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Part 1

Quantum Mechanics






CHAPTER 1

Review of classical mechanics

This is an extended content of Lectures 1-2. Details and proofs for
Sections can be found in the notes to MAT 560 class and in our
forthcoming book with A. Kirillov, as well as in my QM book. For details
on Section see Section 2.8 in my QM book.

1.1. Lagrangian formulation

A mechanical system with a configuration space M is determined by
the Lagrangian — a smooth, real-valued function L on T'M (assuming no
explicit dependence on time), and its motion is determined by the principle
of least action.

DEFINITION. For a path 7: [to,t1] — M, its action S(vy) € R is defined
by
t1
s0) = [ L.
to

PrRINCIPLE OF THE LEAST AcCTION. Classical trajectories are critical
points of the action on the space of smooth paths with fixed endpoints

P(M)Zéﬁ; = {7: [to,t1] = M [ ~v(to) = qo, 7(t1) = a1 },

usually abbreviated as P(M).

A path v € P(M) is a critical point of the action, if for any one-parameter
family v. € P(M) with v9 =+, one has

d

1.1 —
(L1) =

S(ve) = 0.

The critical points of the action are called extremals.
The equations of motion have the most simple form for the special choice
of local coordinates on T'M.
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DEFINITION. Let (U, ¢) be a coordinate chart on M with local coordi-
nates q = (¢!, ...,¢"). Coordinates

(q7v):(ql""7qn’v1""7vn)
on a chart TU on TM, where v = (v',...,v") are coordinates in the fiber
0 0
corresponding to the basis —,..., =— for T; M, are called standard coor-
Oq* oq"

dinates.

We denote standard coordinates by

(Q7Q) = (q17"‘7qn7q.1""7qn)’

where the dot does not stand for the time derivative. However, when /() is
the tangential lift of a path ~(¢) in M, then in its coordinates the dot does
stand for the time derivative.

THEOREM 1.1. The equations of motion of a Lagrangian system (M, L)
in standard coordinates on T'M are given by the Fuler-Lagrange equations

(12) etat.at) - 4 (5 a0.a) ) ~o

In expanded form, the Euler-Lagrange equations are given by the follow-
ing system of second order ordinary differential equations:
(1.3)

Laa=1("%aa

= ([ 0L ., 0L AN
> < 795 @D+ 5ap5(04) > t 9giar @D, T=hon

In order for this system to be solvable for the highest derivatives, the sym-
metric n X n matrix

%L "
Hi(q,q) = { q,q }
(@0 = g @O
should be invertible on TU.

DEFINITION. A Lagrangian system (M, L) is called non-degenerate if
for every coordinate chart U on M the matrix Hy(q, q) is invertible on TU.
Otherwise the Lagrangian system is called singular.
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Inverting the matrix Hy, we can write Euler-Lagrange equations for a
non-degenerate Lagrangian in the form

(1.4) i =F'(q,q,t), i=1,...,n.

The Newtonian space E? is a 3-dimensional Riemannian manifold which
is isometric to the standard Euclidean space R? with the usual metric. How-
ever, a choice of an isometry between E? and R? is not fixed, and such isom-
etry is called a frame in E3. Any two choices of a frame in E® are related
by an affine transformation

r—g-r+ro, g€ 0(3), meR.

The Newtonian spacetime is the direct product E? x R, and its points are
called events. Two events (r,t) and (r',t’) are called simultaneous if t = t'.
The distance is defined only for simultaneous events and is the Euclidean
distance |r — 7/|.

An inertial reference frame in the Newtonian spacetime E® x R is an

isomorphism E? x R — R? x R which has the following properties.

e It preserves the notion of simultaneous events and the distance
between such events.

e It preserves time intervals and time direction.

Any two inertial frames are related by.the Galilean transformation

T g-r+vt+1rg
(1.5) <t> H( A >
for some g € O(3), 1o € R3, v € R?, tg € R. They form the Galilean group
G = E(3) x R?*, a semidirect product of the Euclidean group E(3) and the
abelian group R* of the uniform motions of spacetime. The Galilean group

is a 10-dimensional Lie group. Its action on the spacetime can be described
by the following subgroup in GL(5,R):

g v 79 T g-r+vt+mrg
(1.6) t]l— (0 1 ¢t t)] = t+to
1 0 0 1 1 1

One of the fundamental principles of Newtonian mechanics is the rela-
tivity principle, formulated by Galileo.
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GALILEO’S RELATIVITY PRINCIPLE. The laws of motion are invariant
with respect to the Galilean group.

In particular, it shows that in Newtonian mechanics, the space is ho-
mogeneous (laws of nature are invariant under translations) and isotropic
(invariance under rotations) and the time is homogeneous. However, the
time in Newtonian mechanics is absolute (up to translations).

The Galilean invariance imposes restrictions on Lagrangians of mechani-
cal systems. In particular, the Lagrangian of a closed systemﬂ in Newtonian
mechanics does not explicitly depend on time.

Physical systems are described by special Lagrangians, in agreement with
the experimental facts about the motion of material bodies.

EXAMPLE 1.1 (Free particle in Euclidean space). The configuration space
for a free particle is M = R3, and the Lagrangian is given by

L= imi?

Here m > 0 is the mass of a particleﬁ and 72 = |r|? is the square of the
magnitude of the velocity vector 7 € T,R3 ~ R3.

This system is invariant under Galilean transformations. Indeed, under
the Galilean transformation r — 7 + vt we have

d
(1.7) L=3mi*— L' =im@ +v)* =L+ —(mro + 1vt),

so that Lagrangians L and L’ have the same equations of motion
Specifically, Euler-Lagrange equations give Newton’s law of inertia,

T = 0.

Also, it is not hard to show that # = 0 is the only possible equation of
motion in R? which is invariant under the Galilean group.

EXAMPLE 1.2 (Harmonic oscillator). Consider a particle of mass m on

aline M = R in a potential field V(z) = $k2?, i.e. with the Lagrangian

(1.8) L(z, &) = mi® — Lka?.
The Euler—Lagrange equation of motion takes the form
mi = —kax.
1A system is called closed if its motion is not influenced by the outside material

bodies.
2Condition m > 0 is necessary for the action functional to be bounded from below.
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Denoting w = W, we can rewrite this equation in the familiar form
i+ w?r=0.
Solutions of this equation are
x = Acos(wt + «)

and describe a periodic motion with frequency w and with period T' = 27 /w.
This system is called the harmonic oscillator and is probably the simplest
mechanical system after the free particle.

EXAMPLE 1.3 (Particle in an external potential field). Here M = R3 and
L=1imi?—V(r),
with the potential energy V(7). Equations of motion are Newton’s equations
ov
r=F=———.
mi e
If V = V(r) is a function only of the distance r = |r|, the potential field is
called central. In particular, when

where G is the gravitational constant, describes a particle in the gravita-
tional field generated by a body of mass M (located at r = 0).

1.2. Hamiltonian formulation

In this approach, a state of the system is described by a point in the
cotangent bundle T*M of an n-dimensional manifold M. As in case of the
tangent bundle, a choice of local coordinates ¢ = (¢',...,¢") on an open
chart U C M defines, for any point z € U, a basis dg’ in the cotangent space
T M and thus a choice of coordinates

(P, @)= P1,- s Pns @1 q")

on T*U. Such coordinates will be called standard coordinates.

DEFINITION. Legendre transform associated with the Lagrangian L is
the fiberwise mapping 77,: TM — T*M given in the standard coordinates
by

. oL, .
TL((Lq) - (p7 q)7 where b= %(qa q)

The element p € Ty M is called the momentum, and the space T M is called
the phase space.
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The mapping 7y, is a local diffeomorphism if and only if the Lagrangian
L is non-degenerate.

ExXAMPLE 1.4. Let M = R"™ and let the Lagrangian be given by
L(q,q) = ymd”* — V(q).

In this case, it is immediate that the Legendre transform is given by p; =
mq*, or p = mgq.

Let (M, L) be a Lagrangian system, and assume that Legendre 77, is a
diffeomorphism. Then equations of motion, rewritten in terms of the phase
space T* M, take an especially simple form.

DEFINITION. The Hamiltonian function H: T*M — R, associated with
the Lagrangian L, is defined by

In other words, the Hamiltonian is the energy Ep in terms of the coor-
dinates on T*M. system. Explicitly,

(1.9) H(p,q) = (pq—L(g:9))| _oL .
9q

oL
where ¢ is a function of p and q defined by the equation p = ?(q, q).
q
THEOREM 1.2. Suppose that the Legendre transform rr: TM — T*M
is a diffeomorphism. Then Fuler-Lagrange equations on TM are equiva-
lent to the following system of first order differential equations in standard
coordinates on T* M :

. OH
Di=—F%"-»
oq
1.10
( ) . OH
q = )
Opi
where i = 1,...,n. These equations are called Hamilton’s equations (or

canonical equations).

EXAMPLE 1.5. Consider the particle of mass m in a potential field V (r)
in R3. In this case the configuration space is M = R3 and the Lagrangian
is given by

L=imi>-V(r)=T-V, reR’.
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In this case, the momenta are
=5 =

Thus the Legendre transform 77: TR? — T*R3 is a global diffeomorphism,
linear on the fibers, and

(1.11) p m.

2
: p
H(p,r) = (pT_L)L-,:% :%—FV(T):T—FV

In this case Hamilton’s equations are equivalent to Newton’s equations.

In general, consider the Lagrangian

n
L= lajl@)dd - V(q), g R,

1,j=1

where A(q) = {a;;(q)}}';—; is a symmetric n x n matrix. We have

0L & G
pizafq,iZZaij(q)qj, 1=1,....,n,
j=1

and the Legendre transform is linear on the fibers. It is a global diffeomor-
phism if and only if the matrix A(q) is non-degenerate for all g € R™. In
this case,

n

H(p.q) = (Pq~ L(2.:9))],_oL = > Ld(q)pip; + V(g),

ij=1
where {a"(q) rie1 = ~1(q) is the inverse matrix.

Since T* M is a symplectic manifold, Hamilton’s equations on the phase
space can be rewritten in an invariant form. Recall, that a manifold .# is
called a symplectic manifold, if it comes with a symplectic form: a closed,
non-degenerate 2-form w € Q%(.Z).

The basic example of a symplectic manifold is 7% M with the symplectic
form

(1.12) w=dpAdq= dp;Ndq'.

=1

By the Darboux theorem, any symplectic manifold admits local coordinates
pi, ' such that the symplectic form takes the form (1.12)). Such coordinates
are called canonical or Darbouzx coordinates.
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On a symplectic manifold .#, the symplectic form w defines an isomor-
phism

(1.13) J: T M —TH
between tangent and cotangent bundles, given by
w(u, JU) = (u,v), weTlpyH, )T, #,
or equivalently
w(ug,ug) = <u1,J_1(u2)), uy, Uy € Top M .
The mapping J induces the isomorphism
QY (M) ~ Vect(H)

between the infinite-dimensional vector spaces of one-forms and vector fields
on ., which is linear over the ring C°°(.#). Namely, if ¢ is a one-form,
then the corresponding vector field X = J(¢¥) on .# satisfies

(1.14) w(V,X)=(Y,0) forall Y € Vect(#),
and, correspondingly,
(1.15) 9 =J1X) = —ixw.

As a corollary, we see that on a symplectic manifold .# any function
H € C™(A) defines a vector field Xy = J(dH), called the Hamiltonian
vector field. This vector field satisfies

(1.16) dH = —i1x,w.
In canonical coordinates, this vector field is given by

b% _an oH 0 O0H 9\ _0H 09 0H O
= op; 8¢ 9q' Op;)  Op dg  Oq Op

(1.17)
i=1
In particular,
0 0
Xp = 9q and Xg = “ap’

Thus we see that in case # = T*M and H = pg — L, the Hamilton’s
equations ([1.10]), can be rewritten in the following simple form
(1.18) i=Xp,

where x = (p,q) € T*M.
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DEFINITION. A Hamiltonian system is the pair (.#, H), where .Z is a
symplectic manifold and H € C®°(.#).

If the vector field X on .# is complete, then the corresponding one-
parameter group {g: }+er of diffeomorphisms of .Z generated by Xy is called
the Hamiltonian phase flow generated by H. It is defined by ¢:(z) = z(1),
where z(t) is a solution of Hamilton’s equations satisfying z(0) = x.

THEOREM 1.3. Hamiltonian phase flow on a symplectic manifold A
preserves the symplectic form.

The canonical symplectic form w on a symplectic manifold .# defines

the volume form
w™ 1 )
(1.19) — =—wA---Aw, n=dim.Z/2,
~

n!  nl
n

on ./, called the Liouville’s volume form.

COROLLARY 1.4 (Liouville’s theorem). The Hamiltonian phase flow on
T*M preserves Liouville’s volume form.

With a symplectic manifold .# one associates the algebra of classical 0b-
servables, an algebra A = C°°(.#') of smooth functions. It is a commutative
with respect to pointwise multiplication. Since .# is a symplectic manifold,
the algebra A has an additional structure, called the Poisson bracket.

Recall that on a symplectic manifold any function f gives rise to a Hamil-
tonian vector field Xy = J(df), defined by (L.14):

w(v, X¢) = (v,df) = 0 f, v € Vect .
DEFINITION. Let f,g € A. Their Poisson bracket {f, g}.A is defined by
(1.20) {fi9} = 0x,9 = w(Xy, Xy).
This definition immediately implies that for any observable H, we have
(1.21) Ox, f={H, f}.

It follows from ((1.17)) that in canonical coordinates the Poisson bracket
takes the form

(1.22) {f’g}:i<8f§g_8f 8g)_afag_afag
i=1

Opi0¢"  9q'dp;) Opdq Oqip’
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In particular, we have the relations

pi,pit =1{d", ¢} =0,
(1.23) tpipi} = e }_ .
{piaqj}:(;ga Z’]:lv"'n’

which are called canonical Poisson brackets.

THEOREM 1.5. The Poisson bracket map { , } : Ax A — A has the
following properties.

(1) It satisfies the Leibniz rule:

{f.gh} = {f,g}h + g{f, h}.

(2) It is skew-symmetric: {f,g} = —{g, f}.

(3) It satisfies Jacobi identity:

{£ 49, h}} +{nAf, 9} +{g.{h, f}} = 0.

(4)
Xy = [Xr, X,

where the [, | in the right hand side is the commutator of vector
fields, which is defined by

a[é,n} = 0¢Op — OnOs.

Parts (2)—(4) of the theorem can be restated as follows.

COROLLARY 1.6. The Poisson bracket defines on the algebra of classical
observables A = C®°(M) a structure of a Lie algebra, and the map A —
Vect( A ): f — Xy is a morphism of Lie algebras.

REMARK 1.1. A manifold P with a bilinear operation {, } on C*(P),
satisfying properties (1)-(3) of Theorem is called a Poisson manifold,;
thus, Theorem can be restated by saying that any symplectic manifold
is also automatically a Poisson manifold. Converse is obviously false (e.g.,
one can take the Poisson bracket to be identically zero).

Using Poisson bracket, one can rewrite Hamiltonian equations of motion
in terms of observables as follows.
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LEMMA 1.1. Let (.4, H) be a Hamiltonian system. Let x(t) be a classical
trajectory, i.e. a solution of Hamilton’s equations. Then for any observable

f €A, we have

(124  $a(0) = {H, £} ().

DEFINITION. A classical observable f € A is an integral of motion (or

d
conserved quantity) if it is constant on classical trajectories: 7 f(z(t)) =0.

COROLLARY 1.7. An observable f € C®°(.A) is an integral of motion of
a system (A, H) if and only if {H, f} = 0.

In particular, this implies that H itself is an integral of motion: the
Poisson bracket is skew-symmetric, so {H, H} = 0.

1.3. Measurement in classical mechanics

A measurement of a classical system is the result of a physical experi-
ment, which gives numerical values for classical observables. The experiment
consists of creating certain conditions that can be repeated over and over.
These conditions define a state of the system, if they yield probability dis-
tributions for the values of all observables of the system.

Mathematically, a state p on the algebra A = C°°(.#) of classical ob-
servables on the phase space .# is the assignment

ABfHMngZ(R),

where Z(R) is a set of probability measures on R — Borel measures on R
such that the total measure of R is 1. For every Borel subset £ C R the
quantity 0 < pr(E) < 11is a probability that in the state 1 an observable f
takes values in E. The expectation value of an observable f in the state u
is given by the Lebesgue-Stieltjes integral

(1) = [ Mg,

—00

where p17(X) = pf ((—00, A)) is a distribution function of the measure dy .
The correspondence f — iy should satisfy the following natural properties.

S1. |E.(f)| < oo for f € Ay — the subalgebra of bounded observables.

S2. E,(1) =1, where 1 is the unit in A.
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S3. For all a,b € R and f,g € A,

Eu(af +bg) = aEu(f) + bEu(g),
if both E,(f) and E,(g) exist.

S4. If fi = ¢ o fo with smooth ¢ : R — R, then for every Borel subset
ECR,
ph (B) = pp, (97 (E)).

It follows from property S4 and the definition of the Lebesgue-Stieltjes
integral that

[o.¢]
(1.25) E,(e() = [ eOdis .
—00
In particular, E,(f?) > 0 for all f € A, so that the states define normalized,
positive, linear functionals on the subalgebra Ay.

Assuming that the functional E,, extends to the space of bounded, piece-
wise continuous functions on .#, and satisfies for measurable func-
tions p, one can recover the distribution function from the expectation values
by the formula

(1.26) prA) =Eu (A= 1)),
where 0(x) is the Heavyside step function,
1
0(z) = , x>0,
0, z <0.

Every probability measure du on .# defines the state on A by assigningﬂ
to every observable f a probability measure puy = fi() on R — a push-
forward of the measure dy on .# by the mapping f : .# — R. It is
defined by p¢(E) = p(f~1(E)) for every Borel subset E C R, and has the

distribution function

1) = p(f (o0, ) = / dp,

A\ (f)

where #)\(f) = {x € 4 : f(x) < A}. Tt follows from the Fubini theorem
that

(1.27) B = [ xdnsy= [ pa

3There should be no confusion in denoting the state and the measure by pu.
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It turns out that probability measures on .# are essentially the only
examples of states. Namely, for a locally compact topological space .#
the Riesz-Markov theorem asserts that for every positive, continuous linear
functional [ on the space C.(.#) of continuous functions on .# with compact
support, there is a unique regular Borel measure dy on .# such that

l(f):////fdu for all  f € Ce(M).

This leads to the following definition of the states in classical mechanics.

DEFINITION. The set of states S for a Hamiltonian system with the phase
space . is the convex set & () of all probability measures on .#. The
states corresponding to Dirac measures dpu, supported at points x € 4
are called pure states, and the phase space .# is also called the space of
stated] All other states are called mized states. A process of measurement
in classical mechanics is the correspondence

AXSE > (f,p) = pp = fi(u) € Z(R),

which to every observable f € A and state p € S assigns a probability
measure py on R — a push-forward of the measure du on .# by f. For
every Borel subset £ C R the quantity 0 < pu¢(E) < 1 is the probability
that for a system in the state p the result of a measurement of the observable
f is in the set E. The expectation value of an observable f in a state pu is

given by (T:27).

Pure states are characterized by the property that a measurement of
every observable always gives a well-defined result. Namely, let

o2(f) = Eu ((f = Eu()?) = Eu(f2) — Eu(f)* 2 0
be the variance of an observable f in the state p. The following result is

easy to prove.

LEMMA 1.2. Pure states are the only states in which every observable
has zero variance.

In particular, a mizture of pure states dy, and duy, x,y € 4, is a mixed
state with
dp = adp, + (1 —a)dp,, 0<a<l,

so that o2(f) > 0 for every observable f such that f(z) # f(y).

4The space of pure states, to be precise.
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Pure states are used for systems consisting of few interacting particles
(say, a motion of planets in celestial mechanics), when it is possible to
measure all coordinates and momenta. Mixed states necessarily appear for
macroscopic systems, when it is impossible to measure all coordinates and
momentall

REMARK 1.2. As a topological space, the space of states .# can be recon-
structed from the commutative algebra A of classical observables (equipped
with the C*-algebra structure) by Gelfand-Naimark theorem. It states
that every commutative C*-algebra (not necessarily with a unit) is C*-
isometrically isomorphic to the algebra of continuous functions that vanish
at inﬁnityﬂ on a locally compact Hausdorff space, the so-called spectrum of

Al

1.4. Hamilton’s and Liouville’s dynamical pictures

There are two equivalent ways of describing the dynamics — the time
evolution of a Hamiltonian system ((.#,{, }), H) with the algebra of ob-
servables A = C*°(.#) and the set of states S = P (.#). Here we assume
that the Hamiltonian phase flow ¢; exists for all times, and that the phase
space . carries a volume form dx invariant under the phase ﬂowﬁ

HAMILTON’S DESCRIPTION OF DYNAMICS. States do not depend on
time, and time evolution of observables is given by Hamilton’s equations of
motion,

iy _ @
E_O’ uweS and dt_{H’f}’ feA

The expectation value of an observable f in the state p at time ¢ is given by
.50 = | fogdn= [ fla@)p@yis
M M

d
where p(z) = H is the Radon-Nikodim derivative. In particular, the expec-

tation value of f in the pure state du, corresponding to the point x € .#

5Typically, a macroscopic system consists of N ~ 10%* molecules. Macroscopic sys-
tems are studied in classical statistical mechanics.

61f A is unital, the spectrum of A is compact.

If Ais an algebra of all continuous complex-valued functions on a compact topological
space X, then its spectrum is X. If, however, a C*-algebra A is an algebra of bounded
continuous functions on a space X, then its spectrum is the Stone-Cech compactification
of X.

8t is Liouville’s volume form when the Poisson structure on . is non-degenerate.
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is f(g¢(x)). Hamilton’s picture is commonly used for mechanical systems
describing few interacting particles.

LiouviLLE’S DESCRIPTION OF DYNAMICS. The observables do not de-
pend on time

af

i

and states du(z) = p(z)dx satisfy the Liouville’s equation

0, €A,

d
dt
- o dp - :
Here the Radon-Nikodim derivative p(x) = Ir and the Liouville’s equation
x

are both understood in the distributional sense. The expectation value of
an observable f in the state p at time ¢ is given by

E,. (f) = //ﬂ F(@)plgi(x))dz.

Liouville’s picture, where states are described by the distribution func-
tions p(xz) — positive distributions on .# corresponding to probability mea~
sures p(x)dr — is commonly used in statistical mechanics. The equality

E.(fi) =Eu(f) forall feA pes

follows from the invariance of the volume form dz and the change of vari-
ables, and expresses the equivalence between Liouville’s and Hamilton’s de-
scriptions of dynamics.

PROBLEM 1.1. Prove all results in Section [L.3l






CHAPTER 2

Observables and states in quantum mechanics

Quantum mechanics studies the microworld — the physical laws at an
atomic scale — that cannot be adequately described by classical mechan-
ics. Thus classical mechanics and classical electrodynamics cannot explain
the stability of atoms and molecules. Neither can these theories reconcile
different properties of light, its wave-like behavior in interference and diffrac-
tion phenomena, and its particle-like behavior in photo-electric emission and
scattering by free photons. Moreover, in classical physics it is always as-
sumed that one can neglect the disturbances the measurement brings upon
a system, whereas in the microworld every experiment results in interaction
with the system and thus disturbs its properties. In particular, there exist
observables which cannot be measured simultaneously.

Still, it is quite remarkable that we can formulate quantum mechanics us-
ing the general notions of states, observables, and time evolution, described
in Chapter[I] Since commutativity of the algebra of observables A brings us
to the realm of classical mechanics, in order to get a different realization of
observables and states we must assume that the C*-algebra associated with
the quantum observables is no longer commutative. A basic example of a
non-commutative C*-algebra is the algebra of all bounded operators on a
complex Hilbert space, and it turns out that it is this algebra that is used
in quantum mechanics.

2.1. Dirac—von Neumann axioms

The following axioms constitute the basis of quantum mechanics.

A1. With every quantum system there is associated an infinite-dimensional
separable complex Hilbert space #Z, in physics terminology called the space
of stateﬂ The Hilbert space of a composite quantum system is a tensor
product of Hilbert spaces of component systems.

IThe space of pure states, to be precise.

19



20 2. OBSERVABLES AND STATES IN QUANTUM MECHANICS

A2. The set of observables o/ of a quantum system with the Hilbert
space . consists of all self-adjoint operators on . The subset o =
o N L () of bounded observables is a vector space over R.

A3. The set of states . of a quantum system with a Hilbert space
A consists of all positive (and hence self-adjoint) trace class operators M
with Tr M = 1. Pure states are projection operators onto one-dimensional
subspaces of J7. For ¢ € 5, |[1)|| = 1, the corresponding projection onto
Ct is denoted by Py. All other states are called mized statesﬂ

A4. A process of measurement is the correspondence
o xS DA M) ug e Z2(R),

which to every observable A € o/ and state M € .¥ assigns a probability
measure 4 on R. For every Borel subset F C R, the quantity 0 < p4(E) <
1 is the probability that for a quantum system in the state M the result of a
measurement of the observable A belongs to E. The expectation value (the
mean-value) of the observable A € & in the state M € . is

s = [ T Adpa(n),

—00

where pa(N\) = pa((—oo,\)) is a distribution function for the probability
measure fi4.

The set of states % is a convex set. According to the Hilbert-Schmidt
theorem on the canonical decomposition for compact self-adjoint operators,
for every M € . there exists an orthonormal set {1, }_; in 2 (finite or
infinite, in the latter case N = oco) such that

N N
(2.1) M = Zanpwn and TrM = Zan =1,
n=1 n=1

where «,, > 0 are non-zero eigenvalues of M. Thus every mixed state is a
convex linear combination of pure states. The following result characterizes
the pure states.

LEMMA 2.1. A state M € .7 is a pure state if and only if it cannot be
represented as a non-trivial conver linear combination in ..

2In physics terminology, the operator M is called the density operator.
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Explicit construction of the correspondence &7 x . — Z(R) is based
on the general spectral theorem of von Neumann, which emphasizes the
fundamental role the self-adjoint operators play in quantum mechanics.

Namely, let P4 be the projection-valued measure on R associated with
the self-adjoint operator A on J# — a countably additive (in the strong
operator topology) map P : Z(R) — P() of the o-algebra #(R) of Borel
subsets of R into the setﬁ P(s7) of orthogonal projection operators on
such that

Dun:{¢e%%[zgwwuw#n<m},

where P(\) = P((—o0, A)), is the domain of A, and for every ¢ € D(A)
Ap = / AdP (N,

defined as a limit of Riemann-Stieltjes sums in the strong topology on 7.
Now the correspondence (A, M) — u4 can be explicitly described as follows.

A5. The probability measure p4 on R, which defines the correspondence
o x .S — P(R), is given by the celebrated Born-von Neumann formula

(2.2) na(E) = TrPA(E)M, E € A(R),

where P4 is a projection-valued measure on R associated with the self-adjoint
operator A

REMARK 2.1. The probability measure 4 on R can be considered as a
“quantum push-forward” of the state M by the observable A.

From the Hilbert-Schmidt decomposition (2.1 we get

N N N
pa(E) = Zan(PA(E)wmwn) = ZanHPA(E)wnHQ < Zan =1,
n=1 n=1 n=1

so that indeed 0 < pa(F) < 1. In particular, for M = Py, we have

(2.3) pa(E) = (Pa(E)p,v) = [|Pa(E)|*.

This implies that
pa(A) = (Pa(N), ),

3Actually a complete lattice.
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so when ¢ € D(A),

Ay = [~ 2a@as ) = (40,0).

—0o0

Self-adjoint operators A and B commute if the corresponding projection-
valued measures P4 and Pg commute,

PA(El)PB(EQ) = PB(EQ)PA(El) for all El,EQ S %(R)
Of course, for bounded operators this condition is equivalent to
AB = BA.

Slightly abusing notatiorﬁ we will often write [A,B] = AB — BA = 0 for
commuting self-adjoint operators A and B.

REMARK 2.2. It follows from the spectral theorem that commutativity
of self-adjoint operators A and B is equivalent to the commutativity of the
unitary operators e®*4 and €™ for all u,v € R, or to the commutativity of
the resolventsll

Ry(A)=(A—-XI)"" and R,(B)=(B—ul)™*

for all A, p € C, Im A\, Im p # 0. In particular, a bounded operator B com-
mutes with A if and only if

[R,(A), B] = 0.

For the simultaneous measurement of a finite set of observables A =
{Ai,..., A, } in the state M € .¥ it seems natural to introduce the probabil-
ity measure 4 on R” given by the following generalization of the Born-von
Neumann formula:

(2.4) pa(E) = Te(Pa,(Ey)...Pa, (E))M), E=Ex--xE, € B[R").

However, formula (2.4) defines a probability measure on R™ if and only
if P4, (E1)...Pa, (Ey) defines a projection-valued measure on R™. Since a
product of orthogonal projections is an orthogonal projection only when the

4In general, for unbounded self-adjoint operators A and B the commutator [A, B] =
AB — BA is not necessarily closed, i.e., it could be defined only for ¢ = 0.

SNot that for a self-adjoint operator A its resolvent Rx(A), defined for Im A # 0, is a
bounded operator from .77 to D(A).
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projection operators commute, we conclude that the operators Ay,..., A,
should form a commutative family. This agrees with the requirement that
simultaneous measurement of several observables should be independent of
the order of the measurements of individual observables. We summarize
these arguments as the following axiom.

A6. A finite set of observables A = {A;,...,A,} can be measured
simultaneously (simultaneously measured observables) if and only if they
form a commutative family. Simultaneous measurement of the commutative
family A C « in the state M € . is described by the probability measure
pa on R™ given by

/LA(E) =Tr PA(E)M, Ec %(Rn),

where PAo(E) = P4, (E1)...Pa,(Ey) for E = E; X -+ x E, € Z(R"). For
every Borel subset E C R" the quantity 0 < pua(E) < 1 is the probabil-
ity that for a quantum system in the state M the result of simultaneous
measurement of observables Ay, ..., A, belongs to E.

The axioms A1-A6 are known as Dirac—von Neumann axioms.

2.2. Heisenberg’s uncertainty relations

The variance of the observable A in the state M measures the mean
deviation of A from its expectation value and is defined by

oir(A) = (A= (AIM)I)*|M) = (A*|M) — (A|M)? >0,

provided the expectation values (42| M) and (A|M) exist. Thus for M = P,
and one has ¢ € D(A),

o3 (A) = (A = CAIMDY|* = [[Av]® — (A, )*.

LEMMA 2.2. For A € o/ and M € . the variance opr(A) = 0 if and only
if Im M is an eigenspace for the operator A with the eigenvalue a = (A|M)

or, equivalently, pua is a Dirac measure supported at a. In particular, if
M = Py and op(A) =0, then 1) is an eigenvector of A, Ay = arp.

