosen
such that the vertices of R — endpoints of edges of R, lieon Q € C and the boundary of
R in (f:, which is a fundamental domain for I" in €2, is not too “exotic”.

The class A is rather large: it clearly contains all purely loxodromic Schottky groups
(for which Property A3 is vacuous), Fuchsian groups, quasi-Fuchsian groups, and free
combinations of these groups.

As in the previous section, we say that the Kleinian group I' is normalized if co € A.



234 L.A. Takhtajan, L.-P. Teo

6.2. Einstein-Hilbert and Liouville functionals. For a finitely generated Kleinian group
I let M ~ I'\(U? U ) be a corresponding hyperbolic 3-manifold, and let 'y, ..., T,
be the stabilizer groups of the maximal set 21, ..., 2, of non-equivalent components
of 2. We have

M=\ uU-- U\, =2 X1 U---UX,,

so that Riemann surfaces X1, ..., X, are simultaneously uniformized by I". Manifold

M is compact in the relative topology of @3 with the disjoint union X U - - - U X, as the
boundary.

6.2.1. Homology and cohomology set-up. LetS, = S,(U°USQ), B, = B,(ZI) be stan-
dard singular chain and bar-resolution homology complexes and K, o = S, ®7zr B, —
the corresponding double complex. When T is a Kleinian group of Class A, we can
generalize homology construction from the previous section and define corresponding
chains R, S, E, F, L,V in total complex Tot K as follows. Let R be a fundamental

region for I" in U3 L © — a closed topological polyhedron in @3 satisfying Property A3.
The group I is generated by side pairing transformations of R N U? and we define the
chain § € Ky 1 as the sum of terms —s ® y_l for each pair of sides s, s’ of R N U3
identified by a transformation y, i.e., s' = —ys. The sides are oriented as components
of the boundary and the negative sign stands for the opposite orientation. We have

R=—F+2d"S, (6.1)
where F = 'R N Q € Ky . Note that it is immaterial whether we choose —s ® y’l
or —s’ ® y in the definition of S, since these terms differ by a 3”-coboundary. Next,

relations between generators of I determine the I"-action on the edges of R, which, in
turn, determines the chain E € K| 5 through the equation

S=L-9"E. (6.2)
Here L = 'S N Q € Ky ;. Finally, Property A3 implies that
IE=1V, (6.3)

where the chain V € Ko 7 lies in €.

Next, let the 1-chain W € K > be a “proper projection” of the 1-chain E onto €, i.e.,
W is defined by connecting every two vertices belonging to the same edge of R either
by a smooth path lying entirely in one component of €2, or by a I'-contracting path, so
that 3’W = V. The existence of such 1-chain W is guaranteed by Property A3 and the
following lemma, which is of independent interest.

Lemma 6.1. Let " be a normalized, geometrically finite, purely loxodromic Kleinian
group, and let R be the fundamental region of T" in U3US2 such that RNQ C Q1 U- - -UQ,
— a union of the maximal set of non-equivalent components of Q2. If an edge e of R N U3
has endpoints vy and vy belonging to two distinct components Q; and 2}, then there
exists a I'-contracting path in Q joining vertices v and vy. In particular, Q; and Q
has at least one common boundary point, which is a fixed point for T'.
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Proof. There exist sides s1 and s> of R such that e C s1 N s,. For each of these sides
there exists a group element identifying it with another side of R. Let y € I" be such
an element for s1. Since I is torsion-free and vy, v € €2, the element y identifies the
edge e with the edge ¢’ of R with endpoints y (vg) # vp and y(v1) # v;. Since, by
assumption, RNQ C QU---UQ,, we have that y (vg) € 2; and y fixes €2;. Similarly,
y(v1) € Q; and y fixes ;. Now assume that attracting fixed point p of y is not co
(otherwise we replace y by y~1). Join vg and y (vg) by a smooth path Pl0 inside €2;, and
let P/' = y”(PIO) be its n'M y-iterate. Since y fixes €;, the path P} lies entirely inside
;. Since lim;,_, o ¥"*(vg) = p, the path P| = U;’;OPI” joins vg and p, and except for
the endpoint p lies entirely in €2;. Clearly the path Pl0 can be chosen so that the path
Py is smooth everywhere except at p. The path P> joining points vy and p inside ; is
defined similarly, and the path P = P} U P, is ['-contracting in Q. O

Setting ¥ = F + L — V we get from (6.1)—(6.3) that
d(R—S+E)=-%.

