MAT 545 FALL 2025
HOMEWORK 2

1. (i) Let X be a smooth (or complex) manifold with the open cover-
ing {U, }aca and the assignment for each nonempty ordered in-
tersection U,NUg a smooth (holomorphic) map gap : UsNUg —
GL(r,R) (or GL(r,C)), satisfying

Gap 9oy Gra =1 on UaNUsNU, #0, and gaa =1,

where [ is the identity operator on R” (or C"). Let E be smooth
(or holomorphic) rank r real (or complex) vector bundle over

X, defined by
E=||UsxK/~ (K=RorC),
acA

where (z,u) € Uy xK" is equivalent to (y,v) € UgxK" iff x =y
and u = gop(x)v. Prove that transition functions for E are gog.
(ii) Let X be connected complex manifold and £ be a locally free
sheaf of Ox-modules over X. Prove that there is a holomorphic
vector bundle over X whose sheaf of holomorphic sections is £.

2. Let X be a complex manifold with the holomorphic atlas {(Uq, ¢a) tacA,
dimc X = n. Show that the functions g,s = J(¢a ogogl) o g, where
J(f) is the Jacobian matrix of a holomorphic map f of a domain

D in C™ to C", are transition functions of the holomorphic tangent
bundle 7x of X.

3. Show that the complex manifold is canonically oriented.

4. Let D C C" be a polydisk, and suppose that w € AY1(D) satisfies
dw = 0 and is real-valued. Prove that there is a smooth function
f D — R with the property that w = i00f.

5. Consider the Bochner-Martinelli kernel

n

kpm(z) = cn 3 (—1)F! ’j’;ndzl Ao ANden AdELA - dZp A A dZn,
k=1

n(n—1)

where ¢,, = (—1)" 2 (n—1)!/(27mi)", and dz, means that the factor
dZ, is omitted.
(a) Prove that dkgy = Okpy = 0 on C™ \ {0}.
(b) Let S?"~! ¢ R?" ~ C" be the (2n — 1)-dimensional unit sphere.
Show that
kpv = 1.

S2n—1
1
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(c) Let w: C" x C™ — C" be the map 7(z,{) = z — ¢, and let
K(z,() = Hg’OH?’n_IW*kBM

(note that projector m2? is actually redundant since kgyr has
type (n,n —1)). Let D C C" be a bounded domain with a

C' boundary and let f € C!(D). Prove Bochner-Martinelli
formula:

f6) = [ KOO+ [ K0 1010
oD D
6. Let
KP9(z,¢) = AT P 1 ey
(the projector I12? is actually redundant), and let ¢ € A (C")

be a differential form of type (p,q) with compact support. Prove
Koppelman formula:

o) =0 [ KPTVz0) A p(C) + / KP4(z,) A 3 ().
cn cn

(Hint: Use relation 9. KP? = —9,KP9~!, which is derived from
part (a) of problem 5).

7. Let B = {z € C" : |z < 1} be the unit ball in C" centered at 0,
S?n=1 = 9B and let f € O(B). Using the following steps, prove
Leray-Fantappie formula

where
_ o DINS et S g e A A
50 = Trp k:l( 1) oyt e AGAdG A AdG

and -z =Czi+ - 4 Cnzn.
(a) Put (as in class)

n

o _, kel (wk—ék)_
K(z,w,() n;( 1) (z=Q) - (w—=Q)"

(dwy —dC) A -+ A (dwg—1 — dCr—1) A (dwpg1 — dCryr) A -+ A (dwy, — dGy)

(dzy — dCi) A+ A (dzn — dCa)A

and
Ko(z,w,¢) = YT " K (2, w, ),

so that
K(Zv C) = ’CO(Z7 Z, C)
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— a pullback of Ky under the map 7 : C" xC" — C" xC" x C"
given by (z,() — (z,2,(). For f € O(B) and z,w € B put

g(sz) = ICO(va7C)f(C)

0B
Show that g € O(B x B).
(b) Using Bochner-Martinelli formula, for f € O(B) and z € B
show that f(z) = g(z,w)|,_s-
(c) Prove that 0,g(z,w) = 0, so g(z,w) does not actually depend
on w. Get Leray-Fantappié formula by putting w = 0 in the
integral formula in part (a).
8. Prove that f € O(B) admits a power series expansion in B, which
converges absolutely and uniformly for z in every ball centered at 0
of radius r < 1.