PRrOOF. It follows from the spectral theorem that
2 > 2
i) = [ (= duav,
—o0

so that opr(A) = 0 if and only if the probability measure p4 is supported at
the point a € R, i.e., pa({a}) = 1. It follows from the spectral theorem that
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support of the projection-valued measure P4 coincides with the spectrum of
A: X e o(A)ifand only if P4o((A—¢e, A+e)) # O for alle > 0. Since pa({a}) =
Tr P4({a})M and Tr M = 1, we conclude that this is equivalent to Im M
being an invariant subspace for P4({a}) so that Im M is an eigenspace for
A with the eigenvalue a. O

Now we formulate generalized Heisenberg’s uncertainty relations.

ProposITION 2.1 (H. Weyl). Let A, B € o/ and let M = Py, be the pure
state such that ¢ € D(A) N D(B) and Ay, By € D(A) N D(B). Then

oir(A)od(B) = ;(ilA, B||M)*.
The same inequality holds for M € ..
Proor. Let M = P,. Since
[A—(A[M)I, B — (B|M)I] = [A, B,
it is sufficient to prove the inequality
(A%|M)(B?|M) > 1 (i[A, B]|M)?.
We have for all o € R,
I(A +iaB) |2 = a*(Bi, BY) — ia(Ab, BY) + ia( B, Ap) + (A, Ay)
= o*(B*,¥) + a4, Bl ) + (A%, 9) > 0,

so that necessarily 4(A2,v)(B%, ) > (i[A, Bly, ).
The same argument works for the mixed states. O

Heisenberg’s uncertainty relations provide a quantitative expression of
the fact that even in a pure state non-commuting observables cannot be
measured simultaneously. This shows a fundamental difference between the
process of measurement in classical mechanics and in quantum mechanics.

2.3. Dynamics

The set &7 of quantum observables does not form an algebra with respect
to an operator productﬂ Nevertheless, a real vector space 2 of bounded
observables has a Lie algebra structure with the Lie bracket

i[A,B] = i(AB — BA), A,B ¢ .

6The product of two non-commuting self-adjoint operators is not self-adjoint.
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REMARK 2.3. In fact, the C*-algebra £ () of bounded operators on
J has a structure of a complex Lie algebra with the Lie bracket given by a
commutator [A, B] = AB — BA. It satisfies the Leibniz rule

[AB,C] = A[B,C] +[A,C]B,

so that the Lie bracket is a derivation of the C*-algebra .Z(.7¢).

In analogy with classical mechanics, we postulate that the time evolution
of a quantum system with the space of states .5 is completely determined
by a special observable H € 7, called a Hamiltonian operator (Hamiltonian
for brevity). As in classical mechanics, the Lie algebra structure on 7 leads
to corresponding quantum equations of motion.

Specifically, the analog of Hamilton’s picture in classical mechanics is the
Heisenberg picture in quantum mechanics, where the states do not depend
on time

dM
— =0, Me?,
dt
and bounded observables satisfy the Heisenberg equation of motion
dA
(25) % - {H, A}ﬁ, A E %,

where
(26) Co=rl]
* ) h - h )

is the quantum bracket — the h-dependent Lie bracket on «%. The positive
number A, called the Planck constant, is one of the fundamental constants
in physicsﬂ

The Heisenberg equation (2.5 is well defined when H € <. Indeed,
let U(t) be a strongly continuous one-parameter group of unitary operators
associated with a bounded self-adjoint operator H/h,

(2.7) Ut)=e#H, teR.

It satisfies the differential equation

(2.8) md(fﬁ = HU(t) = U(t)H,

"The Planck constant has a physical dimension of the action (energy x time). Its
value i = 1.054 x 10727 erg x sec, which is determined from the experiment, manifests
that quantum mechanics is a microscopic theory.
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so that the solution A(t) of the Heisenberg equation of motion with the
initial condition A(0) = A € o is given by

(2.9) A(t) = Ut TAU(1).

In general, a strongly one-parameter group of unitary operators , as-
sociated with a self-adjoint operator H by the spectral theorem, satisfies
differential equation only on D(H) in a strong sense, that is, applied
to ¢ € D(H). The quantum dynamics is defined by the same formula
, and in this sense all quantum observables satisfy the Heisenberg equa-
tion of motion . The evolution operator U, : of — of is defined by
Uy(A) = A(t) = U(t)"tAU(t), and is an automorphism of the Lie algebra
4y of bounded observables. This is a quantum analog of the statement
that the evolution operator in classical mechanics is an automorphism of
the Poisson algebra of classical observables.

By Stone’s theorem, every strongly-continuous one-parameter group of
unitary operatorsﬁ U(t) is of the form (2.7), where

_ IO Rr S LU -T
D(H) = {(p € %.}%T@ ex1sts} and Hgo_zh%g% —

The domain D(H) of the self-adjoint operator H, called the infinitesimal
generator of U(t), is an invariant linear subspace for all operators U(t).
We summarize these arguments as the following axiom.

A7 (HEISENBERG’S PICTURE). The dynamics of a quantum system is
described by the strongly continuous one-parameter group U (t) of unitary
operators. Quantum states do not depend on time,

S SMw— M(t)=M e &,

and time dependence of quantum observables is given by the evolution op-
erator Uy,
A 3A— Alt)=U(A) =U@t) AU (t) € o.

Infinitesimally, the evolution of quantum observables is described by the
Heisenberg equation of motion (2.5, where the Hamiltonian operator H is
the infinitesimal generator of U (t).

The analog of Liouville’s picture in classical mechanics is Schrodinger’s
picture in quantum mechanics, defined as follows.

8According to a theorem of von Neumann, on a separable Hilbert space every weakly
measurable one-parameter group of unitary operators is strongly continuous.
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A8 (SCHRODINGER’S PICTURE). The dynamics of a quantum system is
described by the strongly continuous one-parameter group U (t) of unitary
operators. Quantum observables do not depend on time,

g 3A— Alt)=Ae€ A,

and time dependence of states is given by the inverse of the evolution oper-
ator U7t = Uy,

(2.10) S SMw— M(t)=U_(M)=U@t)MU(@t)™ € .&.

Infinitesimally, the evolution of quantum states is described by the Schrédinger
equation of motion

aM
dt

where the Hamiltonian operator H is the infinitesimal generator of U (t).

(2.11) = —{H M}, Me,

PROPOSITION 2.2. Heisenberg and Schrodinger descriptions of dynamics
are equivalent.

PROOF. Let pj(y) and (ut)a be, respectively, probability measures on
R associated with (A(t), M) € & x . and (A, M(t)) € & x . according
to A3-A4, where A(t) = U(A) and M(t) = U_4(M). We need to show
that pap) = (ue)a- It easily follows from the spectral theorem that Py =
U(t)"'PAU(t), so that using the Born-von Neumann formula and the
cyclic property of the trace, we get for £ € #B(R),

Hay (B) = Tt Py (B)M = Te(U ()" Pa(E)U (1) M)
= Tr(PA(B)U (MU ()™") = Tr PA(E)M(t) = () a(E). O
COROLLARY 2.1. (A(t)|M) = (A|M(t)).
In analogy with classical mechanics, we have the following definition.

DEFINITION. An observable A € &7 is a quantum integral of motion (or

a constant of motion) for a quantum system with the Hamiltonian H if in
Heisenberg’s picture

dA(t)

Cdt

i.e., A commutes with U(t). Thus A € &/ is an integral of motion if and

only if it commutes with the Hamiltonian H, so that, in agreement with

23).

:0,

{H, A}y = 0.
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This is a quantum analog of the Poisson commutativity property.

It follows from that the time evolution of a pure state M = P,
is given by M(t) = Py, where ¥(t) = U(t)y. Suppose that ¢ € D(H).
Since D(H) is invariant under U(t), the vector ¢(t) = U(t)y satisfies the
time-dependent Schrodinger equation

e
dt
with the initial condition ¥ (0) = .

(2.12) = Hy

DEFINITION. A state M € .7 is called stationary for a quantum system
with Hamiltonian H if in Schrodinger’s picture

dM(t)
dt
The state M is stationary if and only if [M,U(t)] = 0 for all ¢, i.e.

=0.

{Ha M}ﬁ =0,
in agreement with (2.11)). The following simple result is fundamental.

LEMMA 2.3. The pure state M = Py is stationary if and only if 1 is an
etgenvector for H,

Hy = M\,
and in this case

b(t) = e TNy,

Proor. It follows from U(t)Py = P,U(t) that ¢ is a common eigen-
vector for unitary operators U(t) for all t, U(t)y = c(t)y, |c(t)] = 1.
Since U(t) is a strongly continuous one-parameter group of unitary op-

erators, the continuous function c(t) = (U(t), 1)) satisfies the equation
c(ty 4+ t2) = c(ty)c(tz) for all t1,ty € R, so that ¢(t) = e~ 7™ for some X € R.
Thus by Stone’s theorem ¥ € D(H) and Hvy = A\i). O

REMARK 2.4. Another simple proof uses Remark Namely, M = Py
commute with H if and only if R,,(H )Py = Py R, (H) for all p with Im p # 0,
S1)

Ry (H)p = c(p)y,
and c(p) # 0 since R,(H) is injective. Thus ¢ € D(H), and applying
(H — pl) to R,(H )1, we obtain

¢ = c(w)(Hp — pp),
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or
Hip = X,
1+p . .
where A\ = M does not depend on p and is necessarily real, so c¢(u) =
c(p
(=X

In physics terminology, the eigenvectors of H are called bound states. The
corresponding eigenvalues are called energy levels and are usually denoted
by E.

PROBLEM 2.1. Prove Lemma 2.1
PROBLEM 2.2. Prove that the state M is a pure state if and only if Tr M2 = 1.

PROBLEM 2.3. Prove that the Born-von Neumann formula (2.2)) defines a
probability measure on R, i.e., p4 is a o-additive function on Z(R).

PROBLEM 2.4. Prove that if the sum P, + P, of orthogonal projection operators
is a projection operator, then Py P, = P,P; = 0. Using this, show that if P is a
projection-valued measure, then P(E; N Ey) = P(E;)P(Es).

PROBLEM 2.5. Show that if an observable A is such that for every state M
the expectation value (A|M(t)) does not depend on ¢, then A is a quantum integral
of motion. (This is the definition of integrals of motion in the Schrédinger picture.)

PROBLEM 2.6. Prove Heisenberg uncertainty relation

for mixed states.

PROBLEM 2.7. Show that a solution of the initial value problem for the time-
dependent Schrédinger equation (2.12)) is given by

vy = [ e irapoyy,

where P is the projection-valued measure associated with the Hamiltonian H.

PROBLEM 2.8. Let D be a linear subspace of .7, consisting of Garding vectors
vr= [ UG fes®), Ve

where .7 (R) is the Schwartz space of rapidly decreasing functions on R. Prove that
D is dense in s and is invariant for U(¢) and for the Hamiltonian H. (Hint: Show
that U(t)1y = vy, € D, where fy(s) = f(s —t), and deduce Hypy = Bypp))






CHAPTER 3

Quantization

A quantum system is described by the Hilbert space 7 and the Hamil-
tonian H, a self-adjoint operator in 4, which determines the evolution of
a system. When the system has a classical analog, the procedure of con-
structing the corresponding Hilbert space .5 and the Hamiltonian H is
called quantization.

DEFINITION. Quantization of a classical system ((.Z,{ , }), Hc) with
the Hamiltonian functionH H. is a one-to-one mapping Q; : A — & from
the set of classical observables A = C*(.#) to the set &/ of quantum
observables — the set of self-adjoint operators on a Hilbert space 7. The
map Qp depends on the parameter i > 0, and its restriction to the subspace
of bounded classical observables A is a linear mapping to the subspace 2
of bounded quantum observables, which satisfies the properties

lim 5Q, H(Qu(f)Qu(f2) + Qu(f2)Qu(f1)) = fife
and

;Lig[l)Q{l({Qh(fl),Qh(h)}h) ={f1, fo} forall fi,f2€ Ao.

The latter property is the celebrated correspondence principle of N. Bohr.
In particular, H. — Qp(H.) = H — the Hamiltonian operator for a quantum
system.

REMARK 3.1. In physics literature the correspondence principle is often
stated in the form

[,}g?{,} as h—0.

Quantum mechanics is different from classical mechanics, so that the
correspondence f — Qp(f) cannot be an isomorphism between the Lie alge-
bras of bounded classical and quantum observables with respect to classical

INotation H. is used to distinguish the Hamiltonian function in classical mechanics
from the Hamiltonian operator H in quantum mechanics.

31



32 3. QUANTIZATION

and quantum brackets. It becomes an isomorphism only in the limit & — 0
when quantum mechanics turns into classical mechanics. Since quantum
mechanics provides a more accurate and refined description than classical
mechanics, quantization of a classical system may not be unique.

DEFINITION. Two quantizations Qg) and Q}(iz) of a given classical system
((A#,{, }),H.) are said to be equivalent if there exists a linear mapping

U, : A~ Asuch that Q) = Qi) 0 % and lim %, = id.
i—

For many “real world” quantum systems — the systems describing actual
physical phenomena — the corresponding Hamiltonian H does not depend
on a choice of equivalent quantization, and is uniquely determined by the
classical Hamiltonian function H..

3.1. Heisenberg commutation relations

The simplest classical system with one degree of freedom is described
by the phase space R? with coordinates p,q and the Poisson bracket { , },
associated with the canonical symplectic form w = dp A dg. The Poisson
bracket between classical observables p and ¢ — momentum and coordinate
of a particle — has the following simple form:

(3.1) {p,q} =1.

It is another postulate of quantum mechanics that under quantization clas-
sical observables p and ¢ correspond to quantum observables P and () —
self-adjoint operators on a Hilbert space .57, satisfying the following prop-
erties.

CR1. There is a dense linear subset D C . such that P : D — D and
Q:D—D.

CR2. For all ¥ € D,
(PQ — QP = i,

CR3. Every bounded operator on % which commutes with P and @ is
a multiple of the identity operator I.

Property CR2 is called the Heisenberg commutation relation for one
degree of freedom. In terms of the quantum bracket (2.6]) it takes the form

(32) {P, Q}h = Iv
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which is exactly the same as the Poisson bracket ! Property CR3
is a quantum analog of the classical property that the Poisson manifold
(R%,{, }) is non-degenerate: every function which Poisson commutes with
p and ¢ is a constant.

The operators P and @ are called, respectively, the momentum operator
and the coordinate operator. The correspondence p — P, g — ) with P and
Q satisfying CR1-CR3 is the cornerstone for the quantization of classical
systems. The validity of , as well as of quantum mechanics as a whole,
is confirmed by the agreement of the theory with numerous experiments.

REMARK 3.2. It is tempting to extend the correspondence p — P, g — @
to all observables by defining the mapping f(p,q) — f(P,Q). However,
this approach to quantization is rather naive: operators P and @ satisfy
and do not commute, so that one needs to understand how f(P, Q)
— a “function of non-commuting variables” — is actually defined. We will
address this problem of the ordering of non-commuting operators P and )
later.

It follows from Heisenberg’s uncertainty relations (see Proposition [2.1]),
that for any pure state M = Py, with ¢ € D,

om(P)om(Q) >

| St

This is a fundamental result saying that it is impossible to measure the
coordinate and the momentum of a quantum particle simultaneously: the
more accurate the measurement of one quantity is, the less accurate the value
of the other is. It is often said that a quantum particle has no observed path,
so that “quantum motion” differs dramatically from the motion in classical
mechanics.

It is straightforward to consider a classical system with n degrees of
freedom, described by the phase space R?" with coordinates p = (p1,...,pn)
and ¢ = (¢',...,q"), and the Poisson bracket { , }, associated with the
canonical symplectic form w = dp A dq. The Poisson brackets between
classical observables p and ¢ — momenta and coordinates of a particle —
have the form

(33) {pkapl} :07 {qkaql} :Oa {pkvql} :51197 k;,l = 1""7”'

Corresponding momenta and coordinate operators P = (Py,...,P,) and
Q = (Q',...,Q") are self-adjoint operators that have a common invariant
dense linear subset D C 5, and on D satisfy the following commutation
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relations:

(34) {Pka-Pl}h:O) {Qkan}hzoa {PkHQl}h:&i;I? k7l: 1)"'7”'

These relations are called Heisenberg commutation relations for n degrees of
freedom. The analog of CR3 is the property that every bounded operator
on 7 which commutes with all operators P and Q is a multiple of the
identity operator I.

The fundamental algebraic structure associated with Heisenberg com-
mutation relations is the so-called Heisenberg algebra.

DEFINITION. The Heisenberg algebra b, with n degrees of freedom is a
Lie algebra with the generators e’ ™ fi,..., fn,c and the relations

(3.5) (€%, =0, [fr.c]=0, [ek,fl] = 5;?0, k,l=1,...,n

The Heisenberg algebra b, is realized as a nilpotent subalgebra of the
Lie algebra gl,12 of (n+2) x (n + 2) matrices with the elements

0 vi vo2 ... v, «

0 0 0 --- 0 ut

- 00 0 -+ 0 u?

(3.6) Z (W i, + vpe®) + e = S .
k=t 00 0 - 0 u

00 0 --- 0 0

REMARK 3.3. The faithful representation b, — gl,t2, given by , is
clearly reducible: the subspace V = {z = (z1,...,Tp42) € R""2 : 2,9 = 0}
is an invariant subspace for bh,, with the central element ¢ acting by zero.
However, this representation is not decomposable: the vector space R"12
cannot be written as a direct sum of V and a one-dimensional invariant
subspace for h,,. This explains why the central element c is not represented
by a diagonal matrix with the first n+ 1 zeros, but rather has a special form

given by (3:6).

Analytically, Heisenberg commutation relations correspond to an
irreducible unitary representation of the Heisenberg algebra b,,. Recall that
a unitary representation p of b, in the Hilbert space 5 is the linear mapping
p b, — 19/ — the space of skew-Hermitian operators in . — such that all
self-adjoint operators ip(x), € b,, have a common invariant dense linear
subset D C 57 and satisfy

oz, y])e = (p(z)p(y) — p(y)p(z))p, =,y € bn, p € D.
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Formally applying Schur’s lemma we say that the representation p is irre-
ducible if every bounded operator which commutes with all operators ip(z)
is a multiple of the identity operator I. Then Heisenberg commutation rela-
tions define an irreducible unitary representation p of the Heisenberg
algebra b, in the Hilbert space ¢ by setting

Since the operators P* and @} are necessarily unbounded, the condition
P.Pip= PP forall €D

does not necessarily imply that self-adjoint operators P, and P, commute
in the sense of the definition in Section 2.1} To avoid such “pathological”
representations, we will assume that p is an integrable representation, i.e.,
it can be integrated (in a precise sense specified below) to an irreducible
unitary representation of the Heisenberg group H,, — a connected, simply-
connected Lie group with the Lie algebra b,.

Explicitly, the Heisenberg group is a unipotent subgroup of the Lie al-
gebra SL(n + 2,R) with the elements

1 v1 v9 -+ v, «
01 0 --- 0
00 1 -~ 0 u?
9=\ =+ -
o o0 o0 - 1 u"
o o0 o --- 0 1

The exponential map exp : h, — H,, is onto, and the Heisenberg group H,,
is generated by two n-parameter abelian subgroups

n n
expuX = exp (Z ukfk) , expvY = exp (Z vkek> , u,v R

k=1 k=1
and a one-parameter center exp ac, which satisfy the relations

n
(3.8) expuXexpvY = exp(—uvc)expvY expuX, uv= Z uFuy.
k=0

Indeed, it follows from (3.5 that

[uX,vY] = —uvc
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is a central element, so that using the Baker-Campbell-Hausdorff formula
we obtain

expuX expvY = exp(—juvc) exp(uX +vY),
expvY expuX = exp(3uvc) exp(uX + vY).

In the matrix realization, the exponential map is given by the matrix expo-
nential and we get e*X = I +uX, e?Y = I +vY, and e*® = I 4+ ac, where [
is the (n+2) x (n+ 2) identity matrix, and the relation is immediately
verified.

Let R be an irreducible unitary representation of the Heisenberg group
H,, in the Hilbert space # — a strongly continuous group homomorphism
R :H, — % (), where % () is the group of unitary operators in 7.
By Schur’s lemma, R(e®¢) = e~™*I, A € R. Suppose now that A\ = A,
and define two strongly continuous n-parameter abelian groups of unitary
operators

U(u) = R(expuX), V(v) = R(expvY), wu,veR™

Then it follows from (3.8) that unitary operators U(u) and V(v) satisfy
Weyl commutation relations

(3.9) U(u)V (v) = "™V (0)U (u).
It follows from Stone theorem that
U(fu,) = e—iuP — e—i22:1 uk Py and V(U) — e—i'vQ _ e—i Sr Uka7

where infinitesimal generators P = (Py,..., P,) and Q = (Q',...,Q") given

)
u=0 8Uk v=0

Taking the second partial derivatives of Weyl relations (3.9 at the origin
u = v = (, we easily obtain the following result.

LEMMA 3.1. Let R : H,, — % () be an irreducible unitary represen-
tation of the Heisenberg group H, in H such that R(e®®) = e~ and
let P = (P,...,P,) and Q = (Q',..., Q") be, respectively, infinitesimal
generators of the strongly continuous n-parameter abelian subgroups U(u)
and V(v). Then formulas define an irreducible unitary representation
p of the Heisenberg algebra b, in J2.
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The representation p in Lemma [3.1]is called the differential of a represen-
tation R, and is denoted by dR. The irreducible unitary representation p of
by, is called integrable if p = dR for some irreducible unitary representation
R of H,,.

REMARK 3.4. Not every irreducible unitary representation of the Heisen-
berg algebra is integrable, so that Weyl relations cannot be obtained from
the Heisenberg commutation relations.

The celebrated Stone-von Neumann theorem asserts that all integrable
irreducible unitary representations of the Heisenberg algebra b, with the
same action of the central element ¢ are unitarily equivalent. This justi-
fies the following mathematical formulation of the Heisenberg commutation
relations for n degrees of freedom.

A9 (HEISENBERG’S COMMUTATION RELATIONS). Momenta and coor-
dinate operators P = (Py,...,P,) and Q = (Q',...,Q") for a quantum
particle with n degrees of freedom are defined by formulas , where p
is an integrable irreducible unitary representation of the Heisenberg algebra
b, with the property p(c) = —ihl.

3.2. Coordinate and momentum representations

We start with the case of one degree of freedom and consider two natural
realizations of the Heisenberg commutation relation. They are defined by
the property that one of the self-adjoint operators P and ) is “diagonal”
(i.e., is a multiplication by a function operator in the corresponding Hilbert
space).

In the coordinate representation, 7 = L?(R,dq) is the L?-space on the
configuration space R with the coordinate ¢, which is a Lagrangian subspace
of R? defined by the equation p = 0. Set

[o.¢]
D(Q) = {cp €A : / ¢*le(g)|*dg < 00}
—00
and for ¢ € D(Q) define the operator @ as a “multiplication by ¢ operator”,

(Qe)(q) = qp(q), q €R,

justifying the name coordinate representation. The coordinate operator @)
is obviously self-adjoint and its projection-valued measure is given by

(3.10) (P(E)e)(q) = xe()¢(q),
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where x g is the characteristic function of a Borel subset £ C R. Therefore
suppP =R and 0(Q) = R.

Recall that a self-adjoint operator A has an absolutely continuous spec-
trum if for every ¢ € J, ||4|| = 1, the probability measure v,

vy(E) = (PA(E)Y, ), E € B(R),

is absolutely continuous with respect to the Lebesgue measure on R.

LEMMA 3.2. The coordinate operator Q has an absolutely continuous
spectrum R, and every bounded operator B which commutes with Q) is a

function of Q, B = f(Q) with f € L>®(R).

PROOF. It follows from (3.10) that vy(E) = [, [¢(g)|*dg, which proves
the first statement. Now a bounded operator B on Z commutes with @Q if
and only if BP(E) = P(E)B for all E € #(R), and using (3.10) we get

(3.11) B(xep) = xeB(s).

Choosing in (3.11)) £ = FE; and ¢ = xpg,, where E; and Ey have finite

Lebesgue measure, we obtain

B(XE1 : XEQ) = B(XEHQEQ) = XEIB(XEQ) = XEQB(XE1)7

so that denoting fr = B(xg) we get supp fg C F, and

fEl |E1ﬂE2 = fE2|E1ﬁE2

for all £y, F» € #A(R) with finite Lebesgue measure. Thus there exists a
measurable function f on R such that f|; = fg|g for every E € #(R) with
finite Lebesgue measure. The linear subspace spanned by all g € L?(R) is
dense in L?(R) and the operator B is continuous, so that we get

(Be)(q) = f(a)elq) forall ¢ e L*(R).
Since B is a bounded operator, f € L>®(R) and || B|| = || f||co- O

For a pure state M = Py, ||¢|| = 1, the corresponding probability mea-
sure pug on R is given by

1o (E) = vy(E) = [E W(q)dg, E € BR).

Physically, this is interpreted that in the state P, with the “wave function”
1¥(q), the probability of finding a quantum particle between ¢ and ¢ + dq
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is [1(q)|*dg. In other words, the modulus square of a wave function is the
probability distribution for the coordinate of a quantum particle.
The corresponding momentum operator P is given by a differential op-

erator

_hd

=i da
with D(P) = W12(R) — the Sobolev space of absolutely continuous func-
tions f on R such that f and its derivative f’ (defined a.e.) are in L?(R).
The operator P is self-adjoint and it is straightforward to verify that on
D = C>*(R), the space of smooth functions on R with compact support,

QP — PQ = ihl.

ProprosITION 3.1. The coordinate representation defines an irreducible,
unitary, integrable representation of the Heisenberg algebra.

Proor. To show that the coordinate representation is integrable, let
Uu) = e”™F and V(v) = e7*? be the corresponding one-parameter groups
of unitary operators. Clearly, (V(v)@)¥(q) = e ™%p(q) and it easily fol-
lows from the Stone theorem (or by the definition of a derivative) that
(U(u)p)(q) = ¢(q — hu), so that unitary operators U(u) and V(v) satisfy
the Weyl relation . Such a realization of the Weyl relation is called the
Schriodinger representation.

To prove that the coordinate representation is irreducible, let B be a
bounded operator commuting with P and Q. By Lemma B = f(Q) for
some f € L>°(R). Now commutativity between B and P implies that

BU(u) =U(u)B forall wueR,

which is equivalent to f(q — hu) = f(q) for all ¢,u € R, so that f = const
a.e. on R. O

To summarize, the coordinate representation is characterized by the
property that the coordinate operator () is a multiplication by g operator
and the momentum operator P is a differentiation operator,

Q=q and P=—-—.
i dgq

Similarly, momentum representation is defined by the property that the
momentum operator P is a multiplication by p operator. Namely let ¢ =
L?(R,dp) be the Hilbert L?-space on the “momentum space” R with the
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coordinate p, which is a Lagrangian subspace of R? defined by the equation
q = 0. The coordinate and momentum operators are given by

. d R

Q =ih— and P =p,

dp
and satisfy the Heisenberg commutation relation. As the coordinate rep-
resentation, the momentum representation is an irreducible, unitary, inte-
grable representation of the Heisenberg algebra. In the momentum repre-
sentation, the modulus square of the wave function ¥ (p) of a pure state
M = Py, ||| = 1, is the probability distribution for the momentum of the
quantum particle, i.e., the probability that a quantum particle has momen-
tum between p and p + dp is |1 (p)|*dp.
Let %, : L*(R) — L?(R) be the i-dependent Fourier transform operator,

defined by
. 1 i
o(p) = Znle)(p) = Nor / e~ Pp(q)dg.

Here the integral is understood as the limit ¢ = lim,_,~ ¢, in the strong
topology on L?(R), where

. 1 o
wn(p):\/% e wPlp(q)dg.

By Plancherel’s theorem, .}, is a unitary operator on L?(R),
FnFy = Fp I =1,

and

Q=FQF, ', P=FPF ",

so that coordinate and momentum representations are unitarily equivalent.
In particular, since the operator Pis obviously self-adjoint, this immediately
shows that the operator P is self-adjoint.

For n degrees of freedom, the coordinate representation is defined by
setting # = L?(R",d"q), where d"q = dq" - - - dq" is the Lebesgue measure
on R", and

Q=q=I(¢"....q"), P:if_li = (ﬁal,,ha>
1 0q 1 0q 1 Oq™
Here R™ is the configuration space with coordinates ¢ — a Lagrangian sub-
space of R?" defined by the equations p = 0. The coordinate and mo-

menta operators are self-adjoint and satisfy Heisenberg commutation rela-
tions. Projection-valued measures for the operators QF are given by

(Pe(E)#)(@) = Xa-1 () (D) (),
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where E € #(R) and A, : R® — R is a canonical projection onto the k-th
component, k = 1,...,n. Correspondingly, the projection-valued measure
P for the commutative family Q@ = (Q',...,Q") is defined on the Borel
subsets E C R" by

(P(E)¢)(a) = xe(q)¢(q)-

The family @ has absolutely continuous joint spectrum R™.

Coordinate operators Q', ..., Q" form a complete system of commuting
observables. By definition this means that none of these operators is a
function of the other operators, and that every bounded operator commuting
with Q!,..., Q" is a function of Q!,..., Q" i.e., is a multiplication by f(q)
operator for some f € L*(R™). The proof repeats verbatim the proof of
Lemma For a pure state M = Py, ||1|| = 1, the modulus square |¢(g)|*
of the wave function is the density of a joint distribution function pq for the
commutative family @, i.e., the probability of finding a quantum particle in
a Borel subset £ C R"” is given by

o (E) = /E w(g)Pd .

The coordinate representation defines an irreducible, unitary, integrable
representation of the Heisenberg algebra b,,. Indeed, n-parameter groups of
unitary operators U(u) = e~"*F and V(v) = e~™® are given by

(U(u)e)(q) = o(qg —hu), (V(v)e)(q) =e "p(q),

and satisfy Weyl relations . The same argument as in the proof of
Proposition shows that this representation of the Heisenberg group H,,,
called the Schrodinger representation for n degrees of freedom, is irreducible.
In the momentum representation, # = L?(R", d"p), where d"p =
dp1 - - - dpy, is the Lebesgue measure on R", and
N0 . 0 . 0 A
Q =ih —<zhap1,...,zhapn>, P=p=(p1,...,pn)-
Here R™ is the momentum space with coordinates p — a Lagrangian sub-
space of R?" defined by the equations q = 0.
The coordinate and momentum representations are unitarily equivalent
by the Fourier transform. As in the case n = 1, the Fourier transform
Fy  L2(R™) — L?(R") is a unitary operator defined by

5(p) = Fi(9)(p) =(2mh) 2 / e~ tPI(q)dg

n

—00

= lim (27h) "/ / e~ iPp(q)d"q,
N lg|<N
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where the limit is understood in the strong topology on L?(R"). As in the
case n = 1, we have

QkZQEQkﬂE_I, szfhpkfh_l, k=1,...,n.

In particular, since operators Py, ..., B, are obviously self-adjoint, this im-
mediately shows that P, ..., P, are also self-adjoint.