Remark 6.1. Since U3 is acyclic, it follows from general arguments in [AT97] that for
any geometrically finite purely loxodromic Kleinian group I' with fundamental region
R given by a closed topological polyhedron, there exist chains S € Ky |, E € K{ 2, T €
Ko,3 and chains F € Ky o, L € Ky 1, V € Kp 2 on ©, satisfying

dR=—F+3"S,
9’S=L—-93"E,
E=V+9"T.

Property A3 asserts that 7 = 0, and we get Egs. (6.1)—(6.3).

Correspondingly, let A* = A%(U° U Q) and C** = Hom(B,, A*) be the de
Rham complex on U3 U © and the bar-de Rham complex respectively. The cochains
w3, wa, wi, dwi, wo are defined by the same formulas asin Sect. 5.1. For¢p € CM(I'\ )
define the cochains w[¢], 6[¢], u by the same formulas (2.4), (2.5), (2.6), with the group
elements belonging to I'. Finally, define the cochains (o], it by (2.16) and (2.17).

6.2.2. Action functionals. Let I' be a normalized Class A Kleinian group. For each
¢ € CM(I'\Q) let f be the function constructed in Lemma 5.1. As in Sect. 5.2, we
truncate the manifold M by the cut-off function f and define V,[¢], A:[$].

Definition 6.2. The regularized on-shell Einstein-Hilbert action functional for a nor-
malized Class A Kleinian group T is defined by

1
erlgl = —4gi_l)% <Ve[¢] - §A€[¢] —n(x(X) +---+ X(Xn))logf?) :

As in the quasi-Fuchsian case, a fundamental domain F for a Kleinian group I" in Q2
is called admissible, if it is the boundary in C of a fundamental region R for I in U3
satisfying Property A3.
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Definition 6.3. The Liouville action functional Sy : CM(I'\R2) — R for a normalized
Class A Kleinian group T is defined by

Srig] = 5 (e8], F) = (@191 L) + i W)) (6.4)

where F is an admissible fundamental domain for ' in Q.

Remark 6.2. When T’ is a purely loxodromic Schottky group (not necessarily classical
Schottky group), the Liouville action functional defined above is, up to the constant
term 47 (2g — 2) log 2, the functional (1.8), introduced by P. Zograf and the first author
[ZT87b].

Using these definitions and repeating verbatim arguments in Sect. 5 we have the
following result.

Theorem 6.1. (Kieinian holography) For every ¢ € CM(I'\Q) the regularized Ein-
stein-Hilbert action is well-defined and

Erlp] = Srld] = Srig] — // P+ 47 (x(X1)+ -+ x (X)) log2.
e

Corollary 6.1. The definition of a Liouville action functional does not depend on the
choice of the admissible fundamental domain F for T'.

As in the Fuchsian and quasi-Fuchsian cases, the Euler-Lagrange equation for the
functional St is the Liouville equation, and its single critical point given by the hyper-
bolic metric e?n7|dz|? on '\ is non-degenerate. For every component £2; denote by
Ji : U — Q; the corresponding covering map (unique up to a PSL(2, R)-action on U).
Then the density e?»» of the hyperbolic metric is given by

_1 / 2
ePrw(@ — A Y@

fze, i=1,...,n. (6.5)
(Im J; ' (2))? ’

Remark 6.3. AsinRemark 2.3, let A[¢p] = —e~?3,d; be the Laplace operator of the met-
ric ds? = ¢?|dz|?* acting on functions on X U- - - L X,,, let det A[¢] be its zeta-function
regularized determinant, and let

det Al¢]
Al¢]
Polyakov’s “conformal anomaly” formula and Theorem 6.1 give the following relation

between Einstein-Hilbert action £[¢] for M ~ I'\(U? U Q) and “analytic torsion” Z[¢]
on its boundary X Ll ---U X, ~ '\,

7[¢] = log

Il +0o]l+ L5[(;5 +o]l=7Z[¢] + Lc‘,’[qﬁ], oceC®Xiu---uX, R).
127 127

6.3. Variation of the classical action. Here we generalize the theorems in Sect. 4 for
quasi-Fuchsian groups to Kleinian groups.
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6.3.1. Classical action. Let I' be a normalized Class A Kleinian group and let ®(I")
be its deformation space. For every Beltrami coefficient o € B~11(T") the normalized
quasiconformal map f* : C — C descends to an orientation preserving homeomor-
phism of the quotient Riemann surfaces I"\ €2 and I'#\ Q2#. This homeomorphism extends
to a homeomorphism of the corresponding 3-manifolds M\ (U3UQ) and TH\ (U3 UQH),
which can be lifted to an orientation preserving homeomorphism of U3. In particular, a
fundamental region of I" is mapped to a fundamental region of I'*. Hence Property A3
is stable and every group in D (I") is of Class A. Moreover, since oo is a fixed point of
f*, every group in D (I") is normalized.

