MAT 545 FALL 2025
HOMEWORK 3 SOLUTIONS

1. (Leray’s covering) Let U = {U, }aca be an open cover of a complex
manifold X such that Hg’l(Ua) = 0 for every a € A, and let O be
the structure sheaf of X.

(a) Let ps be a partition of unity subordinated to U and let o =
{oap} € Z'(U, O) be a 1-cocycle. Show that

Do = Zpﬁaaﬁ € C™(Uy,)
B

satisfies 0 = o and that 6, = Oy, are restrictions to U, of a
O-closed (0,1)-form 6 on X.

(b) Prove that the mapping o — «(o) = 6 defines a linear map
a: HY(U,0) — Hg’l(X) from Cech cohomology to Dolbeault
cohomology.

c¢) Prove that the map « establishes the isomorphism

H'U,0) ~ HY'(X).

2. Let X be a complex manifold and let L — X be a holomorphic
line bundle. Prove that L is a trivial bundle if and only if it has a
nowhere vanishing global holomorphic section.

Problems 1-2 are standard; solution of Problem 5 is a careful com-
putation using defining equations of corresponding hypersurfaces.

3. Let X be a complex manifold, dim X = n, and let Tx be the holo-
morphic tangent bundle over X. The first Chern class ¢1(X) of the
complex manifold X is the first Chern class of line bundle A™7Tx. Let
Qx be the holomorphic cotangent bundle and Kx = A"Qx be the so-
called canonical line bundle over X. Prove that ¢;(X) = —¢1(Kx).

Solution. Since Qx is the dual vector bundle to Ty, line bundle
Kx is dual to A"7Tx. Hermitian metric in the dual line bundle L* is
the inverse of the metric in the line bundle L, so the curvature form
of the Chern connection in L* is negative of the curvature form of
the Chern connection in L.
4. Let X be a complex manifold and let V' be a smooth divisor on X
(a complex submanifold of codimension 1). The normal bundle Ny
to V is the holomorphic line bundle

Nv = Txly /Tv,
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the quotient of Tx|y,, restriction to V' of the holomorphic tangent
bundle Tx of X, over the the holomorphic tangent bundle 7y of V.
Prove the following adjunction formulas
(a) Ny =~ [-V]],
(b) Ky ~ (Kx @ [V])ly -

Solution. There is a typo in part (a), it should read Ny ~
[V]|y/! For solution, see Griffiths-Harris, pp. 146-147, or Huybrechts,
Proposition 2.2.17 and Proposition 2.4.7.

. Prove that the following complex submanifolds in P™ have vanishing

first Chern class by showing that they admit a nowhere vanishing
top degree holomorphic differential form (so they are Calabi-Yau

manifolds).
(a) X is a Fermat cubic in P?, defined by the equation

F(Z(),Zl,ZQ):Zg-i-Z%-FZ%:O

(actually, X is an elliptic curve). Let w be a (1,0)-form on X,
which in the coordinate chart X N Uy is defined by

duq 21 29
wop = —5, Where wu;=—, ug=—.
us 20 20

Show that w is a nowhere vanishing holomorphic (1, 0)-form on
X.

Hint: Prove that on XNUj one has duy /(0f /Ouz) = —dug/(0f/Our).

(b) X is Fermat quartic in P3, defined by the equation
F(z0,21,22,23) = 29+ 21 + 2 + 23 =0

(actually, X is a K3 surface). Let w be a (2,0)-form on X,
which in the coordinate chart X N Uy is defined by

dui N dusg 21 29 23
wo=—"5—, where w; = —, ug = —, ug = —.
U3 20 20 20

Show that w is a nowhere vanishing holomorphic (2, 0)-form on

X.
(c) X is a Fermat quintic in P*, defined by the equation

F(20, 21,22, 23,24) = 20 + 20 + 25 + 23 + 23 = 0

(actually, X is a Calabi-Yau threefold). Let w be a (3, 0)-form
on X, which in the coordinate chart X N Uy is defined by

dui A dus A dug 21 29 23 24
= 1 , where uj=—,us=—, u3=—, ug = —.
Uy 20 20 20 20

Show that w is a nowhere vanishing holomorphic (3, 0)-form on
X.