REMARK 3.5. Following Dirac, physicists denote a vector ¥ € JZ by
a ket vector |¢), a vector ¢ € * in the dual space to % (by the Riesz
representation theorem, J#* ~ 7 is a complex anti-linear isomorphism) by
a bra vector (|, and their inner product by (¢|1). In standard mathematics
notation,

(¥, 0) =(ply) and (A, p) = (p|Al),

where A is a linear operator. Dirac’s notation is intuitive and convenient
for working with coordinate and momentum representations. Denoting by
lg) = 6(qg — ') and |p) = (2rnh)""/2eiP9 the set of generalized common
eigenfunctions for the operators @ and P, respectively, we formally get

Qlg) = qlq), Plp)=p|p),

where operators Q act on ¢q’, and

(qlv) = | (g —q)v(qd)d"qd = (q),

Rn

(plw) = (2nh) "2 / e~ HPa(q)d g = i (p),

n

as well as (q|q") = (g — 4'), (plp’) =d(p — D).

REMARK 3.6. Correct mathematical framework for the Dirac formalism
is the notion of a rigged Hilbert space — a Hilbert space ¢ with a dense
linear subset ¥, which is a complete topological vector space. Topology on
¥ is finer than that of J#, so that the inclusion ¥ C 42 is a continuous
map. Since 7 is self-dual, we have a triple

vV CHCVE

Typical example of rigged Hilbert space is L?(R") with ¥ = .#(R"), the
Schwarz space of rapidly decaying functions. The dual space #* is the space
of tempered distributions and the generalized eigenfunctions |q) and p) are
elements of 7*.
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PROBLEM 3.1. Give an example of a non-integrable representation of the
Heisenberg algebra.

PROBLEM 3.2. Prove that there exists ¢ € 7 = L?(R, dq) such that the vec-
tors P(E)p, E € #B(R), where P is a projection-valued measure for the coordinate
operator @, are dense in JZ.

PROBLEM 3.3. Find the projection-valued measure for the commutative family
P = (P,...,P,) in the coordinate representation.






CHAPTER 4

Schrodinger equation

4.1. Examples of quantum systems

Here we describe quantum systems that correspond to classical Hamil-
tonian systems. The phase space of these systems is a symplectic vec-
tor space R?" with the canonical coordinates p = (pi,...,p,) and q =
(¢',...,q") and the symplectic form w = dp A dq.

EXAMPLE 4.1 (Free particle). A free classical particle with n degrees of
freedom is described by the Hamiltonian function

p2

1
om %(p%+"'+p721)'

The Hamiltonian operator of a free quantum particle with n degrees of
freedom is

H.(p,q) =

P2 1

Hy = — (P24 ...+ P2
0 om 2m( 1 + + n)a
and in the coordinate representation is
h2
Hy=——A,
2m

where

s~ () = () =+ ()

is the Laplace operatOIEI in the Cartesian coordinates on R™. The Hamil-
tonian Hy is a self-adjoint operator on # = L?(R",d"q) with D(Hy) =
W22(R™) — the Sobolev space on R™.

ExAMPLE 4.2 (Newtonian particle). A classical particle in R™ moving
in a potential field V'(q) is described by the Hamiltonian function

p?
H.(p,q) = o +V{(q).

1t is the negative of the Laplace-Beltrami operator of the standard Euclidean metric
on R".

45
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The Hamiltonian operator of a Newtonian particle is

P2
H=—+V(Q),
T V@)
in agreement with the prescriptiorﬂ H = H.(P,Q), so that Heisenberg
equations of motion

(4.1) P={H P}, Q=1{H Q}.

have the same form as Hamilton’s equations.
In coordinate representation the Hamiltonian is the Schrédinger operator

(4.2) H = —h—gA +V(q)

2m
with the real-valued potential V(q).

REMARK 4.1. Since the sum of two unbounded, self-adjoint operators is
not necessarily self-adjoint, one needs to describe potentials V'(q) for which
H is a self-adjoint operator on L?(R",d"q). If V(q) is a real-valued, locally
integrable function on R", then differential operator defines a symmet-
ric operator on C?(R™), and admissible potentials V'(q) correspond to the
case when this symmetric operator has zero defect indices.

EXAMPLE 4.3 (The hydrogen atom). It consists of a nucleus: a single
protonﬂ of mass M and charge e, and of an electron of mass m and charge
—e. The Hamiltonian of the hydrogen atom is

h? A h? e?

2 Ly Ny
2M P 2mT e, — .|

where r, is the position of the proton and 7. is the position of the elec-
tron. As the first approximation, the proton can be considered as infinitely
heavy, so that the hydrogen atom is described by an electron in an attrac-
tive Coulomb field —e?/|r|, where now r = r. — r,. The corresponding
Hamiltonian operator takes the form

h? e?

4.3 He " A_&
(4.3) 2m ||

%In the special case He(p,q) = f(p) + g(q) the problem of the ordering of non-
commuting operators P and @ does not arise.

3In the case of hydrogen-1 or protium; it includes one or more neutrons for deuterium,
tritium, and other isotopes.
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EXAMPLE 4.4 (Charged particle in an electromagnetic field). A classical
particle of charge e and mass m moving in the time-independent electro-
magnetic field with scalar and vector potentials () and A(r), r € R3, is
described by the Hamiltonian function

Iﬂ@JﬂZQ%(p—EAY+W¢W)

The corresponding classical velocity vector v = {H,,r} is given by
e
v=p-—-A,
c
and its components v = (v, v2,v3) have non-vanishing Poisson brackets:
-——°B -——°nB -——°B
{U1,U2} = T mZe 39 {UQ,U?)} T T m2e 15 {0377)1} = T m2e 2,

where B = (Bj, Bs, Bs) are components of the magnetic field B =V x A.
The Hamiltonian operator of a quantum particle is

(4.4) Eﬁ:%;(P—ZAf+w¢@)

— the Schrodinger operator of a charged particle in an electromagnetic field.
The corresponding quantum velocity vector V' = {H, Q}, is given by the
same formula as in the classical case,

v=pr-‘a,
c
and its components V' = (V4, V5, V3) have non-vanishing quantum brackets:
e e e
Vi,Vo}p=——-B Vo,Vatp=——10B V3, Vith = ——Bas.
Vi, Vatn D, {V2, Va}n B {Va,Vitn D2

Thus in the presence of a magnetic field the three components of a quantum
velocity operator no longer commute and cannot be measured simultane-
ously.

4.2. Free quantum particle
The Hamiltonian of a free quantum particle with one degree of freedom
P2 h? d?
HO = — = ——
2m 2m dq?

is a positive operator with absolutely continuous spectrum [0, c0) of mul-
tiplicity two. Indeed, let $ = L?(Rsg,C?;do) be the Hilbert space of
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C2-valued measurable functions ¥ on the semi-line R~ = (0, 00), which are
square-integrable with respect to the measure do(\) = /4% dA,

_ _ (V) _ [T
= {0 = (S20)) #1912 = [0 + 0P )do ) < o0}

It follows from the unitarity of the Fourier transform that the operator
02/0 : LZ(Ra dQ) — 507

b(v2m) > |

) = v = (T

is unitary, %, % = I and %%, = lo, where I and I; are, respectively,
identity operators in s and £)9. The operator %) establishes the isomor-
phism L?(R,dq) ~ $, and since in the momentum representation Hy is a
multiplication by ﬁp2 operator, the operator %OHO%O_l is a multiplication
by A operator in $).

REMARK 4.2. The Hamiltonian operator Hy has no eigenvectors — the
eigenvalue equation

Hotp = M

has no solutions in L?(R). However, for every A = 5-k? > 0 this differential
equation has two linear independent bounded solutions

+) L Ly

w( q) = err™ k> 0.

E0)= 70—

In the distributional sense, these eigenfunctions of the continuous spectrum
combine to a Schwartz kernel of the unitary operator %4, which establishes
the isomorphism between # = L?(R, dq) and the Hilbert space $g, where
Hy acts as a multiplication by A operator.

The Cauchy problem

(1.5 im0 ), (o) = v,

is easily solved by the Fourier transform. Indeed, in the momentum repre-

sentation it takes the form
L0, t) P s ; ;
h = t 0) =
PO P, i,0) = b0,

so that
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In the coordinate representation, the solution of (4.5)) is given by

1 Sy 2 1 x© ~
1.6 )= ——— [ et (p, t)dp = / XA () dp.
@0 vt == [ = = [ bEatig)ay
where )
P pg
H=-2 P
X(pg,t) = =5~ + 7

Formula (4.6 describes the motion of a quantum particle, and admits
the following physical interpretation. Let initial condition % in (4.5)) be such

that its Fourier transform ¢) = F(t) is a smooth function supported in a
neighborhood Uy of pg € R\ {0}, 0 ¢ Uy, and

R

—0o0

Such states are called “wave packets”. Then for every compact subset £ C R
we have

(4.7) lim /EWJ(q,t)qu:O.

[t| =00

Since

/ (g, 1) 2dg = 1

— 0o
for all ¢, it follows from that the particle leaves every compact subset
of R as [t| — co and the quantum motion is infinite. To prove (4.7)), observe
that the function x(p, ¢,t) — the “phase” in integral representation (4.6]) —
has the property that \g—’;\ > (C >0 for all p € Uy, q € E and large enough
|t|. Integrating by parts we get

1
V2mh Ju,

_ 1 /h 9 1/3(1)) x(pg,t)t
AR /UO ap \ et | " @,

so that uniformly on F,

bla.1) = X (p)dp

U(g,t) =O(t|™Y) as [t| = oc.

By repeated integration by parts, we obtain that for every n € N, uniformly
on F,

(g, t) = O(Jt[™),
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so that ¥(q,t) = O([t|=>°).

To describe the motion of a free quantum particle in unbounded regions,
we use the stationary phase method. In its simplest form it is stated as
follows.

THE METHOD OF STATIONARY PHASE. Let f,g € C*°(R), where f is
real-valued and g has compact support, and suppose that f has a single
non-degenerate critical point x, i.e., f/(x9) =0 and f”(x¢) # 0. Then

1
oo 2 2 . in " 1
INFE) g\ — () N f(x0)+ sen " (20) g (30 4 O <>
e X )ax e X

as N — oo.

Applying the stationary phase method to the integral representation
(14.6) (and setting N = t), we find that the critical point of x(p,q,t) is
po = % with x"(po) = —7- # 0, and

/ iW12 _mi
1/) mq 2ht 4 + O(t_l)

—T/JOCL (t ) as t— 0.

Thus as t — oo, the wave function (g, t) is supported on %Ug — a domain
where the probability of finding a particle is asymptotically different from
zero. At large t the points in this domain move with constant velocities
v = %, p € Up. In this sense, the classical relation p = mwv remains valid in
the quantum picture. Moreover, the asymptotic wave function )y satisfies

/_Z WO(q,t)qu:T/:: ;

and, therefore, describes the asymptotic probability distribution. Similarly,
setting N = —|t|, we can describe the behavior of the wave function v(q, t)
as t — —oo.

() o=

REMARK 4.3. We have lim;_,o, 1 (t) = 0 in the weak topology on /7.
Indeed, for every ¢ € 7 we get by Parseval’s identity for the Fourier inte-

grals,
9

SIS _ip©t
—/ Y(p)p(p)e ™" dp,

and the integral goes to zero as |t| — oo by the Riemann-Lebesgue lemma.
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Similarly, the Hamiltonian Hy of a free quantum particle with n degrees
of freedom is is a positive operator with absolutely continuous spectrum
[0,00) of infinite multiplicity. Namely, let S"7! = {n € R" : n? = 1} be
the (n — 1)-dimensional unit sphere in R", let dn be the measure on S !
induced by the Lebesgue measure on R", and let

h=4f 5 ST lfR = [ Ifm)Pdn < oo}

Let Sﬁ(n) = L?(Rg, b; doy,) be the Hilbert space of h-valued measurable
functions®| ¥ on R+ = (0, 00), square-integrable on R~ with respect to the

2odh
measure do,(A) = (2mM)?2 «

A = {\I/ :Rso — b, [ W] —/0 eVl dow(N) < OO}-

When n =1, ﬁ(()l) = $)o — the corresponding Hilbert space for one degree
of freedom. The operator % : L?(R",d"q) — ﬁgn),

U(W)(A) = T(\),  TA)(n) =$(V2mAn),

is unitary and establishes the isomorphism L?(R",d"q) ~ S’J(()n). In the
momentum representation Hy is a multiplication by %pQ operator, so that

the operator %OHO%O_I is a multiplication by A operator in 55(()”).

REMARK 4.4. As in the case n = 1, the Hamiltonian operator Hy has
no eigenvectors — the eigenvalue equation

Hop = Xy

has no solutions in L?(R™). However, for every A > 0 this differential equa-
tion has infinitely many linearly independent bounded solutions

Un(g) = (2mh) 3 ¢hVPmAna

parametrized by the unit sphere S"~!. These solutions do not belong to
L?(R™), but in the distributional sense they combine to a Schwartz kernel of
the unitary operator %4, which establishes the isomorphism between ¢ =
L?(R", d"q) and the Hilbert space Y)(()n), where Hy acts as a multiplication
by A operator.

4That is, for every f € b the function (f, ¥) is measurable on Rxgq.
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As in the case n = 1, the Schrédinger equation

m‘“flf) = Hob(t), v(0) =,

is solved by the Fourier transform

2 ~
vla.t) = @nh) "2 [ B,
I*jor a wave packet, an initial condition % such that its Fourier transform
Y = F(¢) is a smooth function supported on a neighborhood Uy of py €
R™\ {0} such that 0 ¢ Uy and

/n [ (p)[*d"p = 1,

the quantum particle leaves every compact subset of R" and the motion is
infinite. Asymptotically as |[t| — oo, the wave function (q,t) is different
from 0 only when q = %t, p € Up.



CHAPTER 5

Quantum harmonic oscillator

The simplest classical system with one degree of freedom, besides the
free particle, is the harmonic oscillator. It is described by the phase space

R? with the canonical coordinates p, ¢, and the Hamiltonian function
2 2 2
D mwq
5.1 H.(p,q) = —
(1) e = 2+

Hamilton’s equations

. . p
p={He,p} = —mw’q, G ={He,q} = —
with the initial conditions pg, o are readily solved,
(5.2) p(t) = po coswt — mwqp sin wt,
1 .
(5.3) q(t) = qo cos wt + —pg sin wt,
mw

and describe the harmonic motion. It is convenient to introduce complex
coordinates on the phase space R? ~ C,

(5.4) zzjfw(wwjﬁ), z:&(wq—jg).
We have

(5.5) (2,7} = % Ho(z, %) = mw| 2],

so that Hamilton’s equations decouple,

(5.6) 2 ={H., 2} = —iwz, z={H.z}=iwz,
and are trivially solved,

(5.7) 2(t) = e ™y, z =Wz,

Here

53
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REMARK 5.1. Equations of motion (5.6 can be also obtained from the
following first order Lagrangian

(5.8) L =m(izz — w|z]?).

Indeed, it easy to see that (5.6) are Euler-Lagrange equations of the action

functional
t1

S = Ldt.
to

Moreover, conjugated momentum 7 to z is given by

T=— =1Mm2z
0% ’

and we obtain canonical Poisson bracket
{m,z} =1,

which is the bracket (5.5). At the same time, classical Hamiltonian is given
by the Legendre transform:

(5.9) H.(z,z) =mz— L.
For the quantum system, the corresponding Hamiltonian operator is

B P2 mw?Q?

H= ==
2m 2

and in the coordinate representation /# = L%(R,dq) it is a Schrodinger
operator with a quadratic potential,

X,
2m dq? 2

The quantum harmonic oscillator is the simplest non-trivial quantum sys-
tem, besides the free particle, whose Schrodinger equation can be solved
explicitly. Its exact solution has remarkableﬂ algebraic and analytic proper-
ties.

1The algebraic structure of the exact solution of the harmonic oscillator plays a fun-
damental role in quantum field theory.
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5.1. Exact solution
Temporarily set m = 1 and consider the operators

1 . 1 .
m(wQ+ZP)7 a _m(wQ 7’P)7
which are quantum analogs of complex coordinates . The operators a
and a* are defined on W12(R) N WLQ(]R), where WLQ(]R) = Z(W(R)),
and it is easy to show that a* is the adjoint operator to a and a™* = a, so
that a is a closed operator. From the Heisenberg commutation relation
we get the canonical commutation relation

(5.10) a=

(5.11) [a,a*] =1

on W?,Z(R) N WZ,Z(R)’ Where /W272(R) = ﬁ(WZvQ(R)) Indeed, we haVe

pP? 4+ w2Q2 Tw pP? 4+ w2Q2 1
* — PQl=—""% g
aa A 2wh
p2 22 . p2? 202 1
O R
2wh 2wh 2wh 2

so that (5.11)) holds on W22(R) N W22(R), and

h
(5.12) H= %(a*a—l—aa*) =wh (a*a+ 31).
In particular, it follows from the von Neumann criteriorﬂ that the Hamil-
tonian operator H is self-adjoint.
The operators a,a™ and N = a*a satisfy the commutation relations

(5.13) [N,a] = —a, [N,a*]|=a" J[a,a"]=1.

Commutation relations (5.13)) allow to solve explicitly the Heisenberg equa-
tions of motion for the harmonic oscillator. Namely, we have

a={H,a}p = —iwa, a&* ={H,a"}, =1iwa",
so that . ‘
a(t) = e “ag, a*(t) =e“ag.

Comparing with (5.7) we see that solutions of classical and quantum equa-
tions of motion for the harmonic oscillator have the same form!

2If A is a closed operator and D(A) = #, then H = A*A is a self-adjoint operator.
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Next, using commutation relations and positivity of the operator
N, we solve the eigenvalue problem for the Hamiltonian H of the harmonic
oscillator explicitly by finding its energy levels and corresponding eigenvec-
tors. We will prove that the eigenvectors form a complete system of vectors
in JZ, so that the spectrum of the Hamiltonian H is the point spectrum.
This is a quantum mechanical analog of the fact that classical motion of the
harmonic oscillator is always finite.

The algebraic part of the exact solution is the following fundamental
result.

PROPOSITION 5.1. Suppose that there exists a non-zero ¥ € D(a™) N
D((a*)"), n=1,2,..., such that

Hy = M.
Then the following statements hold.

(i) There exists g € €, ||¢bo|| = 1, such that
Hipo = $hwiy.
(ii) The vectors

_ (a)" _
T/Jn— \/m¢0€%7 ’I’Z—071,2,...,

are orthonormal eigenvectors for H with the eigenvalues hw(n+ %),

Hipy = hw(n + 3)tn.

(iii) Restriction of the operator H to the Hilbert space 4 — a closed
subspace of A, spanned by the orthonormal set {in}22, — is es-
sentially self-adjoint.

PROOF. Rewriting commutation relations (5.13)) as
Na=a(N—I) and Na* =a*(N+1I),
and putting A\ = hw(p + %), we get for all n > 0,

(5.14) Na"p = (p—n)a™p and N(a")" = (n+n)(a)".
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Since N > 0 on D(N), it follows from the first equation in ((5.14)) that there

no
exists ng > 0 such that a™1) # 0 but a1y = 0. Setting 19 = Han‘)ZH €
a

we get
(5.15) apo =0 and Ny =0.

Since H = hw(N + 3I), this proves part (i). To prove part (ii), we use
commutation relations

(5.16) [a, (a*)"] = n(a")" ",

*\N
which follow from (5.11)) and the Leibniz rule. Thus for v,, = (il/l'l/)g we
n!
getv USng "‘ )

(5'17) a* P = vVn+1 Yny1, ap = \/ﬁlﬂn_l,
so that
1 1
lnll? = —= (@ ¥n-1,%n) = —=n-1,atn) = |1 = -+ = [|o]* = L.

vn Vn

From the second equation in it follows that N, = n,, so ¥, are
normalized eigenvectors of H with the eigenvalues hw(n+ 3). The eigenvec-
tors ¥, are orthogonal since the corresponding eigenvalues are distinct and
the operator H is symmetric. Finally, part (iii) immediately follows from
the fact that, according to part (ii), the subspaces Im (H & il)| ,, are dense
in 24, which is the criterion of essential self-adjointness. O

REMARK 5.2. Since the coordinate representation of the Heisenberg com-
mutation relations is irreducible, it is tempting to conclude, using Propo-
sition that 4 = 57. Namely, it follows from the construction that
the linear span of vectors v¢,, — a dense subspace of ) — is invariant for
the operators P and (). However, this does not immediately imply that the
projection operator Il onto the subspace %) commutes with self-adjoint
operators P and @ in the sense of the definition in Section

Using the coordinate representation, we can immediately show the exis-
tence of the vector vy in Proposition and prove that 7)) = 5. Indeed,
equation aty = 0 becomes a first order linear differential equation

d
(h + wQ> ¢0 = 07
dq
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so that

and

w [ -9
vl =/ [ =1

The vector g is called the ground state for the harmonic oscillator. Corre-
spondingly, the eigenfunctions

Unlg) = jﬁ ( — (wq - hi}))nwo

_w 2
are of the form P,(q)e **' , where P,(q) are polynomials of degree n. The
following result guarantees that the functions {¢, }°2, form an orthonormal
basis in L%(R, dgq).

LEMMA 5.1. The functions q”e_q2, n = 0,1,2,..., are complete in
L3(R,dq).

PRrOOF. Let f € L%(R,dq) is such that

o0
/ FlQ)q"e Cdg=0, n=01,2,....
—o0

The integral
o0
Fe) = [ raer g
—0o0

is absolutely convergent for all z € C and, therefore, defines an entire func-
tion. We have

F(n)(o) - Zn/ f(Q)qne_q2dq = 0’ n = 07 17 2’ et

so that F(z) = 0 for all z € C. This implies the function g(¢) = f(¢q)e 7 €
LY(R)NL?(R) satisfies .Z (g) = 0, where .Z is the “ordinary” (h = 1) Fourier
transform. Thus we conclude that g = 0. 0

The polynomials P, are expressed through classical Hermite-Tchebyscheft
polynomials H,,, defined by
dar 2

Hn(q) = (—1)”‘6‘12@ e, n=0,1,2,....
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Namely, using the identity

we obtain

Jw 1 — g2 w
wn(Q) = E\/We Hy, <\/;CJ> .

We summarize the obtained results as follows.
THEOREM 5.1. The Hamiltonian

2m dq? 2

of the quantum harmonic oscillator with one degree of freedom is a self-
adjoint operator on H = L*(R,dq) with the domain D(H) = W?%(R) N
W22(R). The operator H has pure point spectrum

Hwn:Aanm n:071727"‘7

with the eigenvalues A, = hw(n+ %) Corresponding eigenfunctions ¥, form
an orthonormal basis for 7€ and are given by

mw 1 — e 2 mw
1 n — 4 2h Hn
(5.18) Unla) = {7 e (\/h q> ,

where Hy(q) are classical Hermite-Tchebyscheff polynomials.

PRrROOF. Consider the operator H defined on the Schwartz space . (R)
of rapidly decreasing functions. Since the operator H is symmetric and has
a complete system of eigenvectors in .#(R), the subspaces Im(H + il) are
dense in S, so that H is essentially self-adjoint. It is easy to show that
self-adjoint closure of H (which we continue to denote by H) has the domain
W22(R) N W22(R). O

5.2. Holomorphic representation

Let

= {C = {eatnZo ¢ llel> =D lenl® < OO}
n=0
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be the Hilbert £2-space. The choice of an orthonormal basis {1}, for
L?(R, dq), given by the eigenfunctions (5.18)) of the Schrédinger operator for
the harmonic oscillator, establishes the Hilbert space isomorphism L?(R, dq)
~ (2

L2(R, dg) > ¢ = Z Cnn = ¢ = {en}nlo € e,
n=0

where

cn = (Y, ¥n) = /OO Y(q)¥n(q)dq,

since the functions 1, are real-valued. Using (5.17)) we get

(o] o0 o0
a*p = Z cna Py = Z vVn+1ephpir = Z Vnep_1tn, ¥ € D(a"),

n=0 n=0 n=1

and
(o] o] o0

a) = Z Cnathy = Z VN enn_1 = Z v+ 1lept1tn, ¥ € D(a),

n=0 n=1 n=0

so that in ¢2 creation and annihilation operators a* and a are represented
by the following semi-infinite matrices:

0 vV1 0 0 0 0 0 0
0 0 V2 0 Vi 0 0 0
a=]10 0 0 3 . at=]10 V2 0 0
0O 0 0 0 0 0 V3 0
As a result,
0 000
0 1 00
N=aa=]10 0 2 0 ,
0 00 3

so that the Hamiltonian of the harmonic oscillator is represented by a diag-
onal matrix,

H = hw(N + 1) = diag{3hw, 3w, 3hw, ... }.



5.2. HOLOMORPHIC REPRESENTATION 61

This representation of the Heisenberg commutation relations is called
the representation by occupation numbers, and has the property that in this
representation the Hamiltonian H of the harmonic oscillator is diagonal.

Another representation where H is diagonal is constructed as follows.
Let 2 be the space of entire functions f(z) with the inner product

(5.19) (1o)== [ @t .

where d?z = %dz A dZ is the Lebesgue measure on C ~ R2. It is easy to
check that 2 is a Hilbert space with the orthonormal basis

fn(z):%, n=0,1,2,....

The correspondence
Coc={c )0 f(2) = chfn(z) €9
n=0

establishes the Hilbert space isomorphism ¢?> ~ 2. The realization of a
Hilbert space ¢ as the Hilbert space Z of entire functions is called a holo-
morphic representation, and 9 — holomorphic Fock-Bargmann space for
one degree of freedom. In the holomorphic representation,

d d 1
* = — — H: _— —
a zZ, a 1 and hw(zdz + 2) ,

and it is very easy to show that a* is the adjoint operator to a. The mapping

A= cnthn = f(2) = cnfulz) €
n=0

n=0

establishes the isomorphism between the coordinate and holomorphic rep-
resentations. It follows from the formula for the generating function for
Hermite-Tchebyscheff polynomials,

> z" 2
> Halg) oy = e,
n!
n=0
that the corresponding unitary operator U : 5 — Z is an integral operator

vo) = [ U v

—0o0
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with the kernel
2
(5.20) an Vful2) = ,/7(3%"2*(\/ - J57)

Another useful realization is a representation in the Hilbert space 2 of
anti-holomorphic functions f(z) on C with the inner product

/f e~ 177 a2,

d
dz’

It is straightforward to generalize these constructions to n degrees of
freedom. Thus the Hilbert space Z,, defining the holomorphic representation
is the space of entire functions f(z) of n complex variables z = (21, ..., z,)
with the inner product

2
f,g / f(z *|Z| d*z < o,
ﬂ-n

where |z]2 = 2§ + - + 22 and d*"z = d?z; - - - d°z, is the Lebesgue measure
on C" ~ R?", The functions

given by

a* =2 a=

2. M
fm(z) = =2 " my,....,m,=0,1,2,...,
mql...my!
where m = (my,...,m,) is a multi-index, form an orthonormal basis for
Py Corresponding creation and annihilation operators are given by
0
a;=z, aj=-—, j=1,...,n
J 0z;
and satisfy the commutation relations
lak, a)) = [ag,a;] =0, [ag,a]] =6, k,01=1,....n

PROBLEM 5.1. Show that (H|M) > ihw for every M € ., where H is the
Hamiltonian of the harmonic oscillator with one degree of freedom.

PROBLEM 5.2. Let ¢(t) = Acos(wt + ) be the classical trajectory of the
harmonic oscillator with m = 1 and the energy E = 1w?A? and let p, be the
probability measure on R supported at the point ¢(¢). Show that the convex linear

combination of the measures p,, 0 < a < 27, is the probability measure on R
0(A%—¢%)

/A2 —q2

with the distribution function u(q) = , where 0(q) is the Heavyside step

function.
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PROBLEM 5.3. Show that when n — oo and h — 0 such that hw(n + ) =
1w?A? remains fixed, the envelope of the distribution function |¢,,(¢)|* on the
interval |g| < A coincides with the classical distribution function u(gq) from the
previous problem. (Hint: Prove the integral representation

2n+1 oo
VT
and derive the asymptotic formula

n(q) = \/51 COS{i (A2 sin~! 4 4 g/ A% — q% — 1AzW) + O(l)}

" T A2 2 2h A 2

when /2 — 0 and h(n + 3) = wA?, |q| < A.)

e_qun(q) e_yzy" cos(2qy — n)dy,

PROBLEM 5.4. Complete the proof of Theorem [5.1

PROBLEM 5.5 (The N-representation theorem). Let 1 € .(R). Show
that the L2-convergent expansion ¢ = Y o ¢, ¥y, where ¢, = (,1,), converges
in Z(R). (Hint: Use Nip, = nip,,.)

PROBLEM 5.6. Show that the operators E;; = afa;, i,j = 1,...,n, satisfy the
commutation relations of the Lie algebra gl(n, C).






CHAPTER 6

Weyl quantization

6.1. Weyl transform

Let R be an irreducible unitary representation of the Heisenberg group
H,, in the Hilbert space . It follows from Schur’s lemma that R(e®¢) =
e’ for some h € R, where I is the identity operator on JZ.

If o = 0, the n-parameter abelian groups of unitary operators U(u) =
R(e*X) and V(v) = R(e®Y) commute, so using Schur’s lemma once again
we conclude that there exist p,q € R™ such that U(u) = e Pl and
V(v) = e ™4]. Therefore, in this case the irreducible representation R
is one-dimensional and is parametrized by a vector (p, q) € R,

In case h > (ﬂ the unitary operators U(u) and V' (v) satisfy the Weyl
relations

(6.1) Uuw)V (v) = ™V (v)U (u),

which admit the Schrédinger representation, introduced in Sect. It
turns out that every unitary irreducible representation of the Heisenberg
group H,, is unitarily equivalent either to a one-dimensional representation
with parameters (p, q) € R?", or to the Schrodinger representation. Namely,
the following fundamental result holds.

THEOREM 6.1 (Stone—von Neumann theorem). Every irreducible unitary
representation of the Weyl relations for n degrees of freedom,

U(w)V (v) = ™0V (v)U (u),

is unitarily equivalent to the Schrédinger representation.

REMARK 6.1. Put U(u) = e ™F and V(v) = e, 5o that P and
Q satisfy Heisenberg commutation relations. The Stone—von Neumann the-
orem — the statement that self-adjoint operators P and @ are unitarily
equivalent to the momenta and coordinate operators in the Schrodinger

IThe representation with & < 0 is given by the operators U~ (u) = U(—u) and V (v).

65
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representation — is a very strong result. In particular, it implies that for
the creation and annihilation operators for n degrees of freedom,

1 1

a=—(Q—1iP) and a= +1iP),
-(@—iP) (@ +iP)
there always exists a ground state — a vector iy € J#, annihilated by
the operators @ = (ay,...,a,). Analogous statement no longer holds for

quantum systems with infinitely many degrees of freedom, described by
quantum field theory, and one needs to postulate the existence of the ground
state (the “physical vacuum”).