For every I € D(T) let Spv = Sp[(j)jlyp] be the classical Liouville action for I'.
Since the property of the fundamental domain F being admissible is stable, Corollary
6.1 asserts that the classical action gives rise to a well-defined real-analytic function
S:®»T) - R

As in Sect. 4, let ¥ € Qz’o(l") be the holomorphic quadratic differential on I"\ €2,
defined by

9 = 2(@nyp)zz — (Payp)?.
It follows from (6.5) that
(@) =257 @) ifzeQ, i=1,...,n

Define a (1, 0)-form # on D(") by assigning to every I'' € D (') a corresponding
¥ € Q0.

Forevery I'" € ©(I") let Pr and Pk be Fuchsian and Kleinian projective connections
on X|U---uX, >~ I'"\Q', defined by the Fuchsian uniformizations of Riemann surfaces
X}, ..., X, and by their simultaneous uniformization by the Kleinian group I'". We will
continue to denote corresponding sections of the affine bundle L(I") — D(T") by Pr
and Pk respectively. The difference Pr — Pk is a (1, 0)-form on ©(I"). As in Sect. 4.1,

¥ =2(Pr — Pk).
Correspondingly, the isomorphism
D) 2D, Q) x - x DTy, Q)
defines embeddings
Dy, i) — D(I')

and pull-backs S; and (Pr — Pk); of the function S and the (1, 0)-form Pr — Pg.
The deformation space ®(I';, 2;) describes simultaneous Kleinian uniformization of
Riemann surfaces X1, - - - , X, by varying the complex structure on X; and keeping the
complex structures on other Riemann surfaces fixed, and the (1, 0)-form (Pr — Pg); is
the difference of corresponding projective connections.
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6.3.2. First variation. Here we compute the (1, 0)-form 9.5 on ©(T").

Theorem 6.2. On the deformation space O (T"),

98 = 2(Pr — Pg).
Proof. Since F®* = ff"(F)is an admissible fundamental domain for I'*#, and, accord-
ing to Lemma 2.4, the 1-chain Wé* = f¢*(W) consists of ['*”-contracting paths in

QfH_ the proof repeats verbatim the proof of Theorem 4.1. Namely, after the change of
variables we get

LS = ’5 ((Lﬂw, F) = (L6, L) + (L. i, W)) ,
where
Lyw=1vudzAdz—d§

and 1-form & is given by (4.6). As in the proof of Theorem 4.1, setting x = 8¢ + LHQV
we get that the 1-form x on 2 is closed,

dy = 8(d€) + L,d6 = §(—L,w) + L,dw =0,
and satisfies
8x =8(Lu0 +88) = L,80 = Lyii = dél.
Since the 1-chain W consists either of smooth paths or of I"-contracting paths in €2, and

function 4/ is continuous on W, the same arguments as in the proof of Theorem 4.1 allow
to conclude that

L,S = %(ﬂudz AdZ, F).

O

Corollary 6.2. Let X1, ..., X, be Riemann surfaces simultaneously uniformized by a
Kleinian group T of Class A. Then on ©(2;, T'}),

1
(Pr — Pg)i = 3 9S;.

6.3.3. Second variation.

Theorem 6.3. On the deformation space O (I"),

d?} =005 = =2i owp,

so that —S is a Kdahler potential of the Weil-Petersson metric on ®(T").

The proof is the same as the proof of Theorem 4.2.
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6.4. Kleinian Reciprocity. Let u € Q~"!1(T") be a harmonic Beltrami differential, f*H
be a corresponding normalized solution of the Beltrami equation, and let v = f be the

corresponding vector field on C,

1 uw)z(z—1)
v = [/ w—oww-_n" "
(see Sect. 3.2). Then

m(w)
o) = 3u<z)———// oY

is a quadratic differential on I'\ 2, holomorphic outside the support of u.
In [McMO0OO] McMullen proposed the following generalization of quasi-Fuchsian
reciprocity.

Theorem 6.4. (McMullen’s Kleinian Reciprocity) Let I be a finitely generated Kleinian
group. Then for every ., v € Q~1(I),

[ o= [f o

ne ne

The proof in [McMO0] is based on the symmetry of the kernel K (z, w), defined in
Sect. 4.2. Here we note that Theorem 6.2 provides a global form of Kleinian reciprocity
for Class A groups from which Theorem 6.4 follows immediately.

Indeed, when I' is a normalized Class A Kleinian group, Kleinian reciprocity is the
statement

LyLyS =L,L,S,

since, according to (4.8),

I (w)
—ELM0(1)=——// g =

//m - —%/f LuL,S.

re rne

and
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