Put . . ' '
S(u,v) = e 20U (u)V (v) = e 2 We P mwQ

Formally using the Baker-Campbell-Hausdorff formula, we get

(6.2) S(u,v) = e WPTvQ)

It follows from the Weyl relations that

(6.3) S(uy,v1)S(ug,v2) = e%(’“”?_“?”l)S(ul + ug, v1 + v2).
The Weyl transform W : LY(R*") — Z(#) if defined by

1
(27()” R2n

W(f) = f(u, v)e " WPHR) gy g7y
and can be considered as a non-commutative Fourier transform — an operator-
valued generalization of the “ordinary” Fourier transform

. 1
f(p,q) = ) Jon

f(u, v)e " (UPTva) gy gy

The Weyl transform has the following properties.
WT1. For f € L'(R?"),

where
fr(u,v) = f(-u, —v).
WT2. For f € L'(R?™),
S(ur, v))W(f)S(ug, va) = W(f),
where

Flu,v) = 3w ieutuesue) fy ) —uy, v — o) vy).
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WT3. Ker W = {0}.
WTA4. For fi, f» € L'(R2"),
W)W (f2) = W(f1 =i f2),

where

(f1#n f2)(u,v) = (21)n/ e%(“”,_“,”)fl(u —u v =) fo(u,v)d"u d"'.
T R2n

In the Schrédinger representation .7 = L?(R",d"q) the Weyl trans-
form W(f) can be explicitly described as bounded operator with an integral
kernel. Namely,

(64)  (S(w,v)p)(@) = e NY(q — hu), ¥ € LA(R",d"q),
and for 11,12 € L2(R",d"q) and f € L'(R?*") N L?(R?") we have

1 3 mn
WPy v) = s [ Fa0)(S(owv)in b s

- (271T)n /R2n (/n €3 U0 £, v)y (g — hu)da(q)d”q) d"u d™
= / § ( - K(q, Q'Wl(Q’)d”q’) Pa(q)d"q,
where
(65) K(‘]? q/) = (27.(.1h)n . f(q_hq, ) v)e—%(q—l-q’)vdn,v‘

Thus W (f) is an integral operator with the integral kernel K(q,q’),

W) = | Klaaw@)d'd, vel*®,dq).

By the Plancherel theorem,
L. K@ draard = [Pt
RQn RZn

so that W (f) is a Hilbert-Schmidt operator on . The linear subspace
LY(R?™) N L?(R?") is dense in L?(R?") and the Weyl transform extends to
the isometry W : L?(R?") — .%,, where .%; is the Hilbert space of Hilbert-
Schmidt operators on # = L?(R",d"q). Since every Hilbert-Schmidt op-
erator on 7 is a bounded operator with the integral kernel in L?(IR?"), the
mapping W is onto. Thus we have the following result.



68 6. WEYL QUANTIZATION

LEMMA 6.1. The Weyl transform W defines the isomorphism L*(R?") ~
.

Consider a linear map of the Schwartz space . (R?") of complex-valued
functions of rapid decay on R?" into the Banach space of bounded operators
L (), given by

d=WoF . 7R™M) — L(H),

where .# 71 is the inverse Fourier transform. Explicitly,

O(f) =W(f) = (2;)n o f(u,v)S(u, v)d"u d"v,

where the integral is understood as a limit of Riemann sums in the uniform
topology on .Z () and

F =z! u,v) = L
fluw) = # () = o |

f(p. @)™ P d pd'q.
From ({6.5]) we get that ®(f) is an integral operator: for every ¢ € L?(R", d"q),

(@(f))g) = | K(a,q)v(q)d"q,

]Rn
where

1
(27Th)n Rn
]. / 4 —a') m
- (27Th)n R™ f(p’ %)6hp(q ! )d b

P95 ) svlata) gy

K(q,q") = -

Since the Schwartz space is self-dual with respect to the Fourier transform,
K € Z(R"xR") C L?>(R"xR"), so that ®(f) is a Hilbert-Schmidt operator.
Using the property S(u,v)* = S(—u, —v) we get

so that classical observables — real-valued functions on R?”, correspond to
quantum observables — self-adjoint operators in JZ. It follows from the
property W'T3 that the mapping ® is injective; its image Im ® and the
inverse mapping ® ! are explicitly described as follows.
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PROPOSITION 6.1. The subspace Im® C L(H°) consists of operators
B € % such that corresponding functions g(u,v) = h"Tr(B S(u,v)™!)
belong to the Schwartz class .7 (R*™); in this case W (g) = B. The inverse
mapping ®~' = .F o W= is given by the Weyl’s inversion formula
flu,v) = 1" Te(@(f)S(u,0)7h),  fe S R™).

COROLLARY 6.2.

1

Tro(f) = W o f(p,q)d"pd"q.

6.2. Weyl quantization

The map ® : .7 (R?") — £ () can be considered as a quantization of
classical systems associated with the phase space R*" and canonical sym-
plectic form w = dp A dq.

Namely, let Ay = .#(R?",R) C A be the subalgebra of classical ob-
servables on R?" of rapid decay, and let % = &/ N £ () be the space of
bounded quantum observables.

PROPOSITION 6.2. The mapping Ay > f +— ®(f) € o is a quantization,
i.e., it satisfies

lim 3071 (@(f)2(f2) + P(2)®(f1)) = fufo
and the correspondence principle

%i_rf[l)q)_l {®(f1), ®(f2)}n) = {f1, fo},  f1, f2 € Ao,

where

{®(f1), ®(f2)}n = %[q)(fl),cb(fg)] and {f1, fo} = %J;l%f _ 6;1;1%];2

are, respectively, the quantum bracket and the Poisson bracket.
PROOF. In terms of the product *; introduced in WT4, we have
O D(f1)®(f2)) = F (f1 #1 o),
and it follows from the property WT4 that
60 @R = oz [ [ Pl o) fa(us. )

ﬂ _ s -
ez (u1v2 uzvl) z(ul—l—ug)p Z(v1+v2)qdnuldnUanU1dnvz.
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Using the expansion

@('LLl'UQ—’LLQ'Ul) ih 2 2
e2 =14+ 5(“1’02 — UQ’Ul) + O(h (u1v2 — UQ’Ul) )

as h — 0, and the basic properties of the Fourier transform,
Fluf(wo) =15t p.a) wd Flofwo) =5 p.q)
we get from that as h — 0,

2 @ ()2(12)(pra) = (1 2)(p.0) — 3 Ui, 2} (9. @) + O(H)

Using skew-symmetry of the Poisson bracket completes the proof. O

The quantization by the mapping ® = W o .# ! is called the Weyl
quantization. The correspondence f — ®(f) can be easily extended to the
vector space L@) — the image of L'(R?") under the Fourier transform,
which is a subspace of C'(R?"). More generally, for f € .7 (R?*")" — the
space of tempered distributions on R?"® — the corresponding kernel

]. ! 4 —a') m
(6.7) K(q.q') = W /Rn f(p, quTq)eﬁp(q 7)d b,

considered as a tempered distribution on R™ x R", is a Schwartz kernel of
the linear operator

B(f) : S(RY) — S (R"Y.

In particular, the constant function f = 1 corresponds to the identity oper-
ator I with K(q,q") = d(q — ¢’). In terms of the kernel K(q,q’) the Weyl
inversion formula takes the form

(6.8) fp.a)= | K(g—3Lv,q+v)eird™.
Rn

The distribution f(p,q) defined by is called the Weyl symbol of the
operator in L?(R", d"q) with the Schwartz kernel K(q, q’).
Examples below describe classes of distributions f such that the oper-

ators ®(f) are essentially self-adjoint unbounded operators on the domain
Z(R") C L3(R", d"q).
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EXAMPLE 6.1. Let f = f(q) € LP(R"™) for some 1 < p < oo, or let f be
a polynomially bounded function as |g| — co. We have

1
K(q,q") =
(¢:4) ) e

=d(q— 4 F(T5L) = f(a)d(qa — q).

Thus the operator ®(f) is a multiplication by f(q) operator on L?(R™).
In particular, coordinates g in classical mechanics correspond to coordinate
operators @ in quantum mechanics. Similarly, if f = f(p), then ®(f) =
f(P). In particular, momenta p in classical mechanics correspond to the
momenta operators P in quantum mechanics.

£( ng’ )eiPa=4) gnp

EXAMPLE 6.2. Let )

D
H.=—+V(q
2m ()

be the Hamiltonian function in classical mechanics. Then H = ®(H,) is the
corresponding Hamiltonian operator in quantum mechanics,

P2

REMARK 6.2. The Weyl quantization can be considered as a way of
defining a function f(P,Q) of non-commuting operators P = (P,..., P,)
and Q = (Q',...,Q"), satisfying Heisenberg commutation relations, by
setting

f(P,Q) =2(f).
In particular, if f(p,q) = g(p) + h(q), then

f(P,Q) =g(P)+ Q).

For f(p,q) = pq = p1q" + - + ppq™ we get, using (6.7)),

PQ+QP
—

This shows that the Weyl quantization symmetrizes products of the non-
commuting factors P and Q. In general, let f be a polynomial function,

(6.9) fp,a)= Y. capp®d’,

laf,|BI<N

f(P,Q) =

where for the multi-indices o = (a,...,a,) and 8 = (B1,...,Bn),

p* =pt ., ¢f = (gHPr . (¢,
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and |a] = a1 + -+ an, Bl = P14 -+ Bu. Using (6.7), we get the

following formula

(6.10) O(f)= D, capSym(PQ").

laf,|B|<N

Here Sym(P®Q") is a symmetric product, defined by

|
Luavﬁ Sym(P*Q?),

(6.11) (wP+vQ)f = > 17

loo|+|8|=k
where uP +vQ = u'Py + -+ + u"P, + v1Q* + - - + v,Q™ and
A=l anl, Bl=gl. .. B

REMARK 6.3. As was discussed in Chapter (3], quantization is not an al-
gebra isomorphism, so that in general ®(f; f2) # ®(f1)®(f2). In particular,
d(el) # e®),

6.3. The x-product

The Weyl quantization ® : .7 (R?") — Z(J#), studied in the previous
section, defines a new bilinear operation

*p, 1 L (R*™) x 7 (R?") — .7 (R™)
on . (R?*") by the formula
fion f2 = @71 @(f1)2(f2)).
This operation is called the *—produclﬂ According to ,

1 . .
(6.12) (f1xn f2)(p, q) = 2/ fi(u1,v1) fo(u2, v2) -
(27T) n ]RQTL RQn
. e%(uva_UQUI)_i(l”+u2)p_i(v1+v2)qdnu1dnU2dn'[}1dn’U2.

The x-product on .7 (R?") has the following properties.

1. Associativity:

J1xn (f2xn f3) = (f1 *n f2) *n f3.

2 Also called Moyal product in physics.
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2. Semi-classical limit:
(fr*n f2)(p, @) = (fufo)(p.@) — F{f1, f2} (P, @) + O(R?) as i — 0.
3. Property of the unit:
fxnl=1xf,
where 1 is a function which identically equals 1 on R?".
4. The cyclic trace property:
T(f1*n f2) = T(f2%n f1),

where the C-linear map 7 : .7 (R?") — C is defined by

1

"= G Joan

f(p,q)d"pd"q.

Property 1 follows from the corresponding property for the product xj,
property 2 follows from Proposition and properties 3 and 4 directly
follow from the definition (6.12). The complex vector space .7 (R?") & C1
with the bilinear operation x; is an associative algebra over C with unit 1
and the cyclic trace 7, satisfying the correspondence principle,

%ig% L(f1*n fo— faxn f1) = {f1, f2}.

Finally, we get another integral representation for the *x-product. Ap-
plying the Fourier inversion formula to the integral over d"u;d"v; in (6.12]),
we get

1
(271')” R2n

. 671u2p7w2qdnUan’Ug

(f1*n f2)(p,q) = filp — Bva, g+ Buy) fo(us, va) -

1

— (27T)2n /RQn R2n fl(p 2’027Q+ ZUQ)fz(p27q2)

. e—m2p—2v2q+zu2p2 +iv2q2 d"de" q> d”u2d"'02,

and changing variables p; = p — %’Ug, q =9+ %uQ, we obtain

(fi*n f2)(p,q) = (Whl)%/w o J1(p1, q1) f2(p2, q2) -

2i _ _ _
e (PLa—POH P2 —@P1tPR—P29) gy g A pod” qs.
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Let A be a Euclidean triangle (a 2-simplex) in the phase space R?" with the
vertices (p, q), (p1,q1), and (p2,q2). It is easy to see that

P19 — Pq1 + q1P2 — q2P1 + Pq2 — P2q = 2/ w,
A

which is twice the symplectic area of /A — the sum of oriented areas of the
projections of A onto two-dimensional planes (p1,¢'), ..., (pn, ¢"). Thus we
have the final formula

1
6.13 * q) = 5 ) ) :
613 (o h)ea) = o [ Aera)fEee)
ﬂf w n n n n
e 18 d p1d"q1d" " pad” qo.

PROBLEM 6.1. Prove properties WT1-WT4.

PROBLEM 6.2. Prove Proposition [6.1]

PROBLEM 6.3. Prove that the x-product is associative using formula (6.13)).

PROBLEM 6.4. Define the unitary operator Uy, on L?(R?") ® L?(R?") by

_ﬂ<i®@_@®i)
2\ 9p®9q " 9¢®2
U, = e P 0q" 04" 0p )

which means that

(Un(f1 ® f2)) (P1,4q1,P2,q2) = ﬁ /RM o Si(ur, v1) fa(uz,vs) -

in _ iy iy . B
. 2 (W1v2—usw1) —tuip1 —iuspa—iviqu V292 "y " uod v d" Vs,

and denote by m : .7 (R*) @ .7 (R?*") — .#(R?") the point-wise product of func-
tions, (m(fy ® £2))(p.q) = /1(p.q)f>(p.q). Prove the formula

fixn fa = (moUg) (f1 ® f2),
and the asymptotic expansion:

(=ih)*
k!

(fr*n f2) (@) =) ok

k=0

By(f1, f2)(p,q) + O(F*) as h—0,

where

P1=pP2=P .
q1=92=9q

52 2\
By(f1, f2) = <<6p18q2 - 8q13p2> fl(pl,m)h(pz,th))
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PROBLEM 6.5. For classical observable f(p,q) define the x-exponential (the
analog of the evolution operator) by

oo h_n
expf=> - fonfon s f.
L N—
n=0

n

Compute exp, (—itH.), where H.(p,q) is the Hamiltonian function (5.1)) of the
harmonic oscillator.






CHAPTER 7

Feynman path integral

7.1. The fundamental solution of the Schrédinger equation

Recall (see Chapter [2)) that solution of the initial value problem for the
time-dependent Schrédinger equation

(7.1) i) = Ho (),
(7.2) b(O)l=0 = ¥

is given by ¥(t) = U(t)y, where U(t) = e~ #tH is the evolution operator.
For the Hamiltonian operator
P2

H—%‘FV(Q)

of a quantum particle on R™ in the potential field V' (q), initial value problem
(7.1)—(7.2) in coordinate representation takes the form

2
(7.3) ih%ﬁ = —;—mAw + Vi(g)v,
(7.4) Y(q,t)]—o = ¥(q),

where A is the Laplace operator on R™. Under rather general conditionﬂ on
the potential V(g), Cauchy problem f has a fundamental solution
— a function K (g, ¢’,t) that satisfies partial differential equation ([7.3)) with
respect to the variable q in the distributional sense, and the initial condition

(7.5) K(q,q',t)|,_, = d(qg—q').
The solution of (7.3)—(7.4)) can be formally written as
(7.6) ¥(g't) = A K(d',q.t)¢(q)d"q.

He. when V € LS (R") is bounded from below.

7
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In Dirac notation (see Remark in Chapter [3))
(7.7) K(q'.q.t) = (q'|U(t)|q).

For ¢ € L?(R™) formula (7.6]) should be understood as

kl.m. K(q',q,t)¢(q)d"q = lim. K(q',q,t)¢(q)d"q,
o0 JlgI<R R

U(q't) =
where 1i.m. stands for the limit in the L?>-norm. The fundamental solution
K(q,q',t) is a distributional kernel (in the sense of the Schwartz kernel
theorem) of the evolution operator U (t).

Using the group property U(t + t') = U(t)U(t'), we immediately get
(") = U —t)(t), so equation can be rewritten as

(7.8) U(g',t) = - K(q',t';q,t)y(q,t)d"q,

where K(q,v t/; q, t) = K(q/a q, t, - t)

REMARK 7.1. The group property of U(t) in terms of the integral kernels
reads

(7.9) K(¢,q,t+1t)= K(d,q",t)K(q",q,t)d"q".
R?’L

The unitarity of U(t) in terms of the integral kernels reads

(7.10) K(d,q".t)K(q,q,t)d"q" = 6(q' — q).
RTL

In physics, the function |K(q’,t'; q,t)|? is referred to as the conditional prob-
ability density of finding a quantum particle at position ¢’ € R™ at time ¢/,
given that it was at position g € R" at time t. However, it follows from

(710) that
|K(d',t',q,t)[d"q" = 6(0) = oc.
]Rn
This is because the state of a quantum particle at a precise position g € R"”
at time t is described by the non-normalized state |g,t). For the normalized
states, we have the following conservation of probability:

/|w(q’,t’)\2dnq’:1 if /w(q,t)y2d”q=1.
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REMARK 7.2. In physics, the distributional kernel K(q',t';q,t) of the
evolution operator U(t' — t) is called the complex probability amplitude, or
simply the amplitude or propagator. In Dirac’s notation (see Remark
tChapter [3)),

K(d'.t;q,t) = (d|U{' —t)|q) = (d',t'| q,t),

where we have introduced

lg,t) =U(~t)lg) and (q,t'| = (q'|U(t).

Notation (q’,t'|q,t) for the propagator is standard in physics; one reads
it from right to left: from a point g at time ¢ to the point g’ at time
t’. Note that in the Heisenberg picture time evolution of observable A is
A(t) = U Y (t)AU () (see formula in Chapter , so |g,t) are common
generalized eigenfunctions of the position operators Q(t) = U~ (t)QU (t) at
time ¢:

Q). t) = ¢'lg,t), i=1,...,n.

Finding the propagator of a quantum system is the main problem in
quantum mechanics. When the spectral decomposition of the Hamiltonian
operator H is known, the propagator can be obtained in a closed form.

Suppose for simplicity that H has a pure point spectrum, i.e., there is
an orthonormal basis of the Hilbert space .## = L?(R",d"q) consisting of
the eigenfunctions {¢,(q)}5°, of H with the eigenvalues E,,. We have

[e.o]

P(q) = Z cnn(q), cn = o Y(q)Yn(q)d"q,
n=0
so that -
(UP)(g) = > e iPrlen(q)
n=0
and

wld )= S a) | T@lada,
n=0 R

where the series and integrals converge in the L?-sense. If the change of
orders of summation and integration was justified, we could write

(7.11) K(q\t;q.t) =Y e i Ty, (¢ )bnlq), T =1t —t.
n=0
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The series converges in the distributional sense, and gives a represen-
tation of the propagator in terms of the spectral decomposition of H.

Analogous representation for the propagator exists when the Hamilton-
ian H has absolutely continuous spectrum. Consider the simplest case of a
free quantum particle with the Hamiltonian operator

P2
Hy= .
2m

The corresponding Schrodinger equation can be solved by the Fourier method
(see Chapter {4)), and we obtain

n

. , 2 N
vlg't) = Lim.(2eh) [ ei@P BN,
=1lim. K(q',t;q,t)¢(q,t)d"q,
Rn

where

(7.12)  K(q',t;q.t)=

. 2
7 (pd—a)—3-T) gn T=¢ —¢
(27Th)n /n e ’ b, ’

Using the classical Fresnel integral formula
o0 .
(713) / e,iadex _ e‘lrzsg4ﬂ(ﬂ) 1’

and completing the square in ([7.12)), we obtain a closed expression for the
propagator of a free quantum particle:

14 K(q . :( )% i (g—q)?
(7.14) (d',t';q,t) s-r) €T ,

where i 3 = e "I and T =t/ — ¢ > 0.
REMARK 7.3. Formally replacing the “physical” time ¢ in the Schrodin-
ger equation
0 h?
o _ A
ot 2m
for a free quantum particle of mass m by the Fuclidean time (or pure imag-
inary time) t — —itg, we obtain the heat (diffusion) equation

ih

1 ou
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h
on R” with the diffusion coefficient D = o It is quite remarkable that

in agreement with this formal procedure, tT}rlLe propagator for a free
quantum particle is obtained from the heat kernel on R™ by the analytic
continuation T — ¢T' = Tr. On a complex T-plane this represents a counter-
clock wise rotation by 90°, called the Wick rotation.

REMARK 7.4. For the imaginary time the property (7.9) for a free quan-
tum particle is called the Chapman-Kolmogorov equation for the Wiener
process (Brownian motion).

7.2. Feynman path integral in the phase space

Consider classical Hamiltonian system on R? with the Hamiltonian func-
tion

(7.15) He(p,q) = 5~ +V(a),

and let
H=®H,)=Ho+V

be the corresponding Hamiltonian operatorﬂ

The main heuristic idea behind the Feynman path integral is to use
the group property and to write the evolution operator U(T) = e wTH,
T=t —t. as

T
U(T) =U(A)YN, where A= ¥

For small A < 1 we formally have

U@ =1-"2H v on),

so for the propagator we obtain

W0l = (e (1= ") o)+ 08

i

1 o0 / A
- wp(d—a) (1 _ H d A2
57 _Ooeh < ; c(p, q)> p+ O(A%)

1 1 /
- #(p(¢'—9)—AHc(p,9)) 2
=3 eh dp + O(A?).

%It is assumed that H., is such that H is essentially self-adjoint on D(Ho) N D(V').
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Here in the second line we usedE| Example in Chapter @ Now it follows
from ) that the integral in the third hne is the integral kernel of the

1A 1A
operator UA =e nHoe= %V,

7.16) 1 i{pro-agiew)

dp = ({|U
" p = (d'|Ualq),

S0
(d1UD)g) = (dUsla) + O(A?).
REMARK 7.5. Note that for the free quantum particle U(A) = Ua.

Next, our main assumption is that

(7.17) U(T) = lim UY,

N—oo

which is justified by the Lie-Kato-Trotter formula from the operator calculus:
N
lim <e% -e%) = ATB
N—o0

for A, B e Z(0).

Since the kernel of a product of two operators is a composition of their
corresponding kernels, for the distributional kernel (¢'|UY |¢) we obtain the
following representation,

(7.18) (d'|URa) = / /H (qr+11Ualqr) H dq,

RN-1

where g9 = ¢, qv = ¢’. Now replace each factor (gxi1|Ualgr) in (7.18))
by its integral representation ([7.16)), where the corresponding variable of

integration is denoted by pg, £ = 0,...,N — 1. Changing the order of
integrations in the resulting (2N — 1)-fold integral, we obtain the following
remarkable representation of the propagator of a quantum particle as a limit
of multiple integrals when the number of integrations goes to infinity:

(q'[U(T)lq) = lim (¢'|UX|q)

- B2 / / i SN kg —ar) ~ He(prar)A) } dpo T dpkqu.
27rh it 27h

N—oo
R2N-1

3In general, one should use H.(p, %‘1/), but for the classical Hamiltonian (7.15) we
can use H¢(p,q).
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2

Here H.(p,q) = P + V(q) is the classical Hamiltonian function, and ¢o =

, 2m
q,qN = q -

REMARK 7.6. According to Remark for a free quantum particle we
have for every IV:

(¢ [U(T)[g) / / 2 S pk(‘lk+1 ak)—A )}dpo dpkqu
a a 2mh Pt 2rh

R2N-1

Formula admits the following remarkable interpretation. To every
point (po, p1, .-, PN-1,q1,---,qn_1) € R?N~1 assign a piece-wise linear path
o in the phase space R? of the classical particle, defined by the following
time slicing procedure. Let tp, =t + kA and o(7) = (p(7),q(T)), where

qk+1 — gk
_tk)‘*‘i

p(7) =pr, (1) =qr + (7 A

and 7 € [tg,tkr1] , E = 0,...,N — 1. Then for the Riemann integrable
potentials V(g) we have

N-1

(7.20) Z (Pe(qr+1 — ax) — He(pr, qx)A) = S(o) +0(1), as N — oo,
k=0

where

S(0) = / (pdq — Hedr) = / (P(T)d(r) — Ho(p(7), q(r)))dr

is the action functional of a classical system with the Hamiltonian function

He(p, q)-
This suggests to interpret (7.19) as a kind of “integral” over the space

P(RQ)Q’ of all paths o(r) = (p(7),q(7)), where T € [t,t'], in the phase space
R? such thatﬂ q(t) = q and q(t') = ¢/, which was used in the formulation of
the principle of the least action in the phase space. Thus we put

(7.21) (¢, ']q,t) = / 59 Ppaq,

P(R2)2

4Note that there is no condition on the values of p(7) at the endpoints, so o (t) and
o(t') belong to Lagrangian subspaces . = {q} x R and .¢’ = {¢} x R in R%.
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where the “measure” ¥p%q on P(RQ)gfil is given by

_dpo Y dprda

(7.22) Ip7q = J\/lgnoo 27h P 2mh

Representation — is the famous Feynman path integral in the
phase space for the propagator of a quantum particle. It expresses the
propagator (¢’,t'|q,t) as the “weighted sum” over all possible “histories”
of the classical particle, the paths o € P(RQ)ZEEI, where each path ¢ has
a complex weight exp{%S (o)}. On one hand, this representation clearly
shows the fundamental difference between classical mechanics and quantum
mechanics. Thus in classical mechanics, the particle moves along classical
trajectories, which are the critical points (extremals) of the action functional
S(o), whereas in quantum mechanics all possible paths contribute to the
complex probability amplitude (¢, t'|¢, t). On the other hand, representation
f clearly points at the relation between quantum mechanics and
classical mechanics in the semi-classical limit A — 0. Namely, as A — 0
the weights exp{%S (o)} become rapidly oscillating and their contributions
to will mutually cancel, unless the action is almost constant. The
latter happens near the critical points, which give the major contribution
to (7.21)). This is how classical trajectories of a particle emerge from its
quantum description.

REMARK 7.7. The Feynman path integral in the phase space in not an in-
tegral in the sense of abstract integration theory, since the formal expression
on the path space P(RQ)gfil. Besides, the

functional exp{%S(c)} has absolute value 1 and cannot be integrable with

PpPq does not define a measurd

respect to any measure du with the property N(P(R2)gfi/) = oco. The rig-
orous mathematical meaning of f is the original formula ,
which expresses the propagator as a limit of multiple integrals as the number
of integrations goes to infinity. This explains the apparent “paradox” that
quantum mechanics is defined entirely in classical terms by . It is not
so0, since there is no “intrinsic” definition of in classical terms, besides
the time slicing procedure , which also requires the special choice of
the approximation of S(o) by the Riemann sums.

7.3. Feynman path integral in the configuration space

Using the Fresnel integral (7.13)) for the integration over p in ([7.16)), we
obtain the following formula for the distributional kernel of the operator

5In abstract measure theory the measure is non-negative and countably additive.
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m_ ipm@d’ _ygng
2mihA

Repeating the time slicing procedure from the previous section, instead of

(7.19) we now get

) — 3 m
(7.23) (W tlat) = Jim (5505)

Lol (E () )T

Assuming that ¢, = q(tx), k =0,..., N, for some smooth path ~(7) = ¢(7)
in R, where gy = ¢ and gy = ¢/, we obtain as N — oo,

N-1 m . 2
> (2 <QMA qk) - V(qw) A= 5(7) +o(1),

k=0

1A 1A
e mHo e~V

N
2

S(y) = / L(/(r))dr = / Lig(r).d(r)dr,  Lig.d) = bmd® — V(q).

is the action functional of a classical particle of mass m moving in the
potential field V(q). This suggests to interpret the limit of multiple integrals
(7.23) as the Feynman path integral in the configuration space

(7.2 Wty = [ 50z
PR)ZY
Here P(R)gfil is the space of smooth parametrized paths v in the configura-

gt

tion space R connecting points ¢ and ¢/, and the “measure” Zq on P(R),;

is given by

N N-—1
. m 2
(7.25) 2q = jm <27TﬁiA) kl:[l 4

As the Feynman path integral in the phase space, the Feynman path in-
tegral in the configuration space is not actually an integral in the sense of
integration theory, and the correct mathematical meaning of ([7.24))-(|7.25))

is given by (7.23). Formula (7.24)) expresses the propagator (¢, t'|q, t) as the
sum over all histories in the configuration space of classical particle — paths

v € P(R)gfi/, by assigning to each path v a complex weight exp{%5(y)}.



86 7. FEYNMAN PATH INTEGRAL

REMARK 7.8. Tt is said in physics textbooks that the Feynman path in-
tegral in the configuration space is obtained from the Feynman path integral
in the phase space by evaluating the Fresnel integral over Zp,

(7.26) / e fttl(%‘jQ_V(Q))dT.@q = / et I (Pi—55P° =V (@) g .
14!

P(R)th

/t/

P(R2)1'

Note that the symbol Zq has two different meanings: in the left-hand side
of (7.26)) it is defined by ([7.25)), whereas in the right-hand side it is defined

as a part of ((7.22)).

7.4. Several degrees of freedom

Let
P2
H=3_+V(Q)

be the Hamiltonian operator of a quantum particle in R® moving in the
potential field V(q). As in the case of one degree of freedom, the propagator
(q',t'|q,t) is expressed as a limit of multiple integrals when the number of
integrations goes to infinity,

(7.27) (' ¥lq.1) = Jim / /

REN-1)n

i N2 d"p Nt d"prd"q
® _ — H.(pp, qx)A } 0 kG gk
k=0 k=1
p?
Here H.(p,q) = =— + V(q) is the classical Hamiltonian function, and gy =

2m
q, gy = ¢q'. This representation is symbolized by the Feynman path integral

in the phase space .# = T*R",
(7.28) @tlan= [ ey,
/t/

P(a)E;

where

9pYq = hm

d"po 1v1_—[1 d"prd"qy
oo (2mh)™ (2mh)™
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and P(.# )qi is the space of all admissible paths ¢ in the phase space .#
connecting points q at time ¢ and ¢’ at time ¢'. Equivalently, the propagator
(¢’,t'|q,t) can be written as

niN
. _ . m 2
(7.29) (@ tlg.t) = tim (5 50)
- a 4 9 N—1
<[] GXP{ (2 (") ‘V(q’“)>A} L
R(r—=1)N =

This formula is symbolized by the Feynman path integral in the configura-
tion space,

(7.30) (. ]q,) = / o I Lair g

/t/

P(M)gy
where L(q,q) = 2mq — V(q) is the corresponding Lagrangian,

nN

N N—1
‘@q_zvlinoo<2mm> 2 1;[ "

and P(M)? ’t is the space of smooth parametrized paths in the configuration
space M connecting points ¢ and q’. The precise mathematical meaning of

formula (7.30) is the same as of ((7.24)).






CHAPTER 8

Gaussian path integrals

In the semi-classical limit A — 0 the leading contribution to the propa-
gator (¢, t'|q,t) is given by the classical trajectory gq(7). Indeed, represent

the paths v = ¢(7) € P(R)Zfi/ as
Q(T) = QCI(T) + y(T)v

where y(7) — the quantum fluctuation part — satisfies Dirichlet boundary
conditions (DBC) y(t) = y(¢') = 0. It follows from the principle of the least
action that

(8.1)

t/
S(qa +vy) = Sa + %/ (my2 — V”(qcl(T))y2)dT + higher order terms in y,
t

where S.; = S(qq1) is the classical action. Similarly, for the case of several
degrees of freedom,

t/
(8.2) S(qa+y) =Sa+3% [ J(y)ydr+ higher order terms in y,
t

where J is the corresponding Jacobi operator associated with the Lagrangian

L(g,q) = 24* - V(q).

2
It is remarkable that the Gaussian (rather Fresnel) path integral
(8.3) / e It T Wy dr g,
DBC

over the fluctuating part can be evaluated explicitly in terms of the regu-
larized determinant of the second order differential operator 7. Here we
do this calculation for the case of the free particle and harmonic oscillator.
In general, formula , with higher order terms in y, and Gaussian in-
tegration over 2y, constitute a basis of the perturbative expansion for the
propagator.

89
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8.1. Gaussian path integral for a free particle

The propagator of a free quantum particle is

m im(q— ’)2 im (ot .
(84) @.t10:t) =\ 5 e = / e i @i g,
PR)LY

and the corresponding classical trajectory is

I_
qcl(T):q+(T—t)qTq, T=t —t.

Using the decomposition ¢(7) = qa(7) + y(7), where y(7) satisfies Dirichlet
boundary conditions y(t) = y(t') = 0, we obtain

t/

S(q) = % t m*dr = Sy + S(y),

where
1 t . m(qg — q/ 2
Sel = 2, mae(7) dr = mia—d¢)° 5T ) .
Assuming that 2q = Zy under the “change of variable” ¢ = ¢. + y, we can

rewrite the Feynman path integral for a free particle as

i im ot .
(q,t']q,t) = en™ / e e Vg
PR)Y

Remarkably, the classical contribution ehSa = e% exactly reproduces
the exponential factor in the propagator for a free particle. The integral
over the fluctuating part — the Gaussian path integral for a free particle —
does not depend on ¢ and ¢’ and, as we know, coincides with the prefactor

in .

A more conceptual way to interpret this result is the following. Let

A=-D? D=—
b dT’

be the second order differential operator on the interval [¢,¢'] with Dirich-
let boundary conditions y(t) = y(t') = 0. The operator A is self-adjoint
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on L2(t,t'). For any real-valued, absolutely continuous function y(7) satis-
fying Dirichlet boundary conditions and y, 5 € L?(t,t'), we have by using
integration by parts

4 t/
(Ay,y) = —/ iy dr =/ y2dr.
t t

The “integrand” in the fluctuation factor

. t/ .
/ e% J; deT@y

/

P(R)Q",

is the exponent of the quadratic form of the operator A.
In the finite-dimensional case we have the formula

(85) / @%(A’-Lq)‘f‘i(p,q)dnq _ eﬂ';in_-;r;',/ ﬂ e—%(A71p7p)

/| det A ’

where the integral is understood in the distributional sense as limg_, f‘q‘ <R
and v is the number of negative eigenvalues of the real, non-degenerate sym-
metric n X n matrix A. Thus it is natural to expect that this Gaussian path
integral is proportional to (det A)_% The problem here is to understand
what we mean by a determinant of a differential operator — a regularization
of the divergent infinite product [],2; An, where ), are non-zero eigenvalues
of A.

The most natural and useful regularization is given by the so-called op-
erator zeta-function. Namely, let A be a non-negative self-adjoint operator
in the Hilbert space % with pure point spectrum 0 < A; < A9 < ..., such
that for some « > 0 the operator (A + 1)~ is of trace class. Then the zeta-
function C4(s) of the operator A is defined for Res > a by the following

absolutely convergent series:

Cals)= 30 Ai

An>0 " T

If Ca(s) admits a meromorphic continuation to a larger domain contain-
ing the point s = 0 and is regular at s = 0, then we define a reqularized
determinant of A by

(8.6) det’ A = exp { - %(0)}.
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Here the prime on the symbol det indicates that zero eigenvalues are ex-
cluded from the definition of an operator zeta-function. In the special case
when 0 is not the eigenvalue of A, it is customary to denote the regularized
determinant of A by det A. We will also write

det’A =TT s
An>0

where the prime indicates that the infinite product is regularized by the
operator zeta-function. We have (.4(s) = ¢ *Ca(s) for ¢ > 0, so that

det’cA = 40 det/ A,

which shows that (4(0) plays the role of “regularized scaling dimension” of
the Hilbert space s (with respect to the operator A). When dim¢ 7 =
n < oo and A > 0, then (4(0) = n and ¢/;(0) =1log A1 +- - - +1log Ay, and we
recover the usual definition of det A.

This basic outline works for the general case of elliptic operators on a
compact manifold M. In quantum mechanics, only determinants of differen-
tial operators on one—dimensiona]m manifolds M = [t,#'] or M = S' appear.

For the second derivative operator A = —D? the corresponding eigenvalues

™
are A\, = (—

2
T ) ,n=1,2,..., and corresponding operator zeta-function is

(5.7) Cals) = (T>Qsc<2s>,

s

where ((s) is the Riemann zeta-function. Using classical formulas ¢(0) = —3
and ¢'(0) = —1 log 2, we obtain

1 T
(8.8) €a(0) = —3 and (4(0) = —log P log 2m = —log 2T.

Thus for the operator A = —D? on the interval [t, ] with Dirichlet boundary
conditions we have

(8.9) det A = 2T.

The formula

im t' .2 m
Sl VAT g —
/ e Y=\ 2minT

0,
P(R)gy

1Higher—dirnens.ionad manifolds are used in quantum field theory.
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agrees with our interpretation that the Gaussian path integral is propor-
1

tional to (det A)~2. The coefficient of proportionality ¢, » = /7 is deter-

mined by comparismﬂ with the actual propagator for a free particle.

8.2. Gaussian path integral for the harmonic oscillator

It is remarkable that the same method works for propagator of the quan-
tum harmonic oscillator. Solving classical equations of motion with the
boundary conditions ¢(t) = ¢ and ¢(t') = ¢/, we get

ga(7) = (¢ sinw(r —t) —gsinw(t —t')), T=t—t,

sinwT

provided T # T, where T}, = TV and v € N. Note that T} is a half-period
w

of she harmonic oscillator, so for even v classical solution exists only when
q' = q, and for odd v — only when q¢' = —q. For T # T, we readily compute

m
Cl — / (]d UJ qu d

— / (¢’ 2 cos 2w (T — t) + ¢* cos 2w (T — t') — 2qq’ cos(2wT — w(t +1'))) dr
28111 wT Jy

— 2;:1% ((q2 + q’2) coswT —2qq’) .

Thus for T # T,, we obtain
(¢, t']a,t)

= exp {%aniﬂﬂ ((¢* +¢'?) coswT — 2qq/)} / e i (G —w?y?)dr gy

/

P(R)o;

Evaluating the fluctuating factor by the same method as for the free

particle, we get
m [ (2 —w?y?)dr |7 L
2h = .
/ e Y7\ wih det A,

0,t/
PR

Here A, = —D? — w? is the second order differential operator on the in-
terval [t,t'] with Dirichlet boundary conditions, and we have used the same
constant ¢y, 5 = /- as before.

2For the proof, see Theorem 3.1 in Chapter 6 of the QM book.
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The formula for the regularized determinant det A, can be obtained by

the following beautiful computation, which goes back to Euler. Namely, the

2
eigenvalues of A, are \,(w) = (%) — w2 (0 is not an eigenvalue for A,

since T'# T,)), and we have

det A, 17 MWW N w2T? sinwT
(8.10) det Ay }_[1 An(0) nl_[l < 72n? wT
Since det Ag = 2T, we get T # T,

2sinwT
det A, = —
w
Thus we obtain the following formula for the propagator of the harmonic
oscillator,

(8.11)

C g ) = | — _ w2y 2 T — 200\ b
(@t t) WGXP 2hsian((q +q7)cosw qq)

This formula can be also obtained directly by computing finite-dimensional
Gaussian integrals in the definition in Chapter (7] of the Feynman
path integral in the configuration space. In addition, one also get that for
T, <T<Ty4

mw s’ TV mw
8.12 \|————= =€ 4 2 [
(8.12) mihsnoT mh| sinwT|

and
(8.13) lim {(¢',t|q,t) = 6_%”5@ —¢'), vis even,
7oL e~ 8(g+¢), visodd.

REMARK 8.1. Using representation (7.11)) for the propagator in Chapter
[1 and Theorem in Chapter |5 one get get formula (8.11)) from the well-
known Mehler identity

©  _n 2 ,2Y,2
z B 1 2xyz — (x° +y°)z
3 g ) = exp { 2

in the theory of Hermite-Tchebysheff polynomials, extended (in the distri-
butional sense) from |z| < 1 to |z| = 1. Namely, using E, = hw(n + 1)
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and formula (5.18)) for the normalized eigenfunctions of the quantum har-
monic oscillator, it is easy to see that ((7.11)) reduces to Mehler identity with
r=/"q y=/5q¢ and z = e~ T Moreover, we get from (7.11)) that
for T' = T,, for the harmonic oscillator we have

<q/aTV’CIa Zeiﬂw nts Yn(q )wn( ),

which perfectly agrees with (8.13)) since
Z wn wn - (q, —4q )

and ¢n(=q) = (=1)"¥n(q)-

8.3. The partition function for the harmonic oscillator

Though Hamiltonian H of the harmonic oscillator has pure discrete spec-

+TH

trum, the evolution operator U(T") = e~ #**" is unitary, so the formula

o0
Tre #TH = g e wlE
n=0

should be considered only in the sense of distributions.
1
BH

However, for pure imaginary time T = —if the operator e~ #”* is of
trace class, and using FE, = hw(n + %), we obtain by summing geoemtric
series

1 > 1 1
8.14 Tr efﬁﬁH - efﬁw("JFE) - -
(8.14) Z QSinh(%’J)

In statistical mechanics, the sum e #F» over all energy levels is called the
partition function, and parameter 8 > 0 plays the role of inverse tempera-
ture.

Now what about the path integral formulation? According to formula

(7.24), we have

<q,’T|q70> = / ezh fo (¢*— 2)dt@q

T
P(R)D,
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so replacing T' by —i8 and t by —i7, we obtain the following representation
for the propagator in imaginary time:

(8.15) <q’7_2‘mq,0): / e—%foﬁ((}2+w2q2)d79q

/
B
P®)go

where now we integrating over all maps ¢(7) such that ¢(0) = ¢ and ¢(8) =
L . _B
¢'. To get the partition function, the trace of e %, we need to put ¢ = ¢

over ¢ integrate over ¢, since “the spectral trace equals to the matrix trace”.

Thus from ([8.15]) we obtain

(816) Tr eng — / 67% foﬂ(‘12+w2q2)dﬂ'@q’

Ls(R)

where L£3(RR) is the free loop space — collection of smooth maps ¢ : Sé — R,
where Sé = Z/BZ (in other words, ¢ : [0,5] — R is a smooth function
satisfying periodic boundary conditions ¢(0) = ¢(5) with all derivatives).
Here the ‘measure’ Zq is given by the formula , but where now the
number of integrations over dgz is also N.

Careful analysis of the finite-dimensional approximation shows
that the factor ¢, p is replaced by 1 and we have the following formula:

_m fﬁ(q2+w2q2)d7_@ _ 1
2n Jo -
/ c 4 Vdet B’

Lg(R)

where det B,, is the zeta regularized determinant of the operator B, =
—D? +w? on the interval [0, 3] with periodic boundary conditions (compare
with the operator A,).

One can compute this determinant as follows. The eigenvalues of B,
are a single eigenvalue \o(w) = w? and multiplicity two eigenvalues \,(w) =

2
(7;”) +w? n =1,2,.... The regularized determinant of the operator
By is easy to compute. As in (8.7)), we have:

B o0 1 B ﬁ 2s )
CBo(S) - 2; )\n(o)s =2 <27‘r> C(Q )7

and as in (8.8)), we get
(5(0) = —2logB, so detB=j>
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Now as in (8.10]), we obtain
det B, S (w)? B2\ 4, (Bw
— A — 1 O — Q] h ~
det By ~ o) 11 (02 7 {1+ e g\ )

SO

Therefore we obtain

_B _m (Brs24 2.2
Tre 7 = / e a7 Jo (d +W‘Z)d7'@q:

Ls(R)

1
—,
2sinh 7‘”

which is the path integral derivation of the formula (8.14)) for the partition
function of the harmonic oscillator.

PROBLEM 8.1. Show that the propagator of a particle in a constant uniform
field f is given by the following formula:

i m(a—q")? ’ 278
e - £2)
K(q/,t’; q,t) _ 27:;711 ezr{ T qt+q")— 3 )

(Hint: Use Lagrangian function L = $mg¢* + fq.)

PROBLEM 8.2. Derive representation (8.11)—(8.12)) using the definition of the
Feynman path integral in the configuration space in Chapter [7] and formula (3.5)).

PROBLEM 8.3. Use representation ((7.11)) to prove property (8.13]).
PROBLEM 8.4. Using operator zeta function, prove that

2 sinh wT
—

det Aiw =

(Hint: Use Jacobi inversion formula for the Jacobi theta series.)






CHAPTER 9

Fermion systems

9.1. Canonical anticommutation relations

In Sections[5.1]and [5.2]of Chapter [5] we have shown that the Hilbert space
A ~ L*(R,dq) of a one-dimensional quantum particle can be described in
terms of the creation and annihilation operators. Namely, the operatorsﬂ

at =

(Q—iP) and a= (Q+iP)

5-
{-

h

satisfy the canonical commutation relation
(9.1) [a,a*] =T
on W22(R) N W22(R), and the vectors

(a*)*
VE!

where 1g(q) = (Wh)_%e_ﬁ‘ﬁ € A satisfies aypg = 0, form an orthonormal
basis for 2. The corresponding operator N = a*a is self-adjoint and has
an integer spectrum,

wk: ¢07 k:07172""7

Ny =k, k=0,1,2,...,

and according to formula ((5.12)), the Hamiltonian of the quantum harmonic
oscillator is

H:%(a*cwraa*):hw(NJr%I).

Similarly, for several degrees of freedom .5 ~ L?(R"™, d"q), the creation
and annihilation operators are given by
1 1

9.2) a;=—— —1P and ap = — +iP), k=1,...,n,
(9.2) ay m(@k ) k m(@k %)

Here in comparison with Section of Chapter [5| we put w = 1.

99
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and satisfy canonical commutation relations

(9.3) lag, ai] = [a},a]] =0 and |ag,af] = 0!, k,l=1,...,n.

The ground state, the vector 1y(q) = (Wh)f%efflﬁ‘f € S, has the property
aptbo =0, k=1,...,n,

and the vectors

(‘ﬁ)kl e (a:;)k’n B
kl'kn‘ 1/]05 kl;-..,kn—071,2,...7

T/Jkl,...,k;n =

form an orthonormal basis for .. The operator N = >/, ajay, is self-
adjoint and has an integer spectrum:

Npgy ke = (k1 4+ kn)Uky o

and the Hilbert space 7 decomposes into the direct sum of invariant sub-
spaces

(9.4) H = é S,
k=0

— the eigenspaces for the operator V.
One may ask what happens if we replace commutator of operators in

(12.1) and (9.3) by an anticommutator:
[A,B]+ = AB + BA.

Thus for the case of one degree of freedom we obtain so-called canonical
anticommutation relations:

(9.5) [a,a]l4 =[a",a"]+ =0 and [a,a"]; =1.

It is quite remarkable, that (9.5) admit an irreducible representation in
the Hilbert space % = C2. Namely, let

(01 (0 —i (1 0
=\ 0) 27 o) 2T 0 41
be the famous Pauli matrices, commonly used in physics, and put

. 1 .
o4 = 5(01 +i09), o_ = 5(01 —i03).
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Then the matrices

S (I S S (
a=0r=1, | a a=o0-=\{; ,

satisfies (9.5)! Moreover, it easy to see that every matrix that commutes
with ¢* and a is a multiple 2 x 2 identity matrix Io.
The vector egp = ({) has the property aeg = 0, and together with the

vector e; = a*ep = (), form an orthonormal basis of C2. The matrix

« (10
N-aa-(o O)

has the eigenvectors ey and e; and the eigenvalues 0 and 1. Thus in complete
analogy with the previous discussion, we say that a and a* are fermion
creation and annihilation operators for the case of one degree of freedom.
The Hilbert space of a Fermi particle — a fermion — is % = C?, and the
vector eg is the ground state. In analogy with , it is natural to define
the Hamiltonian of a quantum fermion oscillator by

(9.6) H = %(a*a —aa*) = hw (N — 31) = Lhwaos,
which has the eigenvectors eg and e; and the eigenvalues —%hw and %hw In
Example[0.2]in Section[0.3]we explain how H can be obtained as quantization
of classical Hamiltonian.

It is straightforward to generalize this construction to the case of several
degrees of freedom. Namely, canonical anticommutation relations have the
form

(97) [ak7al]+ = [a27a7]+ =0 and [aka aﬂJr =ol, kil=1,...,n,

where [ is the identity operator, and creation operators a; are adjoint to
annihilation operators a; in the fermion Hilbert space 7. In particular,
fermion operators aj and a; are nilpotent. Canonical anticommutation re-
lations can be realized in the Hilbert space s = (C?)®" = C?" as
follows:

(9.8) ar =03R - R®oz3RaRQ LR & I,
—_—_——
k—1
(9.9) ap, =03® - Qo3Ra" VL ® - ® I,
—_———

k-1
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k=1,...,n. The ground state, the vector ¥g = eg®---® eg € HF, satisfies
(9.10) aptpo=0, k=1,...,n,
and the vectors

(9.11) kb, = (@) (@) 0, K1, Ky = 0,1,

form an orthonormal basis for .#7. The operator
n
N = Z ajag
k=1

is self-adjoint and has the integer spectrum:

Ny e = (k1 + -+ kn) Uy ks

and the Hilbert space %% decomposes into the direct sum of invariant sub-
spaces

(9.12) Ay = P A
k=0

— the eigenspaces of N.

REMARK 9.1. Since fermion creation a; operators operators are nilpo-
tent, we can apply them at most only once. This is a mathematical content
of the famous Pauli exclusion principle for fermions.

As in the case of one degree of freedom, we have the following result.

LEMMA 9.1. Realization f of canonical anticommutation rela-
tions in the fermion Hilbert space F¢r is irreducible: every operator in Fr,
which commutes with all creation and annihilation operators aj, and ay, 1is
a multiple of the identity operator.

REMARK 9.2. The realization of canonical anticommutation relations
in the fermion Hilbert space #¢7 is analogous to the representation of
canonical commutation relations in Section of Chapter b, and is called
representation by the occupation numbers for fermions. It should be em-
phasized that the algebraic structure of the former relations allows their
realization in a finite-dimensional Hilbert space, while the algebraic struc-
ture of the latter relations warrants the infinite-dimensional Hilbert space.
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Analogously to (9.2), coordinate and momentum operators for fermions
are defined by

013)  Qu=1/blar+ap). Pi=-iy/har—a)), k=1...n.
As follows from (9.7)), they satisfy the following anticommutation relations:
(9.14) [Qk,Ql]+ = [Pk,Pl}_;,_ :h5klf and [Pk,Ql]+ :0, k,l: 1,...,n

— a fermion analog of Heisenberg commutations relations, introduced in
(3.4) in Chapter The following result is a fermion analog of the Stone-

von Neumann theorem.

THEOREM 9.1. Fvery irreducible finite-dimensional representation of canon-
ical anticommutation relations is unitarily equivalent to the representation
by occupation numbers in the fermion Hilbert space % .

PROOF. Let V be the Hilbert space which realizes the irreducible rep-
resentation of canonical anticommutation relations . First of all, there
is o € V, ||¢o|| = 1, such that

aipo = - = anpo = 0.

Indeed, choose any non-zero ¢ € V; if a1 # 0, replace it by the vector aj¢,
which obviously satisfies aj(aip1) = 0. If az(ai1p) # 0, replace it by aza;p,
which is annihilated by a; and a9, etc. In finitely many steps we arrive at a
non-zero vector ¢ annihilated by the operators ay, ..., a,, and g = @/[|Q||.
Now consider the subspace Vi of V, spanned by the vectors

Okt b = (cﬁ)k1 .. (a;)kngoo, ki,...,k, =0,1.

It follows from that V} is an invariant subspace for all operators a; and
ay, so that Vo = V. Since operators aj and ay are adjoint with respect to
the inner product in V, it is easy to see, again using canonical anticommu-
tation relations , that vectors ¢y, . 1, form an orthonormal basis for V.
The mapping V' > ¢r,,. k., — Uk, ...k, € JF establishes the Hilbert space
isomorphism V' ~ J¢%. O

9.2. Clifford and Grassmann algebras

As we have seen in Section a Heisenberg Lie algebra is the funda-
mental mathematical structure associated with canonical commutation re-
lations. Similarly, the fundamental mathematical structure associated with
the canonical anticommutation relations is a Clifford algebra.
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Let V be a finite-dimensional vector space over the field k of charac-
teristic zero, and let @ : V — k be a symmetric non-degenerate quadratic
form on V, i.e., Q(v) = ®(v,v), v € V, where & : V ®; V — k is symmet-
ric non-degenerate bilinear form. The pair (V, Q) is called quadratic vector
space.

DErINITION. A Clifford algebra C'(V, Q) = C(V) associated with a qua-
dratic vector space (V,Q) is a k-algebra generated by the vector space V'
with relations

v =Qv)-1, veV.

Equivalently, Clifford algebra is defined as a quotient algebra

where J is a two-sided ideal in the tensor algebra T'(V') of V, generated by
the elements u @ v + v @ u — 2®(u,v) - 1 for all u,v € V, and 1 is the unit
in T(V). In terms of a basis {e;}}_; of V, the Clifford algebra C(V) is a
k-algebra with the generators ey, ..., e,, satisfying the relations

lei,ejl+ = eiej +eje; =2D(ej,e5) -1, i,5=1,...,n.

When k = C (or any algebraically closed field of characteristic zero), there al-
ways exists an orthonormal basis for V' — a basis {e; }]"_; such that ®(e;, e;) =
dix. In this case for every dimension n there is one (up to an isomorphism)
Clifford algebra C),, with generators ey, ..., e, and relations

€i€j+€jei:25ij’1u iL,k=1,...,n.
REMARK 9.3. If £ = R, there exist non-negative integers p + ¢ = n and
an isomorphism V ~ R"™ such that

Q(il?)Zx%+~-~+x§—x§+1—-~—xi, x € R"™.

This classifies Clifford algebras over R.

DEFINITION. A module for a Clifford algebra C'(V) is a finite-dimensional
k-vector space U with an algebra homomorphism p : C(V) — End U.

The fermion Hilbert space s = (C?)®", introduced in the previous
section, is an irreducible Co,-module. Indeed, it follows from canonical
anticommutation relations (9.7 that the self-adjoint operators

(9.15) Yok—1 = Qf + a}z,
(9.16) Yo, = —i(ax —ay), k=1,...,n,
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satisfy the following relations:

(917) fY}L’YI/ + ’YV’Y,LL = 2(5,UJ/I7 w, V= 17 e 277*7

where [ is the identity operator in .7#%. We define the action of the Clifford
algebra Cy, on ¢ by setting

p(1>:[ and p(eu):’yu, /’L:17"'a2n7

and extend it to a C-algebra homomorphism p : Co,, — End (7). Relations
(9.17) show that the map p admits such an extension.

PROPOSITION 9.1. The homomorphism p : Ca, — End(7%) is a C-
algebra isomorphism.

Proor. It follows from Lemma that the representation p is irre-
ducible: every operator in .#% which commutes with all elements of the C-
algebra p(Cy,) is a multiple of the identity operator. Then by Wedderburn’s
theorem p(Cyy,) = End(s#), and since dim Cy,, = 2*® = dim End(%), the
map p is an isomorphism. O

REMARK 9.4. The structure of a Clifford algebra with an odd number of
generators is different. Thus the mapping p(ex) = oy, where oy, k = 1,2,3,
are Pauli matrices, defines an irreducible representation of Cs in .#% = C2.
However, in this case C3 ~ End(C?) ® C[g], where € = iejezes and satisfies
2 =1.

We define the chirality operator by T' = (=1) := ¢™N where N =

Z?:l aja;. Since the operator N has an integral spectrum, I'? = I. More-
over, we have

(9.18) v+ =0, p=1,...,2n.
Indeed, as follows from ((9.7)),

Naj=a}(N+1I) and Naj=a;(N—1I),

so that

miN i(N=I) _

TIN % w mi(N+I) *feWZN and e aj = ajeﬂ’l — _ajeﬂ

(& a;, = a;e :—CL]

1N
J J '

Thus I' anticommutes with all a;, a;, and hence with all v,,. Since 2 =1,
the operators

1
Py= (1)
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are orthogonal projection operators and we have a decomposition
— gt —
Hp = Ay © Iy

into the subspaces of positive and negative chirality spinors. It follows from

(9.18) that
V() =, pu=1,....2n.

Also, since e™%% = I — 2aja; = —i72j-172;, we have

I'= (_i)nrﬁ - V2n-

REMARK 9.5. When n = 2, 4 x 4 matrices v1, 72,73, 74 are celebrated
Dirac gamma matrices (for the Euclidean metric on R*), and T' = 5.

The Clifford algebras provide a mathematical tool for describing new
type of quantum objects — the fermions. Their semi-classical description
as h — 0 is described by the Grassmann algebras. The corresponding math-
ematical definition is the following.

DEFINITION. A Grassmann algebra with n generators is a C-algebra Gry,
with the generators 01, ..., 0, satisfying the relations

0i6j+6’j92~:0, ,5=1,...,n.

In particular, these relations imply that generators of a Grassmann al-
gebra are nilpotent: 62 = - .- = 62 = 0. Equivalently,

Grp = C{b1,...,00)/J
— a quotient of a free C-algebra C(fy,...,60,), generated by 61,...,60,, by
the two-sided ideal J generated by the elements 0,0; 4 0,0;, 1,5 = 1,...,n.

REMARK 9.6. It follows from ({9.14)) that in the semi-classical limit 7 — 0
fermion operators P, and Qi, k =1, ..., 2n, satisfy the defining relations of
Grassmann algebra Gro,.

Comparison with the polynomial algebra
Clx1, ... xp] = Clay, ... xn) /1

— a quotient of a free C-algebra C(x1,...,x,) by the two-sided ideal gener-
ated by the elements x;x;—x;x;, 7,j = 1,...,n — shows that the Grassmann
algebra Gr,, can also be considered as a polynomial algebra in anticommut-
ing variables 01, ...,0,. In what follows we will always use Roman letters
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for commuting variables and Greek letters for anticommuting variables, so
that
Grn = C[Gl, PN ,Qn]

Needless to say, the polynomial algebra C[zq,...,z,] is isomorphic to the
symmetric algebra of the vector space spanned by z1,...,z,, and the Grass-
mann algebra C[f1, ..., 0,] is isomorphic to the exterior algebra A*V of the
vector space V = C#; @ - - - @ C6,, with the basis 01,...,0,.

DEFINITION. An involution on Gr, = Cl[f,...,60,] is a complex anti-
linear map * : Gr,, — Gr,, that is an involutive anti-isomorphism of Grass-
mann algebras:

(ca)* =ca™ and (af)" =p*a* forall ceC, «,p € Gry,.

Thus a Grassmann algebra with 2n generators 61, ...,6, and 61,...,60,
has a natural involution given by 6 = 6; and (6;)* =6, i =1,...,n.

The Grassmann algebra Gr,, is a complex vector space of dimension 2"
and is Z-graded: it admits a decomposition

(9.19) Gr, = PG
k=0

into homogeneous components GrfL of degree k and dimension (Z), k =
0,...,n, where Gr% = C - 1. Namely, denote by | - | the degree of homoge-
neous elements in the Grassmann algebra, |a| = k for o € Grf. Then mul-
tiplication in Gr,, satisfies Gr¥ - Grl, ¢ Grf+! where Grf*! = 0 if k41 > n,
and is graded-commutative:

(9.20) afB = (=1)l8lgq

for homogenous elements «, 8 € Gr,. The elements of the Grassmann alge-
bra Gr,, of even degree are called even elements, and those of odd degree —
odd elements.

it is very convenient to think of elements

F=Y > e, .0, € Gy,

k=01<i1 << <n

as “function of anticommuting variables” and use a notation f = f(61,...,60,)
or simply f(0), where 6 = (01,...,0,).

The Grassmann algebra provides us with the explicit representation of
canonical anticommutation relations by multiplication and differentiation
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operators, which is analogous to the holomorphic representation for canon-
ical commutation relations (see Section of Chapter . Namely, let

0; = : Gr,, — Gry,

00,
be the left partial differentiation operators, defined on homogeneous mono-
mials 6;, ...0;, by
P k
ﬁail .. Gik = Z(—l)liléiileil ... Qil - Qik,
! =1

where éil denotes the omission of the factor 6;,. The differentiation operators
are of degree —1 and satisfy the graded Leibniz rule,
3f dg

_ 2L

(fg) 26,7 +(=1) fagl

REMARK 9.7. One can also introduce right partial differentiation oper-

ators by

9 k

a6, ~ 2!

—1)]{7151'”92‘1 - éil -

ik

(0i, ... 05,)
which satisfy the following graded Leibniz rule:

(fg)aaei =/ (9889) + (1)l (%f) g.

To distinguish between the left and right partial derivatives of f € Gry,
—f and f i We have

we will denote them, respectively, by 26,

0 0
9.21 — = \fl
(0.21) fag = ~(=DV1 551,

and there is no confusion to denote the left partial derivative by 2.

REMARK 9.8. One can formally define the differential of a ‘function’
f(0) € Gry, by considering Grassmann algebra Grg, with additional gener-
ators — ‘differentials’ dfy, ..., df,, and defining

Af(0) = f(01 +dby, ..., 00 +dby) — f(6r,...,0,)

modulo higher order terms. Then using the graded Leibniz rule, it is easy
to verify that

8f -+ db, 6f

(9.22) A (0) = dor - + "o
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As a complex vector space, Grassmann algebra Gr,, carries a standard in-
ner product defined by the property that homogeneous monomials 6;, ... 0;, ,
forall 1 <1 < --- < i < n, form an orthonormal basis,

(9-23) (911 e (9%, 9]1 . e 0]1) — 6kl521]1 “ e 6/ijk.
By checking on homogeneous monomials, it is elementary to verify that

(8lfag):(faélg)v f’geGrTL’

where 6; are operators of the left multiplication by 6; in Gr,,, so that 0; = 0.
It is also easy to verify that the operators 6; and 0; satisfy the anticommu-
tation relations

[éi, éj]Jr = [(91, Oj]+ =0 and [él, 8j]+ = 5@‘[, i,j = 1, ey Ny
where [ is an identity operator in Gr,. Thus we have the following result.

ProprosITION 9.2. The assignment
M D Py, > OO € G,

establishes an isomorphism 7 ~ Gr, between the fermion Hilbert space
of n identical particles, and the vector space of the Grassmann algebra with

n generators. It preserves decompositions (9.12) and (9.19) and has the
property that

a;—0; and a;+— i1=1,...,n.

0
90,

Using Proposition [9.2] it is also very easy to verify that the represen-
tation of canonical anticommutation relations in the fermion Hilbert space
A7 is irreducible. Indeed, suppose that B € End(Gr,) commutes with all
operators él and 9;. Then

8:(B(1)) = B(9;(1)) =0, i=1,...,n.

The only solution of the equations 01 f =---=09,f =01is f =c¢- 1, so that
B(1) = c¢- 1. Since B commutes with all creation operators 0;, we obtain
B =cl.

On can define an analog of Poisson bracket for anticommuting variables.

DEFINITION. The Poisson bracket on the Grassmann algebra is a bilinear
map

{, }:Gr, x Gr, = Gry,

satisfying the following properties.
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(i) (Graded skew-symmetry)
{f,9} = —(=)Mlsl{g, f1.
(ii) (Graded Leibniz rule)
{fg,n} = f{g,h} + (=) lg{ £, n}.
(iii) (Graded Jacobi identity)
(£ g, i3} + (=)D g (b, £33 + (1) MWD £ £, g3} =0

for all f, g, h € Gry,.
For instance, it is easy to see, using (9.21)), that the formula

(9.24) {f, g} = zn: ( 889 ) <82¢g> = _(_1)“0;1 g&i ggi

i=1

with arbitrary coefficient ¢ € C, defines a Poisson bracket. Another ex-
ample, used in the Hamiltonian mechanics for anticommuting variables,

uses the Grassmann algebra Go,. Denoting its generators by 61, ..., 60, and
7l ..., 7", we have, in analogy with formula (1.22), the following Poisson
bracket

of 99 . Of 99
9.25 — _(—1)V 99\
(9:25) {9} CZ(&Q ox  on 09,

In particular, Poisson brackets between the generators are

(9.26) {n’, 7'} =0, {0;,0;} =0 and {r',0;}={0;,7'} =0lc.

Thus if H is an even element and ¢ = 1, then

OH OH

90; omi’
REMARK 9.9. For the Grassmann algebra with involution the Poisson

bracket should satisfy the following compatibility condition

(9.28) {f,9y" = (=) ll{g", f73.

Thus for the Grassmann algebra C[fy,...,6,] with involution 6} = 6y, we
obtain that

(9.27) {H 7'} = and {H, 0;} =—

1=1,...,n.

{0k, 0k} = {0k, 0k}, k=1,...,n

Therefore in formula ({9.24]) for the Poisson bracket, the coefficient ¢ should
be pure imaginary.
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PROBLEM 9.1. Formulate and prove the analog of Proposition [9.1] for Clifford
algebras with an odd number of generators.

PROBLEM 9.2. Complete the proof of Proposition

9.3. Lagrangian and Hamiltonian mechanics

Grassmann algebra Gr,, = R[01,...,0,] can be considered as ‘algebra of
functions on configuration space’ with anticommuting coordinates 61, ..., 0,.
Correspondingly, the ‘paths’ of a classical fermi particle can be thought of as
‘functions’ 01(t),...,0,(t), to < t < t;, with anticommuting values. Naively,
this means that for each tg < ¢t < t; there is a copy of the independent
Grassmann algebra with generators 0(t) ..., 0,(t).

Recall, that for a manifold M the space all maps Map(I, M) of the
interval I = [to,t1] to Mcan be described as the space of all algebra ho-
momorphisms C*°(M) — C’OO(I)H Indeed, to a path v € Map(I, M) there
corresponds a homomorphism p,(f) = for~, f € C®(M). Conversely,
according to a smooth Versionﬁ of the Gelfand-Naimark theorem, every ho-
momorphism ¢ : C°(M) — R = C*({point}) is of the form ¢(f) = f(q)
for some point ¢ € M. Let ev; : C*°(I) — R be the evaluation map at a
point ¢ € I, then every homomorphism ® : C*°(M) — C*°(I) gives a path
v = {q(t);t € I} since ¢y = evio® : C*°(M) — R is evaluation map at a
point ¢(t) € M.

This is a simple example of the Grothendieck’s functor of points in alge-
braic geometry.

However, its direct application of this construction to the Grassmann
algebra Gr, = R[f1,...,0,] is meaningless. Indeed, since Gr,, is generated
by nilpotents, every algebra homomorphism Gr,, — C°°(I) sends all § to 0.

To remedy this situation, for each auxiliary Grassmann algebra W =
R[m,...,nn] one should consider the W-points of the configuration space
with anticommuting coordinates 64, ...,60,, defined as homomorphisms of
Grassmann algebras

®:Clby,...,00 = C¥(I) @ W =C®()m,-..,nn],

2More generally, the space of maps between two manifolds X and Y can be described
as the space of all homomorphisms C*°(Y) — C*°(X).

3Here one should replace the Banach algebra C (M) of continuous functions on M to
the algebra C*° (M), equipped with the Fréchet topology.
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which sends generators 61,...,0, to odd elements ®(6;),...,®(6,) of the
Grassmann algebra C*°(I) ®g W. Denoting

def
O(t) = B(0k) = ka )1,

where summation goes over the subsets I = {i1,...,4} C {1,..., N} with
odd #(I) =1 and n; = n;, ...n;,, we can define the time derivative by the

following formula
=>_ fltm
I

In particular, we can have

Ox(t) = fr(O)m + -+ [ (),
and . . .
Or(t) = fr(Om + -+ fi¥ (H)nw.
To emphasize that Grassmann functions 6;(t) are ‘real-valued’, we as-
sume that Grassmann algebra W is the set of fixed points in a Grassmann

algebra over C with involution, which we denote by the same symbol as
complex conjugate. Thus for n; =7, ...n;, we have

1 .
(9.29) 7 = (— 1)7771, [ is odd,
' (—1)2771, [ is even.

Then it follows from that 0y (t) are ‘real-valued’, Oy (t) = O(t), pro-
vided functions f(t) are real-valued for [ = 1mod 4, and have pure imag-
inary values for [ = 3mod 4. Moreover, it also follows from that
functions iy (t)0;(t) are real-valued.

Thus we can consider analogs of the Lagrangian ‘function’ — an even
real function L(0,8), the action functional

5(0,0) = /tl L(O(t), 0(t))dt,

to
and the Euler-Lagrange equations of motion

oL d 0L
. - = ,=1,...,n.
(9.30) o0, ~ di 93, 0, 1 N )

Correspondingly, one formally defines conjugated momenta
i_ oL
00;
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and introduces the classical Hamiltonian by the Legendre transform
H(w,0) =60r — L,

where 7w = (7!,...,7") and @7 = ;7' 4 - -+6, 7. Note that in comparison

with the formula , we choose a different ordering of the analog of pq
term. Then it follows from , that this choice guarantees that the Euler-
Lagrange equations are equivalent to Hamilton’s equations with the
Poisson bracket with ¢ = 1. According to , we obtain canonical

Hamilton equations for anticommuting variables:

., oH

= -

00;’

31 v
(9.31) . oH
Y ont

Note the difference in signs for the second equations in (9.31)) and in (1.10).
Instead of proving these general results, we illustrate them by considering
two basic examples.

EXAMPLE 9.1 (Free fermion particle). In case of one degree of freedom
the Lagrangian has the following form:

L =if0

and is real-valued.The Euler Lagrange equation gives (note the negative sign
when we compute 0L/00)

oL d&L_,(e- d

00 dtog \|  dt
so 6(t) is constant. Correspondingly,
= a—L = —if
00
and ‘
H=0r—-—L=0.

Thus Hamilton equations also show that classical trajectories are

constant maps. Also note that canonical Poisson bracket {m,0} = 1 gives

{6,0} = i, which corresponds to the bracket , where n =1 and ¢ = 1.
In case of several degrees of freedom we have

L(0,0) =i 0x0,
k=1

and, as before, H = 0.
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EXAMPLE 9.2 (Fermion harmonic oscillator). We have seen in Section
that fermion analogs of position and momentum operators, self-adjoint
operators () and P given by formula , satisfy anticommutation rela-
tions . In the semi-classical limit 7 — 0 these operators turn into real
Grassmann variables 6; and 3. Extending the correspondence principle (see
Remark to fermions, we state that in the limit 7z — 0 the anticommuta-
tor times i/A, turns into the graded Poisson bracket. Thus the Grassmann
algebra Gry = C[f1, 5] with an involution 0; = 61,05 = 65 comes equipped
with the Poisson brackets

{01,91} = {92,92} =4 and {91,92} =0

— the Poisson structure given by formula (9.24) for n = 2 and ¢ = 1.
Now in analogy with (5.4)) (where m =1 and w = 1), we put

1 - 1
0= (0, +i6) and 6= ——
\/i(1 i62) an V2

and consider the Grassmann algebra Cl#, 6] with natural involution and with
the Poisson bracket

(61 — i62)

(9.32) {0,0} ={0,0} =0 and {0,0} =i.

As in (5.8)), we define the Lagrangian for the the classical fermion harmonic
oscillator to be

(9.33) L =00 — wbb.
As in Remark we see that corresponding Euler-Lagrange equations are
(9.34) 0 = —iwb, and f= iwh),

and they have exactly the same form as equations ([5.6)) for the commutative
case. Moreover, we have

90
and canonical Poisson brackets {m,0} = 1 and {m,7} = {6,0} = 0 give
brackets (9.32)). A the same time, classical Hamiltonian is given by the
Legendre transform

s

—i#,

(9.35) H = 0r — L = wh,
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and corresponding Hamilton equations reproduce the Euler-Lagrange equa-
tions (9.34)). Indeed, using graded Leibniz rule, we obtain

0 ={H,0} =w{00,0} = —wh{0,0} = —iwh,
0 ={H,0 =w{00,0} =wd{6,0} = iw.
PROBLEM 9.3. Prove all results in Section [0.3

9.4. Quantum fermion harmonic oscillator

It is very easy to quantize the classical fermion harmonic oscillator —

the Hamiltonian system with the phase space C[0,6] equipped with Pois-
son brackets (9.32) and the Hamiltonian (9.35). Namely, according to the
correspondence principle, the Poisson bracket { , } is replaced by the anti-

N

h . N
commutator [, ]+ times —, and we obtain the operators ¢» = # and ¢ = 0,
i

satisfying anticommutation relations

[, 9]y = [, ¢]y =0 and [, ¢]y =Rl

and the involution ¥* = 1. It immediately follows from Theorem that
irreducible representation of these relations is realized in the Hilbert space

M7 = C? and
Y =Vha, ¥ =Vha".

For consistent quantization of the classical Hamiltonian (9.35]), we observe
that the problem of ordering does not arise, if we rewrite it in the following
form:

H = 1w(00 + 60).
Thus for the quantum Hamiltonian we unambiguously obtain
H = Jw(p + ) = w (P — 41) = jwhos,
which is exactly the Hamiltonian !






CHAPTER 10

Fermion path integrals

10.1. Berezin integral

Though there is no measure theory for anticommuting variables, there
is an analog of the definite integral.

DEFINITION. The integral on a Grassmann algebra Gr,, with an ordered

set of generators 01, . .., 0,, (Berezin integral) is a linear functional B : Gr,, —
C, defined by

B(f) — f12...n7
where

f= i > fik;, .0, € Gy

k=01<i1<--<ip<n

It is traditional to write the Berezin integral in the form

B(f) = /f(e)d91 ... dbn,

where @ = (01,...,0,),asif f = f(01,...,0,) was actually a “function of an-
ticommuting variables”. It follows from definition of the partial derivatives,

that actually
0 0

/f(f))d@l...denzaen...aglf,

which implies
0

Applying this to the product fg and using graded Leibniz rule and ((9.21)),
we get the following integration by parts formula for the Berezin integral:

(10.1) /(faagi)(B)g(O) de91...d0n:/f(0)<860ig)(0)d91...d9n

for homogeneous f, g € Gry,.

117
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REMARK 10.1. The Berezin integral is not an integral in the sense of
integration theory. It is defined as a linear functional on a Grassmann
algebra Gr, and it depends on the ordering of the generators 64,...,60, of
Gry,, which is symbolized by db, ...d#,. For each ¢ € Sym,,,

/f(a)del...den: (—1)5(”)/f(0)d90(1)...deg(n),

where (o) is the parity of a permutation o.

REMARK 10.2. Using the embeddings Gry C Gr, for k < n, physicists
usually define the Berezin integral as a “repeated integral” starting from the
following “one-dimensional integrals”:

/d&i:O, /Hidﬁizl, i=1,...,n.

LEMMA 10.1 (Change of variables for Berezin integral). Let 61,...,0,
and 01,...,0, be two sets of generators of the Grassmann algebra Gry, re-
lated by 0; = >7_; a;jt;, where the n x n matriz A = {a;;}};_; is non-
degenerate. Then

1 . -
/f(e)del...dan: detA/f(B)del...dGn,
(0

where f(0) = f(8) = F(Xj_y arjfy, -, Y7y angby).
PROOF. By multi-linear algebra, f12-" = f12-7 det A. a

REMARK 10.3. According to Lemma the “density” db; ...d6, has
the transformation law

1 _ ~
(10.2) dby...d0y = —— dby ....dd,

under the change of variables 6; = Z?:l aijéj. This differs from the usual
change of variables formula for the Lebesgue integral

(10.3) f(xr, .. an)dey .. dey = |det Al [ f(yi, ... yn)dyr - . . dyn,
R™ R™

or dry...dx, = |det A|dy; ...dy,, where z; = 2?21 a;jy;. Of course, the
Berezin integral is rather a multiple derivative than the integral with respect
to a measure, which explains this profound difference.
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Let A = {ai;}}';_; be an n xn skew-symmetric matrix. For even n = 2m
its Pfaffian Pf(A) is defined by

1 (o
—om > D ag1)0@) - - Gonmt)o )

o€Sym,,

Pf(A) =

where £(0) is the parity of a permutation o. By definition, Pf(A) = 0 when
n is odd.

PropPOSITION 10.1 (Gaussian integration for anticommuting variables).
Let A= {a;;}7 ;1 be an n x n skew-symmetric matriz. Then

(i)
/eXp 2" ai0i6; p dby ... do, = PE(A).
ij=1
(ii) For any non-degenerate n x n matriz C
PE(CACY) = Pf(A) det C.
(iii)
Pf(A)? = det A.

PROOF. Part (i) obviously holds for odd n since the integrand is an even
element of Gr,. By the definition of the Pfaffian, we get for n = 2m,

1
ml2m

( z": aij9i9j>m =Pf(A) 6 ...0,,

7’7]:1

and expanding the exponent into power series, we obtain

/exp 3> aibif; pdby ... df, = PE(A) /91 ..0,d6, ...do, = Pf(A).
ij=1

Part (ii) follows from part (i) and Lemma Part (iii) is a classical result,

which can be proved by the Berezin integral as follows. Suppose first that

A is real-valued. There exists an orthogonal matrix C' with determinant 1
such that

0 XM - 0 0

A\ 0O .- 0 0

CAC~! = Do : :
0 0 0 Am

0 0 —Am 0
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is a block-diagonal matrix. Using part (ii) with this matrix C, we obtain
Pf(A) = / MOt A amabem g, Aoy, = Ay .. A,

so that Pf(A)? = det A. This relation holds for complex-valued A, since
both sides are polynomials in variables a;;, 1 < i < j < n, which coincide
for real a;;. O

REMARK 10.4. We also have

exp %Zaij&'@j = exp Z aijib; o = H (1 + ai;0:65),

ij=1 1<i<j<n 1<i<j<n

which gives a representation

Pf(A) = > (=) Dts1)0(2) - - Co(n-1)0(n):
o€ll,

where II,, consists of permutations o € Sym,, satisfying o(2i — 1) < o(27)
fori=1,...,m.

For a Grassmann algebra Gra, = Clfy,...,0,,01,...,0,] with 2n gen-
erators denote by [d0dO = [ d1db; ...d0,dd, the corresponding Berezin
integral,

_ _ o 0 0o 0 7]
/f(@,G)dBdG— aie—naienaig—laielf, fEC[@l,,Hn,Hl,,Hn]

LEMMA 10.2. For any n x n matriz A = {a;;}};_;,

/exp Z aijﬂﬁj dt‘)d@ = det A.

ij=1

Proor. It follows from the definition of a matrix determinant that
n
1< . _ _
(10.4) ~ > aibify | =det A610y ... 6,0, O
T \i,j=1
Recall that an involution on a Grassmann algebra Gr,, over C is a com-

plex anti-linear mapping Gr, > f — f* € Gr, satisfying (f*)* = f and_
(fg)* =g*f*forall f,g € Gr,,. The Grassmann algebra C[fy,...,60,,01,...,6,]
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has a natural involution defined on generators by (01)* = 01,(01)" = 01,...,(0,)" =

O, (0n)* = 0,. In particular, for

£(6) = Z Z fa 0, ...0; € Gr, C Gra,

k=0 1<i1<--<ip<n

we have

f(e)* = f( ) = Z Z f“lk 9_% .. -éil € Grap,.

k=0 1<i1<-<ip<n

The next lemma expresses the inner product on the Grassmann algebra Gr,,
introduced in the previous section, in terms of the Berezin integral.

LEMMA 10.3. The standard inner product (9.23) on the Grassmann al-
gebra Gr, = C[01,...,0,] is given by the following Berezin integral over the

Grassmann algebra Gra, = C[01,...,0,,01,...,0,]:

(10.5) (h12) = [ ()0 o,
where 00 = 0101 + - - - + 0,,0,,.

Proor. Put f1(9) = 91'1 .. glk and fg(@) = (9]'1 .. .Gjl. It is clear that
the integral ((10.5)) is 0, unless kK = [ and i1 = j1,...,ix = ji, in which case
we have

0, ... 0; e~ OOt +0n0n) 4o 1)

(91‘1 ...Hik,eil 9%) = /61‘1 ..Qik
i=1

:/&mm%&ww:L O

The following result was already stated in the previous section. Lemma
allows us to prove it in a way that is reminiscent of a holomorphic
representation (see Section of Chapter ).

COROLLARY 10.1. The operators 0; and é,-, i=1,...,n, are adjoint with
respect to the inner product on Gry,.
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PRrROOF. Using Lemma formulas 0;f(0) = 0, 999 = 0,099
(9.21]) and integration by parts formula ((10.1]), we obtain

01, f2) = / 0.£1(0) Fa(8)c 04040

= —(=1)M1lHIF] / £1(0)£2(0) ;=% d0dO
= ()AL [ (o)) *doas
= (f1.0:f2),
since the last integral and (f1,6;f2) are both 0 unless |fi] + |f2] is odd. O

PrROBLEM 10.1. Prove formula ((10.4)).
PROBLEM 10.2. Evaluate the Berezin integral
/exp {% > aitit; + anﬂk}dé)l ...db,,
i,j=1 k=1

where 71, ...,n, are Grassmann variables.

10.2. Wick and matrix symbols

Here we describe simple calculus of Wick and matrix symbols of oper-
ators in the fermion Hilbert space 7. It is convenient to work in anti-
holomorphic representation by using # = Clfy,...,0,] as the fermion
Hilbert space with the annihilation and creation operators

- d
10.6 =10 d =—, k=1,.
( ) ay kol ag aekv ) y TV
The inner product ((10.5)) takes the form
(10.7) (hf2) = [ ()70 dbe,

and the monomials

J1(0) =0 ...0;,, 1<iy<---<ip<n,

parametrized by subsets I = {i1,...,ix} C {1,...,n}, form an orthonormal
basis in J%.
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DEFH\EI'I:ION. A matm’x §ymb0l of an operator A : # — A% is an
element A(0,0) € Clb,,...,0,,01,...,0,], defined by

A6,0) = (Afs, f1)f1(8)f,(8)
.7

=S "(Af1. 1) 0 03,85, ... 65,
I1,J

Here summation goes over all subsets I = {i1,... it} and J = {j1,..., 71}
i

of the set {1,...,n}, and as in Section [10.1, we denote by f(8) a natural
involution on the Grassmann algebra C[01,...,0,,01,...,60,],
fj(é) :Hjl...ejl for f](é) :éjl"'éjz'

According to Proposition Cyp, ~ End(7%), so that every operator
A . Hr — A% can be uniquely represented in a Wick normal form as
follows:

_ * * 3 .
A= g Kijag, ...a aj ...aj.

_DEFINITI_ON. A Wick symbol of an operator A : % — HF is an element
A(0,0) € Clby,...,0,,01,...,60,], defined by

ZKUQH.. 0y -0,

To matrix and Wick symbols A(8
canonically associates elements A(6,
the larger Grassmann algebra

,0) and A(6,0) of an operator A one
a), A8,a) and A(a.0), A(a,6) in
Cla, @, 0,0 = Clag, ...,y @1y oy Gy 015, 001, .., 0],

by replacing, correspondingly, ¢; by «; and 0; by @&;. The incomplete Berezin
integral [ dadé on Cla, &, 0, 0] is defined by

_ 0o 0 o 0 o
/fdada—aa Jo. " D 6a1f’ feCla,@,0,6],

and has the property

(10.8) /h(@,é)g(a,d)dadd = h(G,é)/g(a,d)dadd.
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We will also use the incomplete Berezin integral [ d0de, defined by

~ 0 0 0 0 _

ddl = — — ... — — Cla, &, 0,0].
/f 80n 89n 801 691 f‘) f e [a7a7 ? ]

The next result shows that the matrix symbol of an operator A in %,

which is just a 2™ x 2™ matrix, can be considered as an integral kernel in
anticommuting variables!

LEMMA 10.4. Let A(8,0) be the matriz symbol of an operator A in .
Then for every f(0) € %,

(10.9) (Af)(8) = / A8, @) f(@)e *dada.

PRrOOF. It is sufficient to verify (10.9)) for f = fx, where K = {ki, ..., kn} C
{1,...,n}. Using (10.8) and Lemma [10.3] we get

[ A6, a)si(@)e v dada = S"(A5y. £1)11®) [ @) i(a)e e dada

1,J

- Z(AfK,fI)fI(é) = (Afk)(0). O
I

Next, we introduce Grassmann coherent states. Put ®4(0) = eé"‘, where

a are auxiliary Grassmann parameters. Expanding the exponential func-
tion, it is easy to see that

0) =[] +6ics) =D f1(6) f1(a),
(10.10) = !
P _o(0) = H(l + ab;) = mel(é%
=1 I

so coherent states ®o € Cla, &, 0, 0] satisfy

(10.11) a4, Pa = 1P k=1,...,n,

recall that a; = i . Moreover, ®,(0), as a function of «, plays the role
00
k

of delta function:

(10.12) Dy e 9°40d0 = f(ov),

[ vato)r(6)
(10.13) / D5 (0)£(0)e99d0d6 = f(av).
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Indeed, it is sufficient to verify these equations for f = f;. Formula

(110.12)) follows from the first equation in (10.10f), since functions f; form

an orthonormal basis in Gr, and f7(0)f1(@&) = f1(0)fr(a), while formula

(10.13) follows from the second equation in ([10.10)), since ®5(60) = P_, ().
Equation (10.13)) can also be written as

(10.14) (f, o) = f(a),

which immediately implies that

(10.15) (P Do) = Pou(@) = .

It is also easy to express the matrix symbol of an operator in terms of
the coherent states.

LEMMA 10.5. Let A(a, a) be the matriz symbol of an operator A in .
Then

A&, @) = (Adqa, B_q).

ProOF. Using Lemma and formula (10.12f), we obtain

(420)®) = [ A0 m)a(m)e ™dndn = A0, <)

and it follows from ([10.14)) that
(ADq, P_o) = A(a, ). O

The next result is an important relation between matrix and Wick sym-
bols.

LEMMA 10.6. The matriz and Wick symbols of an operator A in % are
related by

Ala, ) = e**Aa, o).

Moreover, A(a,0) = e®®A(a, ) and A(8, a) = e?*A(8, ).
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PROOF. Representing the operator A in a Wick normal form and using

Lemma and equations (10.11)) and (10.14])), we obtain
Ala, ) = (ADq, D_q)

= ZKIJ(GZ gy 05 Py @)
:z:KU(a1 ai oy 0P, )
- ZKU(a; ] Po, P_g) fr(ar)
—ZKU f1(0)®a, o) fr(cx)

—ZKIJG “fr(e) fr(e)

= eao‘A(a, ).
The remaining two formulas are proved similarly. O

Thus we have shown that 2" x 2™ matrices — operators in the fermion
Hilbert space 7% — can be considered as integral operators in anticommut-
ing variables with the integral kernels given by the matrix or Wick symbols.
Recall that the trace of an operator A € End % is

TrA=> (Af1, f1).
I

In addition, since %% is naturally Zs graded, we define the supertrace as

(10.16) Try A= Tr(~1)NA = Z DA f1).

The next result establishes the calculus of symbols for operators in %.

. THEOREM ~102 Let A1 and Ay be operators m Hr withﬁmatm’x symbols
A1(0,0) and A3(0,0) and Wick symbols A1(0,0) and A2(6,0). Then the
following formulas hold.

(i) The matriz and Wick symbols of the operator A = A1 As are given

A(8,0) = / 4,8, ) As (&, 0)e—dada,

A(6,0) = / A1(0, a) A (a, 0)e 0=~ g da.
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(ii) The trace and supertrace of an operator A in H#F are given by

TrA = / A(6,0)e %840 — / A(D,8)e 2% 4,

Try A = / A(6,0)e %1040 = / A(8,6)d0d6.

PROOF. Part (i) for the matrix symbols is easily proved using Lemma

0.4t
(4142)(1)(6) = [ 18, ) Aaf)(@)e ™ dexda
~ [A416.0) [ Aalamf (e Mandne @ deda

/A Ye MMdn.

The corresponding formula for the Wick symbols now follows from Lemma
10.6]
The proof of part (ii) is also straightforward. We have

/ A(8,0)e%°d6d6 = IZJ:(A F1, f1) / f1(8)f1(8)e=?°d6d6
= E;:(Aff, fr)=TrA
Similarly,
/ A(0,0)e 920040 = Z (Afs, f1) / #1(0)f,(0)e %4040
ZZ(AfoI) [0 @) 500 dede

= Z DIASfr, fr) = Trs A,

where |I| denotes the cardinality of the subset I C {1,...,n}. Correspond-
ing formulas for the Wick symbol follow from Lemma [10.6 g
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COROLLARY 10.3. Show that the Wick symbol of the product A = A; ... Ay
s given by

A(8,0) =
-1

/ /Al (0, 1) ... Ay(a1,0) eXP{Zak a1 — oy) + 0oy 1—9)}

daldal Ce dal_ldal_l
where ag = 0 and Ar(0,0) are the Wick symbols of the operators Ay,.

7PROOF Indeed, according to Part (i) in Theorem the Wick symbol
A(6, ) is a Berezin integral over dajday ...doy_1dag_1 of the product
Ai(0,a-1) -+ - Az(oa, 1) A (@g, 0) times the exponential factor

(a2 —0u)(0 — 1)+ (a3 — @)@ —az) + -+ (0 —a;_1)(0 —oy_1)
1

(_Ik(ak,1 — ak) + 9(011,1 — 0) O
1

~
|

T

PRrROBLEM 10.3. Verify directly all results in this section for the simplest case
of one degree of freedom, when % = C2.

PROBLEM 10.4. Prove that the Wick symbol I'(8, ) of the chirality operator
= (-1)"is e299.

10.3. Path integral for the evolution operator

Let H be a Hamiltonian of a system of n fermions — an operator in %
with the Wick symbol H(,8). Here we express the Wick symbol U (6, 0;T)
of the evolution operator U(T) = e TH by using the path integral over
Grassmann variables. Our exposition will be parallel to that in Section
of Chapter [7] with obvious simplification due to the fact that fermion
Hilbert space #F is finite-dimensional. Namely, the following elementary

result replaces the assumption ([7.17)) in Section

LEMMA 10.7. Let U(At) be the operator with the Wick symbol e~ H(8:6)At
Then

U(T) = lim UAHY, where At =

N—oo

2|~
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PROOF. The Wick symbol of the operator R(At) = I —iHAt—U(At) is
a polynomial in At with Grassmann algebra coefficients, which starts with
the term (At)2. It is easy to see that || R(At)| < ¢(At)? for some ¢ > 0, and

UT) = lim (I —iHAHY = lim (U(At) + R(AY))N = lim U(AH)N
N—o0 N—oo N—oo

Using of the Wick symbols formula in Theorem [10.2] we can repre-
sent the Wick symbol Uy (0, 8;T) of the operator U(At)N as an (N — 1)-
fold Berezin integral. Namely, consider the anticommuting variables oy =
{a,lf,...,ag}, ap = {Ey}g,...,&};}, k=1,...,N — 1 — generators of the
Grassmann algebra with involution — and denote apo = > 1, 0759042, etc.
It follows from Corollary [10.3] that

N
OOT / /exp Zakak 1—0%)—!—0(051\[ 9)
k=1

N-1

—zH(ak,ak 1 At } H dakdak,
k=1

where ap = 0, and we put ax = 0. It follows from Lemma_ 10.7] that

(10.17) U(6,0;T) = lim Un(0,0;T) = lim / /
N—o0 N—)oo
N N-—
exp { Z(ak(ak 1— ak) + O(aN 9) — zH(ak,ak 1 At } H doyday,.
k=1 i)

This formula looks quite similar to (7.19) in Chapter I Accordingly,
we interpret the limit N — oo as the following Feynman path integral for
Grassmann variables (or Grassmann path integral):

(10.18)  U(0,0;T) = / ¢ifo ({aa—H(@a)dt+8(a(1)=0) o 9,

a(T)=0

a(0)=0
Here the “integration” goes over all functions «(t), &(t) with anticommut-
ing ValueEH on the interval [0, T}, satisfying boundary conditions a(0) = 6,
a(T) =6, and

YaYa = H da(t)da(t) = lim Hdakdak

N%oo
0<t<T

LFor every 0 < t < T there is a copy of the independent Grassmann algebra with
generators o' (t),...,a"(t),a"(t),...,a"(t).
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Here for 0 < t < T variables &(t) are conjugated to a(t) with respect to
the Grassmann algebra involution, while &(0) and a(7") — also variables
of integration — are not conjugated to the boundary values a(0) = 8,
a(T) = 6.

REMARK 10.5. It should be emphasized that the only rigorous meaning
of the Grassmann path integral is the limit of multiple Berezin in-
tegrals in . However, as we have seen already in Chapter |7} it is very
useful to pretend that the path integral has an independent definition, and
formally work with it as if it was an actual integral.

Using Theorem [10.2] it is easy to express the supertrace of the evolution
operator U(T) — an operator in a finite-dimensional Hilbert space .#7 —
as a Grassmann path integral. We have

N—o0 N—oo

Tree TH = lim [ Un(6,0;7)d0d6 = lim /---/exp {9(01]\/ -0)
N-1

N
+ Z(dk(ak_l — o) — iH (o, ak_l)At)} H dou,dé,d0de
k=1 k=1

_ / o fOT(idd—H(c'x,a))dt@a@&
{d(O):d(T)}
a(0)=a(T)
— a Grassmann path integral with periodic boundary conditions.
Here periodic boundary conditions a(0) = a(7T) and a(0) = a(T)

emerge from fixed ends boundary conditions cg = 0 and ay = 6 due
to the identity

N-—1 B
dk(ak,1 — ozk) + 0(0!]\[_1 — 9)
k=1
N-—1 B
=Y (o1 — ap)ay + (@1 — 0)6,
k=1

obtained by Abel summation. Indeed, since 6 and 6 ‘are now integration
variables, it is natural to introduce aey = @ and &y = 0. The Grassmann’s
‘integration measure’ is now given by

N
7a9a =[] da®t)da(t) = lim []dorday,
k=1

N—oo
0<t<T
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where @&(0) are conjugated to a(0) and a(T") — to &(T).

Denoting by A the corresponding “Grassmann loop space” — the space
of all functions with anticommuting values a(t) and a(t) conjugated with
respect to the Grassmann algebra involution and satisfying periodic bound-
ary conditions a(0) = a(7T") and &(0) = @(T') — we can rewrite the previous
formula as

”ﬁse‘iTH:/ o I 16— H(@.0))dt gy, gy,
A

Replacing the physical time ¢ by the Euclidean time —it and T by —iT,
we get the Grassmann integral representation for the Wick symbol of the
operator U(—iT) = e TH

Uo,0;—iT) = / e fOT(é“j‘JFH(a’O‘))dt@a@d,
a(T)=0
{ a((O)):B}
and for the supertrace,

(10.19) Troe ™ = / e~ Jo (@a+H(@&)dt 9o g
A

PROBLEM 10.5. Express the matrix symbol of the evolution operator as the
Grassmann path integral.

PROBLEM 10.6. Show that

Tre TH — e~ Jo (@atH(a,a)dt g, gq,

{502}

— the Grassmann path integral with anti-periodic boundary conditions.

10.4. Gaussian path integrals over Grassmann variables

For simplicity, here we consider only the case n = 1. For u(t) €
C'([0,7],R) put

I d
uozT/O u(t)dt and D:a,

and consider on the interval [0, 7] the first-order differential operator D +
u(t) with periodic boundary conditions. The following result evaluates the
simplest Gaussian path integral for Grassmann variables.
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THEOREM 10.4. We have
/ e~ Jo (@atutaa)dt o, g — det(D + u(t)) =1 — e~ 4T,
A
PRrROOF. Using Lemma [10.2] we get

/ o fOT(anru(t)aa)dt@a@d
A

N
= lim /.../QZkN—1 (5%(O‘kfl_ak)_“(tk)dkak—lAt) Hdakd@k
k=1

N—o0

= A}gnoo det Ap.

Here ag = ay, @y = an, tp = kAt, and Ay is the following N x N matrix:

1 0 0 - 0 N

bp 1 0 --- 0 0

0 b 1 --- 0 0

An = | - :2 : : ’
0 0 0 1 0
0 0 O by—1 1
where by = —1 + u(t;)At. We have
N N
det Ay =1— (=D)N JJox =1 - JJ(1 — w(tr)At),

k=1 k=1

so that .
limdet Ay =1—¢e~ Jo w®dt _ 1 _ g—uoT

To define the regularized determinant of the operator D + u(t) we use the
zeta function regularization, discussed in Section In this simple case it
is expressed in terms of the Hurwitz zeta function and we leave the equality
det(D +u(t)) = 1 — e %7 as an exercise. O

EXAMPLE 10.1 (The fermion harmonic oscillator). The fermion analog
of the harmonic oscillator is the Hamiltonian

H = %w(a*a —aa*) =w(a*a — %I) =w(N — %I),

where a* and a are creation and annihilation operators in the one fermion

Hilbert space .7 = C? (see Section . The Wick symbol H is H (&, a) =
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w(aa — %) Now using (10.19)) and Theorem we obtain
Te, o~ TH — / o T @atH(@0)dt g,
A

=e 2 e~ Jo (@étwaa)dt g g5 — e%(l — e “T) = 2sinh %
A

Of course, the same result can be obtained directly since e TH is just a

2 x 2 matrix with eigenvalues es and e~ which correspond, respectively,
to the eigenspaces 3 and . Thus

w (A.)T
Tr, e TH — ¢ — eiTT = 2sinh -5
PROBLEM 10.7. Show that
o fOT(&o'z—‘,-u(t)&a)dt@a@@ =14+ e—uoT
{a(o):—a(T)}
a(0)=—a(T)

— the regularized determinant of the operator D +u(t) on [0, 7] with anti-periodic
boundary conditions.

PROBLEM 10.8. For the fermion harmonic oscillator verify that Tre=TH =
2 cosh % directly, and also by using results of Problems and






Part 2

Quantum Field Theory






CHAPTER 11

Quantization of free scalar field

11.1. From particles to fields

In a nutshell, quantization of a free Newtonian particle can be described
as follows. Consider the relation

2

(11.1) p=2
2m

between its energy F and momentum p, make a replacement
0 h o 0 0
11.2 Ev—ih— »P=-V, V={(_— — —],
(112) o P i <a:c By az>
and instead of classical equation (11.1)) consider the equation

(11.3) ih—— = —1)

for a complex-valued function v (x,t), the wave function.
Equation (11.3)) is a Schrédinger equation for a free particle and since
2

Hy = o is a self-adjoint operator on L?(R?), the corresponding evolution
m

operator is unitary, and the L?-norm of the wave function is preserved. In
other words, if |¢)(x)|?d®>x was a probability measure on R? at time t = 0
then [1)(x,t)|?d>x is probability measure at time ¢, which in physics litera-
ture is called “conservation of probability”. Equivalently, the “probability

. 1, - =
density” p = [¢|? and the “probability current” j = (Y Py — Y P)

. o | ~ 2m
satisfy the continuity equation

ap .
114 — -] =
( ) BN +V.3=0,

which directly follows from (11.3). The conservation of probability is the
statement

9 3,
(11.5) e /RS p(t,z)d’x =0,

137
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which follows from by the Stokes’ theorem.

Now consider a relativistic particle of mass m, where we use the system
of units ¢ = 1. Its energy-momentum vector p = (po, pl,pz,p‘g) satisfies
pup’ = m? or (p°)? — p? = m?, where p = (p*,p?,p%). Since p° = E, the
energy of a particle, we have the following relation

(11.6) E? —p*=m?

between energy F and momentum p of a relativistic particleﬂ Using the
same fundamental prescription (11.2)) for the quantization of a relativistic
particle, for a complex-valued function () we obtain the equation

(11.7) B2 + m?p = 0,

where z = (20, 2!, 22, 23) = (t,z) € R* and

82
- o _
0=9,0" = 92 A
is the d’Alembertian. Here we are using relativistic notations 9, = ort and
x

ot =n*"d,, n=20,1,2,3.

Equation is known as the Klein-Gordon equatiorﬂ for a complex-
valued field 1, and is a second-order partial differential equation. Analo-
gously to the continuity equation we have a conservation of a 4-current

B _
gH = gfm(wauw — ¥0*1). Indeed, it follows from (11.7]) that

(11.8) Oui = A (TN — i) = O
We have j*(z) = (p(z),j(x)), where

(@) = o ((a)on(x) — ()0(2))

and

. ih
j(z) = om

(¥(2)Vi(z) — () V()

"n the non-relativistic limit p®> < m? (i.e. ¢ = o0), relation (L1.6), written as

E = /p? +m? =m+/1+ p?/m?2, turns into (11.1.

2Rather it should be called Klein-Fock equation.
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satisfy the continuity equation . One may think that p and j are the
probability density and current for a quantum free relativistic particle with
the conservation law .

However, since Cauchy data for the Klein-Gordon equation are indepen-
dent, p(0,x) can take positive and negative values and, therefore, cannot
be used as demnsity of a probability measure on R3. Thus the interpreta-
tion of the Klein-Gordon equation as a relativistic analog of single-particle
Schrédinger equation with the wave function v should be abandoned. More-
over, if 1(z) takes only real values then p(z) vanishes identically. Yet an-
other problem with this interpretation is that the Klein-Gordon equation
has negative energy solutionsﬂ Indeed, the simplest plane-wave solution of

equation ((11.7)) is
¢($) _ efi(kotfk:m)/h

)

where kg = +vk2? +m? and k € R3. Since Ev(z) = ko(x), the energy of
the solution v (z) is ko, and it has positive and negative values. However,
the interaction in special relativity is described by fields and not by parti-
cles. Therefore, we should consider a classical field theory as a Hamiltonian
system with infinitely many degrees of freedom and apply to it the quanti-
zation procedure, developed for the systems with finitely many degrees of
freedom.

We start with the simplest example, quantization of a free massive real
scalar field, and recall its Hamiltonian formulation, which allows to represent
the classical field as collection of infinitely many non-interacting harmonic
oscillators with frequencies wy, = Vk2 + m2, parametrized by k € R3.

11.2. Normal mode decomposition

Consider a free massive real scalar field p(z), z = (2%, 2!, 2%, 23) € R?,
where we put ¢ = 1 so that 20 = ¢. The field ¢(z) satisfies the Klein-Gordon
equation

(11.9) (O+mP)p=0, O=0,0"=03 —09;—095—03.

In terms of the Fourier transform

1 .
(11.10)  o(z) = (2)2/ e R To(k)d 'k, k-x = kyat = kox' — ke,
T R4

3The Dirac equation, which successfully resolves the problem of negative probabilities
and negative energies, is not a single-particle equation. It describes the spinor field, which
creates particles and antiparticles.
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where ¢(k) = $(—k), equation (11.9) takes the form

(K —m*)@p(k) =0, k> =kyk* =k — K*.
Thus we get
1

= 3 (6(ko — wr)p1(k) + 6(ko + wi)p2(K)) ,

where wr, = Vk? +m? and p2(k) = p1(—k). Substituting the formula for
o(k) into (L1.10]), denoting p1(k) = v2mwa(k) and changing in the second
integral k by —k, we obtain

A ' 3
(11.11)  o(z) = (273)3/2/]1@3 (6—2k~xa(k) +ezk-x(—z(k)) ZJZ’ ko = wr
and
i —ik-x ik-x— d3k
(1112 @) = /R o (7 ak) — ea(i)) 5.
where a(k) = a(k). Thus for the Cauchy data
p(@) = o()l—g, 7(®) = (Gop)(x)]—
we have
1 ikx —ikx = dsk
(11.13) o(x) = W/R (e™ea(k) + e *=a(k)) o
i ikx —ikx - dSk
(11.14) m(x) = W/Rg Wh (ek a(k) — e~k a(k)) S
and
(11.15) a(k) = wrp(k) +im(k).

Symplectic structure on the space of Cauchy data is given by the follow-
ing Poisson brackets

(11.16)  {m(z),7(y)} = {p(x), p(y)} =0, {7m(z),0o(y)} =d(z—y)

(we are referring to the last semester course for the precise meaning of these

formulas). It follows from ((11.15)) that (11.16)) are equivalent to the following
Poisson brackets

(11.17)  {a(k),a(p)} = {a(k),a(p)} =0, {a(k),a(p)} = 2iwkd(k —p).
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Using Plancherel’s theorem for the Hamiltonian H, and total momentum
P. = (P!, P?, P?) we obtain

1

=3 [ @)+ (Vol(e) +mie@) e = [ wnalk)ale) dun

P—— / n(@)(Ve) (@) = / Ka(k)a(k) du,

R3

d*k
dug, = 0(ko)d(k* —m?) = —
pue = 0(ko)d (k™ —m?) on

is a restriction of the Lebesgue measure on R* onto the positive energy part
O ~ R3 of the mass hyperboloid

Om = {k e RY: (K°)? — k% = m?}.

These formulas give a normal mode decomposition of a solution of the
Klein-Gordon equation — classical free scalar field ¢(z) of mass m. Each
mode is parametrized by a “wave vector” k € R? and is a harmonic oscillator
with frequency wy, and the field () is an integral over R with the measure
dpg of non-interacting modes.

11.3. Canonical quantization

Since the phase space of the model is a vector space (though an infinite-
dimensional), for linear functions on the phase space we can apply the stan-
dard quantization rule

{7}h:ﬁ[7]'

It results in replacing classical Poisson brackets (11.16)) by the quantum
Poisson brackets for quantum fields, self-adjoint operators m(x) and ¢(x)
satisfying

{m(x), 7(y)}n = {e(@),e(¥)}n =0, {m(x),p(y)}r=d(x—y)l,

where I is the identity operator. As the result we get Heisenberg commuta-
tion relations for infinitely many degrees of freedom

(11.18)  [m(x), w(y)] = [p(®), (y)] =0, [7(x), p(y)] = ?5(93 —-y)L.
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The presence of the delta-function d(x — y), is a manifestation of the fact
that w(x) and ¢(x) are rather operator-valued distributions than actual
operators on some Hilbert space.

Quantum operators operators a(k) and their adjoints a'(k) are defined

by the formulas analogous to (11.13)—(11.14)),

1 ; —ikx
(11.19) plx) = 2nyi /]R3 (elkwa(k) + ek aT(k:)) dug,
(11.20) w(x) = —@JW /]R3 Wk (e“”a(k;) _ ef“”cﬁ(k:)) e

Quantization of the Poisson brackets ((11.17)) yields the following commuta-
tions relations

(11.21) [a(k),a(p)] = [a(k),a’(p)] =0, [a(k),al(p)] = 2hwkd(k —p)I.

It is easy to see, using (11.19)—(11.20]), that these commutation relations
give back the Heisenberg commutation relations (11.18]).

Commutation relations are called canonical commutation rela-
tions, and play a fundamental role in quantum field theory. The operator-
valued distributions af(k) and a(k) are infinite-dimensional analogous of
the creation and annihilation operators of the quantum harmonic oscillator
(see Chapter [3)).

Corresponding quantum field ¢ () in the spacetime (or rather an operator-
valued distribution) is given by the same formula (11.11)), where a(k) and
a(k) are replaced by a(k) and af(k),

(11.22)  p(x) = 1/ (e_ik'ma(k) + eik'xaT(k)) dug, ko= wg.
(2m)3/2 Jgs

REMARK 11.1. in physics literature this procedure is often called a second
quantization. This reflects the fact ‘first quantization’ of a free relativistic
particle produces a Klein-Gordon equation for a classical field ¢(x) which is
‘quantized’ once again to produce a quantum field ¢(z). However, this term
is a misnomer since in special relativity interaction is described by fields on
the spacetime and not by particles, and we just quantize classical fields as
Hamiltonian systems with infinitely many degrees of freedom.

In quantum field theory it is customary to use the system of units ¢ =
h = 1, so-called natural units, and from now on we will be also using this
convention.

The creation and annihilations operators are realized in the space of
states, the celebrated Fock space, which we will rigorously introduce in the
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next chapter. Here we present an informal definition, which is standard in
the physics textbooks. Consider a linear space F spanned by a vector |0)
and vectors |k, ..., ky) satisfying

k1, kn) = |ko1), -, ko)) forall o€ Sym,,

where k; € R? and n € N, the vector |0) corresponds to n = 0. We define the
action of operators a(k) and a'(k) (or rather operator-valued distributions)
by the following formulas

(11.23) a(k)lky, ... k) =) 2w 0k —kp)lk, ... ki, ... k),
=1
(11.24) al(k)ki,... ky) = |k ki,... En),

where for n =0

(11.25) a(k)|0) =0

and k; means that this argument is omitted. It follows from that
ki, .. kn) = al(k1)---al(k,)|0)

and it is easy to check that operators a'(k) and a(k), defined by formulas

(11.24)—(11.23)), satisfy canonical commutation relations 11.21@ As we

will discuss in the next chapter, normalized vectors in the Fock space % are
obtained by smearing the states |k1, ..., k,) with the smooth functions, i.e.
by considering

1
l/ / Eo(ky, ... ky)a (ky)---al(k)|0) dug, - - - dpg,,-
n. Jgrs3 R3

Next we need to define quantum Hamiltonian H and momentum oper-
ators P = (P!, P2, P3). It seems natural to define them as the following
quantum analogs of the corresponding classical formulas,

H = Hc(ﬂ', 90) = ;/RS (772(:13) + (ch)2(m) + m2¢2(;1;)) d3:]3,

P=P.(m,p)=— /]12{3 m(x) (V) (x)d z.

4Note that i = 1.
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Using formulas (11.19)—(11.20)), the identity
/ ek Pe = (2m)35 (k)
R3

and carefully keeping the order when multiplying operators, we obtain
1
H = / wr(a'(k)a(k) + a(k)al(k)) dug

and

pi— ;/Rd K (al (k)a(k) + a(k)al (k) due, j = 1,2,3.

However, the product a(k)a'(k) is ill-defined: applying it to |0) and

using (|11.23)—(11.24]), we obtain a meaningless divergent formula
a(k)a' (k)|0) = a(k)|k) = 20,5(0)]0),
since 0(0) makes no sense. A general formula is

a(k)al (k)|ky,... k) =a(k)|k, ki,... kp) = 2wid(0)|ki,... k)

+) 2w 6k — kK, K, k),
=1

and also makes no sense.
On the other hand, the operator af(k)a(k) (rather an operator-valued
distribution) is perfectly well-defined,

(11.26) al(k)a(k)|k, ... ko) = 2w d(k — Kkp)lk, Ky, ki, k)
=1

and we obtain
(11.27) / wral(k)a(k) duklky, ... kn) = wrlky,. .. ki, k).
R? =1

The proposed naive formula for the Hamiltonian operator H is ill-defined
because the last commutation relation in (|11.21]) becomes singular at k = p,

a(k)al (k) —a'(k)a(k) = 2w, (0)1.
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Indeed, using this formula we obtain

1
H= | wpal(k)a(k)du, + 5(0)/ wrd®k I,
R3 2 R3

where proportional to the identity operator second term is clearly divergent.
This divergence symbolizes an infinite “vacuum energy” — the infinite sum
(or rather an integral) of the ground state energies of corresponding har-
monic oscillators. Similar divergence appears in the expression for P. Thus
there is a problem of defining quantum operators H and P.

Correct definitions of H and P is very simple, one just needs to drop
the divergent terms! Corresponding mathematical procedure is called the
normal ordering of quantum creation and annihilation operators.

By definition, the normal ordering is a linear map which to every mono-
mial in a(k) and af(k) (considered as free variables, no commutation re-
lations!) at arbitrary points assigns another monomial where all creation
operators are just placed to the left of annihilation operators. It is denoted
by a double semicolon : :,

and : [:= 1.

REMARK 11.2. The normal ordering is not a linear map on the quo-
tient of a free polynomial algebra in a(k) and a'(k) modulo commutation
relations! Indeed, we have

a(k)al(p) - a'(p)a(k) = 2hwrd(k — p)I,
so assuming linearity we would have
:(a(k)a'(p) — al(p)a(k)):=:a(k)a' (p): —al(p)a(k) =0

— a contradiction with :/:= 1.

Thus correct definition of quantum Hamiltonian operator H and total
momentum operator P is

(11.28) H =: H.(m,¢p) : = ;/]1@ :(ﬂz(w) + (V) (x) + m2<‘02(:c)): P,
(11.29) P =: P.(m,¢p):= —/R3 i (x) (V) (z): .
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As the result, in terms of creation and annihilation operators we obtain the
following formulas for H and P,

(11.30) H = 3wkaT(k)a(k)duk,
R

(11.31) P= | kal(k)a(k)du.
R3

It follows from (|11.25]) that
H|0)=0 and P/0)=0, j=1,2,3.

Moreover, using (11.26)) we readily obtain

(11.32) Hlky,. .. ko) =Y wi k1, k),

=1
(11.33) Plky, ... kn)=> kilki,... k).

=1
These formulas show that the state |ki, ..., k,) describes n identical rela-
tivistic particles of mass m with the momenta ki, ..., k, and the energies
Wy s - -+ > Wk, - Also introducing the following

N = a'(k)a(k)duy
R3

we get
(11.34) N\ki,... k) =nlky,... k),

so that operator N plays the role of number of particles operator.
In relativistic notations, let P* be the quantum energy-momentum op-
erator, where P = H and p = 0,1,2,3. Using canonical commutation

relations (|11.21)) and formulas (11.22)) and ((11.30)—(11.31)) we obtain
(11.35) [p(x), P*] = id"p(x).



CHAPTER 12

The Fock space

12.1. Exponential Hilbert space

Let b be a Hilbert space. Following Friedrichsﬂ define the exponential
of h — the Hilbert space $ = € — as the following direct sum of Hilbert
spaces,

= 1
H= @f)n, where $o=C and $H, = EF)@”.

n=0

The factor 1/n! symbolizes that the norm in $),, is defined by
1
lur @ @unlf, = aHUlII% S [P

In particular, let h = L?(X,du), where (X,dy) is a measure space. Since
hO" ~ L2(X x - x X,dp x --- x dp) = LA(X™, d" )

n n

every F' € $ is represented by an infinite vector
F=(Fy,F,...,F,,...), where F,€$,=L*X",d"u)

and
— 1

(12.1) ||F||? = |Fo|* + g — |Ep (21, x) Pdp(zy) - - - dp(z,) < oo,
fo—t n! Xxn

The symmetric group Sym,, acts on h®" by
U(u1 X - ®un) = uo_(l) Q.- ®u0(n)7
and we denote by S,, orthogonal projection of $,, onto the symmetric sub-

space of h®"

1
Sn(u1®®uﬂ):ﬁ Z uU(1)®”'®uo’(n)'
' o€Sym,,

1See K. O. Friedrichs, Mathematical Aspects of the Quantum Theory of Fields, Inter-
science, New York, 1953.

147
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DEFINITION. The bosonic Fock space Fp associated with the Hilbert
space b is a graded Hilbert space

oo
Fp= @ﬂn, where %, = S, 9.
n=0

We denote by (, )y the inner product in b, by ( , )z, — the inner
product in .%, and by ( , ) — the inner product in .#p. It is given by
formula , where F,, are symmetric functions of their arguments.

For the case of free scalar relativistic particle of mass m we have

A3k
dug = P L
2Vk? +m
so that b is a one-particle Hilbert space and .%,, is the n-particle space. The
Fock space .#p contains a nuclear subspace . consisting of finite sequences

F = (Fy, F1, ..., F,,...) with Schwartz class functions f,, and we have a
Gelfand triple

b= L*(O}, dp),

/
5% ; Fp ; S
Similarly, one defines

DEFINITION. The fermion Fock space Fp associated with the Hilbert
space b is a graded Hilbert space

00
fg\F = @,,(Z{n,
n=0

where <7, = Alt, $, is the orthogonal projection of ), onto the totally
anti-symmetric subspace of h®",

1
Altn(U1 R ® un) — E Z (—1)5(a)u0(1) R ® Ug(n)-
" 0€Sym,,

In the next chapter, we describe the fermion Fock space for the spinor
field, associated with the Dirac equation.

12.2. Creation and annihilation operators

We start with the bosonic Fock space, denoted here simply by .#. For
f € b define operators a(f) and a’(f) on .Z by the following formulas

(12.2) (a(f)F)n(kzl, c. ,kn) = s f(k)Fn+1(k, kl, ey kn)d,uk,

(12.3) (@ (N)F)ulkr, .. kn) =Y fR)Fur(ky,. . ki Ken).
=1
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Domains of a(f) and a'(f) contain the dense subspace .Z. of finite se-
quences. The operators af(f) have graded degree +1, i.e. they satisfy
a'(f) : F, — Fnq1, while operators a(f) satisfy a(f) : F, — Fpn_1 and
have degree —1.

The vector

®=(1,0,...,0,...) € F
— the vacuum vector — has the property
a(f) =0 forall febh.

Conversely, if a vector F' € % satisfies a(f)F = 0 for all f € b then it
follows from (12.2) that F' = ¢®, where ¢ € C. It follows from ((12.3]) that

— a commutative product in the symmetric algebra of . Therefore, a linear
span of the vectors a(f1)---al(f,)® is dense in .%,. We also have

(12.5) (@'(f1)---al(fa)®,a'(g1) - al(gn)®) = (Fu, Gn) 5,
where I, = f1® - ® fn, Gp = 91 ©® -+ - ® gn. Also note, that according to
(12.1),

1

(Fn,Gn)z, = i Fo(ki,...,kn)Gn(ki, ... ky)dug, - - dug, = perm(A)
. R 7

— the permanent of the matix a;; = (fi, gj)s-

REMARK 12.1. In physics textbooks, it is customary to ignore the factors
n! in the definition (12.1]) of the norm in the Hilbert space $) = €. Corre-
spondingly, the operators a(f) and a(f) are then defined by the formulas

(@(f)F)n(krs . ) = Vi T 1/R3 FR) Bt (ks K- o)t
(@ ()Pt o) = \}ﬁ lz;f(k:l)Fnl(k:l, k).

Also, in this normalization, the functions F,(ki,...,k,) = perm{(fi(k;)}
are replaced by perm{(f;(k;)}/vn!.

PROPOSITION 12.1. The following properties hold.
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(i) On the domain Z. the operators a(f) and al(f) satisfy commuta-
tion relations

(126)  [a(f),alg) =0, [a'(f),a'(9)] =0, [a(f).a’(9)] = (£, 9,
where I is the identity operator on F .

(ii) Symmetric operators

1 _ 1 _
Q(f) = ﬁ(a(f) +a'(f)) and P(f) = @m(f) —a'(f))

on F. have defect indices (0, 0) and thus admit unique self-adjoint
extensions. In particular, a'(f) is the adjoint operator to a(f).

PRrROOF. The first two commutation relations in (12.6) are trivial. To
prove the third relation we compute, using ((12.2))—(12.3)),

n

(@' (@)a(f)F)nlkr, ... kn) =D g(k)(@(f)F)n-1(kr,... ki, k)

=> g(k) | fk)Fu(k.ky, ... ki, ... kn)du

(@(Na @ Plkr, . ko) = [ FE)@H @ F )i o)

= | S ®Rhgk)dus - Fulkr,.... )

+> g(ki) . FR)Ey (ke Ky, ... Ky, ... k) dpg,
=1

which yields
[a(f):a'(@I(F) = (f,9)yF.

Next we check that for F,G € %,

(12.7) (a())F,G) = (F,a'())G).



12.2. CREATION AND ANNIHILATION OPERATORS

Indeed we have

(a(f)F7 G) -
21 o
Z ,/ FR) Py (KoK, k) Gr(K, - k) | dpsk,
— 1 JR3(n+D) jfl
nZl o o, SR ) Gua R Hduk

= (F7 Cl,T(f)G)7

=3 Bl b)Y TG o) [,
n=1 "
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where we used that the functions F),, G, are symmetric. The rest of the

proof of (ii) is left as an exerciseﬂ

g

COROLLARY 12.1. Formula (12.5)) can also be derived from canonical
commutation relations (12.6)), equation (12.7)), and the normalization ||®|| =

1.

ProoF. It is sufficient to consider the special case when f; = g1, ...

7fn:

gn are mutually orthogonal. Then since a(f;) commutes with af(f;) for i # j,

we have

(a'(f1)---al(fn)®, al(f1)- - al(fn)®)
= (®,a(fy)--alfi)a'(f1)---al(f,)®)

= AIX(®, a(fn) - a(f)al(f2) - al (f.)2)
= Al Ml =10 @ fa)l5,-

For an orthonormal basis {e;}?; in h consider an operator
o
(12.8) N = ZaT(ei)a(eZ)
i=1

We have N Fy =0 and

(NP = Y- euth) | Fu(k)e(Ridu = Fi(F)

=1

23ee F.A. Berezin, The method of second quantization, Academic Press, 1966.
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In general, denoting

cilkr,... ki, ... ky) = | Euk.ki,.... ki, ... kn)ei(k)dug,
R3

we obtain

(NF)p(k, ... k) =YY eilk)ci(ky, .. ki, .. k)
i=1 [=1
=nF,(ki,...,ky).

Thus we see that IN is a number of a particles operator and does not
depend on the choice of an orthonormal basis for h. It is a self-adjoint
operator on % such that

and its domain consists of F' € .# with the property

o0

2
n
Sl < o0

n=1

REMARK 12.2. It follows from ((12.2)—(12.3) that common domain of
operators a'(f), a(f) contains F € .% such that

(F,NF) < 0.

Similarly, fermion creation-annihilation operators in % are defined by
the same formulas 7, where now all functions F; are totally
anti-symmetric and into the sum in we need to insert alternating sign
(—1)"=1. Thus we have

(12.9) a'(f1)---al (f)® =nlAlt, (/i@ @ fo) =fL A A fn.

Equivalently, we can define creation and annihilation operators by the fol-
lowing explicit formulas

n

(1210)  a(f)(ur A= Aup) =D (=D @)ur A= AT A A,
=1

(12.11)  a'(f)(ur A Aup) = fFAuy A A,

The following analog of the Proposition holds.
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PROPOSITION 12.2. The operators a(f) and at(f) are bounded operators
on Fr, a*(f) = a'(f), that satisfy canonical anticommutation relations

[a(f),a(g)l. =0, [a'(f),a’(g)] =0,
la(f),al(9)]+ = (f,9)s],

where I is the identity operator on Fr.

(12.12)

PROOF. Indeed, using formulas f with totally anti-symmetric
functions F,,, the same arguments as in the proof of Proposition show
that are valid on the dense subset of finite sequences F' in %r. Also
we have (a(f)F,G) = (F,a'(f)G) for such vectors F and G. Using this
formula and the the relation

a(f)a'(H)F +al (fa(f)F = F
for finite sequence F' and || f||, = 1, we obtain
la' (NI + la())FI* = ||F]1%,

so |lat(f)F|l, la(f)F| < || F|| on the dense linear subspace in .#p. Therefore,
a(f) and a'(f) extend to bounded operators on .Zp. O

12.3. Representations of canonical commutation relations

PROPOSITION 12.3. Fwery bounded operator B on % which commutes
with all a(f) and a’(f) is a multiple of the identity operator I.

PrOOF. By definition, we have
BefQU) — QU B and BesP) = P B

for all s € R and f € . By Stone theorem, this implies that if FF € D(Q(f))
then also BF € D(Q(f)) and BQ(f)F = Q(f)BF, and similar statement
holds for operators P(f). Thus if F € D(a(f)) then also BF € D(a(f))
and Ba(f)F = a(f)BF and similar statement holds for operators a'(f). in
particular, B® € D(a(f)) and

a(f)B® = Ba(f)® = 0.

However, it follows from the definition ([12.2)) that the only solution of the
equation a(f)F =0is F' = c®, ¢ € C, so that

B® =cd
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and we obtain

Bal(f1) - al(f,)® = al (1) al(f,)B® = cal(f1) - al (fn)®.

Since the linear span of the vectors a(f1)---af(f,)Fy is dense in .%,, B =
cl. g

Such representation of canonical commutation relations is called
irreducible. Unlike the case of finitely many degrees of the freedom, the ana-
log of Stone-von Neumann theorem does not hold for infinitely many degrees
of freedonﬁ However, the following statement remedies the situation.

THEOREM 12.2. FEwvery irreducible representation of canonical commuta-
tion relations (12.6|) with a vacuum vector is unitary equivalent to the Fock
space representation.

PROOF. Suppose that 7 is a Hilbert space in which a representation
of canonical commutation relations ((12.6)) with creation-annihilation opera-

tors a(f) and af(f) is realized, and let ® be a vacuum vector. Since this
representation is irreducible, the closure of a linear span of vectors

(12.13) a'(f1)---a'(f)®

is the n-particle space 7,. To each such vector consider the vector F, =
Sp(fi® -+ ® fn) € Fp. As in the derivation of ((12.5)), from the canonical
commutation relations and normalization ||®|| = 1 we obtain

(12.14) (@'(f1)---al(f)®,a'(g1) - a(9.)®) ., = (Fp, Gn) 7,

where G, = S;,(g1®---®gn) € F,. This allows to define a unitary operator
U: 4, — F, by )
U@a'(fr)---al(fu)®) = Fu.

Indeed, property (12.14) shows that if civ; + - - + ¢vpm = 0, where v; are
given by (12.13), then c;U(v1) + -+ + ¢ U(vm) = 0, so that the map U is
well-defined. O

Same results hold for the representations of canonical anti-commutation
relations (|12.12)).

3See the papers L. Garding and A. Wightman, Representations of the commutation
relations, Proc. Nat. Acad. Sci. USA, 40 Ne7 (1954), 622-62 and 1.E. Segal, Distributions
in Hilbert space and canonical systems of operators, Trans. Amer. Math. Soc. 88 Nel
(1958), 12-76 and the book I.M. Gelfand and N.Ya. Vilenkin, Generalized functions, vol.
4, 1964.
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12.4. In physics notations

Here we make a connection with operator-valued distributions a'(k) and
a(k), introduced in Chapter We have

alf) = | 1k)alk)dp.
al(f) = | J(kal(k)dpu
so that the vacuum state |0) corresponds to the vector ® and smeared n-

particle states

1

o s Fo(ky,. .. kp)al (k1) - al(ky)|0)Vdug, - - - dus,

correspond to the vectors

F=(0,...,0,Fy(ki,....kn),0,...) € Z.
| S —
n-th place

Conversely, the operator-valued distributions a'(k) and a(k) can be for-
mally defined by

(12.15) a'(k)=a'(fy) and a(k)=a(fi),
where fi(p) = 2wid(k — p). Formulas (12.2)-(12.3) give
(12.16) (a(k)F)n(ki,...,ky) = Foya(k, k1, ... ky),

(12.17) (a'(k)F)n(k1, ... k) =2 wid(k—k)Fp1(k1,... k... k),
=1

so that af(k) can be thought of as an operator from .# to .7’ and a(k) —
as an operator-valued distribution. The states

ki, k) = af (k1) -+~ af (k)|0)
correspond to the vectors

F(ky,...,k,) =(0,...,0,F,(ky1,...,ky;P1,...,Pn),0,...) €.

n-th place
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where

Fu(ky,.. . knspispn) = > [[ 29601 — ko))

o€Sym,, [=1

are distributions, parameterized by ki, ..., k,. Evaluating a(k)|ki,..., k)

and af(k)|ky, ..., k,) by formulas (12.16)(12.17) gives back formulas (11.23])-
(11.24]) in Lecture
As another example, using (12.16)—(12.17)) we get

(af (k)a(k)F)n(k, ... ko) =2 wid(k — k) Fo(k, k1, ki, Ken)
=1

=2 wpd(k — k) Fu(ky, ... k),
=1

so that the product in the opposite order af(k)a(k) of creation and anni-
hilation operators at coincident points makes sense as an operator-valued
distribution.

Quantum Hamiltonian

H = ;/M ((mi(x) + (V) (z) + m*p?(z)): d°x
- [ cralatk)du.

introduced in Lecture is a well-defined operator on .#. Indeed,
(HF),(ky,...,ky) = Zwlen(kl, k)
=1

so that H is a multiplication by the function ) ;' wk, operator on .%,.
Similarly, the total momentum operator components

pPi = / i (x) p(x): dPx = / Kal(k)a(k)dug
R3 R3
are well-defined on %, preserve the grading and act as multiplication by the
functions > ", klj operators on .%,. The states |ki,...,k,) are generalized
eigenfunctions for the operators H and P. Finally, operator coincides
with the introduced in in Lecture [11| the number of particles operator

N = | a'(k)a(k)dus.
RS
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PROBLEM 12.1. Prove Corollary
PROBLEM 12.2. Show that P* and M*", u,v = 0,1,2,3, where P° = H and

M :/ (' (x) () — i m(x)d'p(x)) : dPx,
R3

M = 3 / ' (mP () + (V) (z) + m*p*(z)) : bz,
R3
M® = — MY define a representation of the Poincaré algebra in .# (from the last

semester course on the classical field theory).






CHAPTER 13

Correlation functions of free quantum fields

13.1. Free quantum field

Recall that the free scalar quantum field ¢(x) of mass m is given by

formula (11.22)) from Chapter
1 ikex t —ikw
o) = ra [, (eeait) + = ai)) du

=T (@) + ¢ (z), ko=wr=Vk2+m2,

where
1 .
1 1 + - = ik-x T
(13.1) o*) = G [, " al @y
and
— _ 1 —ik-x
(13.2) #~ (@) = G [ e atk)d

are, respectively, positive and negative frequency components of the quan-
tum field ¢(x). Component T (z) creates a particle at « at time x°, while
component ¢~ (x) annihilates itﬂ The quantum fields ™ (z) satisfy

(13.3) ¢ (2)]0) =0
and
(13.4) o (2) = " (@),

1Our notations et (z) are the same as in the textbook by N.N. Bogoliubov and D.V.
Shirkov, Quantum Fields, Benjamin/Cummings Co., 1982. They reflect the fundamen-
tal fact that ¢ (z) creates particles while ¢~ (z) destroys them. In modern textbooks
these components are often denoted by ¢ 7 (z) since because of E = idy our field ¢ (x)
corresponds to negative energy solutions of the Klein-Gordon equation, and ¢~ (z)— to
positive energy solutions.

159
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so that ¢(z) = ¢ (z)+¢~ (z) is a self-adjoint operator (rather an operator-
valued distribution).
The following result is fundamental.

LEMMA 13.1. Quantum field satisfy commutation relations

(13.5) [p(2), p(y)] = —iD(z — y)I,

where

(e—ik~az _ eik-x)duk

S
&
|
™o
N | .
%
—

R3
1 oo Aok
13.6 = in wgale FT—=
(13.6) CE /R3 sinwgz' e o

is the Pauli-Jordan function. In particular, when x,y € R* are spacelike
separated, i.e. (x —y)? <0,

[p(z), ¢(y)] = 0.
The latter property is called local commutativity or microscopic causality.

Proor. It follows from ((11.22) and canonical commutation relations
that

+
o
R -
=
B
w
T
®
=
7
he}
<
£
=
Q
2,
3
=
=
E
Q.
=
S

To prove the local commutativity observe that the Pauli-Jordan function is
Lorentz invariant. Since by an appropriate Lorentz transformation any two
space-like separated z,y € R* can be put in the form z = (t,z),y = (¢,y),
it follows from that D(z —y) = 0. O

REMARK 13.1. Local commutativity reflects causal independence of events
separated by spacelike intervals.

Local commutativity is often referred as locality in the following sense.



13.1. FREE QUANTUM FIELD 161

DEFINITION. Operator-valued distributions A(x) and B(y) are called
mutually local if

[A(z), B(y)] =0 for (z—1y)*<0.

COROLLARY 13.1. We have

where
_ { ik _
(13.7) D (x) = G /Rse dup and DY (z) = —-D"(-x),
so that
D(z) = D" (z) + D™ ().
We have

so that D(z) is real—valuedﬂ
It follows from the integral representation ([13.6|) that the Pauli-Jordan
function has the following properties.

1. D(z) is an odd function,

2. D(x) satisfies the Klein-Gordon equation
(04 m?)D(z) = 0.

3. D(z) satisfies boundary conditions at ¢ = 0,

D(0,x) =0,
oD
S0 (0,2) = d(a)

and it follows from 2 that

9°D
20ur notations for the propagators D(z) and D*(z) are the same as in Bogoliubov-
Shirkov, ibid.
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The Pauli-Jordan function is the fundamental solution of the Cauchy
problem for the Klein-Gordon equation

(O +m*)p(z) =0,
o(0.2) = (x). S(0,2) = n(x)

with rapidly decaying ¢(x) and 7(x). Namely, it follows from 1-3 that
solution ¢(z) of the Cauchy problem is

o) = [ (Grte = e + D~ prly) )y, where 5= (0.9)

REMARK 13.2. In relativistic notations,
i :
D - —ik-x ko)d ]{2 a2 d4]€
(@) = o [, )0 — m)a'
where (ko) = sgn(zp). As a distribution, the Pauli-Jordan function is
e(z)5(N) m
— €
2m A\
where A = 2% = (2°)2 — 22, J; is the Bessel function, #(\) = 1 for A > 0
and is 0 otherwise. Similarly,

(13.8) D(z) = (22)O(N)JL (mVN),

D™(@) = Gy

/ e~ FTY(ko)o (k2 — m?)d*k
R4

and as a distribution,

e m
D™ (z) = ( 4):()\) — 87r0\(/)\X) (5(;v0)J1(m\f)\) —zYl(m\f)\)>

O(—X)mi

where Y] is the Bessel function of the second kind (Neumann function) and
K is the modified Bessel function of the second kind (Macdonald function).

Ki(mv=\),

13.2. Correlation functions and Wick’s theorem

For any operator A in the Fock space .% its vacuum expectation value is
the inner product (A®, ®). Using standard physics terminology and nota-
tion, we define the vacuum expectation value of an operator A by

(0| A|0) = (AD, ®).
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We have (A®, ®) = (&, AT®), so that in the formula (0|A|0) we can interpret
the left action (0| A as AT|0), where AT is the adjoint operator. Similarly, for
any F,G € % such that G € D(A) we define matriz elements of A by

(FIAIG) = (AG, F)

Since the linear span of the vectors af(fy)---af(f,)® is dense in .Z,
we see from that to know all matrix elements of the quantum field
— operator-valued distribution ¢(x) — it is sufficient to know all n-point
correlations functions of the quantum fields. By definition, they are the

vacuum expectation values of the product ¢(z1) - - - () of operator-valued
distributionﬂ

(13.10)  Wy(z1,...,2n) = (0p(z1) - - @(x,)|0) € L(RY x - -« x RYY,

In axiomatic approach to QFT these distributions are called Wightman func-
tions.

It follows from ((13.3)—(13.4]) that
Wi(z) = (0](2)[0) = (0™ (2)[0) + (0]~ (2)|0) = 0,

so that the one-point correlation function of a free quantum field vanishes.
To compute the two-point correlation function we use Corollary and
observe that

(Ol (x)e(y)|0) = (Ole™ (2)e™ (¥)|0) + (Ole™ (x)¢ ™ (y)[0)
+ (0l ()™ ()[0) + (0l ()~ (y)]0)
= (0l¢~ (2)¢" (y)|0)
= (0l[¢~ (), ™ (»)]]0)
Thus
(13.11) Wy(z,y) = —iD™ (x — y).

Equivalently, since

we have

3Though we call it a product, it is really a tensor product of distributions.
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and

e()e(y) = p(z)ey): +le~ (), ¢ (y)]
=:1p(x)p(y): —iD™ (z —y)I
immediately gives back .
REMARK 13.3. Using elementary estimate
/ > plur du _
N T

it is easy to show that for (z —y)? <0

O(e™™"), r>0,

(Olp(x)p()|0) = O(e™™*¥) as |o —y| — oo

The distribution D~ (z) has remarkable analytic properties. Namely,
consider the past tube, the domain R* 4+ iV~ in C*, where V'~ is the interior
of the past light cone,

Vo ={zeR*: 2% <0, 22 > 0}.
The following result holds.

THEOREM 13.2. The 2-point Wightman function Wa(x) of a free quan-
tum field is a boundary value on R* of the analytic function Wa(C) in the
the past tube R* + iV .

PRrROOF. For ( =z +in € R* 4+ iV~ put

1 o dOk
_ —twgC’+ik-¢ " Y
W2(0) = 5 /R3 ¢ 2wk

Since |n| < —n° for n € V~ and wi = V2 + m2, we have
k- n| < [klln| < —wen’,

so that
Re(—iwpC® +ik - ¢) =wen’ —k-n < 0.

Thus the integral for W5(¢) is absolutely convergent for ¢ € R* + iV ~, uni-
formly on compact subsets, and defines an analytic function there. Whence,
in the distributional sense,

WQ(])) = %li?((l) WQ({L‘ + i?]). [l
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REMARK 13.4. In fact, Wa(x) admits an analytic continuation to a
larger domainﬁ which contains Euclidean R* ~ iR x R? in the complexified
Minkowski space C*. Restriction of Wy to this domain is the Schwinger
function Sy, which has the form

1 eik4x4+ik-w . A
13.12 S = d*k R*.
( ) 2(:E) (27’()4 /R4 ki + k2 + m2 ) T E

Indeed, we have for a,v > 0,

00 UV
e ™ _
/ 2arati=ge
o Ut ta a

Thus in our case for x = (—iz*, ), where z* > 0, we obtain, putting a = wy,
and u = ky,

1 i AOK
Wo(—1i 4 — —wpx*tik-x v
2(—ia, @) (2m)3 /Rge 2wy,

1 eikaz’ +ik-x .
= dk.
(2m)4 /R4 k3 + k2 +m?2

Whence Wh(x) admits analytic continuation to Euclidean R* ~ iR x R? and
coincides there with Sa(x). Schwinger functions play a fundamental role in
Euclidean formulation of QFT.

Representation

(13.13) p(x)p(y) =:p(x)p(y): —iD™(z —y)I

shows that though the limit y — =z of the operator-valued distribution
p(x)p(y) is singular and not defined, the formula
(1314)  :9%()i= lim :(0)p(y)i= lim (p(2)g(y) + 1D~ (z — y)I)
Yy—x Yy—T
gives a well-defined operator-valued distribution.
Formula ((13.13]) can also be used for a computation of multi-point cor-
relation functions of operator-valued distributions A(z) which are linear

combinations of ¢ (z) and ¢~ (x), called linear operators. It follows from
(13.13]) that for two-such operators A(z) and B(y) the product A(z)B(y)

4The so-called symmetrized tube; see Ch. 9 of the monograph “General Principles
of Quantum Field Theory” by N.N. Bogolyubov, A.A. Logunov, A.I. Oksak and I.T.
Todorov, Kluwer, 1990, for the detailed exposition.
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differs from the normal product : A(xz)B(y) : by a certain number times
the identity operator. In physics literature this number is called a pairing
between A(z) and B(y) and is denoted by bracketing below the line,

13.15 A(x)B(y) =:A(x)B(y): +A(x)B(y).

(13.15) (z)B(y) (z)B(y): +A(z)B(y)

Since the vacuum expectation value of the normal product is zero, unless
it is a multiple of the identity operator, we can also define the pairing as a
vacuum expectation value of the ordinary product,

(13.16) A(2)B(y) = (01 A()B(y)[0).

One can also define the normal product of n linear operators with pairing
by

PAy () Ag() - Ay(xg) - Ap(an) :

the normal product with arbitrary number of pairings is defined similarly.
The following theorem allows to compute the normal product of arbitrary
number of linear operators.

THEOREM 13.3 (Wick’s first theorem). The product of linear operators is
equal to the sum of their normal product with arbitrary number of pairings,
including the normal product withour pairing,

Al"'An::Al"'An:+Z:Al"'Ai"‘Aj'
i#£]

+Z tAp - Ap A A A At
ik, I—|—I—,

Ap

PROOF. We prove this formula by induction on n, starting with case
n = 2. Now suppose that the theorem is true for As,..., A,, so that

A2"'An::AQ"'An:+Z:A2"‘A

i A
1#]

(13.17) 5 A As A Ay Ay A At
ey e ——

Ap
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Since A is a linear operator, A; = A} + A], where A; is a linear in ¢ (),
and A; is a linear in ¢~ (z). Since

Ai‘ :Ag---An:::ATAg---An: and Alll|4z =0, 1=2,...,n,

we get the Wick formula for AT,AQ ..., Ay by left multiplying formula
({13.17) by A . For the operator A; we observe that

1Ay Apt A =:ATAy---A,r and [A] Al = AT AL

(R

Right multiplying formula ((13.17) by A] and using that commutator is a
derivation with respect to the operator product,

AT, Ay Ay = [AT, Aol Ag - Ay + As AT, Ag) - Ay + ..

+Az--- Ap1[AT, Ay,

we get the Wick formula for A7, Ay..., A,. O

REMARK 13.5. The first Wick’s theorem is also applicable when some of
the factors appear as normal products, like

A1 . 'Aj :Aj+1 . 'Aj—H: Aj+l+1 An
In this case one does not take into the account pairings inside the same
normal product.

COROLLARY 13.4. For the multi-point Wightman functions of a free
scalar field we have

Wans1(21, .., 22n41) = 0,
1 !
WQn(xl, s 7x2n) = E Z W2($U(1)a 130(2)) W (mcr(Qn—l)a'xa(Qn))a
UESymZn

where summation goes over permutations o € Syms,, with the property o (20—
H<o2),l=1,...,n,.

Wick theorem allows to compute all possible correlation functions de-
scendant of quantum fields — operator valued distributions like 9, (z),

:p%(z): and so on. Thus it follows from (13.14) and Corollary (or the
above remark), that
(13.18) (0] :@*(2)::0%(y) : 0) = 2W5 (x — ).

PROBLEM 13.1. Prove all properties of the Pauli-Jordan function.

PROBLEM 13.2. Derive formulas (13.8])—(13.9)).
PROBLEM 13.3. Prove formula (13.18)).






CHAPTER 14

Chronological product and causal propagator

14.1. Time-ordered product

The vacuum expectation (0|¢(z)¢(y)|0) value of the product of quantum
fields can be written as

(Ol (x)e(y)|0) = (Ol ()¢ (1)]0)

and is a complex amplitude of creating a particle at point y at time 3,
and destroying it at & at time 2°. This means that |[(0]¢(z)¢(y)|0)|? is the
probability density of this event and causality implies that one should have
29 > 40, In case 2° < y¥ similar role is played by (0] (y)¢(z)|0). Note that
the notion of time ordering makes sense only when x and y are timelike,
(r —y)? > 0. However, microscopic causality implies that quantum fields
¢(z) and ¢(y) commute when 2 and y are spacelike, (z — y)2 < 0, and
(0lpp(x)p(y)]0) = (0]¢o(y)p(x)]0). This motivates the following definition.

DEFINITION. Chronological product of local operators Aj(z1), ..., An(xy,)
is given by

T(Ai(z1) - An(zn)) = Ay (24y) - - Ai (@4,),

where i1, ...,14, is a permutation of 1,...,n such that x;, 2 --- 2 z;,. Here
x 2 y means that either the vector z lies in the future light cone of y, or =
and y are spacelike separated.

REMARK 14.1. The product A(z;)A(z;) is singular when (z; —z)* = 0
and the time-ordered product for such arguments is not defined. It follows
from locality that for all other values of x1, ..., x, the chronological product
is Lorentz invariant.

169
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The Stueckelberg-Feynman propagatmﬂ or casual Green’s function, is
defined by

(14.1) OIT (e(2)e())[0) = —iD(z — y).

To obtain a Lorentz invariant integral representation for D¢(x — y), we
note

T(e(x)p(y)) = 0(z° — ") p(x)e(y) + 0(y° — 2°)p(y) e (),
so that
(14.2) Dz —y) =0(z° —y°)D"(x —y) — 0(y° — 2°) DT (x — y).

Using formulas ((13.7) and the formula

1 oo uv e
(14.3) 9(1}):/ c dudf— lim du,

21t J_oo u—10 2mi e—0+ J oo U — 1€

where the contour of integration is depicted on Fig. 1

0 u
_/

Fig. 1

and bypasses the point 0 by the lower part of a semi-circle of radius &, we

obtain
7, u—wg )z +ik-x efi(ufwk)mof’ik:-m A3k
()
(2m)4 Jrs u — 10 u — 10 2w
/ ik 1 n 1 dkod®k
(27T) R4 wr — ko —10  wr + kg —10 2wy,

(14.4) = / Ty
' @2m)t Jgam?—k2—i0

Un most physics textbooks it is called a Feynman propagator. Our terminology
reflects Stueckelberg’s 1942 paper and is historically accurate: see, e.g. the textbook G.
Sterman, An introduction to quantum field theory, Cambridge University Press, 1993, p.
48. Our notation and terminology follows Bogoliubov-Shirkov, ibid.

De(
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Here we put v — wg, = —kg in the first integra, and u — wg, = kg and change
k — —k in the second integral.

The contour integration over kg in formula is over the Feynman
contour, which bypasses the poles at —wy from below and the pole at wg
from above, as depicted on Fig. 2

ko
— Yk /N

Fig. 2
As a distribution,
; Ki(myv—X+10
(14.5) Do) = e Ky A1)
4m V=A+10
where v/—a 4 i0 = iy/a for a > 0.

Properties of the causal Green’s function can be summarized as follows.

1. D¢(z) is an even function,
D¢(z) = D(—x).

2. D¢(x) is a complex-valued function,

De¢(x) = D(x) + DV (2) — D™ (z).
3. D¢(z) satisfies the Klein-Gordon equation with delta-function source,
(3 +m?*)D(z) = §(a),
as immediately follows from integral representation .

4. The Fourier transform of D¢(z) has a pole at k? = m?, which
identifies the mass of the particle associated with the free quantum
scalar field ¢(z) as m.

REMARK 14.2. The Stueckelberg-Feynman propagator does not vanish
for (x —y)? < 0. This does not contradict that the particle travels from y to
x faster then the light. Indeed, after an appropriate Lorentz transformation
we can assume that z = (0,z) and y = (0,y), and creation of a particle
at y and its simultaneous annihilation at & does not represent a causal
dependence between x and y. One thinks of this process as emission of a
“virtual particle” at y and its absorption at x.
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REMARK 14.3. Non-homogeneous equation
(14.6) (O+m*G(z) = 6(x)
also has real-valued solutions, so-called retarded and advanced Green’s func-
tions,
D*(z) = 0(z°)D(x), D*¥(z)=—~0(~2")D(),
so that D(z) = D™'(z) — DV (x).

The causal Green’s function has the property that for each f € .7 (R*)
the function

o) = [ D)@'y
which satisfies the non-homogeneous Klein-Gordon equation
@+ m?)p(z) = f(x),

also satisfies the so-called Feynman boundary conditions, which reflect the
large time behavior of ¢(x),

(14.7) o(x) =pi(z)+0(l) as t=a"— +oo,

where

(143) pila) = oo [ TR ftin k) dpu.
2m R3

Indeed, assuming for simplicity that f(yo,y) = 0 for |yo| > a and all
y € R3, we get from (14.2) and (13.7)) that as ¢t — oo,

o) = [ D @=niwd'y

i —ik-(x—
e /]R 3 /]R e f(y)d*ydp,

= — ek W, k) dpug.
21 Jgs
The case t — —oo is considered similarly.

Since ¢4 (z) are, correspondingly, positive/negative energy solutions of
the Klein-Gordon equation, we see that casual Green’s function has charac-
teristic property: positive energy solutions propagate forward in time, while
negative energy solutions propagate backwards in time. Thus Feynman
boundary conditions f distinguish the causal Green’s function
among all other solutions of equation (|14.6)).
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14.2. Chronological pairing

In accordance with the definition of ordinary pairing in Lecture for
local operators A(z) and B(y) we get

tA(@)B(y): +A@)By)l, 2>y,
HADBW) =4 A B +BRA@L o > oo

L1

This allows to define a chronological pairing of local operators by

(14.9) A(@)Bly) = %izi zo g io
so that

(14.10) T(A(2)B(y)) = A(@)B(y): +.A@@)B(y)I
and we have

(14.11) A(2)B(y) = (O[T(A() B(y))0).

Similarly to the first Wick’s theorem, we have the following result for
the chronological products of local operators.

THEOREM 14.1 (Wick’s second theorem). The chronological product of
local operators is equal to the sum of their normal product with arbitrary
number of chronological pairings, including the normal product withour pair-
mg,

1
T(A;---A,) ==A1"'An=+z=A1"'Ai"'Aj"'An=
i#]

—t—
+Z tAy A Ay A A A
i,kj,l

The following result allows to compute the vacuum expectation value of
the chronological product of local operators.

THEOREM 14.2 (Wick’s third theorem). The vacuum expectation value
of the time-ordered product of n+1 linear operators A, By, ..., B, is equal to
the sum of n vacuum expectation values of these same time-ordered products



174 14. CHRONOLOGICAL PRODUCT AND CAUSAL PROPAGATOR

with all possible pairings of one of these operators (for instance, A) with all
the remaining ones,

(O|T(ABy -+ By|0) = > (0|T(ABy---B;--- By)|0).
=1

PROOF. The result directly follows directly from the second Wick’s the-
orem. Indeed, since the vacuum expectation value of the normal product of
an arbitrary nonzero number of unpaired operators vanishes, the left-hand
side is the sum of all possible total pairings of the operators A, By,..., B,
— the pairings where each operator is paired with some other operator.
Similarly, the i-th term in the right-hand side is

[ ~
AB;(0|T(B; -+ B; - B,|0),

—
which a product of AB; with the sum of all possible total pairings of the
operators Bl,. ..7Bi717BrL‘+1,...,Bn. O

COROLLARY 14.3. For the n-point functions — the vacuum expectation
value of the chronological product of quantum fields,

Gn(x1, .. 2n) = (O[T (p(21) - - (2))]0),

we have
Gont1(x1,. .., Zapg1) =0,
1 /
Gon(T1,...,T2n) = ol Z GQ(ﬂja(l)a J:0(2)) Gy ($U(2n—1)7x0(2n))7
.UGSymZ'n

where summation goes over permutations o € Syms,, with the property o (21—
1)<o(2),l=1,...,n, and

Ga(z1,22) = —iD(x1 — 22).

Clearly third Wick’s theorem and Corollary[I4.3]also hold for the vacuum
expectation values of ordinary products.

One can also define a generating function of the multi-point correlation
functions by

(14.12) Z[J] = (0T (exp i /R J(@)p(a)d")|0),
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where
T(expi /R4 J(z)p(z)d*z)

dg;) % /R4 o /m J(x1) - J(@)T(p(x1) - - plan))d zy - - d.

Then

1 " Z[J]
i 0 (1) -0 (n) | g

(14.13) Gn(x1,...,2n) =

One can also consider connected n-point correlation functions, defined
inductively by

G (z1) = G1(x1),
G5 (x1, x2) = Ga(x1,22) — Gi(21)Ga(x2),

n

G;}Lon(wl,...,:tn):Gn(:ch...,xn)—z Z G ... G,

r=21I1,...,1,
where the sum runs over all partitions I, ..., I, of the set {z1,...,z,} and
for I = {x;,...,zi}
G = Gi (i, - .- xiy).
It is quite remarkable that
(14.14) W(J] = log Z[J]

is a generating function of connected correlation functions,

1 S"W[J]
i 0 J (1) 0T (Tn) | g

(14.15) G (z1,. .. ) =

In our case we haVe
G (21) =0, G5 (z1,22) = Ga(w1,72)

and
Gz, ..y xn) =0, n>2.

Thus all correlation functions reduce to 2-point functions, which is a char-
acteristic feature of a free quantum field theory.
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14.3. Euclidean formulation

The contour of integration over kg for the Stuekelberg-Feynman propa-
gator, depicted in Fig. 2, has a remarkable property that it can be rotated
counter-clockwise by an angle # > 0 in the complex kg-plane without cross-
ing the poles of the denominator! Setting ky = ue’ we see that D(x)
admits an analytic continuation in the variable 2% to the values 2 —i0y
v € R, by the formula

0 eié‘ e—iuewxo-‘rikw 3
D¢ x) = — dud’k.
(a7, ) (2m)4 /R4 k2 + m?2 — 22 Y

In particular, rotation by the angle § = /2, called Wick rotation, transforms
Minkowski spacetime R* with Minkowski metric into R* with the Euclidean
metric.

tky

= e y

Fig. 3 ko

Fig. 4
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Denoting ko = iks and 2 = —iz? (see Fig. 3-4), where k4, 2* € R, and
changing k to —k we obtain

. A i e—ikart—ik-x .
D(—1 = .
As the result, we have in Euclidean notations kg = (k, k) and zg = (x, 2*)
we get the following formula
(14.16)

—iD(—izt, x) = G(zg) = ! e e kg, k% =k +Kk?
! W) = ErE) = (2m)t Jra k2% + m? By BT '

Here G(zg) is the Green’s function for the operator —A + m?, where A is
Euclidean Laplace operator on R?,

A = i2_|_ i2_|_ i2+ i2
— \ox! Oz ox3 oxt)

In other words, Wick rotation — analytic continuation of the casual Green’s
function D¢(z) to “imaginary” time 2° = 4 gives Buclidean Green’s
function G(zg), which satisfies

—1ix

(A +m*)G(zg) = 6(zp).

Comparing with formula (|13.12]) in Lecture we see that Euclidean Green’s
function G coincides with Schwinger function Ss.

REMARK 14.4. Since D~ (z) admits analytic continuation to the past
tube R* + iV~ (see Theorem in Chapter , and DT (z) = —D~(—x)
— to the future tube R* + iV, the analytic continuation of D¢(z) follows

from ([14.2]).

Remembering the definition of the Schwinger function (see Remark
in Chapter , we see that the time-ordered correlation function

Ga(z —y) = (0T (¢(2)¢(y))|0)

can be obtained by analytic continuation of the Wightman function Wa(x —
y) to the Schwinger function So(x — y) on the Euclidean spacetime R* and
coming back to the Minkowski spacetime R* by the inverse Wick rotation.

PROBLEM 14.1. Prove the following relation between chronological and nor-
mal products

T(p(z)e(y)) = p(z)p(y) : —iD(z — y).
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PROBLEM 14.2. Derive formula (14.5]).
PROBLEM 14.3. Prove formulas (14.14)—(14.15)).

PROBLEM 14.4. Put z = 2% ™% where 2° € R and 0 < 6 < 7/2, and consider

9] ei@—ikgxo
G(z) = / e dko,

2,240
oo kge?? —a

where a > 0. Differentiating under the integral sign, verify that for such z

oG

5z v
